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INTRODUCTION

The problem of determining differential equations by information on solutions
of these equations is called the inverse problem for differential equations.

Examples of these kind of problems are the well-known Sturm-Liouville
problems. Many important application problems connected to elastic
displacement, electromagnetic oscillation, diffuseand other processes in nature
and society lead to inverse problems. The extent ofthese problems is expanding
constantly. At present a substantial amount of literature is devoted to these
problems. One of the first investigations into these kind of questions was the
inversion of kinematic problems of seismics, the essence of which consists in
the determination ofthe velocity of propagation of elastic waves by time of their
movement. A one-dimensional case of one of such problems was considered by
Herglots (1905). He obtained the formula of inversion, which later became the
basis ofthe solution of many important problems in geophysics, in particular the
basis of structure determination of the Earth’s crust and the Earth’s mantle.

As asecond classic direction in the theory of inverse problems one can mention
the inverse problem of the theory of potential, which consists in a form of
description of body shape and density of this body on a known potential. The
uniqueness theorem of the solution of one of these problems was proven by
Novikov (1938) for the first time.

Problems linked to the Sturm-Liouville equation and its generalization are a
third direction in the theory of inverse problems. The sense of these problems
isthe following: we know the spectral function or scattering data of a differential
operator; it is required to define this operator. The first uniqueness theorems of
the solution were obtained in papers by Ambarzumjan (1929) and Borg (1945).

Inverse problems are usually nonlinear and are separated into one-dimensional
and multidimensional problems, depending on whether the sought function (or
functions) is a function of one variable or of many. These problems, especially
multidimensional problems, are often ill-posed in the classic sense. In this
sense, questions of the uniqueness of the solution and a search of minimal
information, which makes the inverse problem determined, have particular
actuality. The theorem of uniqueness of the solution of the complex
multidimensional inverse problem for the Schrodinger equation in the class of
piecewise-analytical functions was established for the first time by Berezanskij
(1958).

Muitidimensionality of inverse problems has particluar value at present,
because practice shows that many investigating processes are described by an
equation, of which the coefficient essentially depends on many variables.
Inverse problems often bring integrals to first kind operator equations. Some
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inverse problems for hyperbolic equations are, for example, reduced to the
investigation of integral equations of Volterra type of the first kind. In turn, this
sometimes allows one (chiefly in one-dimensional inverse problems) to find
equations of the second kind with operators possessing sufficiently good
properties, for example compact operators, which gives amethod of investigation.
The basis of such a convergence is often a formula for the solution of direct or
inverse problems. In many cases, particularly when information on the solution
of an equation is given by only a part of the boundary of the considered domain
(practice is needed in those problems), such a convergence of the inverse
problem to an integral equation of the second kind often appears to be
impossible. One of the reasons for this is the ill-posedness of these problems.
These questions require new approaches. The general theory of operator
equations of the first kind and their applications was developed in papers by
Tikhonov (1943, 1963), Tikhonov and Arsenin (1977), Lavrent’ev (1955,
1959) and Ivanov (1963). The new methods developed there, have found wide
implementations, in particular in the theory and practice of ill-posed problems.
Many inverse problems are closely connected to problems of integral geometry.
Thereby, it appears necessary to investigate new problems of integral geometry,
when manifolds in which the sought function (or functions) is integrated, are
complicated by their structure. Important results and applications in the case of
linear and other manifolds are obtained from papers by Radon (1917), Courant
and Hilbert (1962), John (1955), Khachaturov (1954), Kostelyanec and
Reshetnyak (1954), Gel’fand.(1960), Gel’fand et al. (1966), Helgason (1959),
Semyanistyi (1966) and others. At present these results on integral geometry
and other applications have found applications in inverse problems, in particular
in tomography. Multidimensional problems of integral geometry in the case of
complex manifolds and their connection to inverse problems are formulated and
investigated in articles by Lavrent’ev et al. (1970, 1986), Romanov (1987),
Anikonov (1987b), Anikonov and Pestov (1990a), and Bukhgeim (1983, 1986,
1988). A significant contribution to the theory ofinverse problems has also been
madeby Prilepko and Kostin (1993), Isakov (1990), Blagoveshchenskii (1986),
Anikonov (1975), Anikonov et al. (1993), Lorenzi (1992), Yamamoto (1990,
1992), Anger (1990), Sabatier (1990a,b) and others.

This monograph is devoted to statements of multidimensional inverse problems,
in particular to methods of their investigation. Questions of the uniqueness of
solution, solvability and stability are studied. Methods to construct a solution
are given, and in certain cases inversion formulas are given as well. Concrete
applications of the theory developed here are also given. Where possible, we
have stopped to consider the method of investigation of the problems, thereby
sometimes losing generality and quantity of the problems, which can be
examined by such a method.

This work was supported by the Russian Foundation for Fundamental Research,
grant No. 93-011-181.



CHAPTER 1

Operator Equations and Inverse Problems

1.1 DEFINITION OF QUASIMONOTONICITY, THE UNIQUENESS
THEOREM

The investigation of inverse problems for differential equations frequently reduces to the
investigation of the first type operator equations. Such operators may come up as func-
tionals of the solutions of some differential equation correspond to this equation. The
other words, the operator is defined as the set of equations and its values are functionals
of the solutions of these equations. It is often found that the equation is defined simply
by one real function belonging to some class. So the operator of the inverse problem is
defined at the set of the functions. The operators of inverse problems may be of complex
nature; they are nonlinear as a rule. Some of them have the property that if one of the
functions is larger than another in a subset of the domain of definition of these functions,
then images of these functions are different.

It was this property which was used for the proof of the solution uniqueness of one-
dimensional inverse problems of electroprospect in the paper of (Tikhonov, 1949). In
the multidimensional case (Berezanskii, 1958) applied this property for the proof of the
solution uniqueness of the inverse problem of the Schrédinger equation in the class of the
piecewise analytical functions. We pick out the operators by such a definition.

Let E be a set of elements z, and let {A}r be some set of real functions A(z) in
E. Suppose that an element 7 belonging to some set {7} corresponds to every function
Mz) € {A\}g by 7 = M), where M is some operator.

As a covering of set E we understand totality {w} of sets w € E, union of which is
equal to E.

Definition. Operator M is called quasimonotonic with respect to the covering {w} of set
E, if it follows from inequality A1(z) > A2(z) holding for all z belonging to, at least, one
non-empty set w € {w} that MA; # M, A;(z) € {A}E, i=1,2.

Lemma 1.1. If for every 1o € {7} the equation MA = 7y has a unique solution, then the
operator M is quasimonotonic with respect to any covering {w} of set E.

This statement is obvious.
Our main purpose is to show that in special cases it follows from being quasimonotonic
with respect to a fixed covering that the solution of the equation MA = 7 is unique.
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Let R"*! be an (n + 1)— dimensional real Euclidean space for (z,y), ¢ € R*, —00 <
y < oo, n >0, let E and E be semispaces with y > 0 and y > 0. Denote by {\} the
set of all real infinite differentiable functions A(z,y), (z,y) € E to be quasianalytical in y
in this domain. Under the covering {w} of the semispace E we understand the set of all
hemiballs w(¢, p):

w&,p) ={(z,y): le — € +y*<p’, y>0}, £€€R”, p>0.

Lemma 1.2. For every function A(z,y) € {\} , which is not identically equal to zero,
there exists a hemiball w € {w} and constants ¢ > 0, & > 0 such that the inequality

Mz, y)l = ey*, (z,y) € {w}
holds.

PROOF. Since the function A(z,y) is not identically equal to zero, and quasianalytical in
y in E| the equality

9\
Wy
Y ly=0
is impossible for all k£, ¥ = 0,1,2,.... So there exists a smallest number m > 0 and a

point £ € R™ such that

*X\(z,0)
oy*

amA(¢,0)

=0, k=0,1,2,...,m—1, z€R"
dy™

# 0. (1.1)
If m = 0,then the statement is obvious. 3 3

Let m > 0. Every infinite differentiable function A(z,y) such that A(z,0) = 0 (see
(Malgrange, 1966)) allows a representation A(z,y) = yh(z,y), where

1

he,y) = | %};t?’)dt. (1.2)

0

Combining (1.1) and (1.2) we have

Mz,y) = y"™ 'h(z,y), (1.3)

where A(x,y) is an infinite differentiable function and h(&,0) # 0. Let R(£, p) be a closed
ball in R™*! of radius p > 0, centered at (£,0) such that h(z,y) # 0, (z,y) € R(£,p). By
continuity h{z,y) and A(,0) # 0 such ball exists.

Let c= min |h(z,y)|, and w = R(¢,p) N E. By (1.3) we have
(z,¥)ER(¢,p)

Az, y)| =y™ " h(z,9)| > ey™ ", (z,y) € w.

The Lemma is proved.
By this Lemma it follows

Theorem 1.1. Let M be a quasimonotonic operator with respect to the covering {w}
of semispace E by hemiballs w(§,p). If M)\, = MM, A(z,y) € {A\} C {A}g, then
M(z,y) = Ao(z,y) in E.
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PROOF. If A;(x,y) # Aa(x,y), then by Lemma 1.2 there exists a hemiball w € {w} such

that |\ (z,y) — Me(z,y)| = cy* >0, (z,y) € w. In particular it follows from this that in

the domain w either \; > A or Ay > A; holds. Since the operator M is quasimonotonic,

M), # M), which contradicts the condition of the theorem. The theorem is proved.
Below we will use either Theorem 1.1, or Lemma 1.2 and its variations.

1.2 INVERSE PROBLEMS FOR HYPERBOLIC EQUATIONS

First we will illustrate the application of Theorem 1.1 to the investigation of the uniqueness
of the solution of the inverse problem for the linear hyperbolic equation, and then we
proceed to more general cases.

Let R? be an Euclidean space of (z,y), ¢ € R%, —0o < y < 0o. Consider the problem:
in the semispace y > 0 it is required to find a strictly positive function Mz,y) C C'(R?),
even in y, if

1. In the domain z € R? y € R, 0 < t < {o(x,y), to > 0 there exists a unique twice
differentiable solution u(z,y,t) of the Cauchy problem
0%u Ou

o =Aut Az yut fle,yt), ulo= 5 =0,
t=0

where A is the Laplace operator in (z,y).

2. In the domain y = 0, 0 < ¢t < go(z) the function 7(z,t) = u|y=0, 0 <t < go,
go(z) > 0 is given. The inverse problem is reduced to the investigation of the
operator equation M\ = 7(z,t), A € CY(E), E = {(z,y),y > 0}. As covering {w}
of the semispace y > 0 we take as above the set of all hemiballs w(¢,p): w(é,p) =
{(z,y):le— & +y2 < p% y>0}, E€R? p>0.

Let w™(¢,p) = {(z,9) : | — € +37 < %,y <0}

Theorem 1.2. If a function f(z,y,t) is continuous and f > 0 , then operator M is
quasimonotonic with respect to covering {w} of domain y > 0.

PROOF. Let A1(:':7:9’) > ’\2(1:73/) > 0’ (Iay) € wp = w(é()vpﬂ)' Denote by ‘U.](l',y,t),
uy(z,y,t) the solutions of the Cauchy problem corresponding to the functions A;(z,y)
and Xy(z,y). Let A = Ay — Az, & = u; — uy. In accordance with the Kirchhoff formula we
have

1 / M(@ilg,t=r), 1 / Ma)uz(a:t =) |

3 ao L
a(z,y,1) o "

in q, (1.4)
r<t r<t

where
2

=3 (zi— )+ (y— )%, dg=dgidgdgs.

=1
Note that, if
b(gju(g,t — )
r

1
U(I,y,t)—F(z,y,t)+a; / dqv
r<t
and Fl,q, > 0, b > 0, then (in any case for sufficiently small ¢ > 0) the inequality
u(z,y,t) > 0 holds. This follows, for example, from the proof of the existence of the

solution u(z,y,t) by the method of successive approximations.
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By the condition of the problem and prepositions we have f(z,y,t) > 0, Ay — Ay > 0,
(z,y) € wo, i > 0. If N(z,y) = Mi(z,—y) then Ay — A2 > 0, (z,y) € wg . Let ¢ be
such that the points ¢ and (z,y) in (1.4) belong to w™ U wo. From this using the note
above we conclude that by the strict positivity of the second term in the right part of
(1.4) for sufficiently small t > 0 we have i(z,y,t) > 0, (z,y) € woUw~. If y = 0in the
last inequality, we obtain @(z,0,t) > 0. This means operator M is quasimonotonic. The
theorem is proved.

Let, as above, R® be a three-dimensional Euclidean space for (z,y), z € R?, —oo <

32 2 82
y <ooand A = + is the Laplace operator.
6 z { Oz 2

Denote by {a} a set of mﬁmte differentiable functions a(z, y) to be even and quasian-
alytical in y. Let A(z,y) and g(z,y) be some functions belonging to set {a}, and u(z,y,t)
a solution of the Cauchy problem, A > 0, x> 0,

1 d*u
. /\(z,y) 12

= Au+ F(z,y,t, p(z,y),u) + f(z,9,1),

Ou
ult:O = _a?
t=0

(1.5)
= 0’

where F' and f are fixed infinite differentiable functions. It is well known that a solution
u(z,y,t) of such a problem for the more general case exists and is unique in some domain
of (z,y,1).

Here is considered the inverse problem: it is required to find one of the functions either
Az, y) or p(z,y), if in the domain |z| < r, 0 < ¢ < go the function p(z,y) = u|y_0 is
known, where u(z,y,t) is the solution of the problem (1.5). Here the inverse problem is
also reduced to the investigation of the equations MA = ¢(z,y), My = ¢(z,y).

Theorem 1.3. Let function F(x,y,t,p,u) increase strictly monotonic in variables u, u
in the domain g > 0, v > 0 and F(z,y,t,0,0) = 0, and the function f(z,y,t) > 0. Then
the inverse problem has no more than one solution in the class {a}.

PRrOOF. For the proof of the theorem it suffices to verify the operators M and My being
quasimonotonic. At first we note, that for every A(z,y) € {a} and y(z,y) € {a} solution
u(z,y,t) of problem (1.5) for sufficiently small ¢ must satisfy the inequality u(z,y,t) > 0,
t>0.

Really, in accordance to Sobolev’s formula (see (Sobolev, 1963)) we have

/[f adv+ — /[F]adv+ — /[u]Aadv

r<t r<t

(Here we use the meanings of (Sobolev, 1963))
Since ¢ and Ao have an order of increasing no more than 1/7 and ¢ > 0, it is clear by the
formula, that the sign of u is defined by the first term of the right part of this formula.
In particular, if f(z,y,t) > 0, then u(z,y,t) > 0.

Denote as wt and w™ open hemiballs of radius p > 0 centered at point £ € R?, |¢| < r,

wr(,p) = {(z,9),y > 0: |z — &P + 4% < p*},

w (&) = {(z,9),y < 0: )z — &> +y* < p°}.
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Let p1(z,y) and (2, y) be two solutions of the problem (A(z, y) is fixed) and let p1 (2, y) >
pa(z,y), (z,y) € w = wt Uw™. Denote by ui(z,y,t), us(z,y,t) solutions of the Cauchy
problem

% . % = Au; + F(z,y, t,pi,ui) + f, 1=1,2,
"i|z=o = % o =0,
corresponding to the functions g (z,y) and ga(z,y). Let w = u; — uz. Then we have
% . %2';2 = Aw + F(z,y,t, p1, w + u2) — F(z,y,1, pa, uz),

Since p1(z,y) > p2(z,y), (z,y) € w and as above uz(z,y,t) > 0, by F being monotonic the
inequality F(z,y,t, p1,u2) > F(z,y,t, g2, u2) holds. So by using, for example, Sobolev’s
formula, we obtain that (r,y) € @, w(z,y,t) > 0 at least for small ¢. Setting y = 0 in
the last inequality we have ¢;(z,t) — p2(z,t) = w(z,0,t) > 0, this is in conflict with the
problem condition.

Let now p(z,y) be fixed and let Ai(z,y), Aa(z,y) be two different solutions of the
inverse problem. As above, let w = u; — uz and A\ (z,y) > A2(z,y), (z,y) € w. Now we
have

1 uw 1 1\ 0%uy
N 9 Aw + F(z,y,t, p1,w + u2) — F(z,y,t, p2, ug) + (/\—2 - /\—1) e
Jw
Weo = 5 = 0.

2

By the condition of the theorem f(z,y,t) > 0, as is aa::.

Therefore, by inequality
Az, y) > Az, y), (z,y) € w we have

1 1 3211,2
('X; - /\—1) o2 > 0, (a:,y) €w,

which as above is in conflict with w(z,0,t} > 0. By Theorem 1.1 and the obtained results
the statement of the theorem follows. For reduction to other problems see {Lavrent’ev,
1974).

1.3 MULTIDIMENSIONAL INVERSE KINEMATIC PROBLEM
OF SEISMICS

Let R™*! be the (n + 1)— dimensional Euclidean space for (z,y), z € R*, —00 < y < 00,
n — radius vector of the sphere Q = {z,|z| = 1}.

Consider the problem: in semispace y > 0 it is required to find an infinite differentiable
function A(z,y) € {}}, 0 < A <M < oo such that:

1. The shortest line y(a,b,n) C E exists of metrics ds? = A(z,y)(dz? + dy?) joining
points an, bn, —00 < a < 00, —00 < b < oo, n € N, and
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2. In the domain |a| < oo, |b] < 00, n € 2 the function

7(a,b,n) = / AMz,y)y/dz? + dy? = M)

¥(a,b,n}
is given.

The problem of determining the function A(z,y) by 7(a, b, n) is called the inverse kinematic
problem of seismics, where A(z,y) is interpretated as the inverse of the velocity A =
1/v(z,y) and 7(a,b,n) is the time of moving of the perturbation by (e, b, n).

Let (a,b,n)

_ . 7(a,byn
Ao = Xz, 0) = %I;I%‘ To—a

In R™ we consider metric ds = A\3(z)dz? = A3(z) |[dz|*. Denote by 4°(a, b,n) the shortest
line of metric dse joining points an, dn. Denote by

%(a, b,n) = ] Xodz] .

~%(a,b,n)

Theorem 1.4. If 7(a,b,n) # 7%a, b,n) for every a, b and n, then the inverse kinematic
problem of seismic has no more than one quasianalitical solution in y: Mz,y) € {\}.

PROOF. Show that under condition of the theorem the operator

M) = / Mz, y)\/de? + dy?,  Mz,y) € {A}g

~(a,b,n)

is quasimonotonic with respect to the covering {w} of domain £ = {(z,y) : y > 0}. In the
same way as Theorem 1.1 the statement will be proved. Let wp = w(&y,t) be a hemiball of
radius ¢t > 0 centered at {, € R™ belonging to the semispace, and let A (z,y) > Az(z,y),
(z,y) € wo. Denote by ; the shortest line of metric ds? = A}(dz? + dy?), such that
v: C wo.

By the condition of the theorem the shortest line 4; cannot belong to the hyperplane
y = 0 totally, in contrast

ri= [z y)/as +dyt = [ A(z,0)ldz] = 72
¥i ¥

Using the inequality Ai(z,y) > Xa(z,y), (z,y) € wo and the last remark, we have

n= /Al(z,y)m> //\z(z,y)\/WZ /Az(z’y)m: -
m n »

which means operator M is quasimonotonic. The theorem is proved.
More genéral results are included in the papers by (Anikonov, 1971; 1975).

REMARK . In the plane case, instead of the condition of Theorem 1.4 it may be taken as
7(a,b) < 7(a,b1) + 7(b1,b), @ < by < b. By the fulfilment of this inequality every interior
point on the shortest line v(a,b) of metrics ds? = A\*(z,y)(dz® + dy?®) cannot belong to
the straight y =0 .

For n > 2 variables a, b can be changed in the domain {a| < a, |b] < by, where ag > 0,
by > 0 are constant.
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1.4 ON THE UNIQUENESS OF THE SOLUTION OF THE FREDHOLM
AND VOLTERRA FIRST KIND INTEGRAL EQUATIONS

As we noted above, inverse problems for differential equations reduce to the first kind
operator equations, and often to the first kind integral equations. Let us consider multi-
dimensional integral equations and prove the uniqueness theorems.

Let R™*! be the Euclidean space for (z,y), z € R*, —co <y < oco,n >0, let V be
a compact metric set of v. Denote by w(,t), £ € R*, ¢ > 0, (n + 1)— dimensional open
set with properties:

1. w(§,t) is contained in the semispace y > 0 and unicity {w} is the covering of this
space.

2. w(€,t) depends continuously of £ and ¢, and lirr&w(f, t) = (¢,0).
An example of the set w(¢,t) may be a hemiball of radius ¢ > 0 centered at point £ € R™
w(¢,t) = {(z,y) t |z —€P 4y <t?, andy> 0}.

Let M(z,y,&,t,v) be areal continuous function on R™*! x R™*! x V possessing prop-
erties

1. M(z,y,&,t,v) >0, (z,y) € w({,t),
2. M(:t,y,{,t,v) = 0, (z,y) € Rn‘H\GJ(f,t),

where @(€,t) is closure of w(¢,¢).
Let us consider this equation with respect to the function A(z,y) € {A}:

M) = irl}f / M(z,y,& t,v)\(z,y)dz; .. . dz,dy = w({, ). (1.6)
w(ét)

Note, that if function M does not depend on v, then the considered equation is the multidi-

t
mensional analog of Volterra equation. In particular, if n = 0 then M\ = [ M(y, t)A(y)dy.
0
¢
Equation ¢(t) = [ M(y,t)A(y)dy is the first kind Volterra equation.
0

Theorem 1.5. If M\, = My, A\ € {A}, 1 = 1,2, then A\ (z,y) = A(z,y), z € R™,
0<y <oo.

PROOF. It is sufficiently to state operator M being quasimonotonic, defined by (1.6),
AeC.

As covering {w} of the semispace y > 0 we understand sets w(¢, t), satisfy conditions
1 and 2.

Let Ai(z,y) > Aa(z,y), (z,y) € wo = w(bo,te), M € {1}, 1 = 1,2. Since the kernel
M(z,y,&,¢,v) is continuous and has properties 1 and 2, functions

wi(€,t,v) = / M(z,y,&,t,v)A(z,y)dzdy, i=1,2,
w(§,t)
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are continuous in the domain £ € R, ¢ > 0, v € V. Thus as V is a compact metric space
there exist elements v; € V so that

wi(fat) = irsfw,-(f,t,v) = w;({,t,v;), i= 112-

By the above we have

wl(EO’tO) = /M(z,y,fo,to,vl))\l(z,y)dzdy > /M(:c,y,{o,to,vl)kg(x,y)dzdy

vV

/M(x,%fo»to,vz)h(z,y)dlﬁdy = wy(o, o)

which means operator M is quasimonotonic. The theorem is proved.
Suppose now that sets w(¢,t) have additional properties:

1. For every h > 0 set w(f,t,h) =w(ét)N{y>h, z€ R}, t>h,isan (n+1)-
dimensional open set,

2. w(&,t,h) depends continuously of £,t, b and limhw(f,t, k) = (&, h).

Define a class {A}o of A(z,y), given by the definition A(z,y) € {\}w, there exists some
sequence of numbers h;, 0 = by < by < ... < h,, ..., and some sequence of functions
Ai(z,y), i < y < hiy1, ¢ € R", analytical in y, which are infinite differentiable with
respect to (z,y) such that A(z,y) = Mi(z,y), z € R*, h; < y £ hiy1. In other words, class
{M}e consists of functions that are piecewise analytical in y and infinite differentiable
with respect to (z,y).

Theorem 1.6. If M\, = M), A € {A}w, i = 1,2, then A(z,y) = X2(z,y), z € R™,
y>0.

PROOF. Let Ay(z,y) and As(z,y) A € {A}oeo be two solutions of equation (1.6), such as
MM, = M),. By continuity of the kernel M(z,y,¢,t,v) and conditions 1 and 2, functions

wiltto)= [ M(z,y,6,t 0)\(z,y)dedy
“‘(C’t)
are continuous.

Therefore v is a compact metric space, from this in particular it follows the existence
of v; so that

wi({) t) = wi(é*) t7 'l),') = H'}f wi(f) t, ’U)-

Suppose that A;(z,y) # A2(z,y). From this and by the definition of class {A}o it
follows the existence of the interval [a,b], 0 < a < b < 0o so that the following conditions
are true:

1. A1(:1:13/) = /\2(13,3]), TE Rna y <a,
2. Ai(z,y) are analytical in y when @ < y < b, and Ai(z,y) # A2(z,y),z € R*,a <y < b.

Let w!(£,t) be the intersection of w(é,t) with the semispace y > 0. By Lemma 1.2 and
proposition A1(z,y) # Az(z,y) there exists a set w) = w'(fo,t0) = w(&o,t0) N {y > a} so
that
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1. Set w! belongs to the strip a < y < b, z € R™,
2. |/\1($,y)—)*2(33»y)| > Oa (Ivy) Ew(l)
Let A\; > XAy, (z,y) € w}. Taken this into consideration and by A\; = Az, ¢ € R™, y < a we
have.
wl(éO,tO) = / M(Iwyyfmtvvl)/\ldxdy > / M(.’E, y’foat,vl)/\ﬂizdy Z w2(§0’t0)'
w(éo,to) w(€aito)

Thus the existence of the point is shown (&, 20) with w;(éo,t0) > wa(€o,%0). The last
inequality is in conflict with the condition of the theorem. The theorem is proved.

Example of nonuniqueness of a solution of the Volterra integral equation
with a positive kernel.

Let A(t) #£ 0, ¢t > 0, A(0) = 0 be an infinite differentiable function with zero in every
interval (0,a), @ > 0, as for example A(t) = exp (—1/t?)sin(1/t), A(0) = 0. Show that
there exists a kernel K(z,t) > 0,  # 0, t # 0 such that for every = > 0 the equality

/IK(z,t),\(t)dt =0
holds.
Let E*(z), E~(z) be sets such that
Et(z) = {t: \t) >0} n(0,x),
E-(z)={t: M) <0}n(0,2)

Set
. + [ 1, if te Et(),
p (:v,t)—{o’ if te B-(z) 0<t<z
. -1, if te E-(a),
“ (”t)“{ 0, if ¢t¢E-(a),

Introduce functions
@)= [ Ak, @)= [ At
E*(x) E-(z)

Define kernel K(z,t) by K(z,t) = —u*(z,t)g™(z) — g~ (z,t)g*(z). It is obvious, that
K(z,t) >0, z # 0. We have

/ K(z,)\t)dt = / K(z,)\t)dt+ / K(z,)A()dt = g* ()9~ (c)—g*(2)g~(z) = 0.
0 Et(z) E-(z)

Thus the kernel K(z,t) is constructed such as for every z, z > 0

j K(z, t)A(t)dt = 0.
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Note that if A(¢) is a quasianalytical function in the domain ¢ > 0 then from the equality
/ K(z, t)(t)dt = 0
)

by Theorem 1.1 it follows that A(t) = 0.

On the uniqueness of solution of the Fredholm first kind integral equation

Here we consider the multidimensional first kind integral equation with singularity on the
diagonal or with this properties after repeated differentiation. Let R"be the n— dimen-
sional Euclidean space for ¢ = (21, 2s,...,2,), and let , w be balls in R™ with:

Q={z:|z|< R}, w={z:]z|<r}, BR>r>0.

With £ we will denote the points of sphere annulus C' = Q\@, here the overbar, as usual,
defines the closure of the set. Consider first the integral equation

/ M(z,)Mz)dz = u(€), dz = dzydes. ..dz,, (1.7)

where kernel M(z,£) has properties:
1. M(x,¢) is given for all z € R™, £ € R™, continuous for ¢ # .

2. For every ¢ > 0 equality
lim M(z,8)(z - £ = o0

fz=¢l—0

holds.

As example of such kernels we can take M(z,£) = exp(e/ |z —¢]|) |z — £|°, wheree > 0, 6
can be any number. For ¢ = 0 such kernels take place in inverse problems of potential.
Let {A}, be a set of functions A(z), z € @, presented by A(z) = a(z)g(x) + b(z) where
a(z) is some analytical function in closed ball @, and g(z), b(z) are fixed measurable
functions, so that function g(z) satisfies the inequalities 0 < My < g(z) < M;.
Note that if g(z) = 1, b(z) = 0 then set of function {A}, includes the set of all
analytical functions in ©.

Theorem 1.7. Equation (1.7) has no more than one solution A(z) € {A},.

PROOF. Suppose, that equation (1.7) has two solutions A;(x) and Ax(z) Ai(z) # Aa(z),
A(z) € {A}s, ¢ = 1,2. Denote as a(z) = a1(z) — az(z). We have [ M(z,£)g(z)a(z)dz = 0.
Show, that if a(z) # 0 then there exists at least one point & € C so that
J M(z,&)g{z)a(z)dz # 0. By this the statement of the theorem is be established. Let
s be a point on the sphere S = {z : [z| = r}, B(s,t) is an n— dimensional open ball
of radius ¢ > 0 centered at point s € S . Denote by w(s,t) and C(s,t) the intersection
B(s,t)Nw, B(s,t)NC.

Show at first that there exists point so € S and numbers ¢y and ¢, top > ¢; , so that
the inequalities hold
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1. |a(z)| > A(r — |z|)*, = € &(s0,%0) = @o , where A > 0, & > 0 are some constants,
2. M(z,8)¢g(z)a(z) > ko, z € @\o, £ € C(50,%0), ko is some constant.

Inequality 1 follows from Lemma 1.2, and estimate 2 follows from the continuity of func-
tions M(z,£), and a(z), and ¢(z).

Note that as a(z) = a1{z) — a2(z) the inequality a(z) > A(r — |z|)%, z € wy is true, in
another case functions @1, a; may be changed. Then by the condition the kernel M(z, &)
is continuous in domain ¢ # z and when |z —§| — 0, M(z,{) — 0. Therefore for
every s € S it exists intersection w(s,t) and C(s,t) so that M(z,£) > 0 when z € w(s, t),
£ € C(s,t). By the above we include there exist intersections wp = w(sg, to), Co = C{(so, o)
with

1. M(z,£) >0, z € wp, £ € Co,

2. a(z) 2 A(r — |z|)*, T € wy,

3. 3. M(z,8)g(x)a(z) > ko, £ € Cp, z € @\ip.
Using estimates we have

[ M@,09@)a(e)z = [ MizOg@a(e)dz + [ M(z,E)g(z)alz)dz

w\wo

v

Fova + MoA | M(z,)(r ~ [z])da,

where vg is volume of domain w\wq. Since lirré M(z,€) |z - &' = o0, [ M(z,&)(r -

|z])*dz — oo , when { — so . Thus there exists a point & with f M(z, ¢)g{z)a(z)dz > 0.

The theorem is proved.
Suppose now that kernel M(z,¢) is indefinite differentiable in the domain ¢ # .
Denote as D? a differential operator with respect to ¢ = (&1,&,...,6,) :

5 9P B2+ +Pn

D= oo,

R T
Let Mp(z,£) = DP M(z,€). Let kernels Mg(x,£) possess properties:
1. Mp(z,¢§) satisfy condition 1, above,

2. There exists a sequence of numbers {¢n}, gn — 00 so that

lim My(z,€) |2 — €' = o0, 18] = m.
Consider the following equation with such kernel

[ Mz, 0}z = u(g). (18)

Theorem 1.8. Equation (1.8) has no more than one solution A(z) € {A},.
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PROOF. If A; = ai(z)g(z) + b(z), : = 1,2 are two nonequal solutions of (1.8), then the
equalities

/ Mj(z,€)a(z)g(z)dz =0, m=0,1,2,... (1.9)

hold, where a(z) = a\(z) — aa(z), Ms(z,€) = DPM(x,¢), |8 = m. As in the proof of
Theorem 1.1 estimates state

1. Mp(z,6) >0,z € wy, £ € CF,
2. a(z) 2 A(r — |z))*, z € Wi,
3. Mg(z,€)g(z)a(z) 2 kn, £ € CF, = € &\&f.
From this and the inequality above follows
[ Mo(z,€)agde > knv + AMo [ My(z,€)(r - |z])".
v v
If the number m is sufficiently large, then [ Mg(z,£)(r — |z[)*dz, where ¢ — sp tends
wo

to infinity. Thus there exists a point £ such that [ Mg(z,&)a(z)g(z)dz = 0, |8] = m,
which is in conflict with (1.9). The theorem is provzd.

The example of nonuniqueness of the solution.

Let the kernel M(z,€) = 1, where |¢| > r, |z| < r/2 and let A(z) # 0 be an infinite

differentiable function in circle w = {z : |z| < r} so that
1. Mz)=0,z € {z:|z| >r/2},
2. [ Mz)dz=0.

lzl<r/2

It is obvious that f M(z,£)\(z)dz = 0.

1.5 ON THE UNIQUENESS OF THE SOLUTION OF INTEGRAL
EQUATIONS OF THE FIRST KIND WITH ENTIRE KERNEL

In this section we consider the multidimensional integral equation of the first kind

wz)= [ kz,0)A\y)dy, <€D, (1.10)
Rn

where D is a domain in the real Euclidean space R*, n > 1, k(z,y) is a complex-valued
kernel in R™ x R", represented in the form

Ko) = [ lpa) e+ dpdg. (111)
B
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Here an integrand function ¢(p,q) is complex-valued, continuous in R* x R", finite with
compact support B.

It is known (Ronkin, 1974), that the kernel k(z,y) is continue on an entire analytic
function of exponential type. In the present section we give conditions to domain B and
function ¢(x,y), guaranteeing the uniqueness of solution A(y) of equation (1.10) in the
class of continuous complex-valued finite functions.

Let a(t) > 0, a(0) = 0 be a continuous function in R', € > 0, § > 0 be fixed numbers
and let space R"(p) be defined in the following way

R*(p)={q:(p,9), ¢€R"}
Consider set

o) = {o: -0+ @ < alpn). 00> 0}.

The set w(p) is an open hemiball in R"(p) of radius «(p,) centered at
20 = (P1,P2,--->Pn-1,0). Further we propose that domain B and function ¢(p,q) =

¢1(p, q) + ipa(p, ¢) have properties:
1. Forany p, 0 <p; <eg,i=1,2,...,n, intersection B(p) = BN R(p) is non-empty open
set in R*(p) and B(p) C w(p),

~ n—1
2. In a domain B = Bn {(p, 9: T pP+e< 6} the following inequalities hold:
i=1

©1(p,q) 20, ©2(p,g) >0, ¢1(p,q) + ¢2(p,q) > 0.

In the case where n = 1 as example of a domain B satisfying condition 1 may be the
domain with

B={(p,q1):0<q1 <a(p), 0<p <1},

where a(t) > 0, a(0) =0, 0 <t <1 is a continuous function. An example of domain B,
not satisfying condition 1 is the square

B={(pq):0<p <1, 0<q<1}

Theorem 1.9. Let conditions 1 and 2 hold. Then equation (1.10) has no more than one
continuous finite solution A(y).

PROOF. It is clear from (1.10) and (1.11) that for any continuous finite solution A(y)

of equation (1.10), function w(z) is an entire analytic function. Therefore, if w(z) = 0,

z € D, then w(z) =0, z € R™. Let w(z) =0, 2 € R™. Show, that A(y) =0, y € R™
We have

/ k(z,y)\(y)dy = / L/sO(p,q)e‘(””"“’dpdq] My)dy = 0.

R

Changing the order of integration we obtain the equality

/ [SO(P,q)ei(pmy) / eiqu(y)dy] dpdg = 0. (1.12)
B Rn



16 Chapter 1

Let

M) = [ emA(y)dy. (1.13)
R»

By such designation equality (1.12) acquires the form

[ otp,0)e™X(g)dpdg = 0.
B

Passing on to an iterated integral we come to the relation

/{/ w(p,q)i(q)dq}e"”dp=0- (1.14)
" |B(p)

Here B(p), as above, is the intersection of the domain B by the plane R*(p) of variables
q of dimension n, passing through p and orthogonal to space R" of variables p. Let

Mo) = [ olp,0A(0)da.
B(p)

In this case we rewrite equality (1.14) as

/ X(p)e?*dp = 0.
Rﬂ

Thus the Fourier transform of continuous function ;\(p) is equal to zero. Therefore ;\(p) =
0, p € R™ and we have

/ (P, 9)M(g)dg = 0. (1.15)
B(p)
Because under the hypothesis of the theorem the sought solution A(y) is finite continuous
fanction, then it follows from (1.13) and by the Paley-Wiener theorem (Ronkin, 1974)
that A(g) = \i(g) + iAs(q) is an entire analytic function.
Therefore, real functions ;\g(q), t = 1,2, are entire analytic functions too.
Determining the imaginary and real parts in (1.15) we obtain equation system

B(f)(<P1X1 — pakg)dg =0,
P - _ 1.16
[ (p122 + p221)dg = 0, (1.16)
B(p)
Show that X;(g) = 0, A2(q) = 0, ¢ € R™. From here by virtue of (1.13) equality A(y) = 0,
y € R™ follows. We first prove the statement concerning the analytic functions.

Let po = (p,99,...,0%_,,0) be a fixed point, r > 0 be a fixed number and w be an
open hemiball of radius r > 0 centered at py:

n—1
w0={q5Z(Pi—qi2)<Ta qn>0}~
=1

Denote as {w} the set of all open hemiballs centered at (p1,p2, ..., Pa_1,0) and such, that
w<wp.
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If f(q) is a real entire analytic function, then there exists an open hemiball & € {w}
such, that for all ¢ € & one of two inequalities holds: either f(q) > 0, or f(g) < 0.

Suppose, that this is not so. Then in every hemiball w € {w} there exists a point ¢*
such, that f(¢“) = 0. In particular equality follows from this

f(q)lq,,=o =0, Iql <r.

Because f(¢*) =0 and f(g¥) = 0, where ¢ = (¢¥,45,.-.,4%_,,0) then in every hemiball
there exists a point §* such, that

0
o =0, §“€we{w}
6qn =9~
d
This leads as above to equality 6—f =0, lqgl<r.
gn ., =0
Hence, for any m, m > 0, !
6771
I =0 <
6q77r': gn=0

which contradicts the relation f(g) # 0. The statement is proved.

If we suppose now that, although one of entire functions ;\1(q), :\g(q), satisfying equa-
tion system (1.16), is not identically equal to zero, then by virtue of the statement proved
above, there exists € > 0, € < ¢ and a point p such, that for any

n-1
qew(p)={qE(pﬂ—qt)2+qi<a(pﬂ)’ qn>0}’ 0<Pi<5~7 i=1721"'7n7
=1

one of four relation holds

L Ai(g) 20, Ax(g) 20, Xi(q) + Aa(g) > 0,
2. Mi(g) <0, X5(g) <0, ha(q) + Xa(g) <0,
3. Mi(q) €0, Xa(g) 2 0, Ai(q) — Ra(q) <0,
4. Xi(g) 20, Xa(q) <0, Mi(g) — ha(q) > 0.

Under the hypotheses of the theorem at £ < § for all (p, q)

n-1
(pq) € BN {(p,q) 1 op < 5},
1
the following relations take place

©1(p,9) 20, ©3(pq) 20, ©1(prq) + ¢2(p,q) >0,

and
B(p)=BNR*(p) <w(p), 0<pi<é

That is why, together with inequalities 1-4, at least one of equalities (1.16) cannot be
performed for all p € R™. The theorem is proved.
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1.6 EXISTENCE AND UNIQUENESS OF A SOLUTION TO
AN INVERSE PROBLEM FOR A PARABOLIC EQUATION

Problems of finding the coefficients of differential equations from information about their
solutions are called inverse problems for differential equations. As a rule, inverse problems
are nonlinear. Their study, especially in the multidimensional case, is often connected with
significant mathematical difficulties. We will give a method for studying solvability ques-
tions for certain nonlinear inverse problems for differential equations, using a parabolic
equation as an example illustrating this method.

With the aid of the Fourier transform we are able to reduce the inverse problem under
consideration to a boundary value problem for a nonlinear integro-differential equation
which is fully acceptable for investigation. Methods of potential theory are applicable
to the boundary value problem thus obtained; under the appropriate restrictions on the
data, this leads to determination of solvability, uniqueness, and stability conditions for
this inverse problem.

In a domain @ = (—o0,00) x D, D C R*, 38D =Ty € C, we consider the equation of
parabolic type

p(x)uy — Au = 0. (1.17)

Inverse problem. Find function u(z,t), p(z) > 0 satisfying (1.17) such that

ul[‘ = ‘p(sat), ['=To x (-—00,00), (118)
ulz:o = uo(z), z €D, uo(:l?)lz:, = (lplt:O’ (119)
V.u € L}(Q), u€ L*—o00,00: W2(D)nC(D)), (1.20)

uy € L®(~o00,00): C(D), p(z) € C(D).

We introduce some notation. G(z,y) is Green’s function of the Dirichlet problem for
the domain D, 4(z, £) is the Fourier transform of a function u(z,t) with respect to ¢t and

w(D) = max [ |G(z,v)|dy.
D

First we consider problem (1.17) and (1.18).

Lemma 1.3. Let ¢(£,s) € W;/Z(Fo) NC(To); ¢ =0, || > R, and s € Ty. Then, for any
real-valued function p(z) such that

p(z) € C(D), |pl < 1/Rp(D),
there is a unique solution to problems (1.17) and (1.18) such that V,u € L%*(Q), u €

L2(—Doo,oo : WD) N C(D)), uy € L®((—00,00) : C(D)) and 4(z,¢) = 0, || > R,
T e .

A proof of Lemma 1.3 is based on the study of the boundary value problem
Av+igp(z)v =0, v, =¢(z,€), €D,

and is carried out as in (Bubnov, 1984).
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EXAMPLE. Let A(£) and B(£) be continuous functions, 0 < § < Ro, Rg > 0, let p be a
positive constant, and let u(z,t), z,t € R! be the function

= o (o E) fos (o ) 1+ 0 (£ )

]

that is entire analytic in t and satisfies the heat equation

ou_ o
ot _”azf

According to the Paley-Wiener theorem,
(z,€) =0, |z} > Ro.

Our study of the inverse problem is based on the following lemmas. Let

Ay = sup /@—aGdFO )
oé on
To
. . [ .0G
Ay = min |~ / xf/tp%dI‘odf ,  wo = p(D)|Aug|, B.
ll<R To

Lemma 1.4. Let the conditions of Lemma 1.3 hold, and let

: . [.0G
Az = min [— / i¢ / $ 5 -dTodé

l€l<R  To

> 0,

Ag Z Wy + R(SUJOAl)l/z, 8R2A1 > Wwo.

Then the inverse problem (1.17)—(1.20) is equivalent to the boundary value problem for
the nonlinear integro-differential equation

_ Aug(z,§) _
T enede Ve = vl (1.21)

KI<R

Asv(z,€) +

in the class of functions v € C(D) N W(D), v(z,£) =0, |z| > R, z € D;

min

- / i{v(z,{)dz} > Ry >0,

lél<Rr

1
Ro = 3 |0 + A+ [(wo - Ag)* - BszoAl] 1/2] .

Taking the nonlinearity into account and using methods of potential theory, we prove the
following result.
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Lemma 1.5. Let the conditions of Lemma 1.4 be satisfied. Then there is §( R, A1, Az) > 0

such that for any up with 0 < Aug < § there exists a unique solution v(z,¢) to problem
(1.21) that belongs to the class

B={v(x,€)€C(D)ﬂW§(D), v(z,6) =0, K|>R, z€D,

sup [o(z,&)] < 2

5 _%_%,g{—/WM@ﬂzm}
kkl<R

From the lemmas formulated above we get our main result.

Theorem 1.10. Let the following conditions be satisfied:
$(é,s) e WH(To)NC(To), $=0, | >R,
Plico = uo(2)ly, 0 < Aug € C(D),

. . 0G
min l:— / 1§/¢%dFodf
iR To

:A2>0,

A2 Z wWo + R(stA1)1/2 5 8R2A1 > wo.

Then there is a §( R, Ay, A2) > 0 such that for any ue with 0 < ug < é the inverse problem
(1.17)—(1.20) has a unique solution(p, u); moreover,

z) = Auo(l’,f)
A T e, ey
[El<R
u(z,t) = /U(z,f)exp(—ft)dz,

where v(z, ) is a solution to problem (1.21).

REMARK T. his theorem can be briefly formulated as follows: if in addition to the con-
ditions of the first boundary value problem for a parabolic equation we require that a
solution be regular in ¢, —0o < t < oo, then, under suitable restrictions on the data of
the boundary value problem, one can also uniquely find the function p(z) occurring in
the equation, i.e. one can solve the inverse problem. From the method it is clear that
this fact permits a significant generalization for other boundary value problems and other
evolution equations including equation with variable coefficients.
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1.7 ON UNIQUE SOLVABILITY OF AN INVERSE PROBLEM FOR
A PARABOLIC EQUATION

We formulate conditions for the unique solvability of the Cauchy problem for a semilinear
integro-differential equation, and offer a method for its investigation (Anikonov and Belov,
1989). Such problems are reductions of inverse problems for parabolic equations in cases
where the Fourier transform of their solutions with respect to chosen variables exists and
some other conditions are satisfied (see (Anikonov, 1986)). Analogous inverse problems
for parabolic and hyperbolic equations were investigated by different methods in (Bubnov,
1987a,b).
Let (z1,...,2n-1) be a point in the Euclidean space R™ !,

M) = {(t,2) |t1 <t <t;, =€ R*} astripin R",

Gyt = {(t,z,z) (t,z) €My, ey 2 € RI} a strip in R®,

G* ={(z,2) |z € R™!, z€[~a,d]},

Gh = {(t,a:,z) [(t,z) €My ey, 2z € [—a,a]} and o = const > 0.

Let us examine the following equation in Go,1y:

Ou(t, z, 2) Pu(t,z,2) du(t,z,2)
5 = Llut,z,2))+ g taba) g +q(t,z,2), (1.22)
where
n-1 82,“ n-1 au
L = T e~ .
() ,-‘]-Eﬂ a](?z,-(?zj + gl: b Oz, teu

We assume that a;;, b; and c are sufficiently smooth functions of ¢ given on [0,7] and, in
addition, ¢(t) < 0 and

n—1
plE <Y a(t)g;, YEER™, te[0,T], p=const >0. (1.23)
1,7=1

The function ¢(t,z, z) is given on Gjo 7).
The function a(t,z) (0a/dz = 0) has yet to be found. We assume that the following
condition is satisfied:

ul,o = 9(t2), (t2) € My, (1.24)

and that the Fourier transform of u(t, z, z) with respect to z exists:

1 7 .
W(t,.’l!,y) = g / u(tvzay)e_lzydza
002 (1.25)
ult,z,y) = / W(t,z,y)ei‘ydy.

Let us introduce a Cauchy condition for equation (1.22):

u(0,z,2) = uo(z,2), (z,2) € R". (1.26)
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With the help of conditions (1.24) and (1.25), problem (1.22) and (1.26) can be reduced
to a Cauchy problem for a integro-differential equation, not containing a(t, z). Indeed, by
applying the Fourier transform to equation (1.22), setting z = 0 in (1.22) under conditions
(1.24) and (1.25), we obtain the equations

%—v:/ = L(W) — y*W +iyaW + Q,

aso ~ o0 \ ‘ oo
==Ly —_[o AWd) + la_é AWM + g(t, z,0),

from which we eliminate function @ and obtain the problem

Qg A P T L {<I>+ /A2Wd)\} +Q,
I AWdx

W(O,.’E,y) = Wo(Z,y), (zvy) € R

(1.27)

—00

Here

_ 1 T —izy
Q(t,zay)_é—ﬂ__“/ q(ty:tay)e dz

is the Fourier transform of ¢ and

1 7 ;
Wolz,v) = o= [ uo(z,y)edz,

a(t,2) = 2280 1012 - o(t,0,0).

We examine the simplest case, when () and W, are real-valued functions with compact
supports in y, belonging to a finite segment [—a, a]. Then (1.27) reduces to the problem

%vz =L(W)—y2W+~a—yW—{(I>+/A2Wd)\} +Q, (1.28)
t [ Awda KA
W(0,z,y) = Wo(z,y), z€R™, ye€l-a,a] (1.29)

Equation (1.28) is a nonlinear integro-differential. It consists of partial derivatives
as well as integrals of the solution with respect to the parameter, which also appears in
the coefficients and the initial data of the problem. These are interesting mathematical
objects which have not yet been studied. We examine the solvability of problems (1.28)
and (1.29) and some properties of its solutions.

Below we denote by C*!(GY, , ) the space of functions that have continuous derivatives
in Gﬁhh] in the space variables of order up to and including &, and a derivative of order
! in the variable ¢.

As to the input data of problem (1.28) and (1.29), we presume the following:

are bounded in absolute value (1.30)

®,q,Ws € (Gp7y); all kth derivatives in z and y
by constants ¢k, k =0,...,4, respectively in Gfy 7y
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Q(t,z,y)y >0, Wy(z,y)y>0, te[0T], z¢€ R*!, y€[-o,q]; (1.31)
I, (2) = / AWo(z,\)dA > 6 >0, zeR™. (1.32)

Let us split problem (1.28) and (1.29) according to the method of the weak approxi-
mation (Yanenko, 1971; Belov, 1986):

1 W, 1
LoW: _ <(n+s 1.
s = LW:), nr<t<(n+o)m (1.33)
T 7 1
LW e,y {q, + / Azw,(u} +Q, (n42)r<t<(n+l)r, (1.34)
2 ot fawa L 2 2
W-(0,z,y) = Wo(z,y), (z,y) € G°. (1.35)

Heren=0,...,N—land N, =t.,,0<t. <T.
We start with the Cauchy problem

1olbay)_ _vlbz) {<1>+ / A’v(t,z,y)dx}—y?v(t,z,y)w(t,z,y), (1.36)
2O Iregnyal L
Wto,2,4) = vo(2,9), (2,) € G°. (1.37)

By (1.30°), (1.31°) and (1.32’) we denote conditions (1.30), (1.31), and (1.32) with W,
replaced by vp.

Lemma 1.6. Let ® < k, k¥ = const, and let conditions (1.30°)- (1.32’) be satisfied.
Then there exists vg, 0 < vo < T, such that problem (1.36) and (1.37) is uniquely solvable
in the class C*'(GF;, , 1,;) for any v € (0, 0] and any to € [0,T — v]. vy depends only on
the constants §, k and a.

PROOF. Let us linearize problem (1.36) and (1.37) by making a shift # > 0 with respect
to t of some terms in (1.36):

[} t ] o
Juley) o) {q> + [0 G,x,y)d)‘}
2 t J Af(t — 6, z,)d) A
— y¥(t2,y) + Qt, 2, y), (1.38)
9|t<tu =wfz,y), (z,y) €G"

It can be shown that there exists vy depending on 6, k, and « such that for all v € (0, v]
and to € [0,T — v] the solution v’ of problem (1.38) exists in the interval [to,to + v] for
any fixed 8 € (0,0} and uniformly in 8 € (0,6] and (¢, z) € Il 044}

/ M(t — 8,2,5)dA > p > 0. (1.39)

-

Estimate (1.39) allows us to obtain uniform boundedness (in 8) of the family of solu-
tions {v’} and their first derivatives with respect to z and y. Hence, as § — 0, uniformly
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in every compactum of Gf . .,;, the functions v? converge to v being solution of the

problem (1.36) and (1.37) in C*}(Gf ,,4.,)- As a result

/ M(t—8,z,5)dd > g >0, (2)€ My sors-

—Q

This allows one to prove the uniqueness of the solution in the class specified above.
The lemma is proved.

REMARK 1.1. In consequence of condition (1.31°), the inequality v(¢, z,y)y > 0, (¢, z,y) €
Gl to4v] 15 realized.

REMARK 1.2. Let v be the solution of problems (1.36), (1.37) in the interval [to, o + v,
the existence of which is guaranteed by Lemma 1.6. As follows from remark 1.1, we can

apply the generalized mean value theorem (Fikhtengol’tz, 1966) to the integrals 7 AudA
and [ MvdA:

/ Aetly(t 2, AV = ma(t, z) / Mo(t,z, N, k=1,2 (1.40)

—a -

It is clear that m; are smooth functions that satisfy —a < my(¢,z) < e and 0 < my(t,z) <

a®. By multiplying (1.36) by y, integrating the result over [—c, ] and then applying

(1.40), we find that
Iv(t,z) = //\v(t,z,/\)d)\

1s a solution of an ordinary differential equation

dI(t,z
D) (1, 2)0(t,2) + (i1, 2) ~ ma(t, 2L (1, 2) + T,
where z is a parameter. Let us consider the equation with constant coefficients
dj(t
id(t—) = —ka — a?j(t). (1.41)

Its solution j{2), satisfying the initial condition j(0) = é, is monotonic decreasing and
strictly positive in an interval [0,¢,]. The value ¢, depends on é, k and a. Since m® >
—ak and m? — my; > —o? we have

(te) > j(t) 2 j(t), to<t <t (1.42)
provided that

L(to,z) = / Mo(z, A)dA > j(to).

Theorem 1.11.  Let |®| < k = const, and let conditions (1.30)—(1.32) be satisfied.
Then there exists t. € (0,T] such that problem (1.28) and (1.29) are uniquely solvable in
C*Y(Gf4.))- The value of t, depends on the constants 6, k, and a.
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PROOF. By applying the maximum principle to equation (1.33) (see conditions (1.22),
Lemma 1.6, and the inequalities (1.42) of remark 1.2), we can easily show that a solution
W,(t,z,y) of problems (1.33)-(1.35) exists in the interval [0,¢.] for any fixed 7 € (0, 7]
and, uniformly in 7 € (0, 7o},

Iw,(t,z) > j(t) > j(t.), to<t<t., (tz)€llpy,, (1.43)

where j(t) is a solution of (1.41) and j(0) = 6. Estimate (1.43), the maximum principle
for equation (1.33), and condition (1.30) allow us to prove the estimates, uniform in
7 € (0, 7o),
Z sup ID"W, + Z sup IDtDkW,
Ik1<4 o eal IKI<2 Go.e01
where D, = 3/0t, D = 9Wl/gzh | ckn19ykn k = (ky,..., k) is a multi-index, and
lk| = k1 + ...+ k,. Because of (1.44) as in (Yanenko, 1971) and (Belov, 1986), we can
prove that, uniformly for each compactum of Gf;,,), W: converges to W € C 2’l(G'f’(‘,’h)
along with its derivatives of first and second order with respect to the space variables z, y,
and is a solution of problem (1.28) and (1.29). The uniqueness of the solution is proved in
a standard way by proving that the difference of two possible solutions of problem (1.28)
and (1.29) from the class C®!( fo.¢)) 1s identically zero. The theorem is proved.

<e, (1.44)

REMARK 1.3. If ® = 0, then we can take k = 0, and in this case the solution j(¢) of
equation (1.41) with the initial condition j(0) = é is strictly positive in the whole interval
[0,T). This guarantees the solvability of problem (1.28) and (1.29) in this interval.

1.8 FORMULAS IN MULTIDIMENSIONAL INVERSE PROBLEMS FOR
EVOLUTION EQUATIONS

Let D be a domain in the real Euclidean space R"™™*! of variables (z,z,1),
z=(T1,.-,Zm), 2 = (21,---,22), L € R'. We consider the inverse problem of the simul-
taneous determination of two complex-valued functions u(z, z,t) and A(z,t) (GA/dz = 0,
1=1,...,n) in D which satisfy

% = Au + Lu + A(z,t)Bu. (1.45)
Ul = uo(2,2), ul,_o = f(z,t). (1.46)

Here A, B, and L are linear differential operators such that A and B act with respect to
z and are independent of (z,t) while L acts with respect to z and is independent of (z, ),
the functions ug(z, z) and f(z,t) are given, and (z, 2,t) € D.

As examples of operators A, B, and L we may consider linear differential operator
with constant coeflicients A,, B,, and L, such that

A=Y A.D, B=YB,DD; L=YL.DS

In particular, with
m 82 62
;::1 oz¥’ 027’ n=b
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arises the inverse problem for parabolic equation, namely, to find functions u(z, z,¢) and
Az, t) satisfying

Ou

i Au+ Mz, t)Bu, u|,_o=uo(z,2), ul,_,= f(z,t).

For Bu = ¢(z,t), where (2, ) is some function, the inverse problem (1.45) and (1.46)
consists in finding a source function J of the form J = A(z, t)p(z,t).

We study the case when the initial state u|,_, = uo(z, z) can be factored in the form
of a product a(z)b(z), and establish explicit formulas for the solutions u(z, z,t), A(z, 1) of
(1.45) and (1.46), which introduces a constructive element in the theory of such problems.
In what follows we assume that A, B, and L act in a well-defined way on the functions
under consideration, and the integral and other transformations used are also well defined.

Lemma 1.7. Suppose that the function f(z,t) such that Bf # 0, that p(z,t) is a
solution of the equation
0p
T
and that @o(t) = ¢(0,1), (z,2,t) €D. Then the functions

of deo
[zl A(M)_(—a—t-,u)c,oo- dro
wolt) = Bivn

satisfy equation (1.45) in D and the conditions
ul,_o = f(z,1), u|t=0 = a(z)b(z),

where a(z) = f(z,0) and b(z) = ¢(z,0)/pe(0).

Let L be a differential operator with constant coefficients and ¢(w) its symbol; that is
L(ei“"’) — C(w)ei‘”, w € R".

Lo,

u(z, z,t) =

Lemma 1.8. Let f(z,t) and ¢(w), (z,t) € D, w € R" be complex- valued functions
such that the expressions

@(___ c(w)t+iwz
5 = Af, BJ, R/ eI g (w)dw

are meaningful and Bf # 0, [ e““)g(w)dw # 0. Then the functions
Rr

fa,t) [ e irq(u)do

u(z, z,t) = L J
e”Vq(w)dw
/
3 1 c(w)t
(_6_{_ - Af) /ec(“’) g(w)dw — f / el )Q(w)c(“-’)d“’
Mz, t) = 2 -

Bf / e @g(w)dw
Rn
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satisfy equation (1.45) and the conditions u|__, = f(z,t) and ul,_, = a(z)b(z), where

/q(w)ei“’zdw
a(z) = f(z,0), b(z)=F—u—
[ atw)de

R"

The following assertion holds.

. 2
Theorem 1.12. Suppose that L =} %5,
1 0%
(1.45) and (1.46), where a(z) = b(z,0) and b(z) is a continuous bounded complex-valued
function in R® with b(0) = 1. If the conditions in Lemma 1.7 hold, then the solution

u(z, z,t), Mz, t) of the inverse problem (1.45) and (1.46) can be represented in the form

z € R™, and ug(z, z) = a(z)b(z), in problem

J(@,t) [ b(w)exp(—ly - oI /4t)dy

R"

u(z, z,t) = ,

[ byexe(=y*/at)dy

Rn

{(f;_{ _ Af) W J b(y) exp (—Z—t) dy

n

f%m/b(y)exp (—Z—:) dy}

R

(Bfm [ s (-2 dy)

R"

Mz, t)

-1

X

COROLLARY . Suppose that Bu = ¢(z,t) in (1.45) and that the conditions of the
Theorem 1.12 hold. Then the source function J(z,z,t) = ¢(z,t)A(z,t) and the solution
u(z, z,t) of (1.45) can be found from the data (1.46) by means of the formulas

1

olzt) = WR/ b(y) exp(~y — =[* /4t)dy,

I CRIICR)

U(.’E, Z,t) = ‘Po(t) 3 ‘PO(t) = (P(O, t)a
9 0
e (5{—~Af)¢o s t
T, 2, - Sog(t) ‘p(z7 )

From Lemma 1.8 we deduce the following assertion.

Theorem 1.13. Suppose that ug(z, z) = a(2)b(z) in (1.45) and (1.46), where z € R",
a(z) = f(z,0), b(z) has a Fourie transform and b(0) = 1, and that the conditions in
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Lemma 1.8 hold. Then the solution u(z,z,t), A(z,t) of the inverse problem (1.45) and
(1.46) is given by
f(.’l?, t) / e c(w)H—iwzq(w)dw

u(z,z,t) = L ’

/ e C(“’)'q(w)dw
Rﬂ

af clw)t c(w)t
Mz, t) (797 N Af)n/"e @t g(w)dw —fR[e Yg(w)e(w)dw
z,t) = ’
Bf | e c(“')tq(w)dw
/

where

aw) = [ bly)edz.

R"
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Inverse Problems for Kinetic Equations

2.1 KINETIC EQUATIONS

Kinetic equations characterize the continuous nature of motion of an object, they are
the fundamental equations of the natural sciences. These equations are widely used for
qualitatively describing physical, chemical, biological and other processes at the micro-
scopic level. In view of the great role kinetic equations have, as a rule, integro-differential
equations can be used. These are often nonlinear relative to one or several distribution
functions F(z,p,t) describing the dynamic state of an object with respect to the spatial
position z, the momentum p and the time ¢. The Liouville, Boltzmann, Vlasov equations,
a chain of the Bogolyubov equations, the Fokker-Planck equations, various equations of
radiation transport, quantum equations for the density matrix and the Wigner function
(see Alekseev, 1983; Bogolyubov, 1981; Case and Zweifel, 1967; Ferzeiger and Kaper,
1972; Haken, 1987; Klimontovich, 1982; Kompaneets, 1977; Lifshitz and Pitaevskij, 1979;
Prigogine, 1980) are examples of kinetic equations.
Below F(z,p,t) is a distribution function.

1. Liouville equation:

3F *(0F8H OF 0H
+ {F H} % {F’ H} B E (axJ apj ap] az])

2. Boltzmann equation:
aF t JF
+ E PJ =St F.

3. Transport equation:

%f+ﬂgrad F4oF= /Im,t,Q V)P + 4.

4. Transport equation in tomography:

E;
aF ! 1] !
S +Qurad, F 4 oF =E/W/I(:c,t,E/,Q,Q)FdEdQ +q
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5. Kinetic equation in problems of integral geometry:
Qgrad, FQ+oF =0, InF =1 — grad_ ¥} = —0.

oF oF oF
. = ,
o cos¢+—ay smso+K($,y7¢’)a(P (z,y,¢)

K - first curvature.

6. Fokker-Planck equation:

%_’; +{FH} = / W(p+4q,9)F(z,p+q,t) — W(p,q)F(z,q,t)] dg.

R

7. Quantum equation:

oF 1 1
S H{FHY +oF = "(2”)"”nz/» [<p(z-§hy,t)

-0 (I + % hy, t)] eiy(p"”I)F(z,p', t)dp'dy + St F +q.

Kinetic equations with regard to quantum effects have the form

oF i 1
S+ (FHY +aF = —(2”)""m/n [q> (z - Ehy,t)

-¢ (I + %hy’t)] eWP=P)F(z,p', t)dp'dy + St F + q(z,p,1). (2.1)

Here F(z,p,t) is the quantum distribution function, H is the Hamilton function, & is the
averaged potential, a(z,p,t) represents the absorption, h is the Planck constant, St F is
the collision integral, ¢(z,p,t) is a function that characterizes the sources.

Given the appropriate information at the boundary, the main direct problems for
equations of type (2.1) describe the evolution of an initial distribution. As a rule, all
the coefficients in equation (2.1) are considered to be known. Analysis of physical prob-
lems connected with kinetic equations (for example problem of tomography) shows that
in addition to the distribution function F(z,p,t) certain coefficients contained in these
equations should be ascribed to the quantities sought.

The other words some coefficients are unknown in these equations. The problem of
determining some functions involved in the kinetic equations, e.g. a or ®, apart from
the distribution function F(z,p,t) is conventionally called the inverse problem for kinetic
equations (see Anikonov, 1975; Anikonov, 1978; 1984; 1985; 1986; 1987; 1989; Anikonov
and Amirov, 1983; Anikonov and Bubnov, 1988; 1989; Lavrent’ev and Anikonov, 1967;
Lavrent’ev et al., 1971). In these problems the main information is the trace of the
distribution function on a certain (z, p, t)-manifold, e.g. z, = 0 or |z} = 1, etc. Physically,
inverse problems for kinetic equations are connected with determining interaction forces,
absorptivities, sources, scattering indicatrices and other physical quantities. Some inverse

problems of this kind may be formulated as control problems (Anikonov and Bubnov,
1989).
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We repeat that our basic information for inverse problems is the function Fy(s, p,t) =
F(z,p,t)lr, s €T, p€ D C R t; <t <ty where I is a manifold in R of variable z,

for example
F={z:|z|=1} or {z:z,=0}.

The other words we must know the trace of the distribution function F(z,p,t) on I.
The studies concerning predominantly multidimensional inverse problems for kinetic
equations suggested and developed by the author (Anikonov, 1978; 1984; 1985; 1986; 1987;
1989; 1991; Anikonov and Amirov, 1983; Anikonov and Bubnov, 1988; 1989; Anikonov
and Pestov, 1990) are reported in this work without attempting to survey the whole field.

2.2 AN EXAMPLE OF AN INVERSE PROBLEM FOR KINETIC
EQUATION

We consider the inverse problems of determining two functions (F, ¢(z,t)) or (F, A(z,t)),
dq/0p =0, 0X/0p = 0 in the region |p} < oo, |z| < a, |t —to] < b,a >0, b>0,

IaF oF ar
‘a_t + PE + A(z’t)a_p = q(:t,t), (22)
Fl;=0 = Fo(p,t), |p| < o0, [t—to| <b. (2.3)

Equation (2.2) is the one-dimensional kinetic equation (Vlasov equation for ¢ = 0)
Az,t) = —0®/0z, and ® is the potential.

Theorem 2.1. Suppose that Fy(p,t) is an analytic function in the region |t — to| < 4,
|p| < oo while for any t, Fy is the entire function of exponential type in p which belongs
to the space L;. Then there exist such numbers a; > 0, b > 0 that inverse problems
(2.2) and (2.3) to determine (F,q) have an analytical solution in the region |z| < a,
|t —to| < by, |p| < o0.

Theorem 2.2. Let the conditions of Theorem 2.1 be met and
aF,
-_— # 0.
Op =0

Then there exist such numbers a; > 0, b > 0 that the inverse problems (2.2), (2.3) to
determine (F, A) have an analytic solution in the region |z| < ay, |t — to] < by, |p| < o0.

2.3 ONE-DIMENSIONAL INVERSE PROBLEMS
In one-dimensional inverse problems explicit inversion formulae can often be obtained
for the solution. The following example illustrates this situation. Let us consider the

one-dimensional kinetic equation (2.1) with

=0, StF=0, ¢=0, H=1p2+<i>(:c).

™

In the case it Tuns as
’——'p - Q’ X)— + a\r } = 0. 2.4
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Given the information Fy(p) = Flz=0, p € R?, in equation (2.4), we shall seek the

functions F(z,p) and a(z) (0a/0p = 0). Let us assume that the function Fo(p) > 0 is
differentiable, and introduce the functions

10 =F(yow), atw)=3(y2),

1d f g(z)dz
= —_— >
b(p) 27rdp0/ , P20,

where

o) = In Fy(p) +2ln Fo(=p) i) = In Fo(p) —2ln Fo(~p)

Theorem 2.3. If the function Fo(p) is continuously differentiable, and Fy(p) > 0,
®(z) >0, z >0, ®(0) =0, then the following formulas hold:

a(z) = 2b (®(x)) ¥'(2),

1, 1.,
b(§p2—§n2+¢($))d7l}, >0, peR.

REMARK 2.1. In addition, assume that the functions ®(z) and F(z, p) satisfy the relation

o0

®"(z) = 47ra/ F(z,p)dp.

—00

Then according to the formulas of Theorem 2.3 under appropriate restrictions on Fy(p)
we obtain the equation for the potential ®(z)

() = P(2),
where function P is known and depend only on the initial information Fy(p) by the formula

P(z)=47r07exp{f<%p2+z)+/pb<%p2—~%172+z)dn}dp.

—00

In view of this, given ®(0), $(0) and &'(0) the function () may be considered as
the sought function along with a and F. Here we omit the formulation of results.
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2.4 MULTIDIMENSIONAL INVERSE PROBLEMS

This section deal with the multidimensional version of the inverse problem considered in
section 2.1. In the multidimensional case the unknown coefficient also turns out to be
found by an explicit formula used as a solution of the Cauchy problem for an equation
of the evolution type with respect to a particular spatial variable. Here we also restrict
ourselves to one example. Let H = 2 P in equation (2.1), a and F be the sought functions,
and the operator St be given. We define the operator A by the formula

OF OF i iy(p—2') / 4
=— —p; - —— i t)dp'dy — St F — q.
AF == +Jzaxjpj (2”)"hm/n [®]e F(z,p',t)dp'dy q

Let the function
Fo(z',p,t) = Fls,,, ' = (21,22, -, Tn-1)

be given, and

Jda

—=0.

pn
Note that the operator A does not involve differentiation with respect to z,, it is inde-
pendent of a and known, if ® and St are given.

Theorem 2.4. Let a twice differentiable function F' > 0 be the solution to the Cauchy
problem for the evolution equation with respect to the variable x,,:

1
1 /
azn 0/ [ AF] (zpn)dz, Fls=0 = Fo(z', p,1).

Then the formula

oF
= (AF+ az,,) |F

is valid.
REMARK 2.2. Under the condition

A = 4ro / F(z,p,t)dp.

and the boundary condition for ®(z,t), the latter may be considered as the sought func-
tion, along with a and F, similar to the case above. In classes of entire functions the
solvability of the Cauchy problem similar to that of Theorem 2.4 may be studied on the
basis of Banach space scales (see Lavrent’ev et al., 1971).

Some results in the analytic case.
In the Euclidean space R2"+1, n > 2 we consider the kinetic equations

oF oF E)Q) _StF

+ Z (31‘] 3p,

Below it will be convenient for us to represent the collision integral St F' as follows: St F =
aF + b where a and b are functions of variables (z, p,¢) which are possibly generated by
the distribution F(z,p,t).

(2.5)
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Let

¢ = arctan (pp" ), ¢g=\P+pPy, T=Tu1, Y=ZTn,

n—1
oF OF 0%
LE = Z (8.1] Bp, 8:::,)

j=1

With these variables (2.5) can be written as follows:
6F+ oF S +6—Fm +6—F cos +8¢sm
ot I\ 6 ¥ T gy Y aqaz“’a‘p
10F (00 a0
L= - — i = . 2.
499 <6y cos p — == 51n<p)+LF aF +b (2.6)

Below it is assumed that the functions ®, a and b in (2.6) do not depend on the variable

@, i.e.
o da 0 ab

— =0, —= —=0.
dp 7 0p 7 Oy
We formulate the following inverse problems:

Problem I. Find the functions F', ¢ and b if the functions Fy = F|,=¢ and ® are known.

Problem II. Find the functions F, ® and b if the functions ®g = ®|,— and Fy = F|,=o
are known.

Problem III. Find the functions F, ® and « if the functions Fo = Fly=p, $o = ®y=0

and b are known.

All functions considered below are assumed to be analytic in the neighbourhood of
the point (0, o), go > 0 of the space R?**!, and periodic in ¢ with period 2.

Theorem 2.5. Suppose that for each inverse problems I-1II the conditions of the same
number below is satisfied.

1. Fo|¢=0 - Follp:’lr ?é Oa

aF dF
. —a—Q —a—Q 0
2 ‘P @=0 + 90 p=r # ’
JF aF
3. F —a—QF 0.
14 0 »=0 + (4 0 o= 7

Then the uniqueness of the solution of these problems is guaranteed in the class of
analytic functions.

Theorem 2.6. Suppose that

o0
F= Zug cos ki + vy sin ke,
k=0
where |ul] < Ae P v < Ae7P¥ k =0,1,2..., A > 0, p > 0 are constants and

conditions 1-3 of Theorem 2.5 are satisfied. Then there exist analytic solutions of inverse
problems I-1I1.
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Consider the inverse problem for kinetic equation in the multidimensional case:

dF O0F OF

S gy~ pot (FHY=oF 48P +f;

find F(z,y,q,p,t), o(z,p,t), if function F|,=0 = Fo(z,q,p,t) is known (a, f and St are
known also, St F is Boltzman the collision integral).

Lemma 2.1. Function F(z,y,q,p,t) is the solution of problem

Theorem 2.7. In the analytic case of the inverse problem of finding F > 0, ¢ has no
more than one solution.

Let us consider the uniqueness of determining the potential ®(z,t) from equation (2.1)
using the functions ax(p,t), bi(p,t), k = 1,2, p € R*, a < t £ B, which are defined by
the relations

LT
a(p,t) = Floeagy  bi(pt) =2 5—pi (2.7)
i=1 T

=50
I—Ik

where z9, £ are fixed points of the domain D C R". Assume that ci(p,t) = St ax, and
that there exist Fourier transforms lI> Qk, bk, ¢éx of the functions @, ay, by, ¢, with respect
to (z,p) respectively. It turns out that the presence of the quantum term in (2.1) allows
us to formulate the following result.

Theorem 2.8. Assume that the functions

(Bak/(?t) + bk — Ck

Ai(z,t
k(z,1) = 4 o

e Vdy, k=1,2

are defined correctly. Then the formula

é 2z Al e —i(zg ) — Ag e —i(rtl) )
(T’ ) - sin2(z? — 2%, 2)
holds.

REMARK 2.3. The additional information (2.7) permits posing the problem of simulta-
neously determining three functions F, a, ® from (2.1) using Theorem 2.4 and 2.8.

2.5 A UNIQUENESS THEOREM FOR THE SOLUTION OF
AN INVERSE PROBLEM FOR A KINETIC EQUATION

Let Q be a domain in the real Euclidean space R*™1, n > 1, of the variables (Z,p,t)
whereZ € D and D is a domain in R™ with a smooth boundary while the variables € R™
and t € R are subject to the inequalities |p; — p?| < a; and |t — to] < b, where a; > 0, p?,
t=1,...,n, >0, and ty are fixed numbers.
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In Q) we consider the kinetic equation

hdlAl T Y= MEoBt 2.8
o+ 3 (o ) s pow (28)

i=1

ow & (8W6H oW oH

with on the right side A(Z, p, ), satisfying the equation

LA O

=0.
=1 Op;0z;

We pose the inverse problem: find functions W (z, p,t) and A(Z, p, t) in Q if the Hamil-
tonian H(%,p) € C*(Q) is given and the trace of the solution W(Z,p,t) of (2.8) on the
boundary T of Q is known, i.e. W|r = Wy(Z,p,t) > 0, (Z,p,t) € ', where Wy is a known
function, Wy > 0.

Theorem 2.9. If in the domain @ the matrices (02H/dp;8p;) and (—8*H/dz;0z;),
t,7 = 1,...,n, are positive definite, then the inverse problem has no more than one

solution F(z,p,t) € C¥Q), X\(z,p,t) € C*Q).

We sketch the proof. Let F' = In W, then we have a linear inverse problem:

Q’j + z B_FB_H — B_F()_H —
ot i=1 Oz; Op; Op; dz; -
F |p= Fo = InW,.

Suppose that F(z,5,t), A(Z,p,t) is a solution of the inverse problem such that F |r= 0.
We shall show that F(z,p,t) = 0 and A(Z,p,t) = 0 in Q. By the hypothesis of the
problem the function A(Z, p,t) satisfies the equation

Hence

*»oF | 0 r (6FOH OFO0OH * OF 9\ LI ax
X 5z, [a,,J( +Z(axia—n—ap,-a—z,-))]z§a—zjap, Za—(ap])'

= 1 i=1 i=1

It turns out that

lz": _O°H OFOF  O°H 0FOF)\ 1 <~ 0 [OF (OFGH OFOH
2 22, \0p;0p; 0z;9z;  Oz;0z; Op; Op; Op; |0z; \Oz; Op;  Op; Oz,

1,j=1

L LS (o (oron_oeomy) ) g 0 (noror
2.5 Oz; | Op; ax, Bp, (')p. 61:. 54 61:, Op; 0z; Op;
1 & 3 [(8HOF OF 1 d (OF OF
2 i,JZ= Ip: (‘rh' Oz; aPJ) 2 [3_ (a’:]‘ a_PJ) 29)

5 (aroRy | o (9PoF\| &0 (o)
Oz; \ Ot Op; Op; \ 0t Oz; Oz; 6;1,

J=1
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Integrating both sides of (2.9) over @ and considering the condition F' |r= 0, we obtain

P>
Q

0?H QF OF 0*H OF BF)
o8 oror 9 97 ) dzdpdt = 0. 2.10
& (apjap,- Bz, 0z, 02,0z, 0p:0p,) T (2.10)
By the hypothesis of the theorem the matrices (8*H/dp;0p;) and (—3*H/dx;0z;) are
positive definite. Therefore it follows from (2.10) that dF/0z; = 0 and 0F/dp; = 0,
i=1,...,n which with F |r= 0 give the equality F(z,p,t) =0, (Z,p,t) € Q. From (2.8)
it then follows that A(z,p,t) = 0.

2.6 THE GENERAL UNIQUENESS THEOREM

We consider the simultaneous determination of three functions (F, H, A) from (2.1) where
F is the distribution function, H is the Hamilton function, and A = St F + ¢q. The
uniqueness of the solution to the inverse problem can be proved under special restriction
concerning both the data and the sought functions (F, H,A). Let D C R" be a domain of
variables p with a smooth boundary; @ = D x Dy, r € D, and 3Q be the boundary of Q.
The data for the inverse problems are the functions Fy, A, B, C, Hy defined as follows:

Fo(s,p,t)=F|r, s€l'=3D, peR" a<t<p,
(2.11)
A(z,p) = F |i=a, B(z,p)=F lizp, Clz,p)=%| , Ho=H |sq.

t=a
Suppose that the following conditions are satisfied.
1. The sought Hamilton function H(z, p) is analytic in p € R™ and H(z,p) € C*(DxR™).
2H " 3*H
——&E <0, Y

15=1

>

ij=1 0z;0z;

[

——&& > alt|?, VEeR", with constant o > 0.
apidp €]

3. |D*H(z,p)| < (N +lp))™, la] <2, N >0, m > 0 are constants, D* being a
differentiation operator with respect to variables (z, p).

4. The known potential ®(z,t) belongs to the class C}(R" x {a,b]), p€ R*, a <t < B.
5. |DI®| < (M + |p)™, |v| <2, Ny >0, m; > 0 are constants.
n %P

=1 00z

§,‘§j <0, Vf e R".

7. The given function obeys the conditions

= LI LY. LI LY. -
€ @), 31;811-6’6] 20, apgapj&ﬁ] <0, VE#£0.

i,7=1 i,j=1

8. The sought quantum distribution function F(z,p,t) € C*(D x R" x [a, b]) together
with its first and second derivatives, rapidly vanishes by

Illim ID*F{|p|™" =0, Vm>0, |of <2
p|—c0
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9. The unknown function ¢(z,p,t) is twice and continuously differentiable and satisfies
the equation
n
Z 3:1: j

10. The operator

E 3113121

is supposed to be known, defined on the set of distribution functions and to map
this set onto itself.

11. For any two distribution functions Fy(z,p,t) and F3(z,p,t), Fi # Fa, the following
inequality holds

/ / / { lgrad, (Fi — B)* + (Fy = F) (MF, — MFz)}dzdpdt>0.
S bEn

Let us make some remarks concerning the conditions stated. Conditions 2, 6 and
7 imply the convexity of the functions H(z,p), A(z,p) and ®(z,p) with respect to the
corresponding variables. In the case n = 1 these functions may be as follows

el < —
P \/i’

®(z,t) = —y(t)z® + B(t)x + c(t), ~>0.

Conditions 3, 5 and 8 characterize an increase and a decrease, respectively, in functions
H(z,p), ®(z,p) and F(z,p,t) at infinity. Condition 8 is usually considered to be satisfied.
Sometimes the sources ¢(z,p,t) are independent of p or z. These cases are embraced by
condition 9. Items 10 and 11 state the restrictions concerning the aprioriunknown operator
St. Condition 11 is connected with the monotonicity of the operator

- Z Bz 5
which, unlike operator St is considered as given.

The inverse problem is: find the functions (F, H, ), given (2.11) for equation (2.1)
and provided that conditions 1-11 are satisfied.

1
H = Ep’, pER!, A=e™",

aPJ

Theorem 2.10. The inverse problem has no more than one solution.

PROOF. We first prove that the Hamiltonian H(z,p), z € D, p € R is uniquely deter-
mined.
Setting t = 0 in (2.1), we have

Clap) +{A H} = ooy [ [@hoe™® (e, p)dpdy + S F +ao(ep). (212)
R2n

Here

9 = ¢(z,p,0), [®]o = [fb (z - %hy,O) - (z + %hy,O)] .
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If H, and H; are two solutions of (2.12) satisfying H; |aQ = Hy, we consider the difference
@ = H, — Hy. We have

{p, A} =Sts A~ St2 A+ qor — qoz = doy  ¢log = 0.
The right-hand side Stz A — Stz A + go1 — go2 = Ao(z,p) can be shown to satisfy

L Y
261181’1

Indeed, by conditions 9 and 10

n

E 61: St2 A-— Stg A) + (qu hd Q()z)] =MA-MA=0.
7

Thus,
(A} =do DA~ 0, plag=0 (213)
y — Dy — Yy - Y. .
j=032:j(9pj

Using (2.13) one can verify directly that

Lotateal = 3 5 (sramacoe - aff;;,z,iﬁpi)
+ %gg:aiai, lia o, 0 A)
Pt (———) L (223:;39
)

Recalling the condition y}sg = 0 and making use of the essential fact that the domain Q
is a Cartesian product D x Dy, z € D, p € D;, we then obtain by integration

/ 0*A By dp 9%A 9y By dzdp = 0.
Op:Op; Oz; 9z;  dz:0z; Op; Bp; B

From this and condition 7 we obtain d¢/dz; for § = 1,...,n, which in turn leads to
the relation ¢(z,p) = 0, (z,p) € Q. Thus, H; = H, in Q. Since by condition 1 the
Hamiltonian is analytic, it has a unique continuation from the domain @ to D x R", on
which it will henceforth be taken as known.

Let (F1, A1) and (F3,A;) be two solutions of the inverse problem satisfying all the
hypotheses of the theorem. Writing F = F; — F, and ¢ = ¢; — ¢2, from (2.1) and (2.12)
we obtain

or

el - _L_ iy(p—p") / 4
o T+ {FHY (zr)nh“!. [®]e F(z,p,t)dp'dy + Sty 1 + Sty Fa + q,  (2.14)

F|t=a = 0, Flt:b = 01 FIIGI‘ =0.
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Differentiating (2.14) with respect to p;, multiplying by 0F/dz;, and summing over j,

we get the equality
OF 8 aF

Z@_F{_ o nh} /[(I,]ew(p P)F(z p,H)dp'dy + St F1 + Sto Fa +¢.  (2.15)

The following relations can be verified directly:

1 X 8 [OF OF 1 & ({OFOF 1 9 (OF OF " 9F 9°F
2 25 (T%) 3 s, (‘a?a—p,-) Ea—p,.(ﬁa;) Lo e (21
z":aF 6 1 0*H OF OF 0*H ?E@_F
Oz; Op; 52 1 Op:dp; 9z 0x;  Oz:0z; Op; Op;

4 2": F (0FOH OF9H _li OFO0H O0FO0H
dp; Bz, 0z; 0p; Op; 0z; 2 = dz; Bp, dz; dp;  Op; Oz;

1_11 \J

i OH OF OF 1 X 0 (0HOF OF
+ 1]21 dz; (a_pfa_%a_PJ> 2 :Jz=1 Ip (3.7:, Oz; ap]) (217)
Since by hypothesis
n 62q n 62
=0 and M= S
jZ:; 61‘]'6[)]' JZ_; a«TJaPJ
we have the equality
. OF 8
j=1 J
L o
Za—— a— StFl—StF2+q)—(F1—Fg)(MFl—MFz). (218)
We now establish that
b " oF .
eiv(p-p") !
a/ D/ R/ ; o2 ap, (27r)n / [8] =7 Fdp'dzds
1§ LR, T
= az///Za;!Fl y;[@]dydzdt, (2.19)
a DRn j=1 7
where :
o / iyp' 3./
F= (27r)"/2R/r: F(z,p',t)e*" dp'.
We have

" OF 0 1 1 1 oy
Z 6:::] 3p, 27r)nh / [q) ( Ehy,t) -0 (z + > hy,t)] evlr'-p) o F(z,p’, t)dp’dy
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= Z 5, 27r T /[Q]y] eV e~ P(z, o t)dp'dy

= Zaz n/zh /[é]yl Ty Y, ) —ldey

whence by integration we obtain

/// ) ngJl 27r1)n/2 /[q’]yjpe_iypdydpdzdt

] [ =Dy, ey ayazar,

where

_ 1 y
F (I,y,t)=W/F(I,P,t)e *dp.
Rn

We prove next that

| =

/b//Zn: oy dydadt = %/b /zn:aa_ F| y;(®]dydzdt. (2.20)
D R~ =1

a z]
Let ]
F= WR/" F(I’Pat)elypdp = P("Ev y,t) + iQ(z’y’t)'

Since the function F is real-valued, P and () are even and odd in the variable y, respec-
tively. We have

n

/b / / E oF [®]y;dydadt

a DRn 1_1 i

_/// [iai (PP +Q) + < Q- P?Q)}[qqyjdydzdt.

a DRmP

Since the function [®] is odd in y, the same is true of the function

ol (500~ Po).

for all j,1 < j < n, and we have
d
/ ( Q- pa—@) [®]y;dy = 0.
Rn

This establishes (2.20).
We now show that

Zy’az,[ ( —%hy,t)—¢(z+%hy,t)J20. (2.21)

i=1
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Indeed,

"9 n [0® (z— §hy,t) 0% (z +  hy,t)
ng yja—xj[‘l’] = Z_; Yi [ 7, - B2, .

We fix z, y and ¢, and consider the function

n 00 (c—3Lzy,t) 00 (z+ 32yt
9(z)=zyg‘[ (zazfzy>— (Iazfzy )}, z>0.

J=1

Since g(0) = 0, we have g(z) = ¢’(6z)z, 0 < § < 1, and so

> u [aqﬂ (- 30m0,t) 09 (a+ %ozy’t)] e

ijarck 6zjazk (2.22)

Setting z = h we obtain from (2.22)

0®? (z — § 0hy, 1) 0®? (z + § Ohy, t)
=—h ,‘JZ1 [ Oz ;0 Yiye + Oz ;0z; Yiyx

By condition 6

oe? (z - %Ohy,t) 09? (1: + %Ohy,t) <0
dz,0z1 0z;0zx Yidk = 5

>

k,g=1

Therefore, g(h) > 0, which corresponds to (2.21).

Since F = F; — F,, we have Fli=o = 0, Fli= = 0, F|r = 0.

Integrating (2.15) over z, p, and ¢, recalling (2.16)-(2.20) and using the specific prop-
erties of the divergence terms and the Cartesian product representation D x R™ x [a, b]
of the domain, we obtain the fundamental identity

1 - O?’H OFOF  0°H OF OF
2 J [[nn P [ dz,0z; Op; dp; = Op:dp, Oz; z; dpdadt
Zh///lFl Z [fb]yjdydzdt
+ (F, — F))(MF, — MF,)dzdpdt = 0. (2.23)
1]
Since )
. 9*H 3F6F>a ( ) *  9*H OF OF
P 6;).317J Oz; 3:::J T g \0) fyd 01:0z; 0z; op; HpJ
and (as proved above) Z Fy [(I>]y, > 0 (2.21) implies that
=1 J
/ [/ { lgrad, (Fy — Fy)|* + (Fi — F) (MFI—MFg)}dxdpdt <o,

e DR"
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which for F; # F; contradicts condition 11. Therefore we must have F, = F,. From (2.1)
it follows in addition that A; = A;. The theorem is proved.

Some conditions of the theorem are essential. We give an example of the nonuniqueness
for the case when H(z,p) is specified.

Assume that Q = {(z,p):z>+p* <1}, i.e. Q is not a Cartesian product, and
F(z,p) =1 —e=E+") H = 1 (22 4 p*). We have Flog =0, {F,H} =0, F £ 0.

REMARK 2.4. Under the condition

Ad = 4no / F(z,p,t)dp
R~

or with the information of type (2.5) available, it is possible to pose the question of
simultaneously determining four functions (F, H, A, ®).

2.7 THE EFFECT OF THE 'REDUNDANT’ EQUATION

In this section we restrict ourselves to the linear equation of transport because this effect
may be present in more general kinetic equations including nonlinear ones. Let us consider
the radiation transport equation

10F o _ / "
S AV 403, )F = co B/ 12,4, 00) P4 + g,

where = (z,y,z) € D C R3t € R}, |}] = 1, D is a domain, B is a unit sphere centered
at the origin of coordinates. Expanding the solution F(Z,,t), the indicatrix f(z,Q,t)
and the source function ¢(z, £, ¢) in terms of spherical harmonics gives

A+ 131~ | m|)!
ar I+ | m )

1/2
Yin(Q) = [ ] (—1)1/2(m+|’"|)}’llm| (cos ) '™,

. . . 1 1
Q = (cospsinf,sinpsinb,cos ), 0< ¢ <2, —57r <0< §1r.

We can obtain an infinite system of equations for the expansion coefficients 1, (Z, 1)
of the solution F(Z,p,t), see (Case and Zweifel, 1967). This system of equation runs as

la"/’lm 1 1/2 1/26¢l+1,m 1/2 1/28¢l~1,m
— +21+1[(l+1+m) (14 1= m 2R L (§ g 4 2Dl

1 iﬁi 1/2 1/2

2 <6x lay) {(1+m) (Hm =ty
_(l_m+2)1/2(l—m+ 1)1/2¢I+1,m—1}

2

1(9 .48
2 (6_.7: t ‘517) {_(1 = m) (1 —m = 1)y

+I+m+ )" (1 +m+ 2)1/21/’l+1,m+1}]
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= $ino(cfi= 1)+ Qumy Im<] (224)

Here fi(z,t) are the expansion coefficients of the scattering indicatrix f(Z,t,Q%), Qim
are the expansion coefficients of the source function ¢(z,2,t).

With respect to the inverse problem, the system of equations (2.24) has a very inter-
esting property: it remains a closed system of evolution equations with respect to variable
z while neglecting an infinite set of relations corresponding to the subscripts [ =| m |.
This property depends only on the term V. F and allows us to determine, apart from the
solution F(Z,(2,t), various coeflicients of the transport equation, if the proper boundary
information is available, e.g. Fy = F|,—¢. Furthermore, in the case of finite expansions the
elimination of the sections and the scattering indicatrix from (2.24) leads to a sequence
of linear problems. We shall restrict our consideration only to these systems of equations.

Let

wlm:alm-l'i,ﬁlm’ le:p1m+iqlma OSISNv OSmSl,
Yngim =0, Qnym =0, 721, Biw=0.

Theorem 2.11. The closed system of equations (2.24) with respect to the real functions

Qim, Ptm which does not contain the unknown coeflicients o(cf; —1),1=10,1,2,..., N, is
as follows:
Oonm _ 1 ( N+4+m )1/2 Oanm_1 | OfNm-1
0z  2\N-14m Oz + Jy
1 ( N-m )‘/2 BaNm+1 4 BN m+1
2\N+14m Oz Oy ’
aIBNn _ l ( N+n )1/2 aﬂN'n—l + aaNn—l
0z  2\N—-1+4n Oz Oy
1 < N-—n )1/2 00Nnt1 n O0anni1
2\N+14+n oz oy ’
m=20,1,..., N, n=12...,N
0a_1,m ay
an =

0z (I—m)pP(+mye >

21+1aa(m+21+l
v ot v

pim — (I +1=m)/* (I +m + 1)1/2—6"(;“""
z

l 1/2 _1\1/2 01,1 | OB1-1m—1
+2(l+m) (+m-1) ( 5 T 2y

1 Jay_1m 0B
—= (1= m)/? 1/2 1-1,m+1 1,m+1
5 (I—-m)*(l-m-1) ( " + "

Ry 120 1/2 Jaigim-1 . OBip1,m—1
2(I m+2)/* (1l -m+1) 5t 9

Oz Jy

i, A+18ay  2+1
(I — m)Y2(1 + m)1/? B

1
=5+ m+ )P4+ m +2)' (aal“”"“ + w’“’"‘“)

pu+ (20 + 1)1/2_30tl+1,1

+ v Ot v 0z
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_(21)1/2(21 —1)\/2 (aal—l,l—l + 3ﬂ1—1,1—1>

2 Oz dy
ﬁ 3al+1,l-1 + 351+1,1-1
2 Oz dy
2+ 1)'V2(2l + 2)'? (dapprin n OBi41,141
2 oz dy ’
6,31—1,11. _ ,Bll

e (S e

2l+1aa1,, 2141

%—u+1_mma+n+um
v Ot

aﬂl-{-l,n
0z

Oz Jy
3,31+1,n—1 aal+1,n—1)

+% (I+n) 21+ n—1)"? <8ﬂ1_1,n_1 + 301—1,n_1)

Oz + dy

0B1-1,n41 + Oai_1n41
Oz Jy

—%U—n+DmU—n—ﬂm(

—%U—MWU—n+Um(

! 1/2 12 [ OBt | Ocditins
SU+n+ ) (14 n+2) bl 2

ﬂln % — 21 + 1 1/27Fi41,0
HED DL [(21 +1)5, qu+ (21 +1)
_(21)1/2( )1/2 0B~ 1,-1 n 30[{_1,,_1

+£ 8ﬂl+1,1—1+3al+1',_1

(20 + D)Y22L+ 22 (0141141 Oouyriss
_ + ,
2 Oz dy

I=1,...,N.

0By,
0z

Assume that ay,, B, are the solutions to the above system of equations, then the sought
coeflicients o(cfy — 1), [ =0,1,2,..., N, may be calculated using oy, i by the formula:

aau 1/2 aal-{-l,l
olefi—Day = E‘+m[(2l+1) 9,
_(21)1/2(21 - 1)1/2 601_1,1_1 + 6,31-1,1—1
2 Jz dy
+Q Jaqgr,i-1 n 3Biy11
2 Oz dy

21+ 1)M2(21 4 2)'? (dongrinn | OB
- + - Pu-
2 oz Jy
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As an example, we give the following result.

Theorem 2.12. Let the coefficients ofj(z,y,t), B3(z,y,t) in the expansion of the given
function Fy(z,y,t,?) = F|,=0 be non-zero in a certain neighbourhood of the origin
of (z,y,t)-coordinates. Then there exists a neighbourhood of the origin of (z,y,2,t)-
coordinates such that the inverse problem of simultaneously determining the function ¥,
and o(cfi — 1), | m |< | has no more than one solution.

We should emphasize once again that the effect of ’redundant’ equations may be
present in more general kinetic equations as well, since this effect depends only on the
term vl grad F.

2.8 PROBLEM OF SEPARATION

A solution of kinetic equations appears to have another interesting property: under a
certain restriction on the source using the kinetic equation solution trace it is possible
to represent the distribution function as a sum of two terms, one produced by the initial
state and the other generated by the action of the source.

We shall consider a kinetic equation of the form

F
%—t+ﬁgrasz=StF+f, teR', veR* =zecR" (2.25)

where St F' is the collision integral, and f(z,,t) is a certain function. The restriction
concerning the right-hand side of (2.25) is as follows: the function ¢(z,5,t) = St F + f
is independent of the absolute value | v | of the velocity #. In the linear theory this
restriction is definitely satisfied for isotropic scattering or for f/8 | ¥ |= 0. In nonlinear
cases, for 0f /0| v |= 0, the function ¢ is independent of | & | if the kernels of the operator
St are independent of |  |. The general solution of equation (2.25) can be written as

1
F(z,5,t) = Fo(z — ot,3) + / a(z ~ 5t(1 - £), 5, t€)de.

Let # = o, | 2 |= 1. Since ¢ is not assumed to depend on «, then the following
equality is valid:

F(z,af,t) = Fo(z — alt, o) + ¢ / a(z — a(1 — €), 0, t€)de. (2.26)

[

Let 2 and z be fixed, and for @ = Oy and = = z¢
1
aet) = F, dayt)=Fo, clayt) = [ qde.
o

From (2.26) we obtain the equality
a(a,t) = b(o, t) + c(a,t) (2.27)

Here the function b is generated by the initial state Fy, and ¢ by the function ¢ with
z = z9, 1= Qy.
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Theorem 2.13. If the functions a, b, ¢ are analytic in the neighbourhood of the origin
of coordinates, then the function a in equality (2.27) uniquely determines the functions b
and c.

PROOF. Bearing in mind possible generalizations, it is worthwhile performing the proof.
It is clear from (2.26) that the function b depends on the variable combination (—at, @),
while the function ¢ depends on another combination, (—at,t), and thus we may write

down the relation

a(a,t) = b(—at,a) + te(—at, t).
Here it is clear that in expanding the functions b and ¢ in the Taylor series, the powers «
of are greater than or equal to the powers of ¢ for the function b, while, on the other hand,
the powers of ¢ are strictly greater than the powers of a for the function ¢. Therefore, b
and ¢ can be uniquely separated out of the expansion of function a, i.e. it is possible to
split the distribution function. The theorem is proved.

REMARK 2.5. On splitting the distribution function the inverse problems of determining
the function q can be solved by the familiar techniques assuming the appropriate infor-
mation is available. These problems will belong to the integral geometry and consist of
an integration along lines.

Of course, other results achieved in separating a solution are also of interest including
those concerning more general kinetic equations. Note also that the quality of being
analytic for the functions in Theorem 2.13 is essential: there are proper examples for the
opposite case.

2.9 DIFFERENTIAL AND INTEGRO-DIFFERENTIAL IDENTITIES

In studying the uniqueness and existence of solutions of multidimensional inverse problems
for kinetic equations the integro-differential relations are of substantial use (Anikonov,
1985; 1986; Anikonov and Amirov, 1983). We shall give some examples of them here and
some applications in Chapter 4.

Theorem 2.14. If F(z,p,t) is a twice differentiable function and

oF " 9F OF
LF =—+{FH BF_—§ -
ot {F.H}, dz; Op;’

j=1
then the identity

LBF—Zn:a—FaLF OFALF O ( 0°H OFOF  §*H OF OF
" % 0p; 0z; ' Oz; Op; 0z;0z; 0p; Op;  Op;Op; Oz; Ox;

j=1

i,5=1
is valid.

The quantum equations of type (2.1) turn out to be similar relations which generalize the
previously known ones. Here we restrict ourselves only to two equalities. Let F; and F;
be two infinitely differentiable solutions of (2.1) with a = 0, which rapidly vanish at 0
with respect to the variable p, such that F}y = Fy fort =a, t =3, z € 8D.
Let
n 2
F=FK-F, MF-= ZMS':F’”

i=1

k=1,2
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(@] = [q> (a:—%hy,t) —(D(:v+%hy,t>],

where ﬁ'(z,y,t) is the Fourier transform of the function F(z,p,t) with respect to p.

Theorem 2.15. The equalities

/ / / lerad, FI* + F (MF, — MF,) > '—[<I>]dyda:dt

e DRn a =

/b//{|grasz|2+F(MFl—MF2)

e DR"

oo th
-2

— D;+ﬁ<1>D°FDﬂF} dzdpdt = 0
moo Cm A1) emt T

hold.

COROLLARY 1. f M is a monotone operator and the given function ® is convex with
respect to the variable z, then F =0,z € D,pe R", a <t <b.

The following identity containing the curvature tensor holds for the operator H in inte-
grating over geodesic lines;

ok
HF =¢ v,;F
where

h
V;=V;- £'°

g’
V; is the operator of covariant differentiation with respect to the metric tensor g;;, I’;k
are the Christoffel symbols of the tensor g;; (see (Pestov, 1986)).

Theorem 2.16. The identity

2
—Ryjul ¢V FV'F + Y, (V/F - HF)

v [h o i~y A ..
=V; [V,F (6V7F - fJV'F)] +2V; (FVHF) - 2FQHF
. h 5 i v h. A «. h
holds, where R;;ji; is the curvature tensor, V; = 36 Vi=g¥V,,V'=g¥V;,Q=V'V,
and F is a twice differentiable function.

Theorem 2.17. If functions F(z,y,2), Q(z,y,z2), d(z,y), c(z,y) belong to C*(D),

D € R?® and oF
MF = (6_113 c) cosf + (Ey- ——d> sin 8,
, OF . oF
M'F = (E—C) sin@ — (El__d> cos 6.
Then the identity
.0 a. ., 80 [(oF > (oF 2
MFBzMF MFaMF rw (6::: ) +<5y——d)]
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0 (0F0F) 0 (0F0F) 9 (IF_,0F)
+3_y 8z 0z Oz \ dy 0z 0z \ dy Oz
holds.

The use of this kind of identities for geometrical problems is exemplified in (Anikonov
and Pestov, 1990).

2.10 SOLUTION EXISTENCE PROBLEMS

The results concerning the existence and uniqueness of the solution in three inverse prob-
lems for the transport equation are given in this section. The general technique applied
here is developed in (Anikonov, 1986; 1987; Anikonov and Bubnov, 1988; 1989) and in
works cited there. By way of illustration, we restrict ourselves to a linear problem to
determine a single coefficient.

The boundary value problem for the transport equation

(3—1: + (w, Vou) + o(z,w)u = o, /g(z,w,w')udw' + h(t, z,w) f(z,w), (2.28)
a

ur = ¢, (2:29)

is considered, where t € R, z € D C R", D is a strictly convex bounded domain with
boundary v € C%, w' € 1, § is a sphere of unit radius in R* and I'_ = {(z,¢,w) : t € R!,
z € v, (w,n) < 0, n being the unit vector of the outer normal to ~}.

Three inverse problems are posed:

1. Find functions u(z,t,w) and o(z,w).
2. Find functions u(z,t,w) and o,(z,w).

3. Find functions u(z,t,w) and f(z,w), in (2.28) if conditions (2.28) and (2.29) are sup-
plemented by data for ¢ = 0 and the stipulation that the solution u(z,¢,w) behave
regularly with respect to the variable ¢ on (—00, 00), i.e. by the following conditions:

U |sm0=up, Up }y.=¢ liz0, - ={(z,w):z €7, (n,w)<0}, (2.30)
max /(1+ | AP (8 + V.4l dr < 00, p22, (2.31)

where 1 is the Fourier transform of the function u(z, t,w) with respect to the variable
t.

That the inverse problems are well-posed is guaranteed by the following assertion.

Theorem 2.18. Let g, o, € C}(D) x C(f), g € C* and let the condition

/lg|dw’)

Q

. 6d?

(||0|| + sl
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[1gla
Q

be satisfied. Then, for any functions hf and ¢ such that

losllo
0

o

B(g,hf) = max [ (412D [[8 + V2¢1] A

—00

+ ("Vzo'uo + "Vza's"o

/ |V.g|dw
Q

+ max 7 (14| A D> [|ilf|"’ + |v,hf|2] dh<oo, p>2

there exists a unique solution u(z,t,w) of problems (2.28), (2.29), and

max [ (14+ ] M7 (12 + V.07 dr < cB(p,Rf), p22,

—00

|®(z,w)lly = max | ®(z,w) |, d=diam D.

Boundary value problems 1-3 posed above turn out to reduce to an investigation of the
boundary value problems for integrodifferential equations (see (Anikonov and Bubnov,
1988)). This reduction is formulated in the following lemmas.

Lemma 2.2. Ifv(z,),w) is a solution of a boundary value problem

—idv+ (w0, Vo) + v | Fo+ ul / )\vd)\] =0, / gudw’ + fh, (2.32)
0
—00 Q
vl=¢, |w|>c>0 IeR! (2.33)
of the class o
max /(1+ IAD? [ o P +]Varf]dh < o0, p22,

then functions u(z,t,w) and o(z,w) sought in inverse problem 1 are computed from the
formulas

o(z,w) = uiFo + ui / AvdA, u= / ve M),
) 0
-0 —00

Fo = 04(z,w) /guodw' - h(0,z,w) f(z,w) — (w, Vsup).
h]
Lemma 2.3. Ifv(z,\,w) is a solution of a boundary value problem

—idv+ (w,Vov)+ov=|F —

i 7 .
AvdX| [ gvdw’ + fh, (2.34)
x{gugdw’w/o n/

>0 >0, (2.35)

vl’r— =,

/ guodw'’
I
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of the class
{v:nﬂg%’x/(1+|z\|)2”[|v|2+|va |2]dz\<00, p_>_2}

then functions u(z,t,w) and o(z,w) sought in inverse problem 2 are computed from the
formulas

oy = F) — —— / aod), u= / ve M),
J guodw’ 7 .
Q
(w, Vzv) + oup — f(z,w)h(0,z,w)

F] =
J guodw’
Q

Lemma 2.4. If v(z,),w) is a solution of a boundary value problem

—idv + (w, Vo) + ov

koz,w)| . T

— 1] () _ _ / 2.

asﬂfgvodw + 0,2, [ 1_/ Mvd + (w, V,ug) + oue o,ﬂ/guodw] ,  (2.36)
V=@, |h0,z,w)| >8>0, (2.37)

of the class

{v:%x/(u|A|)2p[lv12+|v,v|2]dA<oo, pzz},

—O00

then functions u(z,t,w) and o(z,w) sought in inverse problem 3 are computed from the
formulas

1 , T
flz,w) = W [(w,V,uo) + oug — a'sQ/guodw ——/ /\vd)\:| ,

u(z,t,w) = /ve“i’“d/\.

—00

The solvability of problems (2.32)—(2.37) is established in the following theorems where
the condition of the smallness of the data has a somewhat cumbersome form.

Theorem 2.19. Let o, € C{(D)xC(R), g € CH(D)xC(Q)xC(R), uo € CAD)xC(),
| ug 1> 8, R(0,z,w)f € C}(D) x C(Q), E(p,hf) < oo, and p> 2 and let

F 2
24d’(" T bl 101t
Q

62
198 { IEalI1Vzvoly | IV=Fo

IVzuollo

? | U2PCR (2R
. §(2p-3)  6(2p-3)

I
52 3 4 “Vrasno

[191dw
Q
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+ llesllo

[19.91d
Q

2
e

Ry = max [ (14| M) [16f" +[96"] dA + max 7 1+ 1 s +

—00

-0

p=2
Then there exists a unique solution of problems (2.32), (2.33) and

max /(1+ | X% [19 + [V.617] dX < eB(, b f).

-0

Theorem 2.20. Let o € C*(D)xC(Q), g € CY{D)xC(Q) xC(R), up € C*(D)x C(),
fguodw" >6>0, h(0,z,w)f € CYD) x C(Q), and E(¢,hf) < oo. Let ¢ and hf be
Q

real function and let

’ | (PR
§%(2p - 3)
)]

12d? (Ilallo + 1,

[lgldw [1ataw
Q Q

2
/|vxg|dw'}
Q 0

+12d* {"Vzo'"o + "VIFIHO / [g] do’|| + |Fy "o
2 0
2
2(12)°d*R? (12 3R}
it ik § <
64211 3) /I zguoldw 62( /|V, | do’ 1,
0
p=2

Then there exists a unique solution of problems (2.34), (2.35) and

5, hf).

max [ (14| A ) [16f + |V

Theorem 2.21. Let 0,0, € C'(D) x C(R2), g € C}(D) x C(Q) x C(Q), uo € C*(D) x
C(), h(0,z,w) #0, E(¢,hf) < oo andp>2. Let

/Iyldw

. _Z(1+ | X )% [A[ dx

h(0,z,w) 2p—3

6d* |l + oo

+ llos "o

0

2
) <1, p22
(¢}

+ (Ileollo + "Vzaa"o

[1ald
Q

[ 19291
Q
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Then there exists a unique solution of problem (2.36), (2.37) and

max [ (14| A )% 16 + V0] dA < eE(@, hf), p22.

—00

The proof of these theorem is based on the study of nonlinear integral equations equivalent
to the corresponding boundary value problem. Note that the conditions of Theorems 2.18-
2.21 are satisfied with a sufficiently small domain D or with input data sufficiently small
in norm.

2.11 AN INVERSE PROBLEM OF MATHEMATICAL BIOLOGY

At present time the theory of differential equations is used for the quantitative and qual-
itative description of biological processes, for example, the morphogenesis or evolution
of population (see (Prigogine, 1980; Murray, 1977; Svirizhev and Logofet, 1978; Pilant
and Rundell, 1986; 3Volterra, 1931; Kolmogorov, 1985; Kolmogorov et al., 1985; Lecture
Notes in Biomathematics, Springer Verlag, Berlin (1980); Keyfitz, 1968; Rundell, 1989)).
Here, often evolution equations of the form

% = Au+ F(z,t,u), (2.38)
arize, where the vector u(z,t) characterizes quantitatively the considered biological sub-
stance depending on time ¢ and a classification variable z, and the operator A and the
vector F' determine the propagation and interactions of elements of the substance, respec-
tively. Pertaining to type (2.38) are the Lotka-Volterra systems of equations in the theory
of evolution of populations, the Turing system of equations describing chemical processes
in cells, and the Kolmogorov—Petrovskii-~Piskunov equation in the theory of propagation
of genes.

For equations of type (2.38) usually initial boundary-value problems are considered
and questions of a qualitative aspect with the present biological interpretation.

Presently, inverse problems of mathematical biology are discussed, consisting in defin-
ing not only solutions of the considered equations , but also certain coefficients entering
into these equations (see (Rundell, 1989)). At the present time new statements are made
and systematic studies are undertaken of inverse problems of mathematical biology, where,
besides the solution, the sources, as well as the coefficients of diffusion, transport, absorp-
tion, birth, death, etc. are described. Here, as in the inverse problems of mathematical
physics, the information must be the biological measurements and constraints connected
with the initial boundary value data and qualitative behaviour of the solutions.

In this section an inverse problem of determining the absorption coefficient is studied
in the equation which describes the evolution of populations, taking into account memory:
find two functions u(z,v,t), A(z,t) in the domain t € R, v € R, z > 0 such that the
function A(z,t) does not depend on v. It can be a generalized function of the variable,
and

o0

Ou Ou 09 0u
™y + 32" " 9250 + [ Mz, t — 7)u(z,v,7)dr =0, (2.39)

~00

U |p=ay= a(v, ), (2.40)
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where ®&(z) > 0, z # zo, ®(z0) = 0, a(v,t) are given function, and z, is a fixed number.

The biological interpretation is the following: ¢ is time, z is the physiological growth of
the specimen, v is the velocity of its change, u(z,v,t) is the number of specimens, A(z, )
is a coefficient characterizing birth and death, the presence of the convolution in (2.38)
characterizes the consideration of memory (Kolmogorov, 1985), ®(z) is the potential.

Without accounting for physiological growth and for ®(z) = 0, v = 1 the inverse
problems for the equation u; + u. + Au, considered in (Rundell, 1989). Let us also observe
that in (Rundell, 1989) the desired function A(z,t) can depend on the solution u, for
example through the formula A = F(z,t, [ udv), where F is some function.

R

EXAMPLE. Let the given function a(v,t) in the inverse problems (2.39), (2.40) be repre-
sented in the form

— 1 exp | ——t2 ) s
(’t)—\/f(v2)+_}ug(%v2—%n2)dn p[ t( +/ ( )dh) }

where f(y) > 0,y > 0, g(y) > 0 are differentiable functions. Then the functions u(z,v,t),
A(z,t) determined by the formulas

1
\/f(1)2 +2®(z)) +_f:g (% v? — %r]z + <I>) dn

X exp [—itz (f(v + &(z)) +/ (2v ——T] +<I>)dh)-1J,

Aart) = ~3 8(0) + o(@(2) 2o s'(r),

satisfy (2.39), (2.40). Observe that the Fourier transform of the functions u, A have the

form
el oo o)

A= ~iw— 2g((l>(z))g—iw2.

Let us consider at first the inverse problems (2.39), (2.40) in the spectral statement:
find functions w(z,v,w), A(z,w) in the domain z > 0, v € R, w € R such that

u(z,v,t) =

ow Oow 0 - .
%" " 30 0 + ()\(z,w) + 1w) =0, (2.41)
W |p=ge= 4(v,w). (2.42)

Theorem 2.22. Let the function d(v,w) be greater than zero and twice continuously
differentiable with respect to the variable v, a,(0,w) = 0. Then

[8(3-3rtrow)al, o

-V

w(z,v,w) = A(v? 4 20(z),w) exp
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Mz,w) = 2B(<I>(z),w)g—: - iw, (2.44)
\/a w)a(—y,w), y >0, (2.45)

_1ld ”n a(yZn,w) dn
B(y,w)—zwdy()/l T 0) o= (2.46)

PROOF. For the proof of the theorem it is necessary to establish that the functions w, A
defined by (2.43), (2.44) satisfy (2.41) and (2.42). Let us note that since the given function
d,a,(0,w) = 0 is twice continuously differentiable with respect to v, the functions A(y,w),
B(y,w) for each fixed w are at least once differentiable with respect to y. We have the
relations

dw , ot 1
o 2A; (v? + 2®(z),w) exp {/ B (5 v? — 51]2 + Q(z),w) dn}

-V

+A(v? + 28(z),w) exp {] B (% v — %1]2 + Q(:c),w) dn}

—v

/B'( v? ——7) 2+ &(x), )dn] (2.47)

((99_1: = [2A’ (v + 2®(z), )exp{/vB(%vz— %n2+<1>(:c),w) dﬂ}

—

+A (v2 + 2<I>(:c),w) exp {] B (% v — %7)2 + @(z),w) dn}

{1
X /B; (5 v? — %7)2 + @(z),w) dn]v

+24 (v2 + 2(I>(1:),w) B (®,w)exp {/ B (% v — %nz + @(z),w) dn} . (2.48)

Multiplying (2.47) by v, (2.48) by (— 0®/dz) and adding the expressions obtained, we

arrive at the equation

dw  wdd %, [ o/l , 1,
32" " Bv 9z ——2B(<I>,w)$A(v +2<I>,w)exp{/B(5v =31 +<I>(:c),w) dnp,

which can be rewritten in the form
ow ow 0 N
3 awas 0 H) =0

which in fact completes the proof of the first part of the theorem.
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Now let us show that w [;=z,= &(v,w). By hypothesis ®(z) = 0. Therefore, from
(2.42) we have

i 1
W |o=ze= A(v?,w)exp {/ B <% v — 5'127‘0) dn} . (2.49)

-V

At first let v > 0. From (2.49) we obtain the equation

A [p(l,o 1,2 )
W |z=zo= AV ,w)exp{2/3(2v 57w dn}.

0

Setting %vz - %rﬂ =y we find the relation

W |s=eo= A(v?,w) exp Z\f/( (v,w /\/ —y)dy

_14d V2n,w) dp
A= \/ w)i(—/y,w), B 27rdy/ o) Joer’

then by Abel’s formula of inversion of an integral equation

W |o=zo= \/ (v, w)a(—v,w) exp {ln ﬂ%} = a(v,w).

Since

a(—v,w

Consequently, for v > 0 the equation w |;=z,= a(v,w) is established.
Let us prove the equality w |;=z,= @(v,w) for negative v. From (2.49) we have the
relation

v2

o=

1

w(zo, —v,w) = A(v?,w)exp{ —2 / B (— v? — %nz,w) dpp;, v>0.
0

2

Repeating the previous argument, we obtain the required equation
w(zg, —v,w) = a(—v,w), v>0.

The theorem is proved.

Let us return to the inverse problem (2.39), (2.40). Besides the restrictions presented
above on the variable v for the existence of the Fourier transforms of the functions w, and
:\, restrictions are necessary with respect to the variable w of the information é(v,w),

s

17 ;
i(o,0) = 5 [ atw,tyeat.
From the representation of the given function @ in terms of the function A(y,w), B(y,w)

in the form Y
A 2 Lo 1,
a—A(v,w)exp{/B(Ev —En,w)dn}, (2.50)

— v
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and formulas (2.44), (2.45) it is clear that there is a unique correspondence between
the functions @ > 0 and the functions A(y,w), and B(y,w), y > 0, characterizing the
even and odd parts of the functions a with respect to v. We will, in correspondence
with this remark, assume that the information é is represented in the form (2.50), where
A(y,w), and B{y,w) satisfy the following conditions: A, B are continuously differentiable
with respect to y, the function A along with its derivative with respect to y is rapidly
decreasing in w, and the function B along with its derivative with respect to y is bounded.
Under these restrictions we have formulas for the functions u(z,v,t), Az, 1) in the inverse
problems (2.39), (2.40):

u= 7 |:A(v2 + 2®(z),w) exp {/" B (% v? — %7]2 + @(z),w) dn}] e“dw,

—v

(o]

Mz, t) = / {QB(Q(x),w)g—i—iw]ei“'dw.

—00



CHAPTER 3

Geometry of Convex Surfaces in the Large and Inverse
Problems of Scattering Theory

3.1 GEOMETRICAL QUESTION OF SCATTERING THEORY

In applications we often meet situations, where a source of a physical field or the totality
of a physical field is a certain manifold. Physical fields can be electromagnetic, acoustic,
seismic, thermal, gravitational, etc. It appears natural to name such manifold-emitting
sources manifolds. Earthquake sources, stars are examples of emitting objects. The
capability of emission may have various causes: it may be an internal property of the
emitting object, or the manifold becomes emitting after external action, or both cases are
taking place at the same time. The main problem in this case consists in the reconstruction
of the emitting manifold by the field, which it creates. This chapter is devoted to these
questions. Qur main attention is devoted to the inverse problem of scattering theory, that
is the reconstruction of the scatterer by the scattering information. Nevertheless, many
results, we believe, may be useful in other situations.

The physical formulation of a variety of inverse problems consists of the following:
there is a certain body-scatterer in space, which is irradiated by an electromagnetic,
acoustic or another field.

The body scatters the field: the form of the scatterer can be found by scattering in-
formation. In physical problems a body often is irradiated from different directions at
one or several frequencies in such a way that extensive information on the scatterer is
obtained from scattering. The amplitude of the scattered field is a physically authentic
information. It is very essential from a mathematical viewpoint, how and where is the
field measured, is the source monochromatic or not, what is the nature of the direct wave,
etc. Since scattering problems are very complex, asymptotic methods are widely used at
investigations and applications. Frequencies, and the distance from the scatterer of the
measurement point are usually parameters, by which the asymptotic expansion is pro-
duced. In this case geometrical characteristics of the scatterer such as the square of the
orthogonal projection on a plane, Gaussian curvature of boundary, characteristic func-
tions, support and other functions arise in the asymptotic expansion as coefficients. This
geometrical information is very important, because in certain cases it permits effectively
the determination of the form of the scattering body, i.e. to solve the inverse scattering
problem. In this connection it is especially essential that methods of geometry in the
whole and methods of integral geometry may be used with success. They lead to new,
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and sometimes exhaustive results. It needs to be underlined once again that geometrical
methods operate asymptotic. Therefore theorems of existence, uniqueness and especially
solution stability of inverse scattering problem are important here.

Consider a first example, showing the geometrical characteristics in a scattering prob-
lem. Many problems of wave propagation lead to the boundary problem for Helmholtz
equation. So if a plane wave ug(z,p,A) = exp(il < z,p >) (A being the frequency),
spreading in the direction p, |p| = 1, falls onto scatterer K, bordered by a closed surface
B, then for the scattering field u(z, p, A) we have the external problem

Au4Xu=0, z€R™\K,
F(u(:l?,p, ’\) + exp(il <zp >)|B =0,

J . -
Lt =0 (e, 5% — Moo = 0 (o),
where ' is the boundary operator of Dirichlet, Neumann or impedance condition. At
m = 3 an exact solution of the direct problem (i.e. finding the scattering field u(z,p, A)
from known boundary B of scatterer K ) is given by the Kirchhoff formula

1 o eirz—yl 8u(y p A)ei/\|z—y|
A= — / P, \)— _ 2P s
u(‘t?p? ) 47[' J {u(y p) )any |$ - yl any |.’E _ yI vy
(n, being outer normal in point y € B).
In the case of a more general equation the solution u(z,p, ) is computed by the
formula

du(y,p, A)

dn, G(:l:,y,)\)}dsy, (3.1)

1 a
u(z,p/\) = E / {u(:‘hp,A)_a?G(zv yaA) -
B Yy

where G(z,y, ) is the fundamental solution. In this case solution u(z,p,A) may be a
vector, G may be a matrix. In particular, in the case of the dynamical equation of
elasticity theory with constant coefficients elements Gy; of matrix G are given by relations

1 eikzlz—yl 1 62 eik1 le~y| _ eikzlz—yl
2np Tz —y|  27pA? Oz, |z —yl ’

ij =

A2 A2
P , k2= p—, « and g being Lame constants.
a+2p 7
The inverse scattering problem consists of determining the boundary of a simply con-
nected scatterer K by information on the scattered field u(z,p, A}, to be known to a
certain set M of the variables z, p, A, i.e. by function u(z,p, A)|p. In applications usually
a known function

where kZ =

A(vp,2) = lim_Jeleu(jz]v,p, )

is considered |v| = 1, |p| = 1, A > 0, which is called the scattering amplitude or the
intensity of the scattering field |A| in the direction v of observation. By the Kirchhoff
formula we have

— _L —iAy,y> | _?_
A= yo !e IX < ny,v > u(y,p ) 6nyu(y,p, A)| ds,.
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Consider the Dirichlet problem, and the scatterer smooth and strictly convex. Apply-

ing Kirchhoff’s approach (see (Taylor, 1981)), for the scattering amplitude we obtain the
following expression

0 '
A(y,p,A) = tll_w/ [e‘K"""”’> (< ny,v>+[<ny,p >|)] ds,.
B

In particular, the scattering amplitude in the forward direction v = p, is proportional
to the area F'(p) of the shadow of scatterer K ;

iA i
Alp,p, ) = 5o / <p,ny >dsy = o F(p).
<p,ny>20
In case of v = —p (backscattering) the formula
iA .
Al=p,pA) = =5~ / e™<PY> < piny > dsy = p(p, A)
<p,ny><0

holds.

Notice that if function p(p,A) is known for all directions p and frequencies A, then
computing p(p,A) + p*(—p,A) (* denotes conjugation) and applying the Ostrogradskii
formula we obtain the relation (Levis, 1969) at v(y) = 1,y € K; v(y) =0,y ¢ K,

o o]

- [o T o)

WP(P» A)iz(_@)‘) — / / / v(y)eZi/\<p,y>dy — q)(/\,P),
—00 —00 —O00

i.e. ®(A,p) is the Fourier transformation of the characteristic function y(y) of scatterer

K. In practice measurements of p(p, A) are produced in a limited range of frequencies

land directions.

Another way to solve the scattering problem uses geometrical optics. In this case the
asymptotic expansion of the scattering amplitude at A — oo contains a summand, with
a Gaussian curvature of border of the smooth strictly convex scatterer as a main term of
expansion. So in (Majda and Tayler, 1977a) it has been proved that for v # p,

/\ILIEO |A*(-V’p’ ’\)|2 = 7(V1P)K-l(g)’

where 7 is reflection coeflicient, K () the Gaussian curvature of the border of the scatterer
in point § with normal n = (v — p)/ (Jv — p|)-

It is possible to come to geometrical characteristics of the scatterer according to (Ma-
jda, 1976a) in the following way: consider the mixed problem for hyperbolic equation

0%u L ou
a—t_za—[()a—] rek,

d
ulemo = fi(e), 37| =fal@), Tulx =0,

t=0

where a;;(z) are the elements of a smooth positive symmetrical matrix with a;; = &;;
for |z| > p (domain K is contained in a ball || < p). Let u(z,t) be a solution of this
problem. Let

Ki(s7 p) = tliinoo tu, [(s +t)p, ]
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Functions K*(s,p) characterize the behaviour of the solution along ray z = (f + s)p at
large positive and negative time. Consider the scattering operator 8, which is defined as
mapping S: K~(s,p) — K*(s,p) and permit representation (Majda and Tayler, 1977a)

K*(s,p) = / / S(s — §,p,v) K~ (3, v)d3dv,

where kernel S(s,p,v), s € RY, |p| = |n| = 1 is a distribution in D’'(R! x $% x $?). It
turns out that for kernel S(s, p, v) the asymptotical expansion

S(s,~p,p) = 27 (Z K(yj)"”) 8 (s + 2h(p) + c16(s + 2h(p))

+ (smooth members),

holds for p from a certain open subset (dense everywhere) of unit sphere S2. In this
formula y; are points on 9K, in which < y;,p >= h(p), h(p) is the support function of
convex hull of surface 0K; K(y;) is the Gaussian curvature in point y;. Moreover, it turns
out that

A(p) = max sing supp S(s, —p,p) = —2h(p),

i.e. we can obtain the support functlon of the convex hull of the scatterer from information
about scattering operator.

At last, we provide the result, connected with the convex hull of the scatterer. Let
®(z) be a finite function of real variable z € R™ and let f(z), z € C™ be determined by

the equality
1 \" ;
- — i) —x<:c,z>d .
= () [o(e)e7was

The scattering problem leads to a similar integral, while, as noted by, for example,
(Levis, 1969), the support of function ®(z) plays the role of the scatterer. Therefore,
defining ®(z) becomes an important problem. By the Plancherel-Polya theorem the
support function of a convex hull of support of the function ®(z) is equal to

h(p) = sup lim ——lnlf(x+1Rp)|
zeRm R—oo

In real situations and when investigating inverse problems frequency A, as a rule, is
fixed and there is only a limited range of directions, for which the radiation intensity is
measured. Therefore it appears expedient to pick out principal geometrical information,
connected with the radiation intensity, and to put this outlined component into the base
of the investigation technique of inverse problems to recover the emitting manifold.

By formula (3.1) analysing of various investigation methods of problems, in particular
scattering, leads to the necessity of study of problems connected with the representation
of the amplitude of the field in the far zone in the form

Aln, A1) = ] eifOumOs()\ y 0 1)ds,, (3.2)
B(n,t)

where B(n,t) is the illuminated part of manifold B(t) in the direction of n, f and §
are certain functions, ¢ is time, A is the frequency, and n is the direction of reception of
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emission. In the case of a regular convex surface B(t) formula (3.2) may be rewritten in
the following way

A(n, ) t) = / e FOueDm (), y(p,t),n, t) By Rpdwy. (33)
<n,p>2>0

Here y(p, t) is the focal radius of surface B(t) in the point with normal p, |p| = 1, Ri(p, t),
R;(p,t) are main curvature radii of surface B(t) as functions of normal p and time ¢. By
solution of the Minkowski problem it is possible to find, that y = Mz, where M is an
operator, giving z = R,(p,t)Ry(p, ) corresponding to point y(p,t) of surface B. That is
why (3.3) can be rewritten as

A(n M\ 1) = / e fOMn 500 Mz, n, 1)2(p, t)duw,. (3.4)
<n,p>>0

As it was mentioned above, the really measured information is |A}. That is why, and by
the above in the stationary case when

A(n, ) = / eif(’\’M”')_(}(/\, Mz, n)z(p)dw,
<n,p>>0

from which we separate the main geometrical information, connected in with the scattering
intensity. Namely, for |A| we use the representation of the solution of the inverse problem

(4l =a [ < n,p >| RiFadu, +b [ X(< n,p >)Bs Radw + Q. (3.5)

w

Here w is a unit sphere in R?; f|<n,p >| RiRydw, is the area of orthogonal pro-

jection of the concave surface to plane, orthogonal to n; x is the Heaviside function;
I x(< n,p >)R; R;dw, is the area of the illuminated part of the concave surface in the

direction of n; a and b are constants; @ is the rest. Relation (3.5) is taken as the basis
for further investigations. In this case if P! is the inverse operator

Pz = a/l< n,p >| z(p)dw, + b/x(< n,p >)z(p)dw,,

then from (3.5) we obtain an equation of the second kind with respect to the sought
function 2(p) = Ry R,, which has the form

z(p) = A(p) + Tz,

here

A(p)=P'|4|, Tz=P7'Qz,

and to which standard methods of the exploration technique may be applied, founded,
for instance, in the theory of fixed points. In this connection principal attention will be
given to operator P:

Pz=a [ < n,p >l 2(p)dw, + b [ x(< n,p >)2(p)dw,.
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3.2 INTEGRAL EQUATION OF THE FIRST KIND

In this section integral equations of the first kind are considered which are the result
of inverse problems of scattering theory. In particular, geometrical aspects to define the
convex surface by the functional from its orthogonal projections (shadows) and illuminated
parts.

Induce notation is used in this section. Let n,p be points of the unit sphere w =
z € R3, |z| = 1. For function f(n), given at w, let f(7,n) be denoted as its average value
on the circumference ¥ = const , when point n is a pole of the spherical coordinate system

fum) = 5= [ 1oy, 7).

Here g,t are spherical coordinates of the point p € w with respect to pole n. As f* are
the even and odd parts of the function f(n), that is f* = % [f(n) £ f(—=n)], A is the
Laplace-Beltrami operator on w, <> means a scalar product, w(n) =p € w, <n,p>>10
is a hemisphere, depending on n € w, p(n,p) = a|< n,p >|+bx(< n,p >), x is Heaviside
function, a,b are constants.

Consider the first kind equation with respect to measures g on w.

fm) = [Pln,plu(dr), n€w. (36)

Theorem 3.1. Ifa #0,b%# 0, a+b# 0 then equation (3.6) has not more than one
solution p.

PROOF. Let p be a solution of equation (3.6). Show, that it is unique. Since at any p € w
the function |< n,p >| is even in the variable n, then by (3.6) we obtain equations

b b
ftn) = au[ |< n,p >|pt(dwp) + 3 w/u*(dwp) + Er(/) pt(dwp), (3.7

fm)y=b [ (dwp), (3.8)
w(n)
where I'(n) = p € w, < n,p >=0 is circumference, and p*, u~ are the even and odd part
of measure p, respectively. That is u* = % [4(Q) + p(—Q)] for any set of @ on w, —Q is
the set diametrically opposite to Q. Show that equation (3.7) identifies uniquely with the
even part ut of measure, and equation (3.8) identifies with the odd part p~ of measure
o
Consider integral
/ pt(dwp), n€w.
I(n)
Let g = fi + psing be an Lebesgue expansion of measure x to the amount of being
absolutely continuous and singular with respect to Lebesgue measure m on w. Then

[ 1 (dp) = g (D).
T(n)
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Support of the singular measure has zero Lebesgue measure, therefore p*(I'(n)) = 0
on the set of zero m-measure. Integrating both parts by sphere w and noting that

Ji<np>ldon =2, [ g (D@E)dwn =0,
we obtain the equality
[ £ (m)dun = 2m(a+ ) [ u* (dp).
With this we can rewrite the equation as

fin) = a [ 1< mp > (dop) + ity () (3.9)

w

From hereon for any function f(n) is designated by fi(n):
P b +
) = 21 0) = gy [ £

Furthermore, by proof of (Aleksandrov, 1937a,b; 1938a,b) and with the assumption that
sing (['(n)) = 0 almost everywhere at w, we obtain that equation (3.3) uniquely identifies
with the even part of the measure p. For the proof of the uniqueness of the solution of
equation (3.8), obviously, it is sufficiently to show, that from the equality

/ g (dwp)=0, ne€euw,
w(n)

follows p~ = 0. Draw two arbitrary plane through a straight line, passing through the
origin and belonging to a plane. Let these be planes P(n,) and P(n;)

Pr)=zcR? |z|=1, <z,mi>=0, =12
These planes divide sphere w to four parts. One of these part (no matter which) we denote
as . From the equality
[ wdap) = [ w(dwp) =0
w(ny) w(nz)

because of the oddness of = (™ (—Q) = —p~(Q)) it follows that
/ﬂ_(d‘-"p) =0.
Q

We restrict those @), which lie in the half-space 3 < 0. Let w™ be a hemisphere which
belongs to this half-space. Reflect it reciprocally unique to plane 3 = —1 projecting from
the origin. In this mapping region @ at sphere w defines a rectilinear strip T'(Q) at plane
z3 = —1, and changing () one can obtain any strip. The integral

[ I,z (e, dza),
T(Q)
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corresponds to the integral
/ﬂ_ (dwp)7
Q

where J is the Jacobian of mapping by projecting. That is why from the equality
/ p(dwp) =0
Q

follows the equality
g7 (Jdzy,dze) =0

al<z,v><p

for any vector v = (v1,v,) and for any a and 8.

In this way, the single-valued solution of the equation brings about the uniqueness of
the reconstruction of the measure by its meaning at half-spaces. A positive answer to this
question is given in an article by (Khachaturov, 1954). The theorem is proved.

REMARK L. fa # 0, b= 0, or a + b= 0, then from equation (3.6) only the even part u*
of measure can be determined uniquely, and by b # 0, a = 0 the odd part.

Let in equation (3.6) measure g be absolutely continuous, and z(p) be density of
measure g. Consider the following equation with respect to z(p):

f(n) = a/ |< n,p >|z(p)dwp + b/z(p)dwp = Az. (3.10)
By Theorem 3.1 it follows, that equation (3.10) has no more than one solution z(p) €
Li(w).
Theorem 3.2. The eigenvalues ), of equation (3.10) are

27(a +b), r=0,

2% — 3!
A = 47ra(—1)"%2k_|~2 iL r=2k, k=1,2,...,
_ "
2wb(—1)k%gi+é L =241 k=0,1,....

The eigenspace, corresponding to eigenvalue A,, consists of all spherical harmonics of
order r.

ProOF. Take a set of spherical harmonics Y;(p) of order r in equation (3.10) and make
sure that it satisfies the equality AY = A, Y, where

AY,(n) = [ T(n, p)Ye (p)dwy.
Let r = 0, then Yy = const and

AY(,=a/|< n,p >| Yodw, 4+ b / Yodwp = 27(a + b)Y,.

w(n)
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If r =2k, k =1,2..., then we have (see (Blaschke, 1916)):

b
a/ |< n,p >|Yar(p)dwp + 5/}’2k(1’)dwp = a/ |< n,p >| Yar(p)duwp

(I2k — 3|1

a1

Byr=2k+1,k=0,1... we obtain

AV = a / I< 70 >| Yarsa (pwp + b [ Vs (P
w(n)

Since Yzr41(p) is an odd function at w, the first addend here is equal to zero. For cal-
culating the second we accept point n as a pole of the spherical coordinate system +, t,
and

Vs = b [ Yan(p)dwp
w(n)
w3
= Y b/ d'r/ Py (cos7) [a2k+1 cosmt + b3y . sin mT] sin ydy

m=0

ﬂ’

= 27rbagk+1/P2k+1(C°S’7) sin ydy

(I2k— 1" o
@k+2n 241

27b(—1)*

where P,Sm) are the associate Legendre polynomials, P, = P,fo). Here we seized on the

equality of (Gradshtein and Ryzhik, 1980)

Show now that a9, +1 = Yary1. For the average of the function Yax41 on the circumference
v = const we have

1Z'Jr

Yarsr(r,n) = %/szu(”/ﬂ)dT
0

1 2k+1 27
= / Pék+)1 (cosv) [a%“ cosmt + by ., sin m'r] dr

= P2k+1(C°S 7)‘12k+1-
Supposing in this equality ¢ = 0 and considering that
)~/2k+1(’7a")|g=o = Yak41, P2k+1(1) =1,

we obtain a3, = Yart.
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In this way the spherical harmonics Y, are eigenfunctions of operator A. As the spher-
ical harmonics form a basis in Lz(w), the equation does not have any other eigenfunction.
The theorem is proved.

Theorem 3.3. If in equation (3.10) function z(p) belongs to class C¥(w), then function
f(n) belongs to class C**'(w), k = 0,1.... Equation (3.10) is analytical on sphere w
solution z(p) if and only if function f(n) is analytical at w.

PROOF. Continue function f(n)} given on w, to all values , ¢ # 0 supposing

flz) = a/ < z,p >|z(p)dwp + b / z(p)dwp, z € R

w {z.p)>0
From af "
2. 2a / piz(p)dwp + Il / piz(p)dsp, 1=1,2,3,
(z.p)>0 I(=z)

where I'(z) = {p € w,< z,p >} is the circumference at w, it follows, that f(z) belongs
to class C'(R®\ 0), if function z(p) is continuous at w. Let z(p) € C*'(w). Using (see
(Blaschke, 1916; 1930))

/ u(p)dsp = / < Ai(piz(p), p) — 2pi2(p)p, 7 > duwp (3.11)
I(z) w(n)
following from Green’s formula it is possible to write
1
[ piz(pyds, = H [ < ame(p),p) = 20i2(0)p, 2 > dop.
I'(z) {(z.p)>0

Here A, is the first differential Beltrami parameter. Then

0 f 1 / bzx;
A = 1 | pipiz(p)dsp — —3 / piz(p)dsp
0z;0z; Izlr(:) || )
bx;
- |_II_J4 / < Ai(piz(p), p) — 2piz(p)p, = > dwp
(va)>0
b
+ W / < Av(piz(p)),p > p;dsp
I'(z)
b
W < Ai(piz(p),p) — 2piz(p)p, ¢ > dwp.
{z,p)>0

From here it follows that f(z) belongs to class C*(R*\ 0). Consistently applying formula
(3.11) to integral by I'(z) we obtain for z(p) € C*(w) function f(z) € C¥*1(R3\ 0) and,
hence f(n) € CF(w).

For the proof of the analyticity we use the following fact (see (Sobolev, 1974)): let on

sphere w a summable function h(p) be given and let h(p) = ki_%o Yi(p) be its expansion in

spherical harmonics. Then the function h(p) is analytic on spBere w if and only if

|Yi(p)| < Cexp(—vk), k=0,1,2...,
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and C > 0, v > 0 are constants.
Suppose that f(n) is an analytic function on w and

S = S, Gl = P [ SR i )i,
k=0

is its expansion in spherical harmonics Yi(n).
From Theorem 3.2 it follows that it is possible to write the solution of equation (3.10)
as a series:

I 1 & @k 2N
() = 5T o e D R )
1 &, L, (2k+2
+m’§)(—1) ((12??)”}’21:“( )

Because of the fact mentioned above and f(n) being analytic |Yi(p)| < Cexp(—vk),
k=0,1,2...; with certain positive constant C and v. Therefore

(2k+2 —2y
‘(_ )k+1(l2k 3?)1.Y2k(n) <Crem™k,
(2k + 2N N
k 2k+1)l/1
’( 1) (|2k 1|)")/2k+1( ) S Cle ( )

for a certain constant Cy; > 0 and v, > 0.

In this way, terms of expansion of the function z(n) by spherical harmonics decrease
exponentially. Hence z(n) is analytic on w. If 2(n) is an analytic function, f(n) is analytic
as well. The theorem is proved.

Consider an equation of the first kind with respect to the odd function v(p), p € w,
on sphere w:

h(n) = 51; [ v@,. (3.12)

w(n)

Theorem 3.4. If h(n) is an odd function of class C3(w) at w, then there exists a unique
continuous solution of equation (3.12) and the formula of inversion holds:

v(n)=—2L / ih(—l—)l—dwp (3.13)

<n,p>
(n,p)>0 P

PROOF. Suppose at first, that function 2(r) is an odd analytic function at w. Expand it
in a series in spherical harmonics:

= ing+1(n). (3.14)
k=0

Since spherical harmonics Ya,41 are eigenfunctions, and the corresponding eigenvalues are
(_l)k(|2k — 1|)”
(2k + 2)!!

represented as series

(see the proof of Theorem 3.2), the solution of equation (3.12) can be

0(p) = (-1 Yok ), (3.15)

k=0
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and, as the terms of this serie decrease exponentially, it is an analytic function.
Set expansion (3.14) in integral

1 / Ah(p) du,

Tom
W(n,p)>0 <n,p>

use equality
AYaepr(p) = —(2k +1)(2k + 2)Yaes1 (),

integrate term by term, pass on to spherical coordinates v, 7 with respect to pole n and
use equalities of (Gradshtein and Ryzhik, 1980):

Yors1(7.n) = Parya(cos¥)Yarra(n),

1

Poena(t) ok (2R)! _
0/ A= () B=0,12
We obtain
1 Ah(p) 1 A 3 Yok (p)
- / .—_dwp = —— / k=0 dwp
27 <n,p> 27 <n,p>
(n,p}>0 {n,p)>0
— _QL = / AY2k+1(p)dwp
Wk‘o(n,p)>0 <n,p>
1 & Yors1(p)
= ——3"(2% / Toe1\P)
5m gf,( +1)(2k+2) < < dwp
- (n,p)>0
1 &  TYaa(y,7)sing
= — =Sk +1)2k+2) [d / Dy, T)SIny
g 2k 1k +2) [dy [ 2T ar
e 7ngH(cos'y)sin'y
= Z(2k + 1)(2k + 2) | ————————dvYar41(n)
puar ] cosy
i (2k)!
= Tk (k1) G ()
&, (k2
- ,é},( ) (|2k+1|)!!y”°+‘(”)‘

Compare the obtained series and expansion (3.15), and conclude that the solution of
equation (3.12) is given by formula (3.13).
It is possible to represent solution v(n) in the form

o(n) = h(n) — [ tg vh"(,n)d7, (3.16)

where b = %ﬁ('y,n). To obtain (3.16) start with (3.13) in spherical coordinates v, 7
with respect to pole n. Using an expression for the Laplace-Beltrami operator in spherical
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coordinates, we have

oy = L [ A,

2T (ma)>0 <n,p>

% 2
1 Ahp(v,7)) .
= —g/d"// cos 7 sinydr
0 0
% 1 2r
= —/tg v [g/ﬂh(p(v,f))df} dy
&k oh 1
= —/g‘f{ /[az“tg‘faﬁmﬁ]df}d‘f
2 1 %tg'y T o
= - / tg 2 m)dy = [ 15 iy - - [ L, [ wdf] d
(V] 0 V] v 0

7 i "
= h(Ovn) - h(g,’n) - /tg 7h (71n)d7
0

1 % gy [OR(y,21) Oh(y,0
_2_/ g*r[ (1,27)  Oh(y )]dv-
T

J siny or or

Since
Oh(y,27) _ 9h(z,0)
or or

and because of the oddness of function h(n) average h (%,0) =0, finally we obtain

=0, A(0,n)=h(n),

o(n) = h(n) — [ tg 74" (7, n)d.

If function h(n) belongs to class C3(w), then approximating it in norm of space C3(w) by
a sequence of analytic functions, we establish the correctness of the theorem.

Theorem 3.5. If in equation (3.10) a # 0, b#£ 0, a + b # 0 and function f(n) belongs
to class C¥(w), k > 4, then the formula of inversion holds

_ _La (A+2)fi(p)I< n,p >|
#n) = 872 Ot / V<n,p>? -t dup

<,.,,,)z>o im0

7rzb / <np> “e- (3.17)

PROOF. As in the proof for the even and odd parts of the function z(p) in Theorem 3.1,
we obtain equations

= [ 1< n,p > 2* (p)dy, (3.18)
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f(n)=b / 21 (p)dwp. (3.19)

It is known that equation (3.18) is uniquely solvable and its solution is given by (Blaschke,
1916; Pogorelov, 1976)

Zt(n) = _ 1o / (A+2h(@)I<np>],
8r2 ot <n,p>%—t P
("’p)2>t t=0
A+2 ,
= (A+2 filp / [( fl (v,n ] d (3.20)
o8y

In this way, the even part of the function is determined uniquely and constructively.
The odd part of 27(n) is determined uniquely from equation (3.19) by

I _ 1 3 i
“(n) = W,, / o = gl ()= g [T @)

Summing (3.20) and (3.21) by equality z{rn) = 2% + 2~ we obtain (3.17).

REMARK L. f @ = 0 or a + b = 0, then from equation (3.10) only the odd part 2~ (n) of
the unknown function z(n) is determined uniquely, and if b = 0, then only the even part
z*(n) can be found uniquely.

Studying the inversion formula of equation (3.10) leads to the following result.
Theorem 3.6. Ifa #0,b# 0, a+b # 0 and function f(n) € C¥(w), k > 4, then solution
z(n) of equation (3.10) belongs to at least class C*~*(w) and the following estimate holds:

"z(")HC(u) <M ||f(")"c4(w)v (3.22)

where constant M depends only on a and b.

PROOF. By the previous theorem it is possible to write the solution of equation (3.10) in
the form

% A 2 ~1 , !
0 = Lar o+ L [lAT2R0)]

cos 7y

- 1 F—
+5 (n)—% tg vf"dy.

O ~——wn ©

Since function fi(n) is even on w, equality [(A + 2)f1 (s n)], = 0 is fulfilled. Us-

=3
ing this equality and the existence of a continuous derivative [( +2) (7, n)] " we can
represent it as follows:

(@ +astn] = (o-5) [ [+ 28 (- (- 5) + 5ol o
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In the same way, because of the oddness of function f~(n) to w, f"(v, )|

-1 . _ z
) = (7 2)
hold. Consequently

n ., =0and
y=%
} T s
)

5 > dt
2(n) = (A + D) faln) + }/”‘7 {/ [(a+27(t(r-F)+Fm) "dt}dv
+ﬁf (m) + 271rb 7(7r

5 7) tg v [f‘”’ <t ('r - E) + E,n) dt] dy.
2 2

From the last formula it follows that z(n) belongs to class C*~4(w)

Prove the estimate. Using again formula (3.23), we have

l=(lew) <

||(A+2)f1(n)||c(l.,)+ 47r/§

X sup
05’1<-§

p (A 2)f]]”| + m ™
hew

o [ (5 e
2ol | \2 v ) tg vdy sup

0<v< ¥
Estimate every addend in the right-hand part of this inequality:

~7,

2
Cos 7y

f"—m

h€w

2lbl

sup

1 2
18+ 2/l < 7147l + 157 Wl * T3]

sup
Y

[(A+2 f1] ‘_ s |sup|Af |+
sup ] <
-

< sup |fm

yn

1 r_
—[(G-7)terar=m2 [ lay =20
arb | \2 J cosy

G is the Catalan constant. From these reduced inequalities the estimate follows:
1 1
el < 5 (

b

Nl

IA

1 18] )
watw  enesa )V w17 Al
la| 18]  la|la+ 8] (n )"C( ) | |" "c( )
" n2 37
Fraeeel T g g supf
_1 la| b )
Lt 1l + g7z M low
2 |af ( |b| la +b| C(w) | | W le2w)

In2
] ”f"c,u(w) + | | "f"c2(w) + 4 o] ”f”cs(w)
) 1 f sy -

A 1
27r |a| e | f

IN

G
2rfa|

IA

o
M(a,
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The theorem is proved.

On the basis of the inversion formula of equation (3.10) by a standard manner more
general integral equations of the first kind may be examined, including nonlinear ones.
Consider, for instance,

fn) = [ Pln,p)2(p)dup + Tz,

where P(n,p) = a|< n,p>| + bx(< n,p >), and T be a certain operator, using the
inversion formula, we have
z(n) = f(n) + Bz, (3.24)

where f = P~'f, B = P~!T. Relation (3.24) is an equation of the second kind and, for
instance, by corresponding restriction to T operator B may be contracting, which allows
us to use methods of the theory of fixed points.

Another application of the inversion formula can be connected to the problem of
integral geometry. Consider, for example, the following problem: to find function u(n) €
C*(w), n € w, if function ¢(n) is known:

p(n) = 2a / u(p)ds + b / (A + 2)u(p)dwp. (3.25)
r{n) win)

In the case a # 0, b = 0, we obtain the problem about the recovery of u(p) by its integral
along large a circle sphere. Minkowski showed through the use of expansion in spherical
harmenics, that the even part of u(p) is uniquely determined for b = 0. Later Funk
obtained a solution of this problem in a closed form, using the inversion formula of the
Abel integral equation (see (Funk, 1916)).

Theorem 3.7. Leta #0,b# 0,a+ b # 0, v(n) € C®(w) and [ ne(n)dw = 0. Then

there exists a solution u(p) of equation (3.25), u(p) € C*(w) and inversion formula holds
u()——l—/q)(){(l <n,p>)In(l- < n,p>)}d
p)= 47rw P n,p n n,p wp7

where

<D(n) — 1 i / (A+2)1P1(P)l< n,p >|
V<n,p>t—t
(n,p)2>t

T 8rzdt dup
1 Ap~(p)
~int (/) dwy,.

t=0
<n,p>

PROOF. . With the use of Green’s formula we obtain

2 / u(p)ds = / < n,p >| (A + 2)u(p)dwp. (3.26)
r(n) win)

Therefore equation (3.25) with respect to function u(p) in accordance to (3.25) and (3.26)
acquires the form

#(n) = [ {al< n,p>|+bx(< n,p >)} (A + 2)u(p)dwp. (3.27)
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The solution of equation (3.27) exists and is unique, if
/ncp(n)dwn =0. (3.28)

Indeed, let

=30, Vi) = EEL [op)Pu(< n,p >y

w

be a series of expansion in spherical harmonics of the left-hand part of equation (3.27).
Because of (3.28) for the first harmonic we find Y;(n) = 0. Then function

0o A= -1
= ey
r#1

where eigenvalues ), of equation (3.10) are solutions of equation (3.27). If ¢(n) is infinitely
differentiable on w, then function A’y is bounded to w, for all values of ! of operator A.
That is why, and from the estimate of the derivative of spherical harmonics (Sobolev,
1974)

A%, (p)] < Crm+1-2 Aty

La(w)’ |a| =m,

C > 0 is constant, infinite differentiability of solution u(p) follows.
Consider equation (3.27) as an integral equation of the first kind with respect to
(A + 2)u(p). According to the inversion formula of equation (3.10) we find

1d (A+2)pi(p) < nyp >
A+Dun) = d(n) = — —= /
(A +2)u(n) = &(n) 8r2dt V< n,p>?—t dwp
(np)2>t t=0

B / Ap~ (p
47r2b <np> “p-

Applying the Weingarten formula (Blaschke, 1930; Pogorelov, 1973), from (3.29), we
obtain the wanted result:

u(p) = 1= [ #(B){(1~ < n,p >)In(1— < n,p>)}dwp.

3.3 UNIQUENESS

Here some results are given on the univalent definiteness of a closed convex surface,
if the functionals of its orthogonal projections and illuminated parts are known. The
investigation method consists of the following: at first the problem has to be reduced to
the integral equation (3.1), and then the results are used to solvs the problem of Minkowski
and Christoffel. All surfaces are, as a rule, supposed to be strictly convex and sufficiently
smooth.
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Consider the function
¢(n) = 2aF(n) + bS(n),
where F(n) is the area of orthogonal projection of the closed convex surface B on the
plane P(n) = {z € R3 < z,n >= 0}, S(n) is the area of the illuminated part of the

surface in the direction n, a and b are constants.
F(n) and S(n), can be represented as

Fn)= [1<np>|G(B,dvp), S()= [ G(B,dwp),

w w(n)

where G(B, -} is a surface function. Using these representations it is possible write function
p(n) as
o(n) = a / |< n,p >| G(B, dwy) + b / G(B, dwy). (3.30)
w w(n)
A closed convex surface is defined uniquely, apart from a translation, by setting the surface

function (Aleksandrov, 1937a,b; 1938a,b). Therefore and because of the uniqueness of the
solution of equation (3.30) (see Theorem 3.1) the following theorem takes place.

Theorem 3.8. A closed convex surface is defined uniquely except for a translation by
function (n), n €w, a #0,b#0,a+b#0.

Let G1(B,-) be the first function of curvature of a closed convex surface B, let L(n) be
the length of a boundary orthogonal projection of the surface B on the plane P(n), M(n)

is the average integral curvature of the illuminated part of the surface in the direction n.
Functions L(n) and M(n) are determined by

1 1
L(m) = ; /|< np > Gi(B,dwp), M(n) =3 / G1(B, dwp).
w w(n)

Consider the function

P(n) = 2aLl(n) + 2bM(n),

where @ and b are constants, ¢ # 0, b # 0, a+b # 0. Through the use of the representation
for L(n) and M(n) (3.30) can be written in the form

b(n) = a/ |< n,p >|G1(B, dwp) + b / G1(B, dwy). (3.31)
w w(n)

Expression (3.31) is an equation of the first kind with respect to the function of curvature
Gi1(B,). The solution of the given equation is unique using Theorem 3.1, but since a
closed convex surface is defined uniquely, except for a translation, by setting first the
function curvature, the following theorem is equitable.

Theorem 3.9. A closed convex surface B is defined uniquely apart from a translation
by function ¥(n), n € w. :

REMARK 1. f surface B is centrally-symmetric, then Theorems 3.8 and 3.9 are equitable
at b =0, that is, a convex centrally-symmetric surface B is uniquely defined by the area
and length of its orthogonal projection on a plane in all directions. These are well-known
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facts (see (Blaschke, 1916)). A noncentrally symmetric convex surface is not uniquely
defined by the area of its orthogonal projection. So, a piecewise analytic convex surface
of revolution, which form has parametric representation

A m
= ——=cosp, =0, :c=Acos(—— ), =0,
/2 w, Yy n ¥ y

z_A/\/ S‘”d 0<o sg—,

1
e a[l (1)) Teeso

is, when being a sphere, a surface of constant luminance, that is, it has a constant area of
projection on any plane (see (Blaschke, 1916)). A convex noncentrally-symmetric surface
is also not defined uniquely by the length boundaries of its orthogonal projection. For
example, a convex surface, having support function H(z) = h(z) + |z|, where h(z) is an
odd function, is a surface of constant coverage, i.e., it has a constant length of projection
on any plane.

Theorems 3.8 and 3.9 establish the uniqueness of reconstruction of the convex surface
B, but do not give a constructive method to determine its form. When surface B is
sufficiently smooth, the problem of determining its form by ¢(n) or ¥(n) is reduced to
the inversion of equations (3.30), (3.31) and to solve the equation in partial derivatives of
the second order for the support function of the surface.

Let Ry(n), Ra(n) be the principal radii of curvature of a closed strictly convex, and at
least twice continuously differentiable surface B as function of unit vector n normal to B.
In such cases the surface function G(B,-) has a continuous density z(n) = Ry(n)Rz(n)
and ¢(n) is written in as

v(n) = a/|< n,p >| Ry(p) Ra(p)dwp + b / Ru(p) By (p)duw,. (3.32)

w(n)

Consider (3.32) as an equation of the first kind with respect to the product of the principal
radii of curvature R;(p)Rz(p). Using Theorem 3.5 leads to following result:

Theorem 3.10. Let a #0,5#0,a+ b #0, let B be a closed convex regular surface.
Then:

__ 1d (8+2pi(p)|< n,p >|
BB = - gog [ SIS Ty,
<np>2>t K t=0

47r2b / <n,p> “p)

Ri(n)Ry(n) = ‘ Z:% ZZEZ;

8*H(z)
3Z;az]’

Hn(n) H23(n)

Ho(n) Hufn) (3.33)

i

Hsa(n) H13(n)
+| H31(n) H]](Tl)

Here H;;(n) are the derivatives of the support function H(z), calculated at z =

n e w.
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From the theorem it follows, that the recovering of a regular surface B by the function
¢(n) is reduced to the solution of equation (3.33) for its support function. Formula (3.33)
is well-known (Bakel'man et al., 1973).

At the conditions to surface B as above, the first function of curvature G;(B, ') has a
density, which is equal to the sum of the principal radii of curvature. That is why it is
possible to write function ¥(n) in the form

¥(n) —a/|< n,p >|[Ri(p) + Ra(p)]dwp + b /[Rl p) + Ra(p))dwp.

w(n)

Theorem 3.11. Leta #0,5#0,a+b+# 0, and B be a closed strictly convex regular
surface. Then:

1 d (A +2)i(p) < n,p>|
Br(n)Ra(n) =~ 8w dt / V<n,p>2—t duwp
<n,p>2>t ’ 1=

47r?b/<np> “er

H(n) = /[Rl(p + Ra(p){(1= <mp>)In(1= < m,p>)}.

Using (3.34) the question recovering regular surface B by the function ¥(nr) is solved
constructively in explicit form (Materon, 1975).

Consider now the problem of determining a closed convex surface and a function,
given at its surface, on the condition that the functionals from its orthogonal projection
and illuminated portion are given. Similar problems appear also in inverse problems of
scattering.

Let B be a closed strictly convex smooth surface in R® and let u(n) be a continuous
function, given at B as a function of the unit normal vector of this surface. Consider
functions

ei(p) = a [ 1<np > upR(PRa(P)dwp + b1 [ up) R Ra(p)dy,  (3.35)

w(n)

p2(p) = az/|< n,p >|u(p) [Ri(p) + Ra(p)] dwp+ b2 / u(p) [R1(p) + Rz(p)] dwp, (3.36)

w(n)

where Ry, R, are the principal radii of curvature, a;, b; are constants, a; # 0, b; # 0,
a; + b #0, 1 = 1,2. The geometrical sense of the introduced function at u(p) = 1 are
described above.

Theorem 3.12. A closed strictly convex, twice continuously differentiable surface B
and a continuous function u(n), u(n) > 0, n € w, are uniquely defined by functions v;(n),
vz(n), n € w (surface B can be restored up to a translation).
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PROOF. Because of the uniqueness of the solution of equations (3.35) and (3.36) functions
®,(n) = u(n)RyRa, ®2(n) = u(n)[R1 + R,] are uniquely found by functions ¢;(n) and
@2(n), respectively. Considing that u(n) > 0 at w we obtain equality

Rl(n)R2(n) — (Tl)
Ry(n) + Ry(n) ’

where ®(n) = ®,/®, is a given function. It is known that this function defines surface B
uniquely up to a translation (Pogorelov, 1973). That is why the principal radii of curvature
Ry and R; are uniquely established. With equality ®; = uR; R, we find function u(n).
The theorem is proved.

In scattering or emission problem one has to determine both the scatterer B(t), the
form of which can vary in the course of time ¢, as well as the function, characterizing the
density of the source on it. Taking this into account consider equation

®(n,t) = / P(n, p)u(p)ds, (3.37)
B(t)

where P(n,p) =a|<n,p>|+bx(<n,p>),a#0,b#£0,a+b#0,ds, is an element of
area B(t).

Theorem 3.13. Let surface B(t) be closed at any t > 0, strictly convex, twice continu-
ously differentiable, and let the following equality hold:

SRR 0)| = alRalp,0) + Balp,0)],

t=0

where Ry(p,t), R2(p,t) are the principal radii of curvature of surface B(t),t > 0,a # 0 is
a constant. Then the continuous function u(p) > 0 and the form of surface B(t) for any
t > 0 are uniquely defined by function ®(n,t),n € w,t > 0.

PROOF. Consider relation ds; = Ry(p,t)Rz(p,t)dwp equitable for smooth surface, and
rewrite equation (3.37) as

&(n,t) = [ P(n, p)u(p)Ra(p, ) Ra(p, ). (3.38)

Differentiating equation (3.38) with respect to t and using the conditions of the theorem,
we obtain

do

5| =9 P p)u(p)[Ri(p,0) + Ra(p, 0)] dwp. (3.39)
t=0 w

Function Wi{n,t) = u(n)Ri(n,t)Ra(n,t) from equation (3.38) is uniquely defined by

function ®(n,t), but from equation (3.39) function Wp(n) = u(n) [R1(n,0) + Ry(n,0)] is

uniquely defined by function ®}(n,0). From this surface B(0) is uniquely defined exept

for a translation by the function

__Ri(n,0)Ry(n,0)
W(n) = Ri(n,0) + Ra(n,0)

Then the principal radii of curvature R;(n,0) and R;(n,0) of surface B(0) are uniquely
found. That is why from Wy(n) = u(n) [R1(n,0) + Ra(n,0)] we find u(n). Knowing u(n)
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from Wj(n,t) = u(n)Ry(n,t)Ry(n,t) we define Ri(n,t)Ry(n,t). Using the uniqueness of
the solution of the Minkowski problem by function Wy/u we uniquely define surface B(t)
for any ¢ > 0, apart from a translation. The theorem is proved.

Let the area and length of a boundary of an orthogonal projection of convex surface
B on plain in all directions be given. The possibility to define surface B by the functions
F(n), n € w, L(n), n € w is given by the following theorem.

Theorem 3.14. Let B, and B, be closed convex analytic surfaces in R3. If Fy(n) =
Fy(n), Li(n) = La(n) for any n € w then surfaces By and B; are equal.

PROOF. Area F(n) and length L(n) of the boundary of a closed convex, at least twice
continuously differentiable surface B are defined by

Fm) = 5 [ R(p)R(p) 1< m,p > dop, (3.40)

L(n) = > [ 1Ra(2) + Bal@)]* I< n,p >| doy, (3.41)

w

0| -

where R; and R, are the principal radii of curvature as functions of the unit normal
vector. Let H(z) be a support function of the surface B. It is well known that R; and
R, are eigenvalues of matrix |H;;|| of the second partial derivatives of the function H(z).
That is why we can write

AH = '—(Rl + Rz),

from which we obtain that
AH+ = —(Rl + R2)+. (342)

here A is the Laplace operator. Hence, if function L(n) is given, then from equation (3.41)
(R1 + Ry)* is uniquely defined, and from the equation above the even part of support
function H(z) is uniquely defined (Christoffel theorem).

In order to prove the theorem, it is sufficient to establish that from setting F(n) (or
from setting [Ry(n)R;(n)]*) the unique definiteness of H~ follows up to an arbitrary
linear function (addition of a linear function to H means a new choice of the origin of the
coordinate system).

Since R;R; is equal to the sum of main minors of matrix |H;;||, then filling H;; as a
sum of even and odd parts and picking out parameters u and v on sphere w by specific
manner (Buseman, 1958), for odd part, H~, of the support function we obtain equation

H, H, - H.' = ¢(u,v), (3.43)

where %(u,v) is known function.

Our problem is the definition of H~ up to a linear function and multiplication by (-1)
(this is equivalent to rolling of surface B) from equation (3.43).

Show, that there exists a point (ug,vo) such that t(uo,ve) > 0 (it is assumed that
surface B does not have a center of symmetry and therefore H™ is non-linear).

Since H~ is an odd function, there exists a closed curve | = (u(t),v(t)) such that
in domain D, the bounded curve ! is simply connected and H~ = 0 on [. Therefore,
if everywhere on w function ¥(u,v) < 0, then in a domain D we would obtain surface
H~ = H(u,v) of nonpositive curvature, equal zero at {, which is impossible.
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Let (ug, vo) be a point, in which ¢ > 0. Let K denote a circle of certain radius centered
in point (ug, vo), in which ¢ > 0. Because of the continuity of 1(u,v) such a circle exists.

If now H, and H; are support functions of surfaces B; and B; and convex in the circle
in one side (it is always possible to roll one of the surfaces), then adding, for instance, a
certain linear function to Hy, one can obtain H; = H, on a certain closed curve [;, lying
inside circle K. Since Hi = H} everywhere on w, then H] = H; on I;.

That is why, taking into account that H; and H; satisfy the same equation (3.43)
and furthermore H] = H; at I, then H = H; everywhere in the domain, bounded by
I; (Bakel’man, 1965). And by supposing B; and B, analytic everywhere on the sphere
H = H;. The theorem is proved.

REMARK . (Campi, 1986) giives un example showing that the condition of analyticity in
this theorem is essential.

In 1926 (Matzumara, 1926) proved, that a closed convex surface, of which area and
length of boundaries of its orthogonal projections on any plane are constant, is a sphere.

In connection with this result it is naturally to expect that if isoperimetric defect
L? — 47 F(n) is small for each isoperimetric projection B(n) of surface B, then surface
B differs a little from a sphere. Let R and r be radii of described and inscribed balls of
convex surface.

Theorem 3.15. If L? —4nF(n)<e*,n€w, then R—r < <
T
PROOF. We again use representations
1
Fn) =3 [1<np>IG(B,dw), Lin)= [ H(p)ds,
w T(n)

for the area and the length of the boundary of an orthogonal projection.

Let | )
S= ;[F(n)dwn, M= gw/L(n)dwn.

Numbers S and M are the equal area and average integral curvature of surface B, respec-
tively, and connected by isoperimetric inequality (Blaschke, 1916)

M? — 478 > a7} (R —r).
Using this inequality and Cauchy-Bunyakowsky inequality, we have

(R—r)?

IN

2
ﬁ [M? — 4nS] = 41? 41? ( / L(n)dwn) _4 / F(n)dw,

1 1 1
¢ [ fon ! frrin
< I [47F2W/L (n)dw, [ dw, =y 4r F(n)dw ]
1 2 1, &
< m/ [L (n) —47rF(n)] dw, < i 4r = ey
that is R —r < E, as stated. Notice that no regularity condition of surface B has been

7
used in this proof. The theorem is proved.
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3.4 EXISTENCE

This section is devoted to the theorems of existence of closed convex surfaces with a given
functional of its orthogonal projection and illuminated parts.

Theorem 3.16. Let F(n) be a continuous, strictly positive, and even function on unit
sphere w such that —|z| F (I |) is conditionally positive defined on R®. Then there

exists a unique closed convex centrally-symmetric surface B (except for a translation), for
which function F(n) is the area of its orthogonal projection on plane < z,n >=0,n € w.
If function F(n) is k times continuously differentiable (k > 4, analytic and

d / (A+2)F(p)|<n,p >|dwp <0, (3.44)
dt V<np>t-t
<n,p>2>t t=0

then surface B is at least k — 4 times continuously differentiable.

PROOF. Let us prove the existence. By theorem (Matheron, 1975) there exists a unique
symmetrical measure g at w such that function F(n) permits representation in the form

F(r) =5 [1<n,p > (dop) (3.45)

Since measure g is symmetrical on w, and function F(n) is continuous and strictly positive,
then the following conditions are fulfilled:

/nu(dwn— /|<np>lp(dwp) 0, n€w.

w

Hence, as it is proved in (Aleksandrov, 1937a,b; 1938a,b), there exists a unique closed
convex surface B, the surface function of which is given by measure y. Surface B is
centrally-symmetric, because measure g is symmetric. But then, by representation (3.45),
F(n) is the area of the orthogonal projection of this surface B on planes < z,n >= 0.

Pass on to the proof of the regularity of surface B. Let F(n) € C*(w). Consider
function

o) = -3 / (A+2)F(p)[<n,p>|

- dw < 0.
dr? dt V<n,p>2—t P
<n,p>2>t t=0

This function is the unique solution of

—

=3 |< n,p >|z(p)dwp

and, by Theorem 3.6, it belongs to class C*¥~*(w) (and is analytic if F(n) is analytic).
Then with necessity function z(n) is the density of measure g, but since measure g is a
surface function, z(r) = K~!(n), where K (n) is the Gaussian curvature of surface B. This
Gaussian curvature K (n) of surface B belongs to class C*~%(w) and, by condition (3.44),
is strictly positive on w. Therefore from the result of the regular solution of the Minkowski
problem (Pogorelov, 1973; 1978) it follows: if k& = 4, then K(n) is continuous, and the
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surface is smooth and of class C'; if k = 5, then K(n) € C'(w) and this inplicates that
the surfacebelongs, at least, to class C?, if k = 6, then K(n) is (k —4) times continuously
differentiable, hence surface B is at least (k—3) times continuously differentiable. Finally,
if F(n) is analytic, then K(n) is a positive analytic function and surface B is analytic.
The theorem is proved.

Theorem 3.17. Assume a regular (k times continuously differentiable, k < 7, or ana-
lytic) strictly positive even function L(n) on sphere w, satisfying condition

J(n) <0, Jrn)-Ji{n)<0, n€uw,

where
_d (A +2)L(p)|< n,p >|
I(n) = dt / V<n,p>T-t dwop

<n,p>2>t =0

and index s denotes differentiation in point n along the arc of a large circle. Then
there exists unique (up to translation) regular (belonging to class C¥3*(w), 0 < a < 1,
or accordingly analytic) closed convex centrally-symmetric surface B, which length of
boundary of the orthogonal projection on plane < z,n >= 0 is equal to L(n), n € w.

PROOF. By its evenness and regularity function L(n) admits representation in the form
1
L(n) = 5 [ I<n,p >l p(p)dwrp (3.46)

with a certain even, not necessarily positive, function p(p). Equation (3.46) is uniquely
solvable and function p(p) is determined by

1 d (A+2)L(p)|< n,p >|
)= —mw / V< n,p>? -t dwp

<n,p>2>t t=0

By condition of Theorem 3.17 we have

p(n) 20, p(n) - p,(n) 20,

and furthermore

/np(n)dwn =0.

since p(n) is an even function on w.

Thus, function p(n) satisfies all condition of the existence theorem of a closed convex
surface with given sum p(n) of the principal radii of curvature (Pogorelov, 1973, 1978).
According to this theorem there exists a unique (except for a translation) closed centrally-
symmetric surface B with a given sum of the principal radii of curvature.

If L(n) € C*(w), k > 7, then function p(n) € C*~*(w), but then the surface of p(n)
belongs to class C¥~3*(w), 0 < a < 1 (see (Pogorelov, 1973)). If L(n) is analytic, then
p(n) is analytic and, hence, B is analytic {Pogorelov, 1973, 1978). The theorem is proved.

In this theorem tougher condition are set to function L(n) than to function F{n) in
Theorem 3.16. This circumstance is the result of condition in the problem of the existence
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of a convex surface with a given sum of the principal radii of curvature, which are more
limited with respect to the Minkowski problem.

Proof of next two theorems are conducted in a similar manner with use of the inversion
formula of the integral equation (3.10), the existence theorem of a convex surface with the
main function of curvature radius given and results of the regular solution of problems of
Minkowski and Christoffe

Theorem 3.19. Let a regular (k times continuously differentiable, k > 4, or analytic)
function @(n) on unit sphere w in R® be given, satisfying conditions

1.
/mp(n)dwn =0,
2.
d A+2 1 Ap~
1 d / (A+2)pi(p) [<n,p >|dwp _ / v (p) dwp > 0,
8w2dt V<n,p>?—t 47?2 <n,p>
<n,p>2>t =0 w(n)
necw,
where

p1(p) = éw*(p) - WI’H) / ¢(p)dwp,

a and b are constant, @ # 0, b # 0, a + b # 0. Then there exists a regular, at least
(k — 3) times continuously differentiable (or respectively analytic) closed convex surface
B, for which ¢(n) is equal to the sum of the area of its orthogonal projection on plane
< z,n >= 0 multiplied by 2a, and the area of its illuminated part in the direction n
multiplied by b. Surface B is determined uniquely, a part from a translation.

Theorem 3.20. Let regular (k times continuously differentiable, k > 7, or analytic)
function (n) on unit sphere w in R® be given, satisfying conditions

1.
/m,b(n)dwn =0,
2.
p(n) <0, p(n) —ply(n) <0, new,
where
1 d (4 +2)th(p) < n,p >| 1 [ Ay~ (p)
_1d L |
pln) 8n2dt / V<n,p>?—t “o T 42 <n,p >d P
<np>2>t t=0 w(n)

i) = 90 - s [ $Ue,

a and b are constant, a # 0, b # 0, a + b # 0. Index s denotes differentiation in point
n on the arc of any large circle. Then there exists a unique (up to translation ) regular
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(belonging to class C¥=3* 0 < a < 1 or respectively analytic) closed convex surface B,
for which function 1 (n) is equal to the sum of the length of the boundary of its orthogonal
projection on plane < x,n >= 0, multiplied by 2a, and the average integral curvature of
its illuminated part in the direction n, multiplied by 2b. Surface B is determined uniquely,
except for a translation.

3.5 STABILITY

Theorems of stability definition of a convex surface by functionals of projections and
illuminated parts are of interest from two points of view. From the standpoint of ge-
ometry there are very importanestimates of the proximity of surfaces, which are close
to the functionals determining them. On the other hand some of the functionals appear
in investigations of inverse problem of scattering, used in some approximation. In this
connection theorems of stability allow us to confirm the stability definition of a scatterer
by data of scattering.

At first we provide an estimate of the stability definition ofa regular convex surface

by function ¢(n) = 2aF (n) + bS(n).

Theorem 3.21. If two closed, strictly convex regular surfaces By and B, have functions
p1(n) = 2aFi(n) + bS1(n), p2(n) = 2aF3(n) + bS2(n), a £ 0, b#£ 0, a+ b # 0 k times
continuously differentiable, k > 4, and the inequality

p2(n) — 501(n)||04(w) <e €>0

is fulfilled, then at a certain location on surfaces By and B, the difference of their support
functions Hy(n), Hy(n) satisfies the inequality '

"H2(n) - Hl(n)llc(w) S 061/5,
where C > 0 is a certain constant.

PROOF. Let z;(n) denote the product of the principal radii of curvature of surface B;,
7 = 1,2. Then functions ¢;(n) can be written in the form

pim)=a [1<np>| 5@+ [ 2(p)dsp. (3.47)
w w{n)
Using inversion formula (3.17), we have

(A+2)d
cos Y

ol

40) = (A+20m+ o |

1 [
+5—pT(n) - ﬁ()/tg 76" (v, n)d7,

where

;(p) = %W’(p) - ﬁ [ (o).
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Estimate the difference z; — z;. By Theorem 3.6

lz2(n) — z1(n)llgwy < C(a,8) fpa(n) — er(n)lcagey » (3.48)

where C(a, b) is constant, depending on a and b.
Let @ be any set of non-zero measure at w. Since surfaces By and B, are smooth,
then it is possible to write their surface functions GU}(Q) in the form

GI(Q) = [ zi(n)dwa.
Therefore

69(Q) - 6(Q)| < | [ [za(n) - 21(n)] dw

< mesQrzle%(lzz(n) = 21(n)| < 4 [l2a(n) — z1(n)l (e, -

Hence, taking into account estimates (3.48) and [lp2(n) — ¢1(n)|s(,) < € we obtain

IG(z)(Q) - G(l)(Q)I < C1é, where C; = 47C(a,b). Using now the Volkov theorem on the
stability of the solution of the Minkowski problem (Volkov, 1963), we conclude, that at a
certain location on surfaces By and B, the difference of their support functions H; and
H; satisfies the inequality

|Hy(n) — Hy(m)| < CE5,
with a certain constant C > 0. The theorem is proved.

To obtain the estimate of the stability definition of a regular convex surface by function
$(n) = 2aLl(n) + 2bM(n) an estimate of the stability of the solution of the Christoffel
problem is used: if sums p;(n) and pa(n) of the principal radii of curvature of closed
convex surfaces B, and B, differ by not more than ¢ then at a certain location their
support functions H; and H, differ by not more than (1n2 — i—) e. From this and the
theorem of stability of the solution of the integral equation it follows

¥(m)=a [ |<n,p >|[Ra(p) + Balp)] dup + b [ [Ra(p) + Ra(p)) dwp

w win)
ata#£0,b#0,a+b#0.

Theorem 3.22. If two closed, strictly convex regular surfaces B, and B, have functions
¥;(n) = 2aL;(n) + 2bM;(n) k times continuously differentiable, k > 4, and inequality

lib2(n) —i(n)| <&, €>0

holds, then at a certain location on surfaces B, and B, the difference of their support
functions Hy, H; satisfies inequality

1
[Ha(n) = Br(m)lgqy < € (2= 7) e,

where C > 0 is a certain constant.



CHAPTER 4

Integral Geometry

In this chapter the problems of integral geometry are considered. The methods and results
concerning this type problems are presented. Existence and uniqueness theorems, as well
as some inversion formulas are given. Some results are proved.

The problems of determing unknown objects (functions, differential forms, tensor
fields) their integral known on manifolds (curves, surfaces) are called the problems of
the integral geometry.

The problems of the integral geometry are connected with differential equations, in-
verse problems, group representations and one can find them in the geophysics, astronomy,
or medicine.

The first results here were received by (Funk, 1916; Radon, 1917). They founded the
integral geometry and discovered the inversion formulas.

Later, new problems of integral geometry were set, many theorems of the uniqueness
and existence were proved, new inversion formulas were discovered and new applications
were given.

The problems of integral geometry are studied in the works of (Blaschke, 1916; John,
1955; Gelfand et al., 1966; 1969; 1980; Gelfand and Goncharov, 1987; Kostelyanec and
Reshethyak, 1954; Helgason, 1980; Semyanstyi, 1960; 1961; 1966; Kirillov, 1961; Solman,
1976; Lavrent’ev and Romanov, 1966; Lavrent’ev et al., 1970; Lavrent’ev and Bukhgeim,
1973; Lavrent’ev et al., 1986; Romanov, 1967; 1978; 1987; Lavrent’ev and Anikonov,
1967; Anikonov, 1969a; 1969b; 1978a; 1978b; 1982; 1983; Anikonov and Romanov, 1979;
Anikonov and Pestov, 1990; Anikonov and Stepanov, 1991; Anikonov and Shneiberg,
1991; Bukhgeim, 1972; 1979; 1983; Mukhometov, 1977; Blagoveshchenskii, 1986; Pestov,
1985; Pestov and Sharafutdinov, 1987; Sharafutdinov, 1989; Goncharov, 1988; Palamodov
and Denisjuk, 1988).

Applications and information are given in the papers by (Tikhonov et al., 1987; Nat-
terer, 1986). One general problem of the integral geometry is to find the function

o0 n m aa
o) € CH(RY),  sup (14 o) gy < o, V20

if we know the function

fw)= [ f@)du, yeR,

B(y)
where B(y) C R™ is a smooth manifold, y € R", and g is a measure on B(y) (Gelfand
et al., 1966). The Radon transform is
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fop= [ fEdu y=(wp)

(w,z)=p
B(y)={z:(w,2)=p}, weR" |w=1, peR, zeR"

In this chapter we shall discuss some methods of the integral geometry, especially in the
curve case and some applications. At first we give some review.

4.1 INVERSION FORMULAS

4.1.1. The Radon formulas

The inversion formulas in problems of the integral geometry play a very important role
in the theory and applications.

Theorem 4.1. (Radon, 1917; Gelfand et al., 1966; Helgason, 1980). Let a function
f(w, p) be the Radon transform

(zw)=p
Then the function f(w,p), w € 2, Q = {w, |w| = 1}, p € R, satisfies the conditions:
1. f(w,p) € C=(2 x R),
2.
Ym>0, a>0,

sup(l+ PI™) |5

6"’f
op*

3. f(w p)p*dp is a homogeneous polynomial of the degree k depending on w =
R

(wi,...,w,) and the inversion Radon formula
—4 (n—l)/2r 2) ac
I'(3 Q

holds, where A™ is the Laplace operator of degree (n —1)/2.

Other similar formulas are contained in the papers by (Semyanistyi, 1960; 1961; 1966;
Gelfand et al., 1980).
fn=2,z1=z,2,=y,22+y2 <1

fem= [ fewd, 0<p<om -1<p<l,

Z cos p+y sinp=p
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then the different inversion formulas may be written on the basis of Theorem 4.1.

g

1
f@) = G [de [ fop) nlp—raldp
o 1
Ed 1
1 8*f(¢,p) B
= (27r)20/d<p-/1 o In|p—rn|dp

g 1 A
I oiep) 1
= - der -4
A e L

T

= (—Q:r—)z/dsO/lf(%P)(—p—_%de

R 7 7 [ /1 f (arcta.n—— t) "mdt:l e 17V dyy, dw,,
“o ]

(4m) W

»

rn = zcosy + ysin .

4.1.2. The other formulas

In this section we consider the problem of the integral geometry to find the function f(z),
z € R3 such that
= [ fa)a
b4

where 7 is a line passing through a smooth curve I' C R®. The function f(7) is supposed
to be known for all lines such that yNT # §.

Theorem 4.2. (Kirillov, 1961) A function

o

oo 3 m
f(@) € C7(R), - sup (1 +faf") | g o

z€R3

<oo, Ym>0, a>0

is restored by f(v) and the inversion formulas hold if and only if {z : (z,w) = p} NT # 0
for almost all (w,p), |w|=1,p€R.

(Tuy, 1983) discovered the inversion formulas for the functions with compact support
when the curve is bounded, provided that almost every hyperplane intersecting the sup-
port of the unknown function meets the curve I' transversally in some point. (Finch,
1985) investigated the analogous inversion procedure for the class of the curves which did
not satisfy the hypotheses of Tuy.

(Blagoveshchenskii, 1986) found the inversion formulas when the curve T is a circle
in R®. He found essentially new formulas. The uniqueness theorems for the integral

geometry problems when unknown functions have a compact support were studied by
(Anikonov, 1978; Helgason, 1980; Leahy et al., 1979).
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4.1.3. Integral geometry on the sphere

The problems of integral geometry on a sphere were considered in the papers of (Blaschke,
1916; Semyanistyi, 1960; 1961; 1966; Helgason, 1980). The unknown functions were
supposed to be even on the sphere.

Let n, p be a point of the unit sphere S in R? with the center at the origin, (n,p) the
inner product n € S, p€ S, ['(n) = {p € S,(n,p) =0}, S(n) = {p € S,(n,p) > 0}, A be
the Laplace-Beltrami operator, and a, b be the constants.

One of the integral geometry problems is to determine the function f(r) € C'(S),
provided the function f(p) is known. p € S,

f=2 / f(n)dT +b / (A +2)f(n)dS
I(p) S(n)

the function f(p) is not necessary even, (see Section 3.2).

Theorem 4.3. (Anikonov and Stepanov, 1991) Let a # 0, b # 0, a + b # 0. The

inversion formula holds
A 1
fm) = o= [@®)1 = (n,p)) In(1 = (n,p))dS,
5

with

1 d (A + 2)p1(p)(n, p)dS
®(n)=—-———
( ) 872 dt(n,p)/;)t \/(n,p)z _

1 /AsO’(P)dS
47r2bs() (n,p)

L A _ e o(-p)
801—(190 47ra(a+b /¢dS o 2 )

t=0

4.1.4. Equation for function u(y)

In this section we consider the generalized problem of the integral geometry, namely, we
seek two functions f(z) € C*(|z| £ 1), z = (21, 22) and u(p) € C*([0,27]), given the
function

flon = [ fla)ersininemaay

z cos @+y sinp=p

It should be noted that if the function u(y) is known, the problem is linear and the inverse
formula for the function f(z) holds (Kuchment, 1989).

Theorem 4.4. (Anikonov and Shneiberg, 1991) The function p(p), 0 < p < 2x is the
solution of the differential equation

/ [6f 22) | (o)pf(rp)| e @Pdp =0, :—i =y



90 Chapter 4

Other similar results are contained in the papers of (Anikonov, 1983; Anikonov and
Shneiberg, 1991).

In particular, the uniqueness class of two-dimensional integral geometry problem con-
sists of the smooth functions f(z;,z2, ) such that

—(?—sin ——a—cos ﬂ—O
6.1:1 ¢ 6.’132 v Bcp— ’

4.1.5. Support theorems

Let f(P) be the Radon transform
7Py = [ (),
P

where P is a plane.

Theorem 4.5. (Helgason, 1980). Let the following conditions hold

L f(z) € C=(R™),

2. |z"]|f(z)] < 00, Vk >0, z € R™,

3. 3A > 0 such that f(P) =0 for all P : p(0, P) > A, where p is a distance in R".
Then f(z) =0, |z| > A.

Theorem 4.6. (Logvinenko, 1988). Let the following conditions hold
1. f(z) € C=(R™), f(2) = ofje|™), Vk >0, z — oo,

2. the function

fw,p) = / f(z)dp

(w.z)=p
satisfies the condition ‘fl <e¢,e7%? and c, >0, ¢, > 0 are constants,
3. 3A> 0 and a set e € ©, pe # 0 such that f(w,p) =0, w € ¢, |p| > A.

Then Support f(x) is a compact set.

4.1.6. Inversion formulas for tensor fields

Let f(z,€) = )":I fiimbis - iy, € R™, |€] = 1, m > 0 be a tensor field such that
1=0

1. f(z,§) € C=(R" x [¢{] = 1),
o f

@1 o
z!, ... 0zan

2. sup (1 + z¥)
rzeR"

< o0, VkZO, a; > 0.
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We consider here the problem of the integral geometry to find f(z,£) if we know the
function

f(z,8) = / fz + €, €)dt.

Theorem 4.7. (Sharafutdinov, 1989) If the conditions 1 and 2 hold, then
3. f=f+dv,é6f=0,
4.

j=(-ay

fm/2) .
Y ali- AT |

k=0

¢k are constants, i, A, d, j, u are the operators defined in the paper of (Sharafutdi-
nov, 1989).

4.2 THE UNIQUENESS AND SOLVABILITY

4.2.1. Integral geometry problem uniqueness of the solution

Consider the two-dimensional problem of finding a smooth function f(r,¢), 0 <r <1,
0 < ¢ < 27 from the function

2
Fpra) = Z/f(r,%)\lH (%) ar. 0sps 0sasom
=1y

@i =a—(=1)7\/r—pi(r,p), veCO<p<r<1), ¥ilp,p)=va(p,p).

This problem is equivalent to the problem in the integral geometry where curves have
group properties (Romanov, 1967).

Theorem 4.8. (Romanov, 1967) If f(p,a) = 0,0 < p < 1,0 < a < 2, then f(r,p) = 0,
0<r<1,0<p < 2m.

The generalizations and applications of this result may be found in the book by (Romanov,
1987). In particular, using the inversion formulas one can prove the uniqueness theorem
when manifolds are not a plane or a sphere.

4.2.2, Uniqueness of the solution of the integral geometry problems in the
class of analytic functions

Let the smooth manifolds B(z,p), z € R*, p > 0 satisfy the condition

B(z,p) C Q% (2,p) = {(z,y): 2 € R", y>0, |:l:—z|2+y2<p, n>1}.
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Theorem 4.9. (Anikonov, 1978) Let the function f(z,y) € C*®(z € R™,y > 0) be
analytic in the variable y in the domainz ¢ R*, y > 0. If

f(zay)dl‘ =0, =€ an P> 0,
B(z,p)

then f(z,y) =0,z € R", y > 0.

4.2.3. Differential identities and integral geometry

The differential identities can be used well to prove the uniqueness, stability, and existence
theorems of the solution in integral geometry. Here we consider only the two-dimensional
case. Let M, M be the differential operators (see Section 2.9)

MW = a—W—c cos @ + a—W—d sin 6,
Oz Oy

MW = 6—VV—c sinf — 3—W—d cos 8,
Oz Oy

where W(z,y, 2), 8(z,y, 2), c(z,y) (9c/dz = 0), d(z,y) (0d/dz = 0) are functions in C?
in the domain z2 + y2 < 1, 0 < z < 2r. Here we give the application of Theorem 2.17
when D is a circle.

Theorem 4.10. (Anikonov, 1978) The following identity holds

.9 d - o0 | (oW oW 2
MWaMW—MwaMW =—5 [(a—x —c) - (— —d) }

Iy\dz 0z ) 8z \dy 8z ) 0z
z2+y2§1, 0<z<L2n.

(o) g ()8 ().

In the case when ¢ = 0 and d = 0 the identity is the same as obtained by (Mukhometov,
1977). Let A(z,y), p(z,y), a(z,y), b(z,y), c(z,y), and d(z,y) be smooth functions in the
domain z? +y? < 1, and

Wz,t) = {2(si2,t), y(si2,8), 2l = cosz, yl,o =sinz)

be a set of smooth extremals of the functional
/ [adz + bdy + Ay/dz? + dy’] ,
b4

which joins the points (cos z,sin z) and (cost,sint). Assume that the set v is regular. In
this section we consider the non-linear problem of integral geometry to find the functions
A, i, a, b, ¢, and d if the functions

f(z,t) = / [cdz+ddy+u\/(m]’

¥(2:t)
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yl
0(z,t) = arctan=

=0
are known in the domain 0 < z < 27, 0 € ¢ < 27. From Theorem 4.10 it follows.

Theorem 4.11.  (Anikonov, 1978) Let the functions A, pu be known for (z,y) with

da 0Ob dc .
— ~——~—— are uniquely

2.2 _ ; oga d
z24+y? = 1. Then the functions A(z,y), p(z,y), 9 0z’ an 3y oz

determined from the functions f(z,t) and 6(z,1).

The problems in multidimensional cases were considered by (Romanov, 1978; 1987) and
(Pestov, 1985). Pestov was the first to use the curvature of Riemann spaces in identities.

4.2.4. Integral geometry and evolution equations

In the case of a line integral the integral geometry problems reduce to Cauchy problems
for evolution equations (Anikonov, 1969a; Lavrent’ev and Anikonov, 1967). After solving
these problems, the unknown functions can be found by formulas.

The two-dimensional problem of integral geometry reduced to the inverse problem for
the transport equation:

9 cos +6 sing + K(z )6 (z,y)
Y~ - un —_—= I

ax (p ay (P 7y750 a(p 7y1
Wi,o=fz,0), z€R, 0<p<T, y2>0,

where the functions W(z,y,¢) and f(z,y) are unknown. Information is given by the
function f(z,¢). The function K(z,y,) is the curvature.

Theorem 4.12. (Anikonov, 1978a) Let a smooth function u(z,y,z) be the solution to
the Cauchy problem

du [0 [du(z,y,p) 5, L Oulzy,p), -
%—_Ja—p[T Lor +A—ap__(1—p)]p=zndn:Au,

Ulymp = f(z,arcsin 2).
Then

flz,y) = [g—z + K(r,y,O)g—:] .
z=0

REMARK . If the function K does not depend on y, we have

u(z1 y’ Z) = eyAf'
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4.2.5. On the solvability of a problem of integral geometry.

We consider here the question of solvability of a integral geometry problem in the case
when the integration curves are geodesics of a fixed analytic metrics. Let

ds? = B(z,y)(dz? + dy?)) (4.1)

be an analytic metrics defined on the (z,y)— plane. Henceforth, we suppose that B > 0
and dB/dy < 0. We denote by 7(¢,¢) the geodesic of the metrics (4.1) emanating from
the point (£,0) at an angle . Let 4(¢, ) be the part of 4(¢, ) lying in the half-plane
y > 0. The problem we consider is to find the function f(z,y) in the region y > 0 if the

function
fep) = [ floy)/da? +dye

¥(§:%)
isgivenfor —6 <¢{ <dand 0<p <L a.
We start with giving preliminaries. Denote by n(€, ¢), n > £, a point of the liney =0
that belongs to the geodesic (¢, ), and let 8(¢, ) be the angle between (¢, ) and
the z - axis at the point (,0). Set a({,¢) = B(£,0)siny, b(¢,¢) = B(n(€, ¢),0)sin¢.

Assuming — ;
t = / —"ZB_*-dy’
b4

the equations for geodesics of the metrics (4.1) become

d’z dB d% 0B 2 9
w = Ba @By TP 42

It is easily seen that any first analytic integral of (4.2) can be written in the form
7 = u(z,y,¥)2 + v(z,,9)
where u(z, y,y) is an even analytic function of ¥, and v(z,y, y’) is an odd analytic function
fy'.
’ yIn the following we shall consider real analytic functions in a neighbourhood of the
origin of the real Euclidean space RZ.

Let E be the set of all analytic functions ¢g(z, z), z € R, 2 € R. We denote by T the
set of analytic functions r(z, z) generated by the first integrals of system (4.2); namely, if

7 = u(z,y,¥)z’ + v(z,y,y)
is a first integral of (4.2), then
r(z,z) = u(z,0,2) + v(z,0, 2).

Let E/T be the quotient space of the equivalence classes: g1 ~ g2, g1 — g2 € T. Let A be
the set of functions f(¢,¢), with

few) = 5 lo(n, B)(1+ B(1,0) cosp) — g(n,~b)(1 = B(n,0) cos O)

~3 [9(6,a)(1 + B(&, 0) s ) — 9(6, —a)(1 = B(§, 0)) cosee],
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where 7, b, a, 0 are the above defined functions, g € E. Denote such a representation of
the functions f(£,¢) by Ag and write f = Ag.

We denote by Dg, g € E, the analytic function f(z,y) of the variables (z,y) defined
as follows: we consider the system of the equations

6uk (’)vk aB

By = oAb VB e
6vk _ Buk oB 8uk+1 2 0B
) k1B oo B = (2 + 3)vk—6y ,

with the Cauchy data
uklg:O = uz(z)’ Ukly:o = vg(x)’
such that
— 0.2k, 0 2k+1\] _
> [(ukz + vz )] =g(z,2), g€E.
k=0
If this problem has an analytic solution uy, vg, k = 1,2,..., then by definition

Dg = a_B+ Q§+B_U(3
9= %G vo(’?y Oz

Theorem 4.13. (Anikonov ,1978a)

1. A necessary and sufficient condition for the solvability of the integral geometry problem
in the class of analytic functions f(z,y) is that the function

feo) = [ flaynac +ay?
Hewe)

can be represented in the form f = Ag. Moreover, for any function g(z,z) the
operation Dg is defined, and

Ag = / Dy\/fm-

¥(&,9)

2. Ag, = Ag, if and only if the equivalence classes of E/T corresponding to the functions
g1 and g, coincide.

3. If

/fn/da:2+dy =/fﬂ/da:2+dy2
Y Y
and if f;, 1 = 1,2, are analytic functions, then fi(z,y) = fa(z,y).

We shall give the proof of this theorem in Section 4.5.



96 Chapter 4

4.2.6. Integral geometry and the structure of Riemann spaces

Let M be an n - dimensional (n > 2) simply-connected compact Riemann manifold of the
class C* with a metric tensor g = (g;;) and a strictly convex boundary oM.

We introduce the following notation: Rju is the curvature tensor of the metric g, T
is the tangent space at x, QM is the tangent bundle of unit vectors, QM = {(z,£) :z €
M, (eT.},

¢l = /gii(z)€¢
(here and below summation from 1 to n over repeated subscripts and supscripts is under-
stood),
QM = {(z,§):z €M, (€T [l=1, (¢ v(£)) <0},
where v(z) is the outward normal to M at the point z, and 4, ¢(t) is the geodesic defined
by the initial data v, ¢(0) = z, 75(0) = £.

The set of the smooth (class C'*°) covariant symmetric tensor fields of valency m,
m > jon M and M is denoted by S,, M and S,,0M, respectively. Define the operation of
symmetric covariant differentiation dS,, M — S,,4; M, d = 0V, where o is the symmetric
operator and V is the operator of the covariant differentiation with respect to the metric
g. Henceforth we shall assume that M is the dispersing manifold: any geodesic of it leaves
a compactum K C M, K NAM = (. We define the function t°(z,¢), (z,£) € Q™M as the
length of the geodesic v,¢, (z,€) € "M, and call it the hodograph of the metric g. By
the assumptions we have made about M, the hodograph t%(z, ¢) is well-defined on 2~ M.

Suppose that f = f;, ;. and f € S, M.

Consider the integrals along the geodesic joining points of dM

£z )
F@,8) = [ fuimOme(®)ille. iinde. (43)

0

Theorem 4.14. (Pestov and Sharafutdinov, 1987) Let M be a compact dispersing
manifold with a strictly convex boundary M, and suppose that the sectional curvatures
of M are nonpositive, that is at each point ¢ € M, R;ut'n’¢*y' < 0 for any £,9 € Ts.
Then the integral (4.3) vanishes when (z,¢) € 2~ 0M if and only if

f=dv, vESm M, v|p,=0, m>1, f=0, m=0.

It turns out that such theorems of the integral geometry enable us to determine the
structure of the Riemann space from the integral information.

Theorem 4.15. (Anikonov and Pestov, 1989) Suppose that the conditions of Theo-
rem 4.14 are satisfied. Then the equations of geodesics admit a first integral

J(‘Yl,f(t)y 7z,f(t)) = uil...im,},;.lyi . 7;,2,
where u = (u1,Ua, ..., uUm) € SuM if and only if there is a field u € S,OM such that

Ui (D6 = U (e, O)A2 (2, 6)) - 4k (12, 6)),  (2,€) € QM.

We shall give detailed analysis of this results in Section 4.4.
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4.3 SOME APPLICATIONS

We consider a multidimensional inverse kinematic problem and obtain the necessary and
sufficient conditions in order that some differential relations for unknown functions are
held.

The proof is based on the theorems of the integral geometry. One formulation of
the multidimensional inverse kinematic problem consists in the following: in the ball
w = {z : = < 1} of the real Euclidean space of variables z = (z1,...,2.), n 2 2 we
consider a 3 times continuously differentiable metric

ds? = A(z)? |dz|*, (4.4)

such that any two points p € w, ¢ € w can be joined by a unique geodesic y(p, ¢) of the
metric (4.4); the function

Wpa) = [ Ma)ldsl, Ipl=1, lgl=1,

(p.a)

is assumed to be known, and it is required to find A(z) for |z| < 1.

This problem has an important physical interpretation in the seismology. The function
A(z) = 1/v(z) is the inverse to the propagation speed of a perturbation. The function
W(p,q) is the time this propagation takes along the geodesic ¥(p,q). The formulated
problem consists in determining the velocity v(z) on the basis of the times W(p,q),
lpl =1, gl =1

Some results on the uniqueness, stability and existence of the multidimensional kine-
matic problem solutions and of the integral geometry closely related to the inverse kine-
matic problem are contained in the papers of (Anikonov, 1978a; b; Romanov, 1987). The
constructive techniques to solve these problems are particularly interesting in some ap-
plications. Here, necessary and sufficient conditions are presented so that the differential
relations for the known function W(p, q), |pl =1, |¢| = 1 and the unknown function A(z),
|z] €1 are simultaneously satisfied. We proceed to formulate the results. Suppose that
the components u(z),k = 1,2,...,n of the vector-valued function u(z) satisfy the system
of equations

N TT L (4.5)
c'?zj azk sz Hz]-

In the case for n = 2 this is the system of the Cauchy-Riemann equations; for n > 2 its
general solution is given by

u(z) = Az — Ba® + 22(B,z) + C

where A is a constant matrix with the elements A;; such that A; = —Agy, & # 7,
A;; = Ao, B and C are constant vectors, and (B,z) is an inner product. There is a
considerable difference between the classes of the vector-valued functions u(z) for n = 2
and n > 2.

Let ux(z) = (uky,--.,Ur,) and v(z) = (v, .., vk, ) be vector-valued functions satis-
fying (4.5) for any k. We set

ai; =

n
Z (uk, vg, + uk.-'Uk,-) )
k=1

N | ==
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and let
n
1.1
= E a,‘]’z"zj.
1,7=1

Along any geodesic v we have

=y (Z (onLpA + ukiff;)\)) o, |2 =M
=1

k=1

where
au ki

Li) = Az) (grad A, ux) + Z Fy

n

. 0
“) = A(z) (grad A, og) + Z .

dz;

Consider the differential expression

b= 3 (10 22) (1.2 (9. 22) (s0.22)]-
where

Ow ow ow ow ow ow
R = A d y . =lg_ s )y J3_ = [
w(p, q) . i ) (z) |dz| aq (aql (’)qn> dp (6p1 ap,.)

and u(z) and v(z) are vector-valued functions satisfying (4.5).

Theorem 4.16. (Anikonov and Pestov, 1990a) In order that

Lw=¢(q) —¢(p), lgl=1, [p|=1

for some continuously differentiable function ¢(z), |z| < 1 it is necessary and sufficient
that

a‘P = I u v :

Frka Ej} (vaLiX +uek}d), i=1,2,...,n.

To formulate another result in the inverse kinematic problem we suppose that u(z) satisfies
(4.5) and has no more restrictions. Consider the differential operators Lw, LA such that

7} 0
Lw = (a—l:,u(q)) + (a—:,u(p)) + fw,
L) = (%,u(z)) + lsp g—u + 62,

. Ou . . Ou )
where 3 is a constant, sp 3 is the trace of the matrix —= k,j=12,...,n
z

b
6.‘51‘
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Now define M setting Mw be equal to the following determinant of the order n + 2

0 0 JLw dLw
qul 3qq,.
1 n
0 0 = —
lq] lql
Iy OLw n
Y=l o Ipl
d*Lw
Opdq
OLw Pn
Op. ol
2
where u is a matrix of the order n.
Opdq

Let I'(t) denote the gamma function, dp, dg denote the surface area elements of the
sphere dw at the points p and q respectively, and let

|F) =sup|F(q)|, g€ D.

Theorem 4.17. (Anikonov, 1978a) The following inequalities hold

R
A cw) I ¥ lc@Ewxsw) ’
. 2)
An—Z 2 n/ //
w/ (EAVde < |y | [ Mwdpda).
From Theorem 4.17 we obtain the table
ﬁ=(0,0,1)=k, 'U-:F(.T],Iz),
a = [k, z], v=F(z}+ 1% z3),
=z, v-lle(ll ,
- 121 + ‘T% 2 2 , —aparctan(za/x1)
@ = aoz + [k, z], v=gz3F T—,\/x1+z2e ,
_ z
4 = ak + [k, z], v:F(ﬁz%-{-z%,za—aarctanz—:),

= —k|z|* + 2z(k, ), v= |z F (ﬁ; l””-f) ,
T

ﬁ=ao—k|$|2+2z(k,z), /:l:1+ 2F T2 ‘101‘3+|z|
\/l‘ + z2

z; |zt

@ = —k|z|’ + 2z(k, ) + ak, | v = \/z} + 23F (-‘51 ﬁ)a
Iy T I

where @ = @(z), n = 3, v(z) = 1/A(z), and F is an arbitrary function.
We consider a certain inverse kinematic problem connected with geometry as well.
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Let R™ be the n— dimensional Euclidean space of variables ¢ = (z1,%3,...,%x),
n=2.3,..., and Q be the ball || < R, with the boundary Q. Let B be an m— di-
mensional differentiable manifold embedded in the ball @ with the local coordinates
u = (u1,Us,...,Un) and the corresponding local parametrization z = z(u), [u| < 1,
m < n.

Consider the Riemann metric

ds® = A (z)(dz? + ... + dz?) = A¥(z) |dz|®

on the ball Q and let p denote a point of the sphere Q. ds? induces a Riemann metric

m m

ds? = E Z )\gj(u)du,-duj

=1 j=1
on the manifold B. Here we set

n aI,'
dz; = Z ou; du;

1=1

in the equality ds? = A2dz?. If some integral information linked with manifold B is given
on the surface of the sphere 9@}, then the problem of investigating this manifold B with
induced metric given above is of interest for geophysics. Such an information may be
given as a function

Aldz| + a(z(u)) = g(u, p)
7(z(u).p)

of the variables u and p, where v(z(u), p) is a geodesic of the metric ds? = )? |dz|* joining
the points z(u) € B and p € Q. Here the functions a = a(z) and A = A(z), as well as
the parametrization £ = z(u) are unknown a priori. The given function g(u,p) may, in
general, be not even continuous.

Before we formulate the results of this problem, let us give a physical interpretation
of the terms above. The ball @ is the Earth, the manifold B C @ is the set of earthquake
hypocenters, 1/A(z) = v(z) is the propagation speed of the solid waves in the Earth, a(z)
is the starting time of an earthquake at the hypocenter z = z(u). The given function
g(u, p) is the “indexed” time of the arrival of the disturbance on the surface of the Earth,
registered by seismometers, where u is the “index” of the earthquake, and p is the “index”
of the seismometer.

Theorem 4.18. Let the function A(z) be twice differentiable and suppose that through
every pair of points z; and z, in the ball Q) there passes a unique geodesic y(x1,z2) of
the metric ds? = A? |dz|*.

Then the function R(u,p1,p2) = g(u, 1) — g(u, p2) of the variables (u, p1, ps), |u} £ 1,
pi € 0Q), is continuously differentiable and the following formula holds:

2
di? =) Aij(u)duidy; = i [maxz aR] .

=1 j=1 P1.pP2 i=1 8’1[1

From Theorem 4.18 it is clear that the intrinsic geometry of the Riemannian manifold B is
determined by the function g(u, p). This leads to corollaries of an interest for applications.
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COROLLARY 4.1. Let the dimension of the space R™ be three, and B be a closed convex
level surface of a function A = A(z); that is, B = {\(z) = ¢}. Then the surface B is
uniquely determined by the function g(u,p) to within the similarity and position in the

ball Q.

COROLLARY 4.2. Let m = n and let B be a simply-connected region with a smooth
boundary; then both the function A = A(z), z € B, and the region B are uniquely
determined by the function g{(u,p) to within the conformal transformations of the region
B.

Given additional hypotheses on B and the function a(z} we may somewhat strengthen
Theorem 4.18, namely

Theorem 4.19. Let B be a simply-connected n-dimensional region with a smooth bound-
ary and let the function a(z) = 0, z €B. Then the elements of the matrix c;;(u) inverse
to A;;(u) satisfy the relationship

n n ag ag
Ezau' c']( )

=1 j3=1

for all p € dQ and, therefore, are uniquely determined by the set g%(u) = g(u, pi) of values

of the function g(u,p) at the points p = p, € JQ where the determinant <8g (Z‘q )
u; u;

is nonzero, k = 1,2,...,n(n+1), 4,7=12,...,n

Here the function A(z), z € B and the region B are unique to within the conformal maps.

4.4 THE STRUCTURE OF RIEMANN SPACES AND PROBLEMS OF
THE INTEGRAL GEOMETRY

The aim of this section is to formulate and prove the necessary and sufficient condition
for the resolvability of Riemann spaces, and the existence of certain structures in these
spaces, using the integral information associated with the geodesics. We give a detailed
analysis of the results reported in section 4.2.6.

The proofs are based on the differential identities and theorems of uniqueness and sta-
bility of solutions to problems in integral geometry. The results can be used, in particular,
by determining the Riemann metric by the lengths of geodesics which connect the bound-
ary points of a smooth Riemann manifold. This problem is sometimes called the problem
of nonlinear tomography. Its solution can be appreciably simpler if the Riemann space
has an additional structure, €. g., a primary integral of geodesics. We shall establish the
criteria for the existence of a primary integral which is a homogeneous polynomial with
respect to the vector tangent of the geodesic. The existence of this integral is equivalent
to the conservation of some symmetric covariant tensor field by the flow of geodesics, or
(which is the same ) to the identity du = 0, where d denotes the symmetric part of the
covariant derivative. Besides, we shall consider the symmetric tensor fields which satisfy
the equation du = c(g® g ® ... ® g) where o denotes symmetrization, g is the metric
tensor, and @ denotes the tensor product.

The criteria for the existence of these fields on manifolds with a convex boundary of
nonpositive curvature are given in terms of the lengths of the geodesics connecting the
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boundary points. In conclusion we shall formulate a criterion for the zero Gaussian cur-
vature of a two-dimensional Riemann metric; it is based on the so-called turning number
of geodesic which connect the boundary points of a circle.

4.4.1. Designations, preliminary considerations and results.

We assume that M is a smooth n— dimensional Riemann manifold and T is a tangent
fibre bundle for M. Let us denote the points of T' by (z,¢), where z € M and € € T, (T,

is a tangent space at the point z). We use coordinate systems

(x7U, ...,z €, ..., €")

on T, where U C M is the domain of definition of the coordinates (U, z!,...,2") on M,
7 is a projection T — M, and ¢* are the coordinates of the vector ¢ € T, with respect to
the basis 8/9z',i=1,...,n

Let |¢| denote the length of a vector ¢ € Ty, €] = \/gi;(2)E'¢7, where gi;(x) are
covariant components of the metric tensor. We use the conventional rule which implies
summation for recurring subscripts and superscripts. Let us consider the submanifold
of unit vectors in T":

O={(z,6)eT: £ €.},

where (1, is a unit sphere at the point z, and use on {} the same coordinates as on T,
bearing in mind that || = 1.

We shall introduce some objects of tensor analysis on the tangent fibre bundle for the
manifold M (see (Pestov and Sharafutdinov, 1988)).

A tensor of type (r,s) on the manifold T is called a semi-basic tensor if it can be
represented as

iydp 0 4 ; 3
u=u111~~~ia3€i, ®...®a—£i:®dz‘"®...®dz’ (4.6)
in each coordinate system (n~'U,z!,...,z™,€,...,£6") on T. Here u;‘l ']’ € C®(r7 ).

The coefficients in (4.6) are supposed to be real functions. By B] we denote the fibre
bundle of (r,s)— tensors on T, and C*(T, BY) denotes the set of sections in this fibre
bundle, i. e. the set of smooth semi-basic (r,s)— tensor fields on T. If N is a submanifold
in T, we denote the restriction of C*(T, B}) on N by C®(N, B}). In the scalar case
r = s = 0, and we use the designation C=(N). We can extend the conventional algebraic
tensor operations, such as addition, tensor multiplication, or convolution, to semi-basic
tensors. The Riemann metric determines the operation of changing from subscripts to
superscripts and vice versa, and allows us to introduce a scalar product

ildm

(uav) = Uiy im T (u’u) = |uI2,
for tensors of equal valency m =r + s.

h v
The differential operators of the first order V and v: C=(T, B]) —» C>(T, B;,,) can
be defined in the coordinate form as

) uf) 7) 1 9
Vku(’)_a_fk D Viul) = Viul) - Thé' 5 35,, Ugsy)

where I}, are the Christoffel symbols of the metric tensor g;;; Vkug; can be found by
the rules of covariant differentiation for the ordinary (r,s)— tensor fields on M. The
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h
operators V and V are called the vertical and the horizontal covariant derivatives (see
(Pestov and Sharafutdinov, 1988)), respectively. Hereafter, we shall use these terms. The
following formulas for these operators can be directly verified:

v oy vy v h h v
VeVi= ViV =V Vi- Vi Vi =0,
v h h v v o
(Vk VI_ Vl Vk) u= _R:klfq Vpu, u € C (T)7 (47)

v h v .k : h o L i
Vigi; =Vigi; =0, Vb =Vib; =0, V;&=0, V;{=¢;
where (R%,)) is a curvature tensor. We define contravariant derivatives

h i i h v . v
V'=¢"V; V' =g;V;
where ¢* are the contravariant components of the metric tensor.
A
The operator ¥V can also be considered on the fields which belong to C°((}, B}),

A h
because V ;|| = 0 and, consequently, V ;, ¢ = 1,...,n, are vectors tangent to § for
all {z,£) € Q. Besides, there are tangent vectors P; on §, which are defined by the
decomposition

.= L
TS

where ¢; = ¢;;¢7, and hence the operator

&R+P, R=¢£V,, Pi=|‘;|—2€j(fj Vi—&V;), (4.8)

P:C™(Q,B]) » C(Q,By,,), (Pu)j,, = (Puf]))

is defined correctly. Let P* = g;;P;.

The ordinary tensor fields on M can be identified with semi-basic fields whose com-
ponents are independent of £. We shall consider symmetric tensor fields on M, i. e.
(0, m)— tensor fields whose covariant components are symmetric about subscript trans-
positions.

Let S,, be a fibre bundle of symmetric tensors on M with valency m, and C*(M, S,,)
be a set of smooth symmetric tensor fields on M. The restriction of C*°(M, S,,) on M
is denoted by C*(0M, S,,,).

By d: C®(M,Sn) = C®(M, Spm+1) we denote the symmetric covariant derivative (see
(Sharafutdinov, 1984)), d = 0V, where o denotes symmetrization, and V is the operator
of covariant derivative. We define the divergence § : C*°(M, S,,) — C°(M,Sp-1), m > 1,
as

(6w)iy.ipy = gklvku.‘l....',,,_l, u € C*(M,Sp,).

The operator éd is a natural generalization of the Laplacian for symmetric tensor fields,
in particular, the Dirichlet problem

bdu=f, uly,=uo

has a unique solution for any uq € C®(0M, Sy,) and f € C°(M,Sy,) (see (Pestov and
Sharafutdinov, 1988)).
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For symmetric tensors u and v we define symmetric product uv = o(u ® v), and
denote the symmetric power of a tensor u by

m

u"=c(uuE...®u).

Let u € C*(M, S,,), m > 1. Then < u,{ > will denote a function on T (or on 2 ) which
is defined in coordinate notation as

< U,f >= uilmim(z){il = 'éima { € Tz‘7 { € Qz-

Let H = fj % be the geodesic flow of a manifold M (see (Godbillon, 1969)), and let §*

and 6Y be horizontal and vertical divergence, respectively,
I R
"u=vt, fu=vau
Of crucial importance for the proof is the following identity.

Lemma 4.1. Let w € C(T). Then the identity
[Vu|? - Rttt Viw Vi + 8(VwHw) = 84V + 20  Hu) - 2064V Ho) (4.9
is true for a semi-basic vector field V which is defined by
Vi =Vsu( Viw =€ Vi)
PROOF. By definition,
€i%fw = Huw.
As a result of the action of the operator %jw 61‘, we have

h 2 i h . v h h . v A v hod
‘Vw & VwV; Viw=V'w V;Huw = §"(v V Hw) — w8 (V Hw). (4.10)

Let us rearrange the second term on the left-hand side of this equation. According to
(4.7), we obtain.

: h . v h i h . h v h ; h . v - v i [ h
28 V'w V; Viw =28 Vw V,; Vjw =V Vw Vw)+ V;(£ Vw Vw)
2 i h h v .
- ViwV; Vw.

T h h h h PR h h h
=& Vw(V; Vu—V; Viw~ £ V'wV; Vi)w - |Vw

Here the first, fourth and sixth terms form §*V. Taking commutation formulas (4.7) into
account we find

2

. h . v h h . v . v h
28 Viwv; Viw = 8"V 4 8" (Vw- Hw) + Riju'¢* Viw Viw - ’Vw

Substituting this expression in (4.10) we obtain (4.9).
Let A € R!. We define a differential operator

P, =P, + AH,
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and an operator of the homogeneous extension of power A
Ryw = IfIAw (I”é_l) 3 6 € Tz, E 71" 0, we COO(Q)

We obtain a similar identity for functions in C(), as a corollary of Lemma 4.1.

Lemma 4.2. For each smooth function w(z,€) on 2

. . h .
\ewl 2 R,’jklflfkpjwplw + P;(Hw V‘w) + (2A + 1)(Hw)2

. (4.11)
=6"{V + 2w (VR\Hw)| } - 2wP\Hw
0

where

Vi =V ,;w(€P'w — £ Piw).

PROOF. The proof consists in applying identity (4.9) to a function R w and using (4.8)
(we should also take into account the properties of the curvature tensor and relations
PR, = R\P;, RR, = AR)).

Let M be compact oriented manifold. The differential form

dT = gdz Adé = gdz' A...Adz" AdE' A ... AdE™,

determines a volume element of the manifold T, where g = det(g;;). A volume element

df) in Q is defined by
dT = d |¢| A d9,

or

0 = \/gdz A dQ,,

where df); is a volume of a sphere ; and dT, = d[¢| A d©2,. In the coordinate notation
we have

dQ, = \/g(gld{"’ A ANAE" — L+ (=DMPHERAE AL AETTY), £ €N,
Let us define on 90 a differential form
dE=dSAQ,, z€dM,

where
dS = g(v'dz? A Ads™ — .+ (1)t A LA™Y

is a volume element of a boundary @M. The form dE is naturally referred to as the
volume form of the manifold df2, because

dQ = —dp A dE,

where p(z) denotes the distance from the boundary dM. The function p(z) is smooth in
the neighbourhood of the boundary, and Vp = —v on M.
In the sequel we use the following integral relations.
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Let u be a semi-basic vector field on T'. The Gauss-Ostrogradskii formula,
/ §ud = [, v)e, (4.12)
Q 80
holds for the horizontal divergence (see (Pestov and Sharafutdinov, 1988)). The formula
/ Pidd, = (n - 1) / (€, u)df2, (4.13)
Qs Qs
follows from the equality

/ vEdQY, = / vedTy, v € C®(Ty). (4.14)
e Kl<1

Indeed, we have

/fk (utifk - ugk&) dQ; = / [(kag): - (fk'llek):] d7,

2 K1

=(n—-1) / wdT, = (n —1) / Erudq,,
l€1<1 2z
and hence we obtain (4.13) for the vector field.
The operator of integration over the sphere {1, transforms the semi-basic tensor fields

on () to ordinary tensor fields on M. In particular, let us consider the symmetric tensor
field on M:

/ £ .. £man,.
QI
We shall know that the equation

/ £, gmdQ, = cpu(g™) (4.15)
Qs
is true, where g™ the m— th symmetric power of the metric tensor g'/,

m

m I_A—
g"=0(gRgR...08)

and
1-3-...-(2m—1)

n(n+2)...(n+2m-2)

Cm = On,

where o, is the the volume of unit sphere in R*. We prove (4.15) by induction.
Let m = 1. We easily see (e.g. in Riemann coordinates in the neighbourhood of a
point z) that

/si&jdoz = Cgij’
Qs
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where the constant ¢ can be defined from convolution
Opn

/dQ,=0n=cn, c=¢ = —.
n

Suppose that (4.15) is established for some m. Then, according to (4.14),

/ g gamng, O,

Qs

. 11 32 2 +1 12 11 13 1o +1 l2m+1 '1 i2m+l
- / [, 67 . gmu 4 82 gngs | gmn g g gEmagn | ghen ] dT,,
Kkl<1

Taking into account the homogeneity of the terms in the right-hand side, we rearrange
the latter equation:

/éix . €i2m+l &2m+2d
nz

T n42m ./ [ '2m+2§'2 s éizm“ + 5::::: oy '£i2m+l] df2..

Changing from subscript to superscript and using the induction assumption, we get

J6man.

UL +2 myi2...482m41 2m+182m+2 ( o7 \$1 - 2m41
(g2 (g )irfamir 4 glamrizmaz (g jirianaa |

+2m

= Cmp (gm+1 )il 32m42 .

Suppose that M is a compact dispersive manifold, i. e. a compact oriented manifold
which does not contain infinitely long geodesics and has a strictly convex boundary dM.
Then, we can define on  a function t(z,¢) as the length of a geodesic ¥(z,&,t) which
emerges from a point £ € M in the direction of a vector ¢ € 1,. Here §) is a compact

manifold with boundary 9 = 3_Q N 3,0, where
0-0={(s,6) €R:x €M, (£v(x) <0},
Q={(z,)eQ:2 €M, ((v(z)) >0}
and v(z) is the unit outward normal of M at the point z. We also designate
3 = {(2,¢) € 2 : (£, v(2)) = 0}.

Obviously, 9,02 = 9(9-) = 0(3+9). By definition, t(z,£) = 0 for (z,£) € 0;+0. The
restriction of the function t(z,£) on §_ will be denoted by ¢5(z,€). We define a mapping
P :0.0— 9

1/)(1"{) = {7 [zvaio(f'?,f)] ’ _';/ [lL‘,ﬁ,to((E,f)]} .

As above, let p(z) be the distance from the boundary M. In the region where p(z) is
smooth we consider the following decomposition similar to (4.13):

Vo= (Vp,V)Vp+0Q,
where
x h A
Qi=Vo(Vip Vi—Vip V).
The main properties of the function ¢(z,¢) are stated in the following lemma.

Lemma 4.3. Let M be a compact dispersive manifold. Then
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-

. H(z,€) € C(MN\BR),

2. Ht = -1, (4.16)
3. tp € C(0.9),
4

. Y is a diffeomorphism 0_Q to 0_§ and ¥ o ¢ = id, where id denotes the identity
mapping,

5. the derivatives P;t and Q;t are bounded in Q\3Q.

PROOF. The following proof of statement 1. is given in (Pestov and Sharafutdinov, 1988).

1. Let a set My be defined by
Mo={z €M, p(z)>po, po>0}

The function p(z) is smooth in a certain neighbourhood of the boundary. Let us
assume that po is so small that a set M\ M, can be considered as this neighbourhood;
it is evidently a smooth manifold. Hereafter we consider p(z) only on M\ M,. The
function ¢(z,£) is a solution of the equation

p(7(17 E, t(.’l:, 6))) =0.

Suppose that cos ¢(z,£) corresponds to the angle between a geodesic and M, i. e.

p((z
cos p(z, €) = —L“(a_tfﬂ

where t = t(z,£). Since v(z,£,t) is a smooth curve which smoothly depends on the
initial data, then, according to the implicit function theorem, t(z,£) is a smooth
function for all (z,¢), where cos ¢(z,£) # 0 . This inequality holds for all (z,¢) €
D\ GoR, provided that the boundary is strictly convex.

2. Let (z,£) be an interior point in the manifold . We define the operator h; of trans-
lation along the geodesic flow:

ht(z,g) = ('y(:z:,é,t), ")’(:E,.f,t)), —t(.’l,',—f) <t< t(.’E,f).

Direct calculation based on the equation for geodesic, 5* + I‘j-,c"yj"y", leads to

d o
5~ (woh) = (Hu)oh, ueC™() (4.17)

Applying (4.17) to t(z,{) and assuming ¢t = 0 we obtain (4.16) (we take into account
that t(hy(z,¢)) = t(z,¢) — t and hy = id).

3. Let t; denote that part of the function t|,, which is an odd function in €. It is
evident that t; = t5/2 on 9_§). We are to show that t; € C°(9f) and thus prove
statement 3.

Let us consider the function

w(z,&,t) = p(v(z,6, 1), (,6) €0, —t(z,—¢) <t <t(x,),
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where j(z) is a smooth extension of p(z) to the entire manifold M (p(z) is defined
only on M\Mo). Integrating the identity (i) = f +t & from —t(z, —¢€) to t(z,¢)

we have
ty (z:€)

265 (2, €)iln, 6,265 (2,6) = [ tila, €, )dt.
0

Changing the integration variable and dividing by 2t; we obtain

1
F(a,6,2t5) = e, ,2t7) — 25 [ sii(a, €, 26t5)ds = 0.
0

It follows from 1. that the function tlaQ is smooth on AQ\0w@. Therefore, it

is enough to establish that f; is a smooth function in the neighbourhood of any
point (zg,&) € 8. The function F(z,¢,t) is defined and smooth for (z,€) € Q,
—t(z,—€) <t < #(z,£) and satisfies the conditions

F(zo, EOaO) = —(V(IO),fo) =0,

1. 1, .
Fi(z0,£0,0) = 5 (z0,60,0) = 5 6V ,0(a0) < 0.

The latter inequality implies that the boundary M is strictly convex. According
to the implicit function theorem, the smoothness of F implies that ¢ is also smooth
in the neighbourhood of (z9, &), and consequently ¢, is smooth on 9.

4. The fact that 1 is a bijection follows from the uniqueness of the solution to the Cauchy

problem for geodesics, and 3. implies that the mapping ¢ is smooth. Equation
1 o ¢ = 1d is evident.

5. The ratio to(x,€)/ cosp(z,€) is bounded on J-0\Gf) (Pestov and Sharafutdinov,
1988). This implies that the function ¢(z, )/ cos p(z,£) is bounded in (01, where
() is the interior of the manifold €.

Let (z,¢) €0. Consider a point {z1,£) € 0_€ with:
T = 7(i7£’_t(31—£))7 £l = —"Y(I,{',—t(x,—f))-

We have Hon &)
1,41
cos p(z1,&1) <6
but cosp(z1,&) = cosp(z,€) and t(z,€) < t(z1,&), therefore
(o _,
cosp(z,€)

Similar to 3. we introduce a function
p(x,€,t) = p(v(2,§,t)).

Here we consider this function on the set (z,¢) E(ol, 0 <t <t(x,§). Integrating the
identity
(th) = fo+ tid
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from zero to t(z,{) we obtain

t(z,€)
~t(z,§) cos p(2,8) = —i() + [ tik(a,,8)dt. (4.18)

0

Since t(z,§) € C°°((?l), it is enough to verify statement 5. for = EM \ Mo, where M
is the interior of M. For these z we can replace g(z) in (4.18) by p(z). Let us apply
the operator P; (or Q;) i =1,...,n to (4.18) (note that P;p = Q;p =0 ):

— cos p(z, §)Pit(e,§) + (z,£) [(Pip)(z, €, e, §)) + iile, £, 1z, §))Pit(z, )]

t(z6)

= U, Oz, £,ta, OPit(z,€) + [ tPuiz, ¢, 1)t

This together with the boundedness of t(z, £}/ cos ¢(z, £) imply that the derivatives

Pit(z,£) and Q;t(z,£), i = 1,...,n, are also bounded on (ol ( in any coordinate
system).

4.4.2. Formulation and proof of the main results

We assume that M is a compact dispersive manifold and
u€ C®(M,S,), m>1.
Calculations lead to
H < u,f >=<du,{ >, (4.19)

or, taking into account (4.16)

d
3 <t ¥ >=<du(v),7 >, (4.20)
where v(z,€,t). For du = 0 this implies that < u(7),¥ > is a primary integral for the
equation of geodesics. In particular, for (z,£) € 89, t = t(z,£) we obtain

< u09£ >= (—l)m < uo)f > 01/)1

where ug = u|,,,. Now the question arises whether there exists a smooth symmetric field
u of valency m > 1 on M such that du = 0, provided

<ug,§ >=(—=1)" < ugp, & > o9

on J_(} for field ug € C*°. We answer this question, as well as a similar question for the
equality du = g*, positively. This is one of the main results of this section.

Theorem 4.20. Let M be a compact dispersive manifold with nonpositive curvature,
1 e

Riuén’tn' <0
for allz € M¢, n € T, and let u € C°(M, S,,), m > 1. Then the following statements
are equivalent:
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1. édu = 07 < uO)E >= (_l)m < u0)€ > 01/"7 U = U M

2. du=0.

Theorem 4.21. Let M be a compact dispersive manifold with nonpositive curvature,
and u € C*°(M,S2_1), k > 1. Then the following statements are equivalent:

1. 6du=0, o+ <ug,é >+ <ug,é>09p=0, u=ulyy,

2. du = ¢k,

Theorems 4.1 and 4.2 are corollaries of the following result, which generalizes the main
result in (Pestov and Sharafutdinov, 1988).

Theorem 4.22. Let M be a dispersive manifold with nonpositive curvature, and

t(z )
w(z,8)= [ flh(z,8)dt,

0

where f € C°(Q) and P,f = 0 for some A > _n_2+l_. Then

wo = w|,_g € C¥(_N)

and

Iz, = ml—nﬁa /9 [I(Pwo, Quo) + 2wo (v, V Ra f)!n] dE, (4.21)

where

{(Pwp, Quo) = (finwo — §jP‘wo)u,~Q;wo.

PROOF. The function we is smooth because ¢y is smooth (Lemma 4.1). We shall show
that w satisfies
Hw=-f (4.22)

in Q. Let (z,6) €0 . Then

t(=€)
Hhi(@,) =z, ) =, w(hi(z,€) = [ flhu(z,))dt

T

for all 7 in the interval 0 < 7 < #(z, €). If we differentiate the latter equation with respect
to 7, put 7 = 0 and take into account (4.17), we obtain (4.22).

By 2y we denote the tangent fibre bundle for the manifold M, introduced in Lemma
4.3. The function w(z,§) is smooth on 4 because t(z,£) is smooth. In particular, the

derivatives P;w and Q;w, i = 1,...n are bounded in S?l in any coordinate system. Let us
apply (4.11) to the function w|, . With regard to the theorem conditions this leads to
the inequality

h
e

2 4 Pi(Huw ©'w) + (24 + 1)(Hw)? < 6 (v + 2w (%R;Hw)

) . (423)
Qo
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.k - .
where v' =V ;w (§P7w — ¢P'w). Integrating (4.23) over Qo we take into account (4.12),
h
(4.13) and the obvious inequality }V w' 2> (Hw)? to get

] dE07
Qo

where vq is the outward normal to dMp, and dEj is a volume element of the manifold
9. Let us show that (4.21) can be obtained from this inequality for po — 0.
Let

1 v
1713, = DIl / [I(Pw, Quw) + 2w (v, V R, f)
3o

0.0 ={(2,6) €00 :|({,m)| <€}, O<e<].
We have
/ I(Pw, Qu)dE = / I(Pw, Qu)dE, + / I(Pw, Qu)dEo.

3t EX0 N 300\3.0

Since w is smooth on Q\3(2, the second term tends to

/ I(Pw, Qu)dE,

a_0\8.0

when po — 0 (recall that w|y o = 0 by definition). As for the first term, its absolute
value is bounded by ¢z with constant c independent of py, because the derivatives P;w

and Q;w, are bounded on 6 Hence, we see that

/ I(Pw, Qu)dEe — / I(Pwo, Quo)dE
o 8-

for pg — 0. The theorem is proved.

Proof of Theorem 4.20. The fact that 2. implies 1. was proved before (Theorem 4.8).
Suppose that 1. is satisfied. Let us consider a function

t(z,€)
w(z €)= [ flhiz,E)at

0

where f =< du,£ >. The function satisfies the condition of Theorem 4.22, namely
Py f =< édu,é >=0, for A = m + 1. Then, from (4.19) we have

w(z,§) =< u(y(z, Uz, ), Hz, &z, ) > — <u(z),{>,

and, according to the theorem condition, wg = w(,_g = 0. Therefore, and from (4.15) we
have du = 0.

Proof of Theorem 4.21. Let du = ¢* and v € C®(M, Szx_1), k > 1. It is easy to see
that < g*,& >=1if |¢| = 1. Hence, according to (4.19),

H<ué>=1,

and consequently

H(t(z,6)+ <u,£>)=0.
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Taking into account (4.17) we obtain

d

5 bz, ) =0,

where w = t(z,£) + (u,€). Hence
to(z, &)+ < ug,§ >= — < ug,& > oy

(here t|5,q = 0). The equality ddu = 0 is evident since Vg = 0.
The inverse statement can be proved similar to that of Theorem 4.20, but instead of
f(z,€) we consider the function < du — g¥,¢ >. Here

t(z,f)
wz)= [ fh(o)dt =<u(r), i>-<ul), €>-tae)

0
Further we need to verify that the conditions of Theorem 4.22 are satisfied. As a result,
we obtain du = g*.

The problem of describing Riemann spaces which admit symmetric tensor fields sat-
isfying du = 0 or du = ¢™ remains unsolved, except for the cases m = 1 and m = 2

(Favard, 1957).

4.4.3. Two-dimensional case

In a two-dimensional case the necessary and sufficient conditions for the Gaussian curva-
ture of regular 2D metric to vanish can be found in terms of the turning of the metric
geodesics under weaker conditions.

We consider a positive definite two-dimensional Riemann metric of the class C? in the
circle z2 + y? < 1:

ds? = E(z,y)dz? 4 2F (z,y)dzdy + o(z,y)dy>. (4.24)

We further assume that any two points of the circle 22 4+ y% < 1 can be connected in the
metric of (4.24) by a unique geodesic which depends on these points as a continuous and
differentiable function.

The Gaussian curvature k(z,y) of metric (4.24) is given by the following formula
(Favard, 1957)

OE OE
E % o 9F _9F OF 9o
k__LFa_Fﬁ__l_iay 9z) 9\os s
T 4H? dr Oy 2H |9y H Oz H !
do 0o
7 oz Ay

H=+FEoc — F2.

Suppose that a geodesic 7(@,b) = (z(t),y(t)) (in metric (4.24)) connects two points &
and b in the circle 22 + y% < 1. Then the number

Hy Hy'
P(a,b) = / dyp = arctan ———— — arctan —————— ,
¥(a:b) Ez'+ Fy (z.9)=b Es'+ Fy' (zy)=a
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Hy'(t)
Eg'(t) - Fy'(2)
is called the turning number of this geodesic. In case of the conformal Euclidean metric
E=0,F=0and
y'(t)
tan @ = 2.
anp =~ @
From the viewpoint of inverse problems for differential equations and particularly, kine-
matic inverse problems (Anikonov and Pestov, 1990a), it is interesting to determine the
metric in (4.24) and its structure using the integral information on geodesics connecting
only the points of the circumference z? + y? = 1.
Let (21, 22) be a geodesic of metric (4.24) which connects two points z; and z; be-
longing to the circumference z? + y> =1 and 0 < 2z; < 27, 0 < 2z, < 27, Let P(2,2;)
denote the turning number of ¥(zy, z2):

tanp =

P(z,2) = / dp, 0<2<2r, i=1,2

(z1,22)

Theorem 4.23. The Gaussian curvature k{z,y) of metric (4.24) is zero if and only if
P(z1,z2) can be represented as

P(z1,22) = fo(22) — fo(n1),
where fo(2) is a continuously differentiable function of z, 0 < z < 27 and fo(0) = fo(2r).

PROOF. Suppose that k(z,y) = 0 in the circle z? + y? < 1. If functions a(z,y) and B(z,y)
are defined by

_ VE(OE 9 H 1 o H
=7 (% ~ave) P p(Fer o),

the following equations are true (see (Favard, 1957)):
—dy = adz + fdy, (4.25)
d{adz + fdy) = —k(z,y)H(z, y)dzdy. (4.26)
Since k(z,y) = 0 in the circle z? + y? < 1, then from (4.26) we have
d(adz + Ady) = 0.

According to the Poincaré lemma, there exists a continuously differentiable function
f(z,y) such that
adz + Bdy =df, 2*+y*<1.

From this equation and (4.25) we obtain for 4 the relation
—dy = df.

Integrating the latter equation along the geodesic y(z1, z;) we have

P(z1,22) = fo(22) — fo(z1), (4.27)
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where fo(z) = — f(cos 2,sin z).

The inverse statement may be proved by using more sophisticated reasoning. Thus,
we suppose that

P(Z], 22) = fo(Zg) - fo(zl) (428)

holds for all z;, 23, 0 < 2z; < 27, ¢ = 1,2, where fo(z) is a continuously differentiable
function of z, 0 < z < 2r. We are to prove that k(z,y) = 0 in the circle 22 + y* < 1.

Let f(z,y), z2+y* < 1 be a continuously differentiable extension of the function fo(z),
0 < z < 2. Using this extension and (4.25) we can rewrite (4.28) as

/ ade + fdy = / df,

¥(21,22) Y(21,22)

/ (a - g—ﬁ) (ﬂ - —f) dy = 0. (4.29)

(21,22}

or

Consequently, for any two points on the circumference z2 + y? = 1, the integral along
¥(z1, z2) of the differential form

_ of . _, 9f
w = adz + bdy, e=a-o-, b= —5?;

equals zero. If we show that dw = 0, the theorem will be proved. Indeed,
dw = d(adz + bdy) = d(adz + fdy) = —kHdzdy.

Therefore, if dw = 0, then k(z,y) = 0.

Let us prove the equality dw = 0. Assume that y(z,z,y) is a geodesic in metric {4.24)
and that it connects a point z on the circumference z? 4 y% = 1, and a point (z,y) in the
circle z2 + y? < 1. Let us consider the function

wzy,)= [ w= [ ade+bdy (4.30)
(z.2.) ¥(z.2,9)

for 0 < z < 2m, 22 + y? < 1. It is convenient to assume that w(z,y,z) is a periodic
function of z, i. e. w(z,y,z+ 27) = w(z,y, z). Differentiating (4.30) along v we have

8—wc050+3 sinf = acos@ + bsin 6,
0z Dy d (431)
05§ = ——— sinb

Vdz? + dy?’ - Vdz? F dy?’
y

Besides, from (4.29) and (4.30) for z = z; and z = cos 23, y = cos z; we have

w(21, €os 23,5in 23) = / w=0. (4.32)
¥(21,22)

The following equations are valid:

[(%% —a) sin 0 — (%;3 —b) cos0] 5 [(‘;Z’ a) cosf + (g b) smo]
_[(%%:a)cosu(%’yf—b)smo}%[(‘Z a)sm0 <a——)coso]
- G- - Go-A)3a o5 G- 2 6502 639

0
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Hence using the Stokes formula, the periodicity of w(z,y, z) (with respect to z) and (4.32)
we integrate to find

[ G -G ammeme

0 x24942<1

According to the conditions of the theorem, any two points in the circle can be connected
by the unique geodesic v, particularly, the points z and (z,y). Therefore, the function
8 = 0(x,y, z) is strictly monotone with respect to z for each fixed (z,y), z* + y* < L.
Consequently, (4.33) implies

ow ow

Mma, oy,

oz Jy

which, in turn, yield d(adz + bdy) = dw = 0. The theorem is proved.

4.5 THE SOLVABILITY OF A PROBLEM IN INTEGRAL GEOMETRY
BY INTEGRATION ALONG GEODESICS

We consider the question of the solvability of a problem in integral geometry in the case
when the curves along which the integration of the unknown function is carried out are
geodesics of a fixed analytic metric (see 4.2.5). Here we give the proof. Let

ds® = B*(z,y)(dz? + dy?) (4.34)

be an analytic metric, defined on the (z,y)— plane. Henceforth we suppose that B > 0
and 0B/dy < 0. We denote by ¥(¢,¢) the geodesic of the metric (4.34) starting in the
point (£,0) at an angle ¢ and let y(£, ) be the part of (¢, ¢) lying in the half-plane
y > 0. '

We consider the following problem: in the domain —§ < £ < 6, 0 € ¢ < oo the

function
w(é,p) = / Az, y)y/de? + dy?

~(&#)

is defined, and one is required to find the function A(z,y) in the domain y > 0.

Before formulating the result, we give some auxiliary material. We denote by (¢, ¢),
the point of the line y = 0 that belongs to the geodesic ¥(£,¢) and by 8(¢, ) the angle
that v(£, ») makes with the z— axis at the point (7(¢,¢),0). We put

a(fas") = B(£70) sin P b(ﬁ»‘p) = B(’?(f, 50)’0) sin 0.

The equations of the geodesics of (4.34) for the choice of parameter

‘= / Vdz? + dy?
=/ =5

4
are as follows

d’z 0B d% aB dz\? dy ? 2
Frr i B-a—z, Fri B—gy—, (E) + ( = A° (4.35)
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Using this notation, we see easily that any first analytic integral of (4.35) can be written
in the form
#(z,9,2,y") = u(z,y,9)2" +v(z,y,9),
where u(z,y,y’) is an even analytic function of ¥’ and v(z,y,’) is an odd analytic function
of y'.
Henceforth we consider real analytic functions in a neighbourhood of the origin of a
real Euclidean space E™*, n > 1.
Let F be the set of all analytic functions f(z,z2),z,z € E'. We denote by R the set
of analytic functions r(z, z) generated by the first integrals 7 of (4.35); namely, if
47
F=ulz,y,y) +o(eny) 3 =0
is a first integral of (4.35), then r(z,2) = u(z,0,2) + v(z,0,2). Let F/R be the quotient
space of the equivalence classes: f ~ g if f — g € R. We define the set A of functions
w(é, ) by putting for f € F

w(ep) = 5 D)L+ B(1,0)cos — fn, ~b)(1 — B(n,0) cos0]
~ 5 [f(6,@)(1 + B(E,0) cosp ~ f(&,~a)(1 ~ B(&,0) cos ¢].

Here n(€, ), b(£, ©), a(€,v) and 8(¢, ©) are the functions defined above. We may denote
a representation of the function w(¢, ) by Af and write w = Af, f € F. We denote by
Df, f(z,z) € F the analytic function A(z,y) of the variables (z,y) defined as follows: we
consider the system of equations

0 o aB

Ei PR L
avk auk 0B 3uk+1 2 oB (*)
dy ~or  UrBay m o BT kA 3unByn

with Cauchy data
Uklyeo = up(2),  vklymo = v2(),
such that -
3 (ug(ar:)zz’C + v2(z)z2k+1) = f(z,2), f(z,2) € F;

k=0

if this problem has an analytic solution uk(z, y), vi(z,y), k = 0,1,2,.. ., then by definition

_ 3B BB 6u0
Df = u0($,y)g + vo(Z,y)% +5-B.

Theorem 4.24.

1. A necessary and sufficient condition for the solvability of the integral geometry problem
in the class of analytic functions A(z,y) is that the function

w(é, ) = / Az, y)y/dz? + dy?

¥(£,)
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can be represented in the form w = Af, f(z,z) € F . For any function f(z,z) € F
the operation Df is defined, and

Af = / Dfy/de? + dy?.

¥(¢)

2. Afy = Af, if and only if the equivalence classes of F[ R corresponding to the functions
fi(z,2) and fa(z, ) coincide.

/ My/dz? + dy? = / Azy/dz? + dy?

¥(€4) (&)

3. If

and A(z,y), i = 1,2, are analytic functions, then M\ (z,y) = A (z,y).

PROOF. Let A(z,y) be an analytic solution of the integral geomtry problem. We consider
the Cauchy problem

ou 1 ou av av 1 ov 0t/ 2 _ 0B
BB 5yt o] 5 gyt () v+,
dy Oy
(4.36)
ﬂ'z:O = ao(I, y)’ ijlz:(] = ’l}o(.’l}, y)’ (437)

where tg(z,y) and ¥o(z,y) are certain analytic functions. Since by hypothesis B > 0
and dB/dy < 0, it follows from the Cauchy-Kowalewski theorem that there is a unique
analytic solution 4(z,y, z), (z,y, 2) of this problem. We put

17(1, y,z) - ’6(1‘, Y, —Z)
2 .

u(z,y’z) — ‘&(1:, yaz) + ﬂ(z,y, _Z)

5 : (4.38)

v(z,y,2) =
It is easy to see that these functions are the solution of (4.36). Since u(z,y, z) and v(z,y, 2)
are even and odd in z, we can expand them in the following series:

u=) u(z,y)z i_o: )22+, (4.39)

k=0

Substituting these series in (4.36) and comparing coefficients, we obtain

Our _ 0% oy 1)Ba—Buk+1,
Ay Oz 9y (4.40)
o _ 0w BB Oeipr (o) 4 3)u BED
oy~ oz U1 B = o k41 By’
B 8B a’Uo
Ao,1) = oz, 9) 5o+ wo(e,9) 5+ G Bz, (4.41)

We consider the function g(z,y,z’,y’) defined as follows:

g = u(z’ y’ y,)zl + v(z’y’ y’)7
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where u(z,y, z) and v(z,y, 2) are defined by (4.38). Let the parameter ¢ on the geodesic
v of the metric ds? = B¥(z, y)(dz* + dy?) be chosen as

. / VIZZ T dy?

As we noted above, for this choice of t the system of equations that defines the geodesic
~ has the form

2 2
d*z 0B dy=B(9_B dI—Bcoscp,

w==-8% @ By i = Bsingp, (4.42)

dy
dt

where (cos ¢, sin ) is the unit tangent vector of y. We show that whatever the geodesic

v = {z(t),y{t)}, we have

i lo(e0 )] = re0w0 Beo0.

In fact,
d 9., 9 . 9 . 09 .
= 5" T oY Yo Ty
Since ¢ = uz’ + v and " = Ba—B—, "= B?B it follows that
oz dy
dg (Ou , Ou) , du , Ou 6B ou , Ou JB
dt—(azx-*- >z+(ayz+ay> + B (6’ +a—y,>B6—y-.

Replacing 2> by B? — y'? and using the expansions (4.39) of u(z,y,y’) and v(z,y,y') as
series in y’, we have

0 0
dt (Z l:_uli + ‘—v'k' +2(k + 1)uk+1B%£] Izk“)

' 0 0 B
n Z 2%k+2 ( v O 4 uk+1B6 (24 3)vk+130B 6uk+1B )

dy Bz Oz dy oz
dB aB d
B+ v0B a“°32
The functions ui(z,y) and vi(z,y) satisfy the system of equations (4.40), and so
dg 9B 0B Buo 2

By what we proved above (see (4.41)),
0B 0B 6u0

B 2
o +voB— 3 3 ——B* = A(z,y)B.
Consequently (4.43) can be written in the form
dg

i AB.
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Let f(z,2) = u(z,0,2) + v(x,0,2). We then have

f(z,2) + f(z, ~2)
2 k)
Integrating dg = ABdt along the geodesic v(£, ), we obtain

~9(2,0,2, ¥ ) i) = / B,
¥(&.0)

f(.’l:,Z) —2f(17_z). (444)

u(z,0,2) = v(z,0,2) =

the left-hand side of which is equal to
9(n,0, B(n,0) cos 8, B(n,0)sin 0) — g(£,0, B(¢,0) cos p, B(¢, 0) sin ).

Substituting for g|,_, its expression g|,_, = (uz’ +v)|,_, and using (4.42), we obtain
r= (E, ) _
—g(z,O,z', y’)lz:z = Af

Since Bdt = /dz? + dy? along v and the function A(z,y) is defined by (4.41), we have

Af = / Df+/da? + dy?

v(€.0)
Now let

[o0]

flz,2) = ¥ (u3(2)2™ + vl(z)2*+)

k=0
be a fixed analytic function, and w(,p) = Af. We need to prove that the Cauchy
problem

Oun 9% _ 94111828 s,
ov du % gg Ju O OB (4.45)
O _ T8k Y YUkl p2 il
gy = ox wnByy ~ 5, B - (k4 3unByn
Ukl = vp(z), Uklymp = up(z), £=0,1,2,..., (4.46)

has a unique analytic solution wui(z,y), vi(z,y), where the series

oo
Z ukz2lc + 'Uk22k+1
k=0

converges. When proved, then the analytic function

bz + Uo—a—y + .

is a solution of the integral geometry problem for w = Af. The uniqueness of the analytic
solution of the Cauchy problem (4.45), (4.46) is proved by the usual method. The proof
of the existence is carried out by the method of successive approximations with the use
of majorants. Let f(z,z) be analytic in the domain |z| £ zo, |2| £ 2. We consider the
function f(a:,t) = f(z,ez), ez = t, where ¢ > 0 is an arbitrary number. The function
f(z,t) is analytic in the domain || < zo, |t| < zo/e and has majorant

M,

@) < s ,
(-5)0-%)

A(E,y) = Df = Ug

(4.47)
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where My, ¢ and toare constants. We choose € > 0 so that 1/t < 1. We put 1/to = b. It
obviously follows from (4.47) that if f(z,t) = 3 fi(z)t¥, then fi(z) is majorized by the
)
function Mo
Y k=0,1,2,..., b<l.
z
(1-3)
Zo
We consider the system of equations

B, _ Oor _ 2Ak+1) 0B

B—
0 Oz € dy Uty 5 (4.48)
OV, _ Oty 1]. JdB BﬂkH 2 . B :
By  or “![ukﬂ dz Oz B = (2 4 3)un B dy
with Cauchy data
ukly—O - uk(x)7 vkly:O - f)g(.’l)), (449)
such that

~0| M1b2k+1

(-2)
Zo
Suppose that the functions B2, Bg—B and BZ—B are majorized by
z ()

M
(-
a

where a > 0 is some number and a < zo. For any «, 0 < a < 1, the function

M,

JdB

0B
g > .. .
e and B_ay Since b > 1, the solution x(z,y), Ux(z,y)

of the problem (4.48), (4.49) is obviously majorized by the solution wi(z,y), Yi(z,y) of
the following problem:

is also the majorant for B2, B

acpk M3 61//'1: ]
k8 k
ay $+g _(9.’17 +( +1)(Pk+1-,
11— (64
a
oYy M, [ Doy, ]
B "7 Loy |ox TR (4.50)
1— o
a
M3b2k M3b2k+1

Phly=o = @ Velymo = ij

a
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1
Here M; is a constant M3 > max( 0M, , Ml). We look for a solution of the problem

(4.50) in the form ¢k (p) = ¥(p) = qx(p), where p = y + z. We have
o

dqx M
dq A(p)(p+ 1)grs1, A(p) = :
p
P 1 M;
"
a a (1 _ _)
a
We chose a, § and M > Mj so that in the domain |p| < 8 < a we have
1 M;
-3 <M.
el ) SRR
a
We conside the recurrent system of equations
dgi*! ; . o Mb*
dP —A(P)(P+1)Qk+1, ]—07112v-~'7 qk_(T_T)'
a

We suppose that for some j we have

Mt (k+1)(k+2)...(k+j+ 1)b*+

j ’
(1 - 3) it
a
and show that this inequality is satisfied for 7 + 1 also. For,

‘dqi-i-l

lai| <

< Mk 4 1)(k+2) . (k45 + 24

b5

Integrating this inequality with respect to p, we have

dp

|‘IIJ;+1‘ < Mit2git1(k 4 1)(k+2)1 Ak +j + 2)prH1H
- i+
(2o

which proves the assertion. We now show that the series

b

2 2 Mg (k4 1)(k+2)...(k+ 7+ 1)bk+s

k=0 5=0 (1 _ I_’)JJI
a

Mab

converges if a is sufficiently small. Suppose that (_p_ = b, and a are such that
-3

a
b+ b < 1 for p < a®. Such a exists, since b < 1. In this notation the series (4.51) can be

rewritten in the form (k414 )
+ J
uy 3 k1) T,

k=0 j=0

(4.51)
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but the sum of this series is equal to —M—~—2- We thus have shown that the series
[1-(+9)

(4.51) converges, and thereby we have proved the existence of a solution #(z,y), x(z,y)
of the problem (4.48), (4.49).
We put

uk(z,y) = e¥in(e,y), wilz,y) = "ulz,y),
where i, O is a solution of the problem (4.48), (4.49). Obviously ui(z,y) and vi(z,y) are
analytic and are a solution of the problem (4.45), (4.46). This proves the first assertion
of the theorem.

We now prove the second assertion of the theorem. Suppose that the equivalence
classes of the space F/R corresponding to the functions fi(z, z) and fa(z, 2) coincide. We
show that Afy = Af,. Since fi(z,z) and fi(z,2) determine one element of F/R we have
fi = fa = r(z, z), where r(z, z) is defined by the first integral uz’ + v of the system (4.35).
Along (&, ) we have

d
a(uz +v)=0.

Integrating this ,we obtain Ar = 0. Therefore Ar = A(f; — fo) = Afi — Af2 = 0, that is,
Afi=Af.

We now suppose that Af; = Af; and show that the equivalence classes corresponding
to the functions fi(z, z) and fa(z, z) coincide. We consider the difference r(z,2) = fi— fa.
The function r(z, z), as the difference of two analytic functions, is analytic. From this and
what was proved above it follows that there is a solution ui(z,y), vi(z,y) of the system
with Cauchy data

w2(e) = (@), ole) = raena(2), r=§rk(x)z* (452)

and we have

/ Dr/dz? + dy2.

213
Since Ar = Af; — Af; = 0 whatever the geodesic v(£, ), |€] < 8, 0 < » < 0o we have

/ Dry/dz? + dy? = 0. (4.53)
¥{é,0)

The function Dr is analytic, so it follows from (4.53) that Dr = 0. But this in turn
implies that

d
&(ux +v)=0

along the geodesic, where

oo oo
2k k
=Y w(ey™, v=3 w(=)y™",
k=0 k=0

and ux(z,y), vi(z, y) is the solution of the system (4.45) with data (4.52). In other words,
the function uz’ + v is a first integral of the system (4.35). Consequently r(z,2) € R .
This proves the second assertion.
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Since the function A(z,y) = M (z,y) — A2z, y) is analytic, the third assertion of the
theorem follows from Theorem 1.1.

REMARK . In the case f(z,2) = uo(z) + vo(z)z, = < & the system of equations (*) is
transformed into the system of Cauchy-Riemann equations

ou dv v Ou

priir A i

and we have

In particular, it follows that the solution of the integral geometry problem considered
above is unstable. On the one hand, small changes in ug(z) and vo(z) cause small changes
in w = Af, since w is defined by ug(z) and vp(z) alone. On the other hand, in order to
find a solution A = Df, we need to carry out an analytic continuation, and the solution
of this problem is unstable.
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