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Preface to “Fractional Differential Equations: Theory,
Methods and Applications”

A timely topic in mathematics and its applications is the theory of differential equations of
fractional order. Many real-world problems lead to such mathematical models. The contributions
in this book study some problems from different fractional calculus approaches ranging from
the classical Riemann-Liouville and Caputo classical fractional calculus to the most recent ones
such as g-difference calculus or Fabrizio-Caputo-Losada—Nieto fractional calculus. Some of
the real-world problems considered are Burgers equation, thermostat model, Navier-Stokes
equations, or Kirchhoff-Schrodinger-type equations. Therefore, different approaches and techniques
have been proposed to model these types of problems. This book is a collection of the papers
published in the journal Symmetry within one Special Issue: “Fractional Differential Equations:

Theory, Methods, and Applications”. The book consists of eleven contributions.

Juan J. Nieto, Rosana Rodriguez-Lépez

Special Issue Editors
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Abstract: The synchronization problem for impulsive fractional-order neural networks with both
time-varying bounded and distributed delays is studied. We study the case when the neural networks
and the fractional derivatives of all neurons depend significantly on the moments of impulses and we
consider both the cases of state coupling controllers and output coupling controllers. The fractional
generalization of the Razumikhin method and Lyapunov functions is applied. Initially, a brief
overview of the basic fractional derivatives of Lyapunov functions used in the literature is given.
Some sufficient conditions are derived to realize the global Mittag—Leffler synchronization of
impulsive fractional-order neural networks. Our results are illustrated with examples.

Keywords: fractional-order neural networks; delays; distributed delays; impulses; Mittag—Leffler
synchronization; Lyapunov functions; Razumikhin method

1. Introduction

Over the last few decades, fractional differential equations have gained considerable importance
and attention due to their applications in science and engineering, i.e., in control, in stellar interiors,
star clusters [1], in electrochemistry, in viscoelasticity [2] and in optics [3]. For example, the control
of mechanical systems is currently one of the most active fields of research and the use of fractional
order calculus increases the flexibility of controlling any system from a point to a space. Applications
of fractional quantum mechanics cover dynamics of a free particle and a new representation for a free
particle quantum mechanical kernel (see, for example, [4]).

The stability of fractional order systems is quite a recent topic (see, for example, Ref. [5] for the
Ulam-Hyers-Mittag—Leffler stability of fractional-order delay differential equations, Ref. [6] for the
Mittag—Leffler stability of impulsive fractional neural network, Ref. [7] for the Mittag—Leffler stability
of fractional systems, Ref. [8] for the Mittag-Leffler stability for fractional nonlinear systems with
delay, and Ref. [9] for the Mittag-Leffler stability of nonlinear fractional systems with impulses).
One of the most useful approaches in studying stability for nonlinear fractional differential equations
is the Lyapunov approach. Its application to fractional differential equations is connected with several
difficulties. One of the main difficulties is connected with the appropriate definition of derivative
of Lyapunov functions among thedifferential equations of fractional order. Impulsive differential
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equations arise in real world problems to describe the dynamics of processes in which sudden,
discontinuous jumps occur.

Most research on the synchronization of delayed neural networks has been restricted to the case
of discrete delays (see, for example, [10]) Since a neural network usually has a spatial nature due to
the presence of an amount of parallel pathways of a variety of axis sizes and lengths, it is desirable
to model them by introducing distributed delays. Note in [11] that both time-varying delays and
distributed time delays are taken into account in studying fractional neural networks with impulses
and constant strengths between two units. In all models of neural networks, one considers the case of
constant rate with which the i-th neuron resets its potential to the resting state in isolation, and the
constant synaptic connection strength of the i-th neuron to the j-th neuron (see, for example, [10]).
In our paper, we consider the general case of time varying coefficients in the model that allows more
appropriate modeling of the connections between the neurons. These more complicated mathematical
equations lead to an application of new types of fractional derivatives of Lyapunov functions and new
stability results.

In this paper, Caputo fractional delay differential equations with impulses and two types of
delays-variable in time and distributed ones are studied. Some results for piecewise continuous
Lyapunov functions based on the Razumikhin method are obtained. Appropriate derivatives of
Lyapunov functions among the studied fractional equations are used. Our results are applied to
study the synchronization of neural networks with Caputo fractional derivatives, variable delays,
distributed delays, and impulses. We study the case when the lower limit of the fractional derivative
is changing after each impulsive time. To the best of our knowledge, this is the first model of neural
networks of this type studied in the literature. Additionally, we study the general case of variables in
time strengths of the j-th unit on the i-th unit and nonlinear impulsive functions. Both the cases of
state coupling controllers and output coupling controllers are considered. Our sufficient conditions
naturally depend significantly on the fractional order of the model (compare with sufficient conditions
in [11,12]).

2. Impulses in Fractional Delay Differential Equations

Let a sequence {t;}2; : 0 < tq < b < tegq, limg oty = oo be given. Let ty # fy,
k=1,2,... be the given initial time and r > 0. Without loss of generality we can assume t € [0,11).
Let E = C([-r,0], R") with [|¢||o = max,c[_, |[¢(s)|| for ¢ € E, and [|.|| is a norm in R".

In many applications in science and engineering, the fractional order g is often less than 1, so we
restrict g € (0,1) everywhere in the paper.

1: The Riemann—Liouville (RL) fractional derivative of order q € (0,1) of m(t) is given by (see, for
example, [13-15])

t
fEDlm(t) = 1 di/ t—s)"Tm(s)ds, t>t,
to

where T’ (.) denotes the Gamma function.
2: The Caputo fractional derivative of order g € (0,1) is defined by (see, for example, [13-15])

1

t
Fa=n /(t—s)*qm’(s)ds, t> k.

to

fDim(t) =
3: The Griinwald—-Letnikov fractional derivative is given by (see, for example, [13-15]))

0
h
GLyq
2Dym(t) 71)5&% E "(qCrym(t—rh), t>tp.
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The Mittag-Leffler function with one parameter is defined as

[ Zi
Ea(z)fi;)m, a>0, zeC.

Definition 1. ([16]) The function m(t) € C9([ty, T], R") if m(t) is differentiable on [to, T] (i.e., m'(t)
exists) and the Caputo derivative gD‘?m(t) exists for t € [to, T1.

Consider the initial value problem (IVP) for the nonlinear impulsive Caputo fractional delay
differential equation (IFrDDE)

ED7x(t) = F(t,x;) fort > to, t # i, k=1,...,
Ax(t)‘t:[k = Ik(x(tk — 0)) for k = 1,2,. ey (1)
x(to+s) = ¢(s), se€[-r0],

where 0 < g < 1, Ax(t) |, = x(ty +0) — x(t), xy = x(t+5),5 € [-r,0], F: [0,00) x R" — R",
I - R" — Rn, (k =1, ,3,...), ¢ € E, where x(tk+0) = hmt_nk, >t x(t) < 00, x(tk —0) =
limf*,tk, t<ty x(t) = x(tk).

Denote @ (x) = x + It (x),k=1,2,..., x € R".

We will denote the solution of the IVP for IFrDDE (1) by x(t; ty, ¢) for t > ty. The solution of
IFrDDE (1) is a piecewise continuous function. In connection with this, we introduce the following
sets of functions:

PC(a,b) = {x : [a,b] — R" such that x(t) € C([a,b]/{t}),

x(t) = x(tg —0) = lim x(t), x(+0) = lim x(t) < oo},

PCl(a,b) = {x € PC(a,b) such that x(t) € C'([a,b]/{t;}),

K(b) =¥ (1=0) = lim x'(1), /(e +0) = lim 2'() < oo}.

The fractional derivatives depend significantly on their lower limit and it allows different
interpretations of piecewise continuous solutions of impulsive differential equations. This phenomena
is not characteristic for ordinary derivatives. In the literature, there are two main approaches to
interpret the solutions of impulsive fractional delay differential equations:

First approach to the solutions of (1) (A1 for IFrDDE).

The solution of the IVP for IFrDDE (1) satisfies the equalities (integral)

x(t) = x(t;to, ) =
¢(f — fo), te {to -7, to],
$(0) + oy [ (£ = )17 F(s, x)ds
+ Y5 L(x(t —0)), te (bt k=0,1,2,....

@

Formula (2) is given and used in [17]. It is a generalization to the formula proved in [18] for the
solution of impulsive fractional differential equations without delays.

Second approach to the solutions of (1) (A2 for IFrDDE).

The idea of this approach is based on the dependence of the Caputo fractional derivative on the
initial time point of the interval of differential equation, i.e., the lower limit of the Caputo fractional
derivative is changing at each moment of impulse of the differential equation. Sometimes, Equation (1)
in this case is written by
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S{D"x(t) = F(t,x¢) fort € (t, tgpq], k=0,1,...,
Ax(t)|i=t, = Ik(x(ty —0)) fork=1,2,..., (3)
x(tg+s) = ¢(s), s e [-r,0].

Then, the solution of the IVP for IFrDDE (1), respectively (3), is given by

47(t — t()), te [to -7, to],
$(0) + %q) ft; (t —s)171F(s, x5)ds for t € (to, t],
Dy (x(t = 0)) + Ji (E= )T (s, x5)ds

for t € (tkrtk-i—l]r k=1,2,....

x(t) = @)

Remark 1. Both Formulas (2) and (4) differ for fractional differential equations and they are generalizations to
impulsive ordinary differential equations. Both formulas coincide in the case of the ordinary derivative (g = 1)
because in this case we have

t t
@k(x(tro)n/fk F(s,xs)ds:x(tk70)+Ik(x(tk70))+/tk F(s,x5)ds
e k—1 ot
:¢(o)+/t F(s, x5)ds + ZI,-(x(t,-fO))+Ik(x(tk70))+/ F(s,x5)ds 5)
0 i—1 173

= ¢(0) + /t F(s, xs)ds + i L(x(t; —0)),
Tt i=1
but

Oy (x(t — 0)) + — ) /t (t — )7 VE(s, xs)ds

T(q) i
=x(t —0) + L (x(ty — 0)) + %q) /t: F(s, xs)ds

k-1

= (900 + L/tk (t—5)T F(s,x)ds + ) Li(x(t—0))) 6
T(q) Ji " i1 ' ' ©)

It —0)) + — ; /tt (£ — )1 1E (s, x;)ds

T(9)
1

#900)+ 15 /t: (t — s)T1F(s, xs)ds + é Li(x(t: — 0)).

Remark 2. In the case q = 1, the solution of the impulsive ordinary differential equation on each interval
of continuity could be considered as a solution of the same differential equation with a new initial condition,
defined by the impulsive function. It allows the application of induction w.r.t. the interval of continuity.

This is different for fractional differential equation.

If A1 for IFrDDE is applied, then E)qu(t) # E(qu(t)fort € (tg, trs1) and induction w.r.t. the interval
of continuity is not useful.

If A2 for IF¥DDE is applied, then induction w.r.t. the interval of continuity could be used.

A detailed explanation of advantages/disadvantages of both the above approaches for equations
without delays is given in [19,20]. The definition of the solution x(¢; t, ¢) of the IVP for IFrDDE (1)
depends on your point of view.

In this paper, we will use approach A2 for IFrDDE.
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3. Lyapunov Functions and Their Fractional Derivatives

In this paper, we will use piecewise continuous Lyapunov functions [21]):

Definition 1. Let « < B < oo be given numbers and D C R", 0 € D be a given set. We will say that the
function V(t,x) : [a —r, B) x D — Ry belongs to the class A([a —r,B), D) if

1.

The function V (t,x) is continuous on &, B)/{tx} x D and it is locally Lipschitz with respect to its
second argument;
For each ty, € (a, B) and x € D, there exist finite limits

V(te,x) =V (ty —0,x) =limV(t,x), and V(t;+0,x) =lm V(¢ x).
1t 2572

In connection with the Caputo fractional derivative, it is necessary to define in an appropriate way
dv(t,x)

the derivative of the Lyapunov functions among the studied equation. The choice =~ is adapted
from the case of ordinary differential equations, but it is not applicable since it does not depend on the

initial time point (such as the Caputo fractional derivative).

We will give a brief overview of the three main types derivatives of Lyapunov functions V (t,x) €

A([to — 7, T), D) among solutions of fractional differential equations in the literature:

first type— Let x(t) € D, t € [tp —r,T), be a solution of the IVP for the IFrDDE (3) (according
to A2 for IFrDDE). Then, we can consider the Caputo fractional derivative of the function
V(t,x) € A([to — 1, T), D) defined by

t
1 . d
r(17711)/0—5) 12 (Vis.x(s)) ) s o

te

DIV (t,x(t)) =

te = (tk,tk+1), k=1,2,---: tp € (i’o,T).

This type of derivative is applicable for continuously differentiable Lyapunov functions.
second type—Let p € C([—7,0], D). Then, the Dini fractional derivative of the Lyapunov function
V(t,x) € A([to —r,T), D) is defined by

5Dl5, V (£, 9(0), )
; 1 &= r+1 ®)
= timsup o [V(E9(0) = 1 (<) GCV(E = rhy(0) = (L o))
— r=1
tel, k=1,2,---: tkE(to,T),

where 9 = ¢(s), s € [-r,0].

The Dini fractional derivative (8) keeps the concept of fractional derivatives because it has
a memory.

Note that Dini fractional derivative, defined by (8), is based on the notation
. 1
DV (,(0), ) = limsup 12 [V (1, 9(0) = V(= p(0) ~ ME(t, o)) )
—0

In [17], the notation (9) is used directly. However, the notation (9) does not depend on the order g
of the fractional derivative nor on the initial time ty, which is typical for the Caputo fractional
derivative. The operator defined by (9) has no memory. In addition, if x(t) is a solution of (3),
then D¥V(t,x(t),x) # § DIV(t x(t)).
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For fractional differential equations without any impulses, notation similar to (9) is defined and

V(E—hx— WE(t, ) = T (<1)™1 GV (t — rh, x — WE(t, %)) is applied [16].

- third type—let the initial data (to,¢o) € Ry x C([~7,0],D)), D) C R", of IVP for IFrDDE (3)
and ¢ € C([—7,0], D) be given. Then, the Caputo fractional Dini derivative of the Lyapunov
function V (t,x) € A([to —r, T), D) is defined by:

£.Dls) V(¥ t0,90(0))
= limsup — L {V(t,¢(0)) — V(to, ¢0(0))

ht_f{ (10)
[+

_ Z 1)+, (V(t—rh,lp( ) = RIE(t, 90)) — V(to, ¢o(0 ))) }
fort € Jy,

where g = ¢(s), s € [-r,0],

or its equivalent

ka?3>V(t, Pi s 4’0(0))

(]
. hq{V(t,tP(O)) + Y (<1) (G (= i, p(0) *hﬁf(t,%))} (11)
h—0* =
V(to, $0(0)) fort € Ji.

(=5 (1 —g)’

The derivative D'7 V(t,¢;to, ¢0(0)) given by (11) depends significantly on both the fractional

order g and the 1n1t1al data (g, ¢o) of IVP for IFrDDE (3) and it makes this type of derivative close
to the idea of the Caputo fractional derivative of a function.

Remark 3. For any initial data (ty, ¢o) € Ry x C([—7,0], D) of the IVP for IFrDDE (3), the relation between
the Dini fractional derivative defined by (8) and for any t € Ji, ¥ € C([—7,0], D) and the Caputo fractional
Dini derivative defined by (11) is given by

DL Vit 90, 00) = Dl V0, 9(0), ) — o b

or

DLV (t 9ito, ¢0(0) = 5 DIy V(t,9(0),9) — KD (V(to, 40(0))).

In the next example, to simplify the calculations and to emphasize the derivatives and their
properties, we will consider the scalar case, i.e., n = 1.

Example 1. (Quadratic Lyapunov function). Let V(t,x) = x%, with x € R.
Case 1. Caputo fractional derivative: Let x(t) = x(t; to, ¢o), t € [to — T, T) be a solution of the IVP for
IFrDDE (3) withn = 1 and ¢y € C([—7,0], R) and we get

t
¢ DIV (1, x(t)) = ﬁ - s)*qx(s)%(x(s))ds < 2x(D)E(t %), t € Jo (12)
te

Case 2. Dini fractional derivative. Consider IVP for IFrDDE (3) with given initial data (to, o) €
Ry x C([-7,0],R). Let y € C([—7,0], R) be any function. Apply (8) and we obtain
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g - ENCIO)
tkD(3)V(t,lP(0),lP) =2¢(0)F(t, ¢o) + =) =q) te Ji, (13)
where o = P(s),s € [—r,0].
Note, if we apply (9) directly, we obtain DtV (t,1(0),9) = 2p(0)E(t, o).
Case 3. Caputo fractional Dini derivative. Use (11), Case 2 and Remark 3 and we obtain

c . _ (t —t )7‘7
D0V (693, 0) = 26(O)F (1 o) + (#(0))” ~ (90(0)) ey "

= 4Dl V(L p(0),9) — FDI(V(to,¢0(0))), fort € Ji € C([-7,0, R).

Example 2. (Lyapunov function depending directly on the time variable). Let V(t,x) = m(t) x? where
m e Cl(R+,R+).
Case 1. Caputo fractional derivative. Let x(t) = x(t;to, ¢o) be a solution of the IVP for IFrDDE (3).
The fractional derivative
1 t ! (s)x2(s) + 2m(s)x(s)x'(s)
¢ pa = ¢ 2 =
¢ DIV (t,x(t)) = § D (m(t)x (t)) = e ds
is difficult to obtain in the general case for any solution of (3). In addition, its upper bound is difficult to find.
Case 2. Dini fractional derivative. Let p € C([—1,0], D) be given. Applying (8), we obtain

KDl V(£ $(0),9) = $(0) m(DE(t, go) + ($(0)) KD (m(1)). (15)

Note that if we use (9) directly, then DYV (t,1(0),¢) = 21p(0) m(t)F(t, o), which unusually is missing
the derivative of the function m(t) (compare with the case of ordinary derivatives).
Case 3. Caputo fractional Dini derivative. Use (11) and we obtain

fk D(q3) V(t, l/]; to, ‘PO (0))

= 2p(0)m()F(t, o) + ((0))* KD (m(r)) - (4"’(0))2’"“0)%

= D% V(L p(0), ) - V(tof¢0<0>)%

= DL V(E9(0),9) — B0 (Vto,0(0))).

(16)

4. Some Comparison Results for Lyapunov Functions

4.1. Comparison Results for Delay Fractional Differential Equations

First, we will prove several comparison results for fractional delay differential equation without
any impulses. We will use Lyapunov function with the Razumikhin condition V(t + ©, (0)) <
p(V(t,9(0))), ® € [~r,0] for p € C([—7,0],R"), where p € C([0,0),R+), p(s) > s fors > 0.

Remark 4. A comparison result is given in Theorem 4.5 [22] by applying definition (9) for the derivative of V
and incorrectly replacing it with the Caputo derivative in the proof. Some comparison results applying A1 for
IFrDDE are obtained in [17], but induction w.r.t. the interval of continuity is incorrectly used (see Remark 2).

Consider the IVP for the following delay fractional differential equation (FrDDE)

%qu(t) = F(t,x¢) fort € (19,0],

17)
x(tp+s) = ¢(s), se[-r0],
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where x € R", ¢ € C([-1,0],D), D c R".

Lemma 1. (Comparison result with the Caputo fractional derivative) Assume:

1. The function x(t) = x(t; 1, ¢) € C1([10, ®], D) is a solution of the IVP for FrDDE (17).

2. Thefunction V€ A([to—71,0],D), D C R" is such that there exist positive numbers p,a : p > W
such that, for any point t € [19,0] : V(t+s,x(t+5s)) < pV(tx(t)), s € [-r,0), the fractional
derivative § D1V (t,x(t)) exists and the inequality

LDV (tx(t) < —aV(t,x(t)) (18)
holds.

Then, V(t,x(£ 70, ) < maxee(—r0) V(to +5,¢(s))Eq(—a(t — to)7) for t € [10,O].

Proof. Denote B = max,c[_,] V(70 + 5, $o(s)). Let e > 0 be an arbitrary number. Define the functions
m(t) = V(t,x(t)) for t € [1p — r,®]. We will prove that

m(t) < BEg(—a(t —19)7) +¢, t> 1. (19)

For t = 19, the inequality m(1) < B < B+ ¢ holds. Assume (19) is not true and, therefore,
there exists a point t* € (1, ©) such that

m(t) < BEg(—a(t —19)7) +¢, t € [1,t") and m(t*) = BEj(—a(t* —1)7) +e&. (20)

Lets € [—r,0].

Case 1. Let t* +s € [1p, t*].

Then, t* +s > 9 —r, t* =1 > 0and 0 < t* — 19 —r < t* — 19 + 5. Using the inequality
Eq(—wa®)Eg(—a(t —a)7) < Eg(—at?) for t > a with « > 0,4 > 0 and the choice of p, we obtain

Eq(—a(t —)7)

p(m(t*)) = pBEq(—a(t* — 19)7) + pe > B2 +e

Eq(—ar?) 1)
> BE;(—a(t* — 19 —7)7) + &> BE;(—a(t" +5—1)7) + & > m(t" +5).

Case 2. Let t* —r < t* 4+ 5 < 1.
Then, t* — 19 < —s < r and we get

Eq(—a(t” — 1))

> B B> t* . 22
Eq(fzxr'?) +e>B+e>B>m(t" +5s) (22)

p(m(t*)) > B
From (21), (22) and condition 2 of Lemma 1, it follows that the fractional derivative ¢ D7m(t*) exists.
From (20), it follows that

D (m(t) = BE;(—a(t* —1)7) — &) > 0. (23)

Then, using & DTE;(—a(t — 1)1) = —aEq(—a(t — 10)7), we get § DIm(t*) > —BaEg(—a(t* — 1)7).

From inequality (18), we get ¢ DTV(t*,x(t*)) < —aV(t*,x(t")). Therefore, the inequality
—BaEg(—a(t" — 1)) < §DIm(t*) < —am(t*) holds or BE;(—a(t* —1)7) > m(t"),
which contradicts (20). Therefore, inequality (19) holds for an arbitrary ¢ > 0. Thus, the claim
in our Lemma is true. [

Remark 5. If p = 1 in condition 2 of Lemma 1 then since Eg(—aa®)E;(—a(t —a)7) # Eq(—at?) fort > a
(see [23]), the inequality (21) is not true and the claim of Lemma 1 is not true.
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Note the comparison result for Lyapunov functions is true if the Caputo fractional derivative in
Lemma 1 is replaced by any of the other two derivatives. In the proof, we will use the following result.

Lemma 2. [22] Let m € C([1p, ©],R) and there exists & € (1p, ©) such that m(¢) = 0 and m(t) < 0 for
t € [10,&). Then, SEDm(&) > 0.

Lemma 3. (Comparison result with the Dini fractional derivative) Assume the function V. € A([t —r, 0], D),
D c R", is such that there exist positive numbers p,a: p > ) such that for any point t € |19, ©] and

Eg (
any function p € C([—r,0],R") : V(t+s,9(s)) < pV(t,$(0)), s € [—r,0) the inequality
V(t,9(0),9) < —aV(t$(0)) (24)

holds.
Then, V(t,x(t; 10, $)) < maXe[_q] Vit +s,<p(s))Eq(—oc(t — to)7) for t € [19, O] where x(t; 10, ) €
C7([t0, ©], D is a solution of the IVP for FrDDE (17).

Proof. The proofis similar to that in Lemma 1. The main difference is in connection with inequality (23).
Follow the proof in Lemma 1 and in this case we use Lemma 2 and obtain

CLpf (m(t*) — BE(—a(t* — 1)7) — s) >0. (25)
Now, using ¢ D7u(t) = GLD'7 L(u(t) —u(n)) = l%LD‘un(t) - %, we get

) i B+e
%LDW m(t) > %LD" <BEq(—lX(t -1)7) - B) + (t—1)T(1—q)

(26)
> ¢ Df (BE,,(fa(t* —10)1) = —BaEy(—a(t' — 1))

It remains to show that we have a contradiction. To see this for any ¢ € 1, t*] and h > 0, we let

[t—'ro]

=

S(x(t) ) = Y2 (<11 4G [x(t — i) — 9(0)].

Il
—_

T

Now, Tqu x(t) :%L Di (x(t) = x(1)) = limsup, o, ,}7 [x(t) —x(1) — S(x(t),h)} = F(t,x¢).
Therefore, S (x(t),h) = x(t) — ¢(0) — hTF(t,x¢) — A(h7) or

x(£) = FE(t, xe) = S (x(8),h) + $(0) + A(h) @7

with M — 0as h — 0. Then, for any f € [t, t*], we obtain

[

SLDYm(t) =m(t) — Y. (=1)"" (Com(t —rh)
r=1

[t T

(1)1 GV (t—rh,x(t) — th(t,xt)}
(28)

- Z (-1 qcr{v<t—rh,s<x(t>,h>+¢(o>+A<m>>
r=1

—V(t—rhx(t— rh))}.
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I

2 (_1)r+1 qu 74

r=1

Since V is locally Lipschitzian in its second argument with a Lipschitz constant L > 0, we obtain
-1y

{ (t—rh, S (x(t),h) + ¢(0) + A(RT)) — V(t — rh, x(t — rh))}

) TO [t—h'ro] .
<LH DG Y (140 (x(t ) - 4(0))
j=1
[',fo] 52
Y (=) (et = k) = 9(0))) || + LIAGDIT | X5 (=) 4] (29)
r=1 r=1
(2]

=y
- 1|( ¥ 0c) (

;-;21 (=) 4G5 (x(t = ji) _‘P(O)))H

(—1)* .

tTO

+ LIIA( hqm}

Substitute (29) in (28), divide both sides by h, take the limitas it — 0%, use Y32 ;Cr2" = (1+ z2)
if |z] <1, and we obtain for any ¢ € [1p, +*] the inequality

SLDT m(t) < tim —{ V(¢ x(t))

T T h—0+ h !

i

5‘

Z (—1)" GVt rh,x(t)fh"f(t,x*(t))}

[f—r(]]
A@D]] " r+1
L1 — 1 -1
TR T e ) ,:Z:l( ) qu)
i

70

(30)
1 [t TD]

+L hm sup ‘ Z (1)1 .G 7 Z; (—1)/*? qu(x(tfjh) 747(0))H
i=

r=

(52
< lim

. %{V(t,x(t)) - r; (1) GGV (t—rh,x(t) — h"f(t,x*(t))}.

Let t = t*. Define the function (®) = x(t* + ©), 6 € [—7,0]. Applying condition 2 to (30) for
t=t", we get

GL11
to D+

(52
1
( ) < 11%1+ W{V(t*/ ‘/’(0)) - ;; ( 1)r+1 l]CVV(t* - rh'lp(o) - th(t*’ lp)} (31)
= TODE’”)V(t*,w(O),po) < —aV(t,u(0)) = —am(t*) = —aBE;(—a(t" — 19)).
Inequality (31) contradicts (26). O

Remark 6. (Comparison result with the Caputo fractional Dini derivative) Lemma 3 remains true if
the Dini fractional derivative in inequality (24) is replaced by the Caputo fractional Dini derivative
%Dl V (%70, 90(0)).

4.2. Comparison Results for Impulsive Delay Fractional Differential Equations

Now, we will prove some comparison result for IFrDDE (3) using approach A2 for IFrDDE

10
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Lemma 4. (Comparison result with the Caputo fractional derivative) Assume:
1. The function x(t) = x(t;to, ¢o) € PC([to, ®], D) is a solution of the IVP for FrDDE (3) with ¢y €
C([-r,0],D).
2. The function V. € A([to —1,0],D), D C R" is such that there exist positive numbers p,a : p >
i,

Eq(—arf)

(i) foranyk =0,1,... and any point t € [ty, ty,1] N(to, O] such that V(t+s,x(t+s)) < pV(t,x(t)),
s € [—1,0) the fractional derivative { DIV (t,x(t)) exists and the inequality

B DIV (x(t)) < —aV(t x(t)) (32)
holds;
(ii)  forallk =1,2,... : ty € (to,®) and x € D, the inequality V (ty, x + I (x)) < V (i, x).
Then,
k
Vit (it g0)) < max Vit -+s,¢0(9) (TTEg(—alti = b)) Eyl—a(t = 1)),
- i=1

t € (te tisa] (lto, ©)-

Proof. Let ¢ > 0 be an arbitrary number. Define the functions m(t) = V(t,x(t)) for t € [1p — r, ©].
We use Lemma 1 and induction w.rt. to the interval (see Remark 2) to prove the claim.
For t € [to, t1], the claim follows directly from Lemma 1, i.e.,

m(t) = V(t,x(t)) < Sé?_a:(O] V(tg+s,¢o(s))Eq(—a(t —to)7), te€ [to, ). (33)

Let t € (t1,t]. Denote By = m(t;). Let ¢ > 0 be an arbitrary number. According to (33),
the inequality By < maxc[_y,o V(to +5,¢o(s))Eq(—a(t1 — t9)7) holds.
We will prove
m(t) < BiEg(—a(t —t)7) +e, t€ (t+0,t). (34)

From condition 2(ii), we get m(t; +0) < m(t;) < m(t1) + ¢. Assume (34) is not true on (t1, f],
ie., there exists a point t* € (f1, ) such that

m(t) < BiEg(—a(t —t)7) +¢, t €[t t*) and m(t*) = BiEg(—a(t" —t1)7) 4« (35)

Lets € [—r,0].

Case 1. Let t* +s € [, *].

Then, t* +5 > t; —r. Then, t* —t; > 0and 0 < t* —t; —r < t* — t; + 5. Using the inequality
Ej(—aaT)Eg(—a(t —a)7) < Eq(—at?) for t > a witha > 0,a > 0 and (35), we get

*\ * Eﬁ(ia(t* B tl)q)
pm(t*) = pBiEg(—a(t" —t)7) + pe > Blw"‘s (36)

> BiEg(—a(t" —t; —1)7) + & > BiEg(—a(t* +5 — 11)7) + & > m(t* +5).

Case2. Lett* —r < t"+s < Hh.
Then, t* —t; < —s < rand we get

Eg(—a(t" — )7

* q > > * _ .
pm(t*) > By E,(—ar?) +e>By+e> By >m(t*+s), s e [-r0] (37)

11
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From (36), (22) and condition 2 (i) of Lemma 4, it follows that the fractional derivative
§,DTm(t*) exists.

Similar to the proof in Lemma 1 with 1y = t; and B = By, we obtain a contradiction.

Therefore, inequality (34) holds for an arbitrary € > 0. Thus, for ¢ € (t1, f],

m(t) < BiEg(~a(t = h)7) < max V(to+s,90(s) Eq(—a(tr —t0))Eq(~a(t — 1)7).

Using induction, we prove the claim. [
In the case when the Dini fractional derivative, defined by (8), is applied instead of the Caputo

fractional derivative by using Lemma 3, we obtain the following result:

Lemma 5. (Comparison result with the Dini fractional derivative) Assume the function V€ A([t9—r,©], D),

D C R" is such that there exist positive numbers p,a: p > W

(i) foranyk = 0,1,... and any point t € [t ti411]N(to, ®] and any function € C([-r,0],R") :
V(t+s,(s)) < pV(t (0)), s € [—r,0) the inequality

LV (E9(0),9) < —aV(t(0)) (38)
holds;
(i) forallk=1,2,... : t; € (ty,®) and x € D the inequality V (t, x + I (x)) < V(t, x).

Then,

k
V(t, x(t;to, < V(to+ Eo(—a(t; —t;_ E (—a(t —t)7),
(tx(tt0,90)) < max V(to+s.dus (gl A 1)) Eg(—a(t = t)7) .
t € (b tera] ()lto, ©),
where x (1, o) € PC1(|10, ®|, D) is a solution of the IVP for FrDDE (3) with ¢y € C([—r,0], D).

Remark 7. (Comparison result with the Caputo fractional Dini derivative) Lemma 5 remains true if the Dini
fractional derivative in inequality (38) is replaced by Caputo fractional Dini derivative § DL7 V(t,9;70,¢0(0)).

5. Application to Neural Networks

5.1. Problem Formulation

We will study neural networks modeled by impulsive Caputo fractional differential equations
with bounded time dependent delays and distributed delays. We will consider the case when the lower
limit of the fractional derivative is changed after each impulse, i.e., we will use approach A2 for IFrDDE.
Following the notations in (3), we consider the general model of Hopfield’s graded response neural
networks with impulses and bounded delays and distributed delays (INND)

6 Dfxi(t) = —ci(t)xi(t +Zaq(tf]x, +Zb,, )8j(xj(t — (1))

n

0
n Zd,-j(t)/ Kij(s)h; (x;(t + 5))ds + (1)
a7 (40)
fort € (tk/thrl}rk =0,12,...,
Axi(t)i=t, = Ii(xi(t = 0)), k=1,2,...,

xi(t) =@t —ty), tE€[to—1,to], i=1,2,...n,

12
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where 7 represents the number of neurons in the network, x;(t) is the pseudostate variable denoting
the average membrane potential of the i-th neuron at time ¢, x(t) = (x1(t),x2(t),...,xa(t)) € R",
g € (01), ¢(t) > 0,i = 1,2,...,n, is the self-regulating parameter of the i-th unit,
they correspond to the rate with which the i-th neuron rests its potential in the resting state
in isolation, a;j(t),b;;(t), i,j = 1,2,...,n, correspond to the synaptic connection strength of the
i-th neuron to the j-th neuron at time t and t — 7;(t), respectively, f;(x),g;(x),h;(x) are nonlinear
activation functions such that f(x) = (f1(x1), f2(x2), ..., fu(xn)), h(x) = (h1(x1), h2(x2), ..., hu(xn)),
8(x) = (g1(x1),82(x2), .-, gn(xn)); I = (I, o, ..., In) is an external bias vector, T;(t) represents the
transmission delay along the axis of the j-th unit and satisfies 0 < 7;(t) < 7, the tj,k = 1,2,...,
are points of acting the state displacements, the functions ®y ;(f,u,v), k =1,2,... are the impulsive
functions giving the impulsive perturbation of the i-th neuron on the point t;, the numbers
x;(tx —0) = x;(tx) and x;(tx + 0) are the state of the i-th neuron before and after impulsive perturbation
at time ty; Kj;(.) is the delay kernel with ffr |Kij(s)|ds = 1, ¢? € C([-r,0,R), i =1,2,...,n are the
initial functions.
The slave system is given by

n

EDVyi(t) = —ci(t)yi() + Y (1) fi(y;(1)) + ibij(t)gj (y(t = 7(1))
i=

j=1

+]§ dii(t) /70 Kij(s)h;(y;(t + 5))ds — u;(t) + Li(t) "

fort € (tk,tk+1},k =0,12,...,
Ayi(t)|f:tk = Ik,i(]/i(tk - 0))/ k=12,...,
yi(t) = @¥(t —tg), t€[to—r,to], i=1,2,...1,

where u;(t), i = 1,2,...,n are the suitable controllers at time ¢, (p? e C([-r0,R),i=12,...,n

5.2. Mittag-Leffler Synchronization

Definition 2. The master impulsive Caputo fractional system (40) and the slave impulsive Caputo fractional
system (41) are globally Mittag—Leffler synchronized if for any initial functions ¢?, 99 € C([—r,0],R) there
exist constants C, K > 0 such that

k-1
[lx(t:t0,¢%) = y(t:to, )| < {m(9° — @) Eq(=C(t = t1)") [T Eq(=Cltjs1 — )"},
j=0
te = (tkrtk:ﬂr k=0,1,2,...,
where m € C(R',, R) (with m(0) = 0) is Lipschitz.

Remark 8. The synchronization of the problem (40) is studied in [11] and the authors consider the case of
constant strengths between the neurons and linear impulsive functions. They used approach Al for IFrDDE.
The main result is based on incorrectly citing and using the Lemma from [17] where they use the derivative (9),
which is different than the Caputo fractional derivative (see Remarks 2 and 4).

The main goal of the paper is to implement appropriate controllers u;(t), i = 1,2,...,n for the

response system, such that the controlled response system (41) could be synchronized with the drive
system (40).

13
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5.2.1. Output Coupling Controller

Inspired by the ideas in [24], the control inputs in the response system are taken as output
coupling u;(t) = Yy mij(fi(yj(t)) — fi(xj(t))), i = 1,2,...,n. The synchronization via output
coupling is important because, in many real systems, only output signals can be measured.

Define the synchronization error e;(t) = y;(t) — x;(t). Therefore, the error dynamics between (40)
and (41) can be expressed by

(aii(8) — mi (e (6)) + Y- by (G eyt — 75(1)))

1 j=1

-

(. Dlei(t) = —ci(t)ei(t) +

]

+Zd,] L Kij(5) H (e (£ +5))ds for t € (b, b1,k = 0,1,2,..., @)

Aei( )|t:tk = Lk,i(fi(fk — 0)), k= 1,2,. ey
ei(t) =@t —tg), telty—r,to), i=1,2,...1,

where F(e;(t)) = £(y;(1) — F(x,(1), Gilei(t) = 5(u5(1)) — g;(x(1)), Hyles()) = hyly;(1)) —
hi(xj(t)) for t € (tk,teralk = 0,1,2,..., Lyi(ej(tx —0)) = Lgi(yj(t — 0)) — Lii(x;(t — 0)),
i=12,...,n,k=1,2,...,and (D?(S) = (p?(s) —gb?(s), s € [-r0].

We assume the following;:

Assumption Al. The neuron activation functions are Lipschitz, i.e., there exist positive numbers
A, vi i = 1,2,...,n such that |fi(u) — fi(v)| < Ajlu—o|, |gi(u) — gi(v)] < wpilu —o| and
|hi(u) — hi(v)| < vilu—o0|,i=1,2,...,nforuveR.

Assumption A2. There exist positive numbers M,-,j, C,],D,J i,j = 1,2,...,n such that
la;j(£)| < Miyj, bij(8)] < Cij, |dij(t)| < Dy for t > 0.

Assumption A3. There exists a constant 4 > 0 such that¢;(t) >y, i =1,2,...,n, t > 0.

Assumption A4. The impulsive functions ®;(u) = u + I ;(u) are Lipschitz with constants
Ay € (0,1, ie., | Dy (u) — Ppi(v)] < Apilu—v],i=1,2,...,n,k=1,2,... foru,v e R.

Assumption A5. The inequality

2y > Z ( max M,] + [my|)Aj + Z(D,jv] + C,]y])>
pt
(43)

+  max Z [(Mij + |mij[)Aj + Cijuj + Dij”]}
i=1,2,...,n =1

holds.

Remark 9. If assumption Al is satisfied, then the functions F,G,H in (42) satisfy |Fj(u)| < Ajlul,
|Gi(u)| < pjlul, |Hj(u)| < vilul, j =1,2,...,n forany u € R. If assumption A4 is satisfied, then the
impulsive functions Ly ; in (42) satisfy |u + Ly ;| < Ag;luli=1,2,...,n, k=1,2,... foranyu € R.

The case of multiple time constant delays (no distributed delays) and the constant synaptic
connection strength between neurons is studied in [22] by using quadratic Lyapunov function. We will
study the case of variable bounded synaptic connection strength and nonlinear impulsive functions.

Theorem 1. Let assumptions A1-A5 be satisfied.
Then, the master impulsive Caputo fractional system (40) and the slave impulsive Caputo fractional
system (41) are globally Mittag—Leffler synchronized.

14
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Proof. According to condition A5, there exists a positive constant a such that « < W, where
n
B, = 2 (] I{lzax (MI] + |m,]‘)/\ + Z(DIJU] + Cl]l/‘]))
i=1 j=1
n
By = max ) 2 [Cim;‘ + Dijvj + (Mjj + |mij\))\j] ,
n n
By = (Djvi+C
3 1+q 1;; iivj + Cijhy)-
Choose the positive constants p = 1 + r(ﬁq)’ Then, I, (Em) <1+ 1_<"1‘fzq> = p (see (3.8) and

(3.11) [23]).

Consider the quadratic functions V(t,x) = xTx. Let the point £t > 0 : t € (b, byysa], m >
being an integer, be such that sup,.(_, o V(t +s,e(t +5)) = supse[ r0) Lj=1 €] 2(t+s)=p Y e 2(t)
pV(t,e(t)) where e(t) is a solution of (42). Then, since 7;(t) € [0,7], t > 0 we have pV (¢, e(t))
pzyzl(ej(t))z > }7:1(ej(t - T]-(t)))2 > (ei(t — Tj(i’)))z,i = 1,2,...,n. In addition, (¢;(t + 5))?
supyc_p ) V(E+s,e(t+5)) = pV(te(t)), s € [-r,0].

From conditions A1,A2, A3, A5, the choice of the constants «, p, and Remark 9, we get for the
chosen above point t:

o

IA

ei(t) rmeez( )

'M=

Il
-

¢ DJV(te(t)) = § DeT(t)e(t) <2

1

2EC€ t)+222(‘a1](t +|m,]‘)|F(€](t))Hel(t)|

i=1j=1
+2212|b1] (D)11Gyes (¢ = T(1) ex(8)|
i=1j=
£23 Y lag0)] [ 1Koyt -+ 9)laslen()
i=1j=1
< zzce (1) + 32 3 (M + ImgDAs(&1()) + (&x()?)
i=1j=1
(44)
- lelc””f (e(t = (1) + (1))
i=1j
+):Z|dl, Ky Ceye +-9))2 + (1))
i=1j=1
<

{ —2n+ Z _:I}lzax n(M,']' + |mi/-|))\j

n
Z [(M,] + |mij|)Aj + Cijpj + DUVJ]

n

2 i: (Djjvj + Cijpj) } (te(t)) < —aV(te(t)).

i=1j=1

Let t = ty, k be a natural number and x € R" x — (x1,x2,...,x). Then, according to condition
A4 and Remark 9, the inequalities

V(x4 Lix) = Y06+ Ly ()P < Y A2 < V(t,2) (45)

ngE
~
=

I
—
I
—

i
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hold.
Inequalities (44), (45) and Lemma 4 prove the claim. [

In the case when the conditions A3 and A5 are not satisfied (i.e., the bounds of the functions c;(t)
are not small enough), we introduce:

Assumption A6. There exists a continuous positive function m(t) € C([0,c0), (0,00)) such that
0 < B < m(t) <y, B,y are constants, the fractional derivative gLD?m(t) exists for t € (f, tri1),

k=0,12,...,
iLDﬂ<m(t))
2 min ¢(t) - —+—=

> for t ty, t k=0,1,2,...
=12, m(t) 26> 0 fort € (t i), 012,

and

n
Z ( max (M,] + ‘m71|))‘ + 2 B - Z D;ﬂ/] +C1]ﬂ])>
i=1 j=

n
_ma Z [(M + Imig))A; + Cijp; + Dy .

Theorem 2. Let ssumptions A1, A2, A4 and A6 be satisfied.
Then, the master impulsive Caputo fractional system (40) and the slave impulsive Caputo fractional
system (41) are globally Mittag—Leffler synchronized.

Proof. According to condition A6, there exists a positive constant a such that & < %;Bz where B; is
defined in Theorem 1 and

n
2( max (M; + |m;j[)A; + 7 2 D11V1+C1]P‘J))
..... [

n n
Bs =1+ (Djvi +C
5 l-l—q 1;}; ijv + Cihj)-
Choose the positive constants p = 1+ r("qu) and consider the Lyapunov function V(t,x) =
m(t) Tiy x?, x = (x1,X,...,%;) where the function m(t) is defined in Assumption A6.

Let k be any nonegatlve mteger the point t € (f, tk“) and the function ¢ € C([—r,0], R") be such
that V(¢ +s,9(s )) = m(t+s) (le(S)) < pm(t) Ly (1(0))? = pV(t,9(0)), s € [-7,0). Then, we
have (y;(s))* 1/3(1/11(5)) gt +5)(;(s))* < pmt+5) Ty (i(5))* = §V(E+s,9(s)) <

pEV(t9(0)) = pg m(t) L1 (9i(0 )) ;5 €[=r,0].
From conditions A1, A2, A6, the choice of the constants «, p, Example 2, Case 2 and Equation (15),
we get for the chosen above point t and function :
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5Dl V(5 $(0), 9)
< m(t) Y { 2 YOO +2. 37 Y- lag(6)-+ i [F (3, (0)) [(0)
i=1 i=1 i=1j=1
+23° ) Iy OlIG (0 (xO) [p(O)] + KD (m(1) Y- (9,0))?
o i=
2% |d, (t 2 (5)[|1H; ds|y; (0
#2131y O1 [ 1K (6159551 lasli(0) o
RkLD‘Y m(t)
<{72i:111,121gnc, +le_max (Mij + |mij])Aj + — mgt) )

+ max Z [(M,] + [myi[)Aj + Cijpj + D,]v]]

For any natural number k and x € R", x = (x1,x2,...,x,) according to condition A4 and Remark 9,
we have V(t, x + Ly (x)) < XL A21 2 < V(tx).
According to Lemma 5, the claim of Theorem 2 follows. [

Example 3. Consider the master impulsive Caputo fractional system (40) with n = 3, ¢;(t) = ¢;, with the
activation functions fi(s) = gj(s) = hj(s) = 0.5 tanh(s), the delays 7;(t) = [sin(t)| < 1,i.e,r = 1 and
[ai;(£)] < M, |bij(£)] < Cyj, |dij(t)] < Diji,j=1,2,3, t > 0, where M = {M;;},C = {C;;} are given by

01 05 03 01 01 02 02 01 01
M=102 03 02|, C=1]03 02 01/, D=101 02 01
04 02 01 02 05 03 02 03 01

Let the output coupling controller be u;(t) = (tanh(y;(t)) — tanh(x;(t)) 2?21 mjj, i =1,2,3 with

01 02 01
m= 102 01 0.1
01 02 0.1

Then, \; = p; = v; = 0.5 and Y2 1<max] 123(Mij + mi) A + T3 l(Dl]v]—&-Cl]y])) =25
and max;_1 3 2]3-:1 [(Mi]- + mii)A; + Cijpj + D,-j-v]-] = 0.5max;— 1232 ) {(MU + mii)A; + Cijpj +
D,-jvj] = 1.35.

Therefore, if ¢; > % = 1.925, i = 1,2,3 then, according to Theorem 1, the master impulsive Caputo

fractional system (40) and the slave impulsive Caputo fractional system (41) are globally Mittag—Leffler
synchronized.

Example 4. Consider the master impulsive Caputo fractional system (40) withn = 2,q = 0.3, ty =k, k =
0,1,2,...,ci(t) = tk)oo%fort € (k, k + 1], with the activation functions f;(s) = g;(s) = hj(s) = Hl?,
the delays 7;(t) = |sin(t)| < 1,ie,r=Land |a;(t)| < My;, [b;(t)| < Cyj, |dij(+)| < Djii,j=1,2,t>0

where M = {M;;},C = {Cy;} are given by
Mo (01 003} . _ (0001 0.002 b (0002 0.001
~\002 03/” " \0.003 0.001/’ ~\0.001 0.002/"

17
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; () — 11 3 i ;
Let the output coupling controller be u;(t) = (1+e’yf(” 0 ) Ejoq mij, i = 1,2 with

_ (o1 o002) . (02 005

— 1002 01 0.04 04
Let m(t) = Eqz(—(t — k)°3) + 0.1 with B = 0.1. Then, RLD#( m(t )) = —Eos(—(t—K)°3) +
RLpa m(t))
1.1 : 'k ( _ 03 o
s i 2minim g, () = < = Eoa(—(t = k)°%) > Ena(~1) = & = 0.456594 > 0.

Then, A; = j; = v; = 0.25and 025Y°2 , (maszl,z(Mij + |myl) + 10 X2 (Dy; + c,»j)) = 0.1775,

0.25 max;_j » 2]2:1 [(M,-]- + [my]) + Cij + Dl-]-] = 0.114. Then, Eg3(—1) > 0.1775 + 0.114 and according

to Theorem 2 the master impulsive Caputo fractional system (40) and the slave impulsive Caputo fractional
system (41) are globally Mittag—Leffler synchronized.

5.2.2. State Coupling Controllers

Note that in [25] the state coupling was used to achieve the exponential lag synchronization of
chaotic neural networks with impulsive effects. Now, we will consider the case when the control inputs
are u;(t) = N;(y;(t)) — x;(t)), j = 1,2,...,n. Then, the synchronization error e;(t) = y;(t) — x;(t)
will satisfy

CDq i(t) = —ci(t)e;(t) + Z‘Zt] t)F e] ) + Zbu t)G; (E] T](t)))

=1
¥ 2 dyj(t / Kij(s)Hj(ej(t +5))ds — Niey(£) for € (b, ], k=0,1,2,..., 47)

Aei(t)\t:tk = Lk,,-(ez-( k *0)), k= 1,2,...
ei(t) =Vt —ty), tE€to—7,t), i=12,...n

In this case, we can derive the following result (its proof is similar to the one in Theorem 1 and
we omit it). We assume the following;:
Assumption A7. The inequality

i=1

n n
2(n + min N; N) >y (]‘:rlr,lzailn MjjA; + ];(D,-jvj + C,-]-y/)>
) (48)
+  max Z [Ml])\] + C,]}l] + DZ]V]}
i=1.2,...,n =1

holds.

Theorem 3. Let assumptions A1-A4 and A7 be satisfied.
Then, the master impulsive Caputo fractional system (40) and the slave impulsive Caputo fractional
system (41) are globally Mittag—Leffler synchronized.

In the case when assumptions A3 and A7 are not satisfied, we introduce the following:

Assumption A8. There exists a continuous positive function m(t) € C([0,c0), (0,00)) such that
0 < B < m(t) <, B, are constants, the fractional derivative ﬁLD?m(t) exists for t € (fy, tgiq),
k=0,12,...,

18
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t

2 min (c;i(t) +N;) — b (m(t))

> 0 fort e (ty, try1), k=0,1,2,...,
i=12,..,n m(t) >¢ >0 fort € (b tipr)

and

n 1 n
é > X; <]:I}lzax ; Mz]/\] + E Zl(Dl]V] + Cz]M]))
i— 2y —

n
+ max ) [Mij2; + i + Dy .
1= e s
2 5

Theorem 4. Let assumptions Al, A2, A4 and A8 be satisfied.
Then, the master impulsive Caputo fractional system (40) and the slave impulsive Caputo fractional
system (41) are globally Mittag—Leffler synchronized.

6. Conclusions

The paper presents sufficient conditions for the global Mittag-Leffler synchronization of a
fractional-order neural network with time-varying and distributed delay and with impulsive effects.
We consider the case of two types of controllers, output coupling controller and state
coupling controller. The study is based on the application of the fractional generalization of the
Lyapunov-Razumikhin technique. We study the case of the time varying rate with which the i-th
neuron resets its potential to the resting state in isolation and time varying synaptic connection strength
of the i-th neuron to the j-th neuron. The case when the lower bound of the Caputo fractional derivative
is changeable at each point of impulse is investigated. Consequently, our results are significant for
various applications in engineering and technology.

It would be interesting to extend our results to the case of non-Lipschitz discontinuous activation
functions applying both approaches for the interpretation of solutions of fractional equations
with impulses. This would lead to wider possibilities for appropriate modeling of the connections
between neurons in the networks. This topic goes beyond the scope of this paper and will be a
challenging issue for future research.
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Abstract: In the present work we introduced a new method and name it the conformable double
Laplace decomposition method to solve one dimensional regular and singular conformable functional
Burger’s equation. We studied the existence condition for the conformable double Laplace transform.
In order to obtain the exact solution for nonlinear fractional problems, then we modified the double
Laplace transform and combined it with the Adomian decomposition method. Later, we applied
the new method to solve regular and singular conformable fractional coupled Burgers’ equations.
Further, in order to illustrate the effectiveness of present method, we provide some examples.

Keywords: conformable fractional derivative; conformable partial fractional derivative; conformable
double Laplace decomposition method; conformable Laplace transform; singular one dimensional
coupled Burgers’ equation

1. Introduction

The fractional partial differential equations play a crucial role in mathematical and physical
sciences. In [1], the authors studied the solution of some time-fractional partial differential equations
by using a method known as simplest equation method. In this work, we deal with Burgers’ equation,
these type of equations have appeared in the area of applied sciences such as fluid mechanics and
mathematical modeling. In fact, Burgers” equation was first proposed in [2], where the steady state
solutions were discussed. Later it was modified by Burger, in order to solve the descriptive certain
viscosity of flows. Today in the literature it is widely known as Burgers’ equation, see [3]. Several
researchers focused and concentrated to study the exact as well as the numerical solutions of this
type of equation. In the present work, we considered and modified the conformable double Laplace
transform method which was introduced in [4] in order to solve the fractional partial differential
equations. The authors in [5] applied the first integral method to establish the exact solutions for
time-fractional Burgers’ equation. In [6], the researchers applied the generalized two-dimensional
differential transform method (DTM) and obtained the solution for the coupled Burgers’ equation with
space- and time-fractional derivatives. Recently in [7], the conformable fractional Laplace transform
method was applied to solve the coupled system of conformable fractional differential equations.
Thus the aim of this study is to propose an analytic solution for the one dimensional regular and
singular conformable fractional coupled Burgers’ equation by using conformable double Laplace

Symmetry 2019, 11, 417; doi:10.3390/sym11030417 21 www.mdpi.com/journal/symmetry
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decomposition method (CDLDM). In [8], the following space-time fractional order coupled Burgers’
equation, were considered

B 20 « 4B
aaTg a gxz‘L"l + Wuax“u + gaxﬁ (wv) = f fx ’ tﬂ O
B « 1p

0 - T ot ugs ) = g(35%).

Conformable fractional derivatives were studied in [9] and extended in [10]. Next, we recall the
definition of conformable fractional derivatives, which are used in this study.

Definition 1. Let f : (0,00) — R then the conformable fractional derivative of f order B is defined by

# 1-8) _ f (8
# oy S(Eret?) - (F) v
ﬂf<ﬁ>:£g>% c ,E>O,O<ﬁ§1,

see [9,11,12].

Conformable Partial Derivatives:

z, ﬁ) : R x (0,00) — R. Then, the conformable space fractional
o« tﬁ

Definition 2. ([13]): Given a function f ( A
partial derivative of order w a function f <x7, 3> is defined as:

o (20 gy ) () e

dx« e—0 € T’ B

, 0,0 ,B<1.
x B > <ua,p

Definition 3. ([13]): Given a function f <% %) : R x (0,00) — R. Then, the conformable time fractional
partial derivative of order B a function f ("7 %) is defined as:

«fp 1— x* B
B a B F(E 5 ot =P) —F (X, 5 s
a% <%,%>:hm (55 ) —f (% ﬁ),115>0’0<“’ﬁ§1.

0 I x’ B
Conformable fractional derivatives of certain functions:

Example 1. We have the following

Il
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Conformable Laplace transform:

Definition 4. ([14]): Let f : [0,00) — R be a real valued function. The conformable Laplace transform of f is

defined by y N
() - ()

for all values of s, provided the integral exists.

Definition 5. ([4]): Let u (%1, %) be a piecewise continuous function on the interval [0, 00) x [0,00) having
f(24)
exponential order. Consider for some a,b € R sup %,% > 0, ﬂiﬁﬁ Under these conditions the

conformable double Laplace transform is given by

X% P 0 oo B /i 4P
LSLf (u (75» =U(p,s):/O /O e Pe b*‘u(; E) 1% Ldtdx

where p,s € C,0 < «, B < 1and the integrals are by means of conformable fractional with respect to % and
% respectively.

Example 2. The double fractional Laplace transform for certain functions given by

1. 1:f [<a> (tﬁ) ]—Lth[( )”(t)’”]:%~

arB | A —_ )\x+'rt _ 1
2. rarf {e } LiLi ]7(p7)\)(sir).
B _ . . 1 1
LeLk sm()\ " > sin (T >} = LyL; [sin(x) sin(t)] = Py Vi
4. Ifa(> —1) and b(> —1) are real numbers, then double fractional Laplace transform of the function
x® P X\ [P b. )
(55) - (%) (E) sty
B _T(@+1)Ir(+1)
LAL {(*)“( ) } =T g

Theorem 1. Let 0 < «,f < 1and m,n € N such thatu(x—“ %) € CH(RT xR*), I = max (m,n).

Further let the conformable Laplace transforms of the functions given as u <%, %) , g::,a nd 3;,;‘ Then

gy, B m—1 i P
88(52) - - B (Zeo2)

i=1
p o ﬁ f _ on—1 n—l-jra a]ﬁ xa
LYLL <8t"5 2 U(p,s)—s"tU(p,0)— 2 s Ly atJ/S ,0

b 9"Po . ) o . «
where —— Sy and 5 denotes m, n times conformable fractional derivatives of function u (%, %), for more
details see [4].

In the following theorem, we study double Laplace transform of the function
x\" B xr B oll.
(I) ﬁf< ‘B>asoows
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0

Pl
Theorem 2. If conformable double Laplace tmnsform of the partial derivatives oF —f ( ) is given by
n

Q‘R:-}?‘R
m\“{nm\%

" 9P x* th x®
Equation (27), then double Laplace transform of 3P —f ‘B and ) 8

) B o
g b ER)E) G o

wheren =1,2,3,....

) are given by

and

Proof. Using the definition of double Laplace transform of the fractional partial derivatives one gets

x"‘ tﬁ — - ’ﬁ 8/3 Xt tﬁ — —
Lerf {Btﬁ } / / P sy <ﬁf <?,E>>tﬁ T =1g¢ gy, 4)

by taking the "th derivative with respect to p for both sides of Equation (4), we have

dr x* P 0 oo n ,,lfsfﬁ P [/x% 1P p-1,a-1
i (2 [ 2 5)) = T a (e atﬁf<a §))
00 00 a\ " L o ,B
_1)" X fpvfsf B—1.a—1 X >
)/0 /0 < >e P at5f<lx 5 dtdx

B a ¢
xpf O v
(=" L5Lt [<a> atﬁf(tx'ﬁ)}'
thus we obtain

v g (st 5 (2 5)]) - [ (5) 50 (55))

Similarly, we can prove Equation (3). O

Existence Condition for the conformable double Laplace transform:

x* P . ' . . -,
Iff{—, —) is an exponential order 4 and b as % — 0o, % — oo, if there exists a positive
o

constant K such that forallx > Xand t > T
o t tﬁ
(20 <t

it is easy to get,

] B o B
f<%,%>:o<e “H’[ﬁ) as%%oo,t—%oo.

Or, equivalently,

lim ot f<£” f)':K fim B S0 _
= o « p 2 oo
”5 ﬁ%oo
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« P «
where ;> a and 17 > b. The function f (%, —-) is called an exponential order as £~ — oo, % — 00,

ﬁ

/3
and clearly, it does not grow faster than Kea w b as ¥ — oo, ; — o0,

Theorem 3. If a function f (—u ﬁ) is a continuous function in every finite intervals (0, X) and (0, T)

and of exponential order e @+ 7, then the conformable double Laplace transform of f (- x ’;) exists for all

Re(p) > p,Re(s) > 1.

Proof. From the definition of the conformable double Laplace transform of f( ; F ) we have

I
fod laree a4 _ _
I Py sﬁf(%,%)t/g Tx=1dt dx

U (ps)l =

K fooo o e’(P*a)%*(S*w%tﬁflxﬁ‘*ldtdx ©

IN

K
(p—a)(s=b)"
For Re(p) > u,Re(s) > 1, from Equation (6), we have

r}grgo|u(p,s)\ =0 or I}ilrgou(p,s) =0.

S—00 S—r00

O

2. One Dimensional Fractional Coupled Burgers’ Equation

In this section, we discuss the solution of regular and singular one dimensional conformable
fractional coupled Burgers’ equation by using conformable double Laplace decomposition methods
(CDLDM). We note thatif « = 1and B =1 in the following problems, one can obtain the problems
which was studied in [15]:

The first problem: One dimensional conformable fractional coupled Burgers’ equation is given by

Pu 24y

a p
Do Py gueut (Fe () = f(58 )
B 20 . 13
Do Pt oot pdew) = g(28),

subject to
x® x* x* x®
(o) =i (5) o () = (5) o

x* tf x* P « .
for t > 0. Here, f (E' ﬁ) g( ,B) fi (—) and ¢; <X7) are given functions, 7, { and yu are
arbitrary constants depend on the system parameters such as; Peclet number, Stokes velocity of
particles due to gravity and Brownian diffusivity, see [16]. By taking conformable double Laplace

transform for both sides of Equation (7) and conformable single Laplace transform for Equation (8),

we have

u(p,s) = B F@o) Ly B;” LRy (uv)] : ©)
and - .

vips)= AW O g [gxzz o oo (uv)} (10)
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The conformable double Laplace decomposition methods (CDLDM) defines the solution of one

o 4p x 4p
dimensional conformable fractional coupled Burgers’ equation as u <x ) and v (x —) by the

«' B B

(ER-EnER) DB ED o

infinite series

We can give Adomian’s polynomials A;;, B, and C, respectively as follows
Ap = Z Uplixn, By = UnVxn, Cn = Z UnOp- (12)
n=0 n=0 n=0

In particular, the Adomian polynomials for the nonlinear terms w1, vvy and uv can be computed
by the following equations

AO =  UgUQx
Ay U1y + U Uy
Ay = gl + Uptity + Usligy, (13)
As Uglzy + Uty + Upli1y + U3loy,
Ay = Uglgy + U Uzy + UplUpy + ULy + Uglpy,
By V0U0x
B1 = vov1x + 0100y,
B, VQU2y + U101y + U200y, (14)
B3 = wgvsx +0102x + 02014 + U300,
By VV4x + U103y + U202y + U301y + U400x-
and
Co = uovo
C1 = wupvy +u10g
Cy = ugvy + ugvy + Uvg. (15)
C3 = upus + U0z + U0y + U0y,
Cy = ugvg + 1103 + vy + U301 + Ugvg.

By applying the inverse conformable double Laplace transform on both sides of Equations (9)
and (10), making use of Equation (12), we have

Sro(sg) - Awenio [ o Be]]
—L et [Lsef aa)] - et [Lesef g el
and .
Lo (D) = s+t [ vt [l [z W

—Lp Lt [Lesnf Bl | — Ly Lt [Aesnf [ (G
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On comparing both sides of the Equations (16) and (17) we have

uy =

v = &1 (X) + L;lL;1

fi(x) + Ly FP)]}
G(

p.s)

S

In general, the recursive relation is given by the following equations

aZax iy
ox2x

12114
Upn = Ly L {ngLf {
and

ox2e

(18)

H -LyL ELﬁLf [nAn}} —LL EL?L? 9 (cn)]} . )

11 9%y 1,41 IR
oun = 1 [ |50 | - e el sl - 10 [fufneenl], o

provided that the double inverse Laplace transform with respect to p and s exist in the above equations.
In order to illustrate this method for one dimensional conformable fractional coupled Burgers’ equation

we provide the following example:

Example 3. Consider the homogeneous one dimensional conformable fractional coupled Burgers” equation

b 92 P Pl
Wlf — BxZZ —2u SZU+ 5= (uv)
b 92 o o
y;’ — axZZ —20 w0+ g (uv)

with initial condition

e 1 e 14
u (x—,0> = sin <x—> , 0 <x—,0> = sin (x—> .
o o % o

By using Equations (18)—(20) we have

x® Xt
sin{ — |, vg=sin| —
o o

)
)

2
D),

Uy =
M1 [02¢y o"u
. P | B 0 0
o=t G |5 e 2w - )|
1 [ X 1
_ ~17-1 B : _r-17-1 _
= L,L »gLﬁLt _—sm <E>H =L, L LZ (P2+1)} =
(1 [92%y, 00, 0"
[ P | B 0 0
e o e =R el
1 [ X 1
_ ~17-1 B : _r-17-1 _
= L,°L »gLﬁL[ _—sm <E>H =L, L LZ (PZ-‘rl)} =
[1 [92ey 0“u 0*u 9%
_ ~17-1 B 1 1 0
up = Lyl Ll | G + 2(”{’%*“1 o ) ‘W(“Ovl+“ﬂ’°)ﬂ
B
(1 [tf x* 1 (*
_ —17-1 B _r—17-1 _
= Lp L _gLﬁLt E sin <;>H _Lp L, {53(;72_'_1)} =
[1 [924p 0“v 9%, 0"
_ —17-1 B 1 1 0
v = L,"L _gLﬁLt pye +2 (vo 5 T ) — W(”o”l"‘”l%)”
B
! [t X~ 1 (*
_ 7171 B : _ 171 _
= et [ o ()] =5 [ ) -

27
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2> sin (%) ,
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and

1 9y u »u Ee
_ —17-1 B 2 2 1
wa o= Lyl {;L?Lf {axm +2(”°W+”1W+“2w”0>ﬂ
15[ 0"
—17-1
*Lp L; {ngLf {—axa (uoszrulvlJruzvo)H

5\3
- ()

1 9%y *v v ¢
vy = L;1L;1 {ELﬁLf' { 2.9 <v 2 g2t +v2wvo>H

ox2w 09 ox%
[

1 d
—17-1
~L, I, {ngLf{

l
)3 .
= —<tﬁ> sin<%>,

6

Ugvy + U107 + uzvo)H

and similar to the other components. Therefore, by using Equation (11), the series solutions are given by

5\ 2 5\ 3
x® P — |1 tP (%) (%) (X"
u E,E Uy + Uy +uz+... = —| = +Tf 31 + ... | sin "

B
v<x£,%> = vtu+ozt+.. = 17<%>+

)|

GG Yo (2)

21 o
and hence the exact solutions become

X P _ib XX x* P b X«
u(—,—) =e¢ P sin <—>, v(—,—) =e¢ P sin <—>
a’ B o a’ B «

By taking « = 1 and B = 1, the fractional solution become

x® P . x® P .
u|{—,— ) =e'sinx, v{—,— | =e 'sinx.
«’ p «’p

The second problem: Now consider the singular one dimensional conformable fractional coupled
Burgers’ equation with Bessel operator

(23)

0P o @ gu o« o«
SF A% om E’iax”) g+ C g (uo)

(= B
a’ B
Fo a 9 [x* " " 9 _ X P
S~ 3 3ud 7W0)+W”WU+VW(”U) = g% 7))

and with initial conditions
XDL xlX xlX xlX
it — z i = - 24
”<a'°) f1<a>, ”(a")) g1<a>, (24)

a 0% [x% 0¢
where the linear terms Py <;w> is known as conformable Bessel operator where {, y and
1 are real constants. Now to obtain the solution of Equation (23), First, we multiply both sides of

Equation (23) by %‘1 and obtain
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xt 9y Ay (e x* 0" _ X x* P

“of ot aaw”>+ﬂ ugwi+ 0% 5w (o) = L (%% (25)
x* 9By o x* 9% " o @ B
2Py X (S &o) +nSeo+p L (w) = Tg(E,R).

Second: we apply conformable double Laplace transform on both sides of Equation(25) and single
conformable Laplace transform for initial condition, we get
a b El a g 9« P
%ﬁ LaL/S Bx’" )fx R 7’7 ”aw” 3 Bx”‘ (M'U)Jr f(zx % ]’ (26)
— La Lﬁ

Lerf
rerf

x* 9o x* 9% 9* X P
« ot Bx"‘ ey Uaxﬂ’_ﬂ o E)x"‘ (M'U) +3 g (7 F)}

« Jx®

by applying Theorems 1 and 2, we have

7Sd%u(p’s)+%wfm(x)] = L] %<)§aa:“”) gttt — U e (u )]
_dd? L‘XLﬁ [f (Wa’% ] / 27)
—s i V(ps)+ HL s (0] = LLF [ (5 &0) —n¥odeo —u e (w)
d « B
—ip LsLf |g Evh ])

simplifying Equation (27), we obtain

Eups) = LA () - L] [ (&) —nSudon— 5 Fe (w)
o1 (s |y (2.5

BV = Lhitla - ttf [ 2 (2 20) oyt i )] P
g (s (25))

Third: integrating both sides of Equation (28) from 0 to p respect to p, we have

ups = L7 (Lin X)]E dp— LY LALF [ 25 (5 den) — n Ny — O3 dp
L7 (4 (el [r (%%ﬂ))d’?' | 29)
Vips) = 1 fo (d L% g1 ( )])dp pL“Lﬁ [aa;k (%%v) fﬂ%Ng,*H%Nz} dp

T8 (s (a2 s Ao

Using conformable double Laplace decomposition method to define a solution of the system as
X i

u <— 7) and v(%-, ﬂ ) by infinite series

x’ B
w5) L (F) o (FF) e (F)
ul —,— | = Uy v (% (30)
SO Lo (o
Here the nonlinear operators can be defined as

N]:ZAYU N2:ZCnN3:ZBn @31)
n=0 n=0 n=0
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and

and

and

A0+ L [L R E

a‘kn_.

it [ (msef [ (53 (£ ) )] )
LU { I <L§L/3 {UW,EOA"DM}
g (i Ef o]
= R T [t
n§00n<”‘/ﬁ) = x)+L L; [s dG(p, ]
it [ (e | (£ (£ o)) )0
n=0
+L, L {s (L“Lﬁ {q% L B,,de]
+L, 1L {f <L"‘Ll3 {y’;i )y andp}.
The first few components can be written as
w = f (x)—i—L’lL’1 1 JdF (p,s)|,
v = @1(x)+L, 'Lt [T dG (p,s)|,
x p _ . [ [ o a o
wn (55) = Lt [ (s [ 7 (53 (S ) ) ]) )
st L (i o £ A ) ay]
= xr cn}
n=0

—Ly L 5

L L L P (aLy

(

(s |

+L, L _g Jr (LgLf _
(
(

L LY (LgLf

Q|
)
®]|=
N
=%
Q|
)
e

S
g[‘ﬂz

<

B

N~
~_
[—
~

"

S

S

2
=
=

S—— SN~
2
=
=

=
=%
=
Ireiirie
o5 ]
S

I
O

2
=
[E "

n

(32)

(33)

(34)

(35)

(36)

Provided the double inverse Laplace transform with respect to p and s exist for Equations (34)-(36).

Example 4. Singular one dimensional conformable fractional coupled Burgers’ equation

Pu a2 [(x* D o e _ x®
5 3 o <a w”) —2u Gau At g (w0) = <7)

o a9 [x* 0" o _
5F X o (7@”) —20 gm0+ g (w0) - =

subject to

2 B #

u(x,0) = (%)2, v (x,0) = (%)2

By following similar steps, we obtain
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© B B = 2 tﬁ B tg
ngoun<“'ﬁ) = <a>e 4ef +4
o 1 (s [ (8 (£ )
. n=0 (39)
~L'L! [g Iy (ngLf {2% ZoA”D dp}
n—
oo 1 (st |22 (£)]) ]
n=l
and - s
s X P _ xt = =
Fn(e) = (14 uds

ot 55 (5.
ouliefatbe )
L (i |2 E ol )

where Ay, By, and Cy, are defined in Equations (14)—(16) respectively. On using Equations (34)—(36) the
components are given by

N2 B N2 B
uy = <?> ef —4ef +4, vy = (—) ef —4ef +4,
(1 7 (9% [ x% 9%uy x Mug  x* 0
_ _g-17-1 |1 ay B 0o_X o
mo= L _s/o bl | ox® (a ox® > M09xa T T g (MOUO)} dp}
(1 '
w = -L,'L;! %/ LyLf <x—etl3>} } 1 4,
s Jo
'1 P alX zxaa x alXU 0( aa
= L' 7/ ek Ll L
e PsodsJo Bx“ w Bx“ +2 x 0o a ox xa (%) | dp
(1 '
v = —L,'L;! %/ L] (’ietﬁ)} } s _a
LS /0 L
In a similar way, we obtain
1 /7 . 0% [ x*d%u
— —17-1 B 0
R o {E/o Le {axa (7 o ﬂ dp}
1 /P x* 0“u o*u
~17-1 B 1 0
—L, L, {g/o LYL; {2; (MOW +uy o )} dp}
PRI I x* 9%
+Lp1Ls 1 {g/o LQLE {;W(uovl +ulvo)} dp}
up = 0,
Uy = 0.

Thus it is obvious that the self-canceling some terms appear among various components and following
terms, then we have,

x* P X P
H(E,E>—u0+ul+u2+m/ U(E/E>_UO+01+02+W

Therefore, the exact solution is given by
a 4B a2 4B a 4B aN\2 B
() = (5) T (G5) = (5)
a’ B « a’ B «
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By taking & = 1 and B = 1, the fractional solution becomes

« 4p

((55) - <
o 4p

v(x—,t—> = 22t
a’p

In this work some properties and conditions for existence of solutions for the conformable
double Laplace transform are discussed. We give a solution to the one dimensional regular and
singular conformable fractional coupled Burgers’ equation by using the conformable double Laplace
decomposition method, which is the combination between the conformable double Laplace and
Adomian decomposition methods. Further, two examples were given to validate the present method.
This method can also be applied to solve some nonlinear time-fractional differential equations having
conformable derivatives. The present method can also be used to approximate the solutions of
the nonlinear differential equations with the linearization of non-linear terms by using Adomian
polynomials.

3. Conclusions
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fractional thermostat model. Our approach depends on the fixed point index theory, iterative method,
and nonsymmetry property of the Green function. The properties of positive solutions depending on
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1. Introduction

In this paper, we investigate a fractional nonlocal boundary value problem (BVP)

{f%x(t) +Ag(Hf(x(t) =0, te(0,1), 0

x'(0) =0, B°D 1 x(1) + x(y) =0,

wherel <a <2, >0,0<y <1, pr'(a) > (1—75)*?, °D§, is the Gerasimov—Caputo fractional
derivative of order &, A > 0 is a parameter, f € C([0, +0),[0,+0)), g € C((0,1),[0, +o0)), and
0< fol g(t)dt < +oo.

One motivation is that the thermostat model

{x”(t) +g)f(t,x(t)) =0, te(01),

oo - (2)
% (0) =0, Bx'(1) + x(n) =0,

which is a special case with a = 2 and A = 1, has been discussed by Infante and Webb [1,2].
They established multiplicity results of BVP (2). These types of problems have been investigated
by various scholars, see References [3-17].

Recently, the thermostat model was extended to the fractional case

{EDggx(t) +f(t,x(t) =0, te(0,1), ac (1,2, )

x'(0) =0, BD§ (1) + x(y) =0,

where B > 0,0 <75 <1, f € C([0,1] x [0,+00), [0, +c0)). Nieto and Pimentel [18] proved the
existence of positive solutions based on the Krasnosel’skii fixed point theorem. Cabada and Infante [19]
discussed the multiplicity results of positive solutions for BVP (3).

In Reference [20], Shen, Zhou, and Yang studied a fractional thermostat model

{cDg+x(t) +Af(Lx(t) =0, te(0,1),1<a<?2,
x'(0) =0, BDy x(1) + x(y) =0,

Symmetry 2019, 11, 122; doi:10.3390/sym11010122 34 www.mdpi.com/journal/symmetry
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where > 0,0 <75 <1, BT(a) > (1—1)*1, A >0, f:[0,1] x [0, +00) — [0, +00) is continuous.
The authors obtained intervals of parameter A that correspond to at least one and no positive solutions.
Similar fractional thermostat problems have been studied in References [21-24].

In this paper, we deal with positive solutions for the fractional thermostat model (1). The
existence, multiplicity, and uniqueness results are established by the fixed point index theory and
iterative method. The properties of positive solutions depending on a parameter are also discussed.
Some of the ideas in this paper are from References [25,26]. Let us remark that the definition of the
Gerasimov—-Caputo derivative was first introduced and applied by Gerasimov in 1947 and then by
Caputo in 1967, see for example, the overview by Novozhenova in Reference [27]. For details on the
theory and applications of the fractional derivatives and integrals and fractional differential equations,
see References [28-31].

2. Preliminaries

Lemma 1 ([20]). Given u(t) € C(0,1) N L'(0,1), the solution of the problem

‘Dg x(t)+u(t)=0, te(0,1),
X' (0) =0, Dy x(1) + x(y7) =0

where

_ <s < <
p T'(a) I(a) Oss<ns<t
(n—s)*"
+ , 0<s<y,s>t,
Gts) = P T T T
(iffs)”"1
— <s < <
B Tw) n<s<1,s<t,

B, n1<s<1,s>t

and G(t,s) satisfies:

(i) G(t,s):10,1] x [0,1] — (0, +o0) is continuous;
(i) 9G(ts) <0, tse0,1]
(iii) vG =G < G(1,5) <G(ts) <G(0,5) <G, tsec01],

where i . -
OO R ) e O OO R ) S O O R

Br(a) +y+t 7 = I'(w) ' I'(a)

Denote E = C[0,1] and ||x|| = sup, g ;; [x(t)|. We define the cone

P={xeE:x(t)>0, inf x(t) > y|x[}.
t€[0,1]
Forany 0 < r < +oo,let P, = {x € P: ||x|| < r}. We define T : (0, +o0) x E — E as

T(A,%)(t) =A/O'1c(t,s)g(s)f(x(s))ds, te[o,1].

It is obvious from Lemma 1 that if x € P is a fixed point of operator T, then x is a positive solution
of Problem (1). By regularity arguments, we can show that T is completely continuous and T(P) C P.
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Define the linear operator L : E — E by

1
Lx(t):/o G(t,5)g(s)x(s)ds, te[0,1].

By the Krein—Rutman theorem, we see that the spectral radius (L) of the operator L is positive,
and L has positive eigenfunction ¢; corresponding to its first eigenvalue yq = (r(L)) .

Lemma 2 ([32]). Let P be a cone in Banach space E. Suppose that T : P — P is a completely continuous
operator. (i) If Tu # pu for any u € OP, and y > 1, then i(T, Py, P) = 1. (ii) If Tu % u and ||Tu|| > ||u|| for
any u € oDy, then i(T, Py, P) = 0.

Denote

fo —hmf(s), foo = lim @, A:/Ol G(0,s)g(s)ds, 1= min f()

s—=0 S 500§ se(0,00) S
We assume that:

(Hy) f is nondecreasing on [0, 4c0);
(Hp) there exists a function ¢ : (0,1] — [0, 1] continuous nondecreasing, such that f(xx) > ¢(x)f(x) for
0<x<1 x>0,and F(x) := ﬁ is strictly increasing on (0,1] and F(1) = 1.

Lemma 3. Suppose that (Hy) holds, fo = coand 1 > 0. If0 < Ay < Ay < %, then there exist x1,xp €
P\ {0}, x1 < xp, such that T(Aq,x1)(t) = x1(¢) and T(Ag, x2) (t) = x2(¢).

Proof. Assume s € (0,0) such that f(sp) = Is. Since 0 < Ay < Ay < 75, we havel < /\zLA < A%A'

We define )

xo(t) = 0 A G(t,s)g(s)ds, te]0,1],

S

then )
s
Ixoll = 30(0) =s0, x0() = 5 [ 16(0,5)g(5)ds = vl ¢ € 0,11

Therefore, xg € P and ||xg|| = sp. Direct computations yield

TOw30)(6) =1 [ Gls)g)fxo(o)ds < A1 [ Gt 3)g(5)f (ol s
=Mlsp /01 G(t,s)g(s)ds < — / (t,5)g(s)ds = xo(t), te]0,1].
Define

x (1) = T(A,x0) (1), ¥ (8) = T(A, 2] )(8) = (A, x0)(8), j=2,3,---, te€[0,1].

Direct calculations show that x; > x% > x% > > x/1 > ijrl > ... > 0. Hence, sequence

{x 2 is decreasing and bounded from below, lim;_,, x) 1(t) exists and convergence is uniform for
te [O 1]. Assume that lim; o, le = x1, we claim that x1(t) > 0. Otherwise, since x1 € P, x1(t) =0,
ie., limj e le( ) =0, t € [0,1], and hence fromx € P, we deduce ||x1H — O Since fy = oo, for any

H> 5 M,there is integral Z > 0 such that for j > Z, we have f(xl(t)) > Hx) 1(t), and hence
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j+1
x];r (0

=

1 .
=1 [ G(0,5)g(s)f(x] (5))ds
>aaHy [ G(0,5)306) ] s
>x! (0)A;HyA > x}(0).

The contradiction shows that x; € P\ {6} and x; = T(Ay, x1).
Similarly, from x}(t) = T(Az, %) (t) and x}(t) = T(As, sz_l)(t), j=2,3,---,wededuce
x0>x%>x§>-~>x£>x£+l>~~-26,

lim; e xé =x, € P\ {6}, apd X = T(A2, x). Tt follows from x} = T(A1,x9) < T(A2,xp) = x3 and
the monotonicity of f that le < x]2, j=2,3,---. Therefore, x; < xp. O

Lemma 4. If foo = 0o, then for any y > 0, theset Sy = {x € P: T(A,x) = x, A € [, )} is bounded.
Proof. Otherwise, there exists x, € S, corresponding to A, € [u, 00) such that
T(/\n/ xn) = Xn, nh_{lgo ”xn” = oo.

Because foo = oo, there is X > 0 such that f(s) > Hs for s > X, where H > IWLA' Since

limy,—se0 || %4 || = o0, there exists Ny > 0 such that ||x,| > % for n > Ny, and x,,(t) > vljxu|| > X, t €
[0,1]. Then, for any n > Ny, we obtain

1
[lxnll > A"/o G(0,5)g(s)Hxp(s)ds > puHry||xnl|A > [|xnll,
which is absurd, and hence S is bounded. [
Lemma 5. Assume that (Hy) holds, and that fy = foo = co. Then, T admits a fixed point for A = %.
Proof. Choosing asequence 0 < A1 <Ay < -+ <Ay <Ay <--- < % such that limy, e Ay = %.
By Lemma 3, there exists a nondecreasing sequence {x,}? ; C P\ {6} such that x, = T(A,, xy).
By Lemma 4, we know that {x, o, is uniformly bounded and equicontinuous. By using the

Arzela—Ascoli theorem, we can prove that there exists {x,, }7>; C {x1}{; such that x,, — x € E
uniformly on [0, 1]. Therefore, x;, satisfies

1
Xy (1) = T( Ay, 20, ) (8) = An"/o G(t,5)8(s)f(xn.(s))ds, t€0,1].
Passing to the limit as k — oo, we obtain
1 1
ﬂgzjzz;qhgggﬂﬂQM& te[0,1].
Hence,x =T (%,f). O
Lemma 6. Assume that (Hy) holds, and that f(0) > 0. Then, for any x € P, there exist Uy >V > 0

such that
VK, < T(Ax)(t) < UK, tel01],

where .
Ky = A/ g(t)dt.
Jo
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Proof. By (H;), forany x € Pand t € [0,1], we have

TR0 2 GFO)A [ (it := VK,
and .
T(A, x)(t) < Ef(||x||)A/O g(t)dt := UxK),.
|

3. Main Results

Theorem 1. Assume that foo = 0 and 0 < fo < co. Then, for any 0 < A < ’}1, BVP (1) admits a
positive solution.

Proof. Since 0 < A < ;f—l, there exist ¢ > 0 small enough and r > 0 such that A(fp +¢) < puy,
and f < fo+efors € (0,r]. We claim that

T(A,x) #ux, x€9P, u>1.

Otherwise, there exist xg € 0P, and yy > 1 such that T(A, xg) = poxp. Since 0 < yr < xp(t) <
l|lxo|| = r, we have

porol) Ao +9) [ Gt 9)g(e)mo(s)ds = Alfo +O)Lol),

then Luxg(t) > %xo(t). Thus, (L) >
contradiction. Then, i(T, P, P) = 1.

Next, we prove that i(T, Pg, P) = 0 for some R > r. In fact, foo = o0 implies that f(s) > Ms for
some large R; > 0 and s > Ry, where M > (AyA)~L. Let R > max{r, %} For x € dPg, we have
x(t) > 7v||x|]| = YR > Ry, t € [0,1], then

f0+€> > m It follows that py < A(fy +¢€), whichis a

1
1T x)]| = AM/O G(0,5)g(s)x(s)ds = AMy||x[|A > ||x]|.

Hence, i(T, P, P) = 0,and i(T, Pg \ P;, P) = —1. Therefore, T admits a fixed point x* € Pg \ P,. [

Theorem 2. Assume that (Hy) holds, and that fo = feo = 00. Then, BVP (1) has at least one and two positive
solutions for A = /& and A € (0, /), respectively.

Proof. By Lemma 5, BVP (1) admits a positive solution for A = %. For A € (0, %), by Lemmas 3 and
5, there exist ¥, x) € P\ {0}, x) < ¥ such that

T <%i) () ==x(t), T(Axp)(t)=xx(t), te€[01]

If x, = %, we have

L 1 B 1
T()\,x,\)—xA—x—T<lA ) T(m,x,\>.

This contradiction shows that x) < *.
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Define ) = {x € E: —r < x(t) < X(t), t € [0,1]}, where r > 0 is the same as in the first part of
Theorem 1. For any x € P N9y, we obtain ||x|| = ||%]|, and

IOl < g [ GO5)g(5)f(5(5))ds = £0) = [l

Therefore,
ITAx)| < llx], x€Pnay.

As in the proof in Theorem 1, there is R > 0 large enough such that
T )| > [lx],  x€Pnoy,

where )y = {x € E: ||x|| < R}. By compression expansion fixed point theorem, we see that T has a
fixed point X € PN (O \ Q). Since x) € Oy, x) # Xy, problem (1) has a second positive solution. [

Theorem 3. Assume that (Hy) and (Hy) hold, and that f(0) > 0. Then, for any A € (0,00), BVP (1) admits
a unique positive solution x, (t), and x (t) satisfies:

(i) %) (t) is nondecreasing with respect to A;

(i) limy g+ [[52] = 0, limy a0 4] = oo
(lll) HXA — J'CAU” —0asA — )\o.

Proof. Since T is nondecreasing, for u € P, we have

T(A,xx)(t) = <P(K)?\/01 G(t,5)g(s)f(x(s))ds = ¢(x)T(A, x)(¢), t€[0,1]. (4)

Define X(t) = K,, where K, is given by Lemma 6, then ¥ € P and VK, < T(A,X)(t) < UK.
Denote
V=sup{p:pKy <T(A,X)(H)}, U=inf{p:pky > T(Ax)(1)},

then V > V and U < U,. Select V and U so that
= . - 1 . (1
0<V<min{l,F(V)}, 0< = <min{LF = .
u u
We define
x1(t) = VK, xp1(t) = T(A, x)(t), t€][0,1], k=1,2,---,

yl(t) = ﬁK}u yk+1(t) = T(A,yk)(f): te [Or 1]/ k=1,2,---.

Combining the properties of T and (4), we get
VEy = x1(t) S xp(t) < - <xpe(t) <o < yplt) < -+ < wa(t) < wa(t) = UK. (5)

Letd = X obviously 0 < d < 1. We claim that

et

(t) = g1 (Dyx(t), te€01], k=12, (6)

where ¢o(d) = d, ¢r(d) = ¢p(pr_1(d)), k =1,2,--- . In fact, x1(t) = dy1(t) = ¢o(d)y1(t), t € [0,1].
Suppose x,(t) > ¢p_1(d)yn(t) fort € [0,1], then

Ypg1() = T, pua(d)yn) () = ¢(@n-1(d))T(A, yn) () = P (d)yn 1 (8)-
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Hence, it follows by induction that (6) is true. According to (5) and (6), one has

0< xn+m(t) - xn(t) < yn(t) - xn(t) < (1 - anfl(d))yl(t) = (1 — Pn-1 (d))leA/

where m > 0 is an integer. Thus,
s = xnll < Ny = 2ull < (1= @u_s(d)) UK. (7)

We claim that limy, e ¢ (d) = 1. From (Hy) and 0 < d < 1, we see that ¢(d) € (d,1) and
d=¢o(d) < P1(d) < --- < ¢pu(d) < --- < 1. Sequence {¢,(d)}5_; is increasing and bounded, there is
p € [d,1] such that lim, e ¢, (d) = p. By the continuity of ¢ and ¢, (d) = ¢(¢,—1(d)), we conclude
that p = ¢(p), i.e., F(p) = 1. It follows that p = 1. Inequality (7) implies that there exists ¥ € P
such that lim,, 0 X, () = limy—eo yu(t) = X(t) for t € [0,1]. Clearly, X(t) is a positive solution of
problem (1).

Suppose that #; (t) and % (f) are positive solutions of problem (1), then T(A, %1)(t) = %;(¢) and
T(A, %) (t) = %2(t), t € [0,1]. Define § = sup{d : #1(t) > 6%,(t)}, then %1 (t) > 5%, (t). We claim that
& > 1. Otherwise, § < 1. Assumption (H,) implies that f(d%(t)) > @(8)f(%2(t)), t € [0,1]. Since f
is nondecreasing,

%1 (t) = T(A, %) (t) > T(A,0%)(t) > ¢(8)T(A, %) (t) > 6%a(t), t€0,1],

a contradiction. Then, 1 (t) > X, (¢) for t € [0,1]. Similarly, %,(t) > %1 (t). Therefore, % (t) = %»(t), t €
[0,1]. This proves the uniqueness result.
Next, we show that (i) — (iii) hold. Let

()0 = [ Gl o)s, € 01,

then T(A, x) = AHx. Since P’ = {x € P: x(t) > 0, t € [0,1]} is nonempty, the operator H : P° — P°
is increasing, and H(xx) > ¢(x)Hx for0 < x < 1. Letw = % We now write Hx,, = wx,, instead of
AHx) = x). Assume 0 < wy < wy, then x,, > X,. Indeed, denote @ = sup{t > 0: x, > tx, }, then
@ > 1. Otherwise 0 < @ < 1. Direct computations yield wyxw, = Hxo, > H(@Wxw,) > ¢p(@)Hxe, =
P(@)warxw,, then xp, > %q)(w)xwz > Wx,. This is a contradiction to the definition of @. Thus,
w > 1, xu, > Xu,, and further
Xy = inwl > inwz = ﬂxw2 > Xy, 0<wy < wy. (8)
w1 w1 w1
Then, x,(t) is strong decreasing in w, that is, x, () is strong increasing in A. Let wy = w and fix
wi in (8), for w > wy, we have x,, > w%xw, and

Nw1
[ xwll < TH’CM”/

where N > 0 is a normal constant of cone P. Because w = 1, thenlim, o+ [|x)|| = 0. Let w; = w and
fix wy in (8), we obtain lim, _, o ||x4 || = 0.
Finally, for given wy, by (8), we have

Yo L Xy W > wy. 9)
Lett, = sup{t > 0: xy > txy,, w > wp}, then0 < t, < 1and X > kX, Direct computations

yield wx, = Hxw > H(twXw,) > ¢(tw)Hxwy, = ¢(tw)woXy,. By the definition of t,, we have
D p(ty) < to,and
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ty > F1 (7) . Yw > w. (10)

Combining (9) with (10), one has that
~1 (Wo
¥ = %ol < N [1=F (20)] fxag| = 0, w0 = wo +0.

Similarly, ||Xw, — Xw|| = 0, w = wp — 0. Hence, ||xw, — Xw|| = 0as w — wp. O
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Abstract: In the present work we study the oscillatory behavior of three dimensional a-fractional
nonlinear delay differential system. We establish some sufficient conditions that will ensure all
solutions are either oscillatory or converges to zero, by using the inequality technique and generalized
Riccati transformation. The newly derived criterion are also used to establish a new class of systems
with delay which are not covered in the existing study of literature. Further, we constructed some
suitable illustrations.

Keywords: oscillation; nonlinear differential system; delay differential system; a-fractional derivative

1. Introduction

In the literature there are many advanced strategies in the expansion of ordinary and partial
differential equations of fractional order and they have been used as excellent sources and tools in
order to model many phenomena in the different fields of engineering, science and technology. Further,
these tools are also used in fields such as chemical processes, polymer rheology, mathematical biology,
industrial robotics, viscoelasticity, and many more, see the monographs [1-7].

At the end of the nineteenth century, Henry Poincare initiated the method and used the qualitative
analysis of nonlinear systems of integer order differential equations. Since then, there has been
significant development in the theory of oscillation of integer order differential systems [8-18].

In a study [19], Vreeke et al. applied the differential systems in the application of physics in order
to solve the problem of a nuclear reactor which involved two temperature feedback. In the current
literature there are many established results in the oscillation theory of classical differential systems (see
[20-24]). However, in the nonlinear fractional differential system development is relatively slow due
to the occurrence of nonlocal behavior of fractional derivatives that possess weakly singular kernels.

In 2014, Khalil et al. introduced the idea of conformable fractional derivative as a kind of local
derivative with no memory (see [25-27]). By following the idea of Khalil, an interesting application of
the conformable fractional derivative in physics was discussed and the action principle for particles
under the frictional forces were formulated, see [28].

The idea of conformable fractional derivatives was generalized by Katugampola, and today it is
known as the Katugampola fractional derivative. Nowadays, many researchers have interest in this
type of derivative for their useful properties (see [29-31]). In this respect, we list the contributions of

Symmetry 2018, 10, 769; doi:10.3390/sym10120769 43 www.mdpi.com/journal/symmetry



Symmetry 2018, 10, 769

Spanikova [32], Sadhasivam [33] and Chatzarakis [34] where the oscillation of a-fractional nonlinear
three dimensional delay differential systems were also studied.
Now we study oscillatory behavior of the following system having the form

D (u(t)) = p(t)g (v(e(t))),
D% (v(t)) = —q(D)h (w(t))), ©)
D* (w(t)) = r(t)f (u(6())), t = to,

where 0 < a <1, D* denotes the a-fractional derivative respect to .

Based on the following assumptions:

(A1) p(t) € C2([to,00), RY), 4(t) € CX([to,0),RY), r(t) € Clfo,00),RY), p(t), q(t) and (1) are
not identically zero on any interval of [Ty, c0), Ty > to, r(t) and g(t) are decreasing and positive;
(A2) g € C*(R,R),vg(v) > 0,D*g(v) > ' >0,k € C%R,R),wh(w) > 0,D*h(w) > m >0, fe
C(R,R),yf(y) > 0and % >k>0fory #0;

(Az) o(t) < twith D% (t) > 1> 0,5(t) < t and satisfies lim;_so 0 () = 00, im0 6(t) = 00;

(Ay) The case will be considered as

1 e, [T L
Jy s gt ) =

where b(t) = q(lT)' a(t) = ﬁ and c(t) = 2I'm'r(t), a(t),b(t) and c(t) are positive real-valued
continuous functions with b(#)t =% < 1.

The solution implies that, it is a vector-valued function such that U(t) = (u(t),v(t), w(t)) with
T) = min{d(t1),0(t1)} for some t; > ty which has the property such that b(t)D* (a(t)D*u(t)) €
C*([Ty,0),R) and satisfies the system (1) on [T}, o). Denote by P, the set of all solutions U (t) of (1)
which exist on some half line [Ty, 00), Ty > t. The researchers only focus to the nontrivial solutions
of system (1) and satisfy sup {|u(&)| + [v(¢)| + |w(¢)|, t <& < 00} > 0 for any + > T;. We make a
standing hypothesis that (1) has such a solution.

A proper solution U(t) € P for the system (1) is called oscillatory if all the components are
oscillatory, otherwise it is nonoscillatory. Further, the system (1) is said to be oscillatory if all proper
solutions oscillate.

The main goal of this paper is to establish some new oscillation criteria for the system (1) by
making use of the generalized Riccati transformation and inequality technique. The study is structured
as follows. In Section 2, we recall some preliminary concepts relative to the a- fractional derivative.
In Section 3, some new conditions for the oscillatory behavior of the solutions of system (1) were
presented. Illustrative examples are included in the final part of the paper in order to demonstrate the
efficiency of new theorems.

2. Preliminaries

We begin this section with the following definition of the operator D*.

Definition 1. [30] Let y : [0,00) — R, then a-fractional derivative of y is defined by
et~y
D)) = im Y)Y s handa e (0,11, %)
e—0 €

If y is differentiable a-times in some (0,a) witha > 0, lim+ D*(y)(t) exists, then we have
t—0

DA()(0) := lim D*(y)(t).

t—0+
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a-fractional derivative satisfies the following properties. [30]
Leta € (0,1] and g, h be a- differentiable for t > 0. Then

(p1) D(t") = nt""“foralln € R.

(p2) D*(C) = 0 for all constant functions, g(t) = C.

(ps) D*(gh) = g?"‘( ) +hD%(g).

(ps) D*(§) = "2,

(ps) D*(g o h)(t) = g (h(t))D*h(t), for g is differentiable at f(t).
(pe) If g is differentiable, then D*(g)(t) = tl_“‘;—f(t).

Definition 2. [30] Let a > 0, t > a and a function y defined on (a, t] with & € R. Then, a-fractional integral
as follows

B O = [ N ®

provided improper integral exists.

3. Main Results

In this section, the oscillatory behavior of solutions for the system (1) under certain conditions are
established. Next we give the following lemmas that will be used in our further discussion.

Lemma 1. If U(t) € P is a nonoscillatory solution for (1), then the component function x(t) is always
nonoscillatory.

Lemma 2. Suppose that (A1) and (Ay) holds. Then there exists a ty > t such that either
(I) u(t) > 0, Du(t) > 0,D*(a(t)D*u(t)) > 0 fort > .

or

(IT) u(t) > 0, D*u(t) < 0,D*(a(t)D*u(t)) > 0 for t > t; holds.

Proof. Let u(t) be an eventually positive solution for (1) on [y, ). Now, system (1) will be reduced to
the following inequality

o L L o 27
D* (10 (S Dtut) ) + B rOF oo ) <0, 1 2 1, @
which implies,
D* (b()D* (a()D"u($)) + (1) (3(0()) <O, £ b ®

From (5), we get D*(b(t)D*(a(t)D*u(t))) < 0 for t > to. Then b(t)D*(a(t)D*u(t)) is decreasing on
(tp, 00). Thus the proof completes on using the Lemma 3.2 in [34]. [

The following notations are employed in the sequel.

=) t
(Ag)s = 1igg1ft/s“*1A"‘(s)ds and (By)s := ligg}f% /s"‘“A,X(s)ds, (6)
t

where Ay () = K ATOIT (55 (¢)))e.

d:= hmmftw(t) and D := limsup fw(t). )

t—oc0
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Theorem 1. Suppose that (Aq) — (A4) hold. Assume also that

| / ¢()(s — T)8(c(s))ds = oo, ®)

t
there exists a positive function p € C*([0, 00); R4.) such that

! '(6))2
lim sup (s”‘*lp(s)A,x(s) - Ali(pp%slf”‘b(s))ds = o0. )

to

Then every solution of system (1) is oscillatory.

Proof. Suppose that (1) has a nonoscillatory solution (u(t), v(t), w(t)) on [ty, c0). From Lemma 1, u(t)
is always nonoscillatory. Without loss of generality, we shall assume that u(t) > 0, u(6(¢)) > 0 and
u(é(o(t))) > 0fort > T > ty, since similar arguments can be made for u(t) < 0 eventually. Suppose
that Case (I) of Lemma 2 holds for t > ;. Define

b(t)D* (a(t) D" u(t))

w(t) = p(t) 2D u(D) , >t (10)

Thus w(t) > 0, differentiating « times with respect to ¢, using (5) and (A;), we have

e 2 D) ke(Delt) u(a(e(1) 1
P = 0" "ol D) e

Now, letzy(+,T) = (t—T), z2(t, T) = @ and define U (t) := (t — T)t' ~®u(t) — za(t, T)D*u(t).
Then U(T) = 0 and differentiating the above, we get

G w?(t). (11)

D*U(t) =t (t“‘u(t) +(E=T)(1— )t u(t) + (t — T) % (¢)
— 2y (t, T)D*u(t) — z(t, T)(D”‘u(t))’),

which implies

U (£) > 1%u(t) — zo(t, T) (D u(t)) . 12)

By Taylor’s Theorem, we have

/Ttsl’“ul (s)ds = z1(t, T)D*u(T) + /Tt zl(t,s)(D"‘u(s)),ds,

since D*(a(t)D"u(t)) is decreasing, we get
s
8% (t) > 17%u(T) 4 21 (£, T)D*u(T) + (D*u(t)) / z1(t,s)ds.
Jr

Thus U’ (t) > 0 on [T, c0). From this we get U(t) > 0 on [T, o), which implies that

Di%) <tz_2(;')?w = re L), (13)
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”

Next, define V(t) := D%u(t) — t(D%u(t))". In view of the fact that D*V (t) = —2~%(D%u(t))",
which implies V'(t) = —£2~%(D%u(t))" > 0 for t € [T, c0), therefore V(t) is strictly increasing on
[T, ).

We claim that thereisa t; € [T, 00) such that V(t) > 0 on [#1,00). Suppose not, V(t) < 0 on [t;,00).
Hence,

Da<Dau(t)> o) - D)),

t 12

which gives

!

(D“Zt(f)> _ ,tlzv(t) >0, t € [t,00).

Choose t; € (t;,00), for t > t, 6(c(t)) > 5(co(ty)). Since, w is strictly increasing,
Du(s(o(1)) . D*u(d(e(12)))
o) = do(t))

=m >0,

the Equation (13) implies that

u(((1) > L ma (o (1)), (14)

Now, integrating (5) from f; to t, using (A») and inequality in (14), we have

t
/ ((b(s)D"‘(a(s)D"‘u(s))), + kTmc(s)(s - T)(S(U(S)))ds <0.

[}

Then
t
b(t2)D*(a(t2)D*u(ty)) > kTm /c(s)(s —T)é(c(s))ds,
t

which contradicts to (8). Hence V() > 0 on [t1, 00). Accordingly,

!

ay 1—a , 1—a
tlﬂ"’(DT(t)) _ _ttT(t(D“u(t)) —Du(t) = —ttz V() <0, t € (t1,00),

which gives £(D%u(t)) < D*u(t). Then 8(c(t)) < 6(t) <t,

D*u(6(o(t))) _ D*u(t)
em ot )
since D“?(t) is strictly increasing. Using (13) and (15) in (11), we get
« Dp(t) kp(t)e(t) (6(e(t)))*((o(t)) — T) 1
PRt = om0 Ty 2 e 19
Therefore
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using (6) and (pe), we get

(P/(t))z tlﬂxh(t). (17)

w0 < —rlpAdn + 120

Integrating,

which contradicts the hypothesis (9). O

We now derive various oscillatory criteria on using the earlier results and we can generalize the
Philos type kernel. Let us define a class of functions (). Consider

Dy ={(ts):t>s>ty},andD = {(t,5) : t >s5>1tp}.

The function H € C(ID, R) belongs to the class ), if
(Th) H(t,t) = 0fort > ty,and H(t,s) > 0 for (t,s) € Dy.
' aH

(T2) The nonpositive partial derivative %—Ij exist on Dy such that h(t,s) = H(t,s) ’;((;) + 5 (t,5).

Theorem 2. Assume that (Aq) — (A4) hold. Further there exists p € C*([0,00); R..) such that

t

/ <H(t,s)s“*1p(s)Aa(s) - ipl(;():jis))sl’“hz(t,s)>ds = co. (18)
5]

lim su
t—00 P (tr t )

Then each solution of system (1) is oscillatory.

Proof. As we proceed in the proof of Theorem 1 and from (16), we have the inequality

w (t) < %w(t) — (1) Au(t) — p(*;;l(t)w%). (19)
Integrating,
t
[ HE )5 p() Au(s)ds
h SN0 [ ’ s
< / H(t,5) S w(s)ds - / H(t,5)w (s)ds — / H(LS) i@ ()

t / t a—1
< H(t,tl)w(t1)+/ (H(t,s)';((ss)) +aalj(t,s))w(s)ds/H(t,s)b(z)p(s)w2(s)ds,
< H(t tl)w(t1)+/t (w(s)h(t s) — H(t,s) st wz(s)>ds
' ' "p(s)b(s) ’
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1 1zx2
H(t t)w /4H(ts 12(t,)ds.

From this we conclude that

t

/(H(t,s)s""lp(s)A,x( Allpf(;() ()) 1= “hz( ))dng(t,tl)w(tl).
2]

Since 0 < H(t,s) < H(t,t1) fort > s > t;, we have 0 < (( )) <1, hence

ttl)/ < “lp(s) Auls iPIEIS() ())sl’“hz(t,s))ds < w(t).

Letting t — oo,

t

limsup%/ (H(t,s)s“‘flp(s)Aa() éllpIEI()t g)) =ep2(t,s ))dsgw(tl).

t—oo

Therefore assumption (18) is contradicted. Thus every solution of (1) oscillates. [

We immediately obtain the following oscillation result for (1).

Theorem 3. Assume that (A1)—(As) hold. Also assume that there exists a function p € C*([0,00); Ry) such
that

LH(,5)(p (5))* 14 _
hrtllsogp H(E, f1) / < 0(s)An(s) — ZTSl h(s))ds = oo. (20)

Then every solution of system (1) is oscillatory.

Proof. Proceeding as in the proof of Theorem 1, multiplying inequality (17) by H(t,s) and integrating,
we get

t / 2 £

H(t,8)s" p(s) Ag(s) — - —E20 sl=0p(s) ds < — H(t,s)w/(s)ds < H(t, t)w(ty).
4

o1 ty
Taking limsup as ¢t — o, and hence

t ’
) / (s“’lp(s)Aa(s)H(t,s) _ 1%‘)(5))25%%(5))‘15 < w(h),

1
limsup ——— H 1 o(s)

t—oo (t t

which contradicts the hypothesis in (20). O

The following theorem is to be proved using the techniques employed in the previous theorems.
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Theorem 4. Suppose that the assumptions (Ay)—(As) and (8) hold. Further assume also that Case (I) of
Lemma 2 holds, then

(A). <d— t“*lb(l—s)dz, @1)
and
(By)« < D — D2 (22)

Proof. Let u(t) be a nonoscillatory solution of (5) such that u(t) > 0, u(é(t)) > 0 and
u(6(c(t))) > 0fort > T > ty, consider the case (I) of Lemma 2 holds, u(t) satisfies the inequality
D* (b(t)D* (a(t)D*u(t))) <0, t € [T, 00). Define Riccati transformation

b(t)D*(a(t)D*u(t))
R OLRTO N

Thus w(t) > 0, differentiating « times with respect to ¢, using (5) and (A;), we have

« ke(t) u(é(o(t))) 1
DYw(t) < — a0 Dl wwz(t)

By using (15), (13) and (6), we obtain the above inequality

4 a1 a1 1 o
W)+ #7 A) + 17 et <0 (23)

Given that A, (t) > 0 and w(t) > 0, which gives w'(t) < 0and
—b(t)(w (/WP (1) > 1.

which yields that

Integrating the above inequality and denote t’i‘*l ﬁ = M, we have

M(t—t)w(t) <1 (24)
which implies that
tl;n; w(t) =0, tllj; tw(t) = 0. (25)

From (9) and (24),0 < d < 1and 0 < D < 1. Even though if d = 0 and D = 0, there is nothing to
prove. Now, to claim (21). Integrating (23) from t to co and use (25), we get

[e5)

w(t) > t/s“’]Aa(s)dert/s“’lﬁs)uﬁ(s)ds,
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Multiplying by t and taking liminf as t — oo, by (25), d > (Ax)+. For given € > 0, there exists a
t2 2 fl as

d—e<tw(t) <d+eand t/s"‘*lAa(s)ds > (Ax)x—€,t > b (26)
Again from (26),

tw(t) > t}[‘ s* 1A, (s)ds + tf s“’lﬁuﬂ(s)ds

>t s 1AL (s ds—i—t“bif
t t (27)

>tfs"‘*1A (s)ds + t* —(d—ezflzds

oo

t
=t [ s TAu(s)ds + t~ 1%((1 €)%

-

Therefore from (26) and (27), d > (Ay)« — € + (d — €)?. Then

-1 1
d> (Ay)s+t b(t)d ,

since ¢ is arbitrarily small. Next to prove that (22). Multiply (23) by s2, integrating from t; to t,
and integration by parts follows that

t

¢ ¢
N 1
/s Ay (s)ds < —il/s w (s )ds—/ +1@wz(s)ds

t t

t t
< —Pw(t) + Bw(t) +2/sw(s)ds — /s"‘“%wz(s)ds,

implies
t

t
2w(t) < Bw(t) — / s LA, (s)ds + / <25w(s) - s“*’lzy(l—s)wz(s))ds. (28)
i i

Thus, we obtain

t
fo(t) < B9 1 factig (6)ds 4 1 [ s1-ab(s)ds,
t1 t (29)
< w<t1 -1 fs”‘“A (s)ds + Lel=op(t fds
51

y (As), (29) imply that

Bw(ty)
t

tw(t) < 1 t/ w14, (s)ds + - (tftl)

h
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Thus

t
limsup fw(t) < 1-— litminf% s*TLA L (s)ds.
—00

t—o0 i

Hence from (6), (7), D < 1 — (Bg)+. For any € > 0, there exists a t, > t; such that

t
1
D—e < tw(t) < D+eand n /s‘”lAa(s)ds > (By)x —€, t > to. (30)

to

Now, from (28) and (30) we get
D< —(By)x+e(D+€)(2—D+e), t >t
since € is arbitrarily small, we have
(By)« < D—D?,
which proves (22). [

Lemma 3. Suppose that (Aq)—(A4) and (8) hold. Also assume that Case (II) of Lemma 2 holds. If

[}

00 0 o .
/ a(ry) <”//S c(s dsdy)d;y (31)

2

Then lim u(t) = 0.

t—00

Proof. We consider the Case (II) of Lemma 2, D*u(t) < 0, D*(a(t)D*u(t)) > 0 for t > t;. Since
u(t) is positive and decreasing, we have tlim u(t) = d > 0. Suppose not, d > 0. Given that
—00

u(8(c(t))) < 6(t) <t thenu(6(c(t))) > u(t) > d fort > t, > t; sufficiently large, u(t) is decreasing.
Integrating (5) from f to co and using u(6(c(£))) > d, we get

/too <b(s)D”‘ (a(s)D"‘u(s))) ds < — /too ks*e(s)u(S(o(s)))ds < —kd /too s*1e(s)ds,
then,
b(£)D (a(t)D%u(t)) > kd' /t'°° st e(s)ds.
By (A4), we get

(a(t)D*u(t)) > kd’b(t)% /t°° s e(s)ds > kd /fw g1

Again integrating, we obtain

—a(f)Du( t)>kd/ / (s)dsdy,
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this implies that,

/ N l 00 (o]
_ > a—1 / / a—1 .
u (t) > kd t ) ), s* Fe(s)dsdu

By integrating, once again it is get as
u(ty) > kd' ~ <11"‘*1L /oo /m s""%(s)dsdy) dn
N t a(n) Jy Ju

which contradicts to (31). Thus d = 0 and hence tlim u(t)=0. 0O
—00

From Theorem 4, Nehari type oscillation criteria for (1).

Theorem 5. Assume that (Aq) — (Ay), (8) and (31) hold. If

(u(8(e())* ) > 3, (32)

liminf1
t a(s) s

t—00

t

[ (rerc e -1
to

then u(t) is oscillatory or satisfies u(t) = 0as t — oo.

4. Examples

In this section, we provide some examples in order to see the effect of the main results.

Example 1. Consider % fractional delay differential system

D (u(t)) = —g(e(3))

1 _ 1 -
D2 (o(t)) = \/Zh( 1), (33)
D (1) = = f(u(z), ¢ b,
where C; = cos(In2), C; =sin(In2), A; = cos(In4), Ay =sin(In4).

Here o = %, p(t) TG q(t) = b(lt) = %, r(t) = %,f u) = A1/ (1 —u?) — Ayu, g(v) = vand
h(w) = w.
It is easy to see that

' 1 '
D*g(v) = W(Cl +C)>1 >0,
1 '
D"‘h(w) = —(Cl — Cz) >m >0,
NG

1
f)/u = An|-5—1-4>02579 =k >0,

2_ 2 t_
since u* < 1, 0(t) = 6(t) = £ and D*o(t) = VES150,c(t) = 92, A1) = 9224 Now it is
considered as,

/c(s)(s ~T)6(0(s))ds = a-g / (S\_/gT) Sds — coast oo,
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By taking p(t) = 16/k then p' (t) = 0. Consider

t

" (6))2
lilllsogpf (s“*lp(s)Aa(s) - i(pp%slf”‘b(sOds

= limsup
t—o0

t
116k(5-T) 1
t < k16 %)ds
1

1 t<s4T
:hmsupf/
t—o0 4
ty

Since, each of the conditions are verified in Theorem 1, all solutions of (33) are oscillatory. Thus
(u(t),o(t),w(t)) = (sin(Int),Cy cos(Int) — Cy sin(In t), Cy sin(Int) + Cy cos(Int)) is one such solution.

>ds—>ooast—>oo.

Note: The decreasing condition imposed on g(t) and (¢) is only a sufficient condition, however
it is not a necessary one. The following example ensures the oscillatory behavior of the system (34)
even though ¢(t) and r(t) is nondecreasing.

Example 2. Consider % fractional following differential system

! B -
D3 (u(t)) = FEREPETY +§cos§(t)g(v(t 2m)),
D3 (v(t)) = —t3w(t), (34)
D3 (1)) = traozzgy /04 = ) £2
A _ i

5 2
Here o = 3, p(t) = G) mr q(t) = ﬁ =13, r(t) = Hctog’sz(t)rf(u) = u(l+u?), g(v) =

(14 %vg) and h(w) = w. It is easy to see that D*g(v) = 03 +202 >1=1"> 0such that v>1,y > i
D*h(w) > 1=m' >0, f(u)/u=1+u2>1=k>0,0(t) =t —27,5(t) = t — 3 and Do (¢) = £3 >

5
3 cos3 _3n_
W(t) = 2143 cos3 (1) t—3F T(t,%f)l

[ such that t| = l%, t>t,c(t) = 2 3. Now consider,

1+cosz(t)/ T 2 1+cos2(b) t
7 2 s3 31
/ €(5)(s = T)o(o(s))ds = [ Pr s (s = T)(s = 5 )ds
ty t
%/% sf%)dsﬁooast%oo.
t
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If we take p(t) = 1 then p' (t) = 0. Consider

t o2
nﬁs;lptl (s“’lp(s)Aa(s)f%(Pp((z))) s1ap(s )>ds

t

@l

= limsup
t—o0

72 |
> limsu —/ <(
t—)ooP 16 h

Theorem 1 are satisfying the new conditions arriving at the solution for (34) is oscillatory and it is given
as (u(t),v(t),w(t)) = (sint,cost,sint).

~2p s3 11+%cos%(s)sf37”fT( 37‘()
- PR
14 cos?(s) 2 1+ cos?(s) s 2

>ds

-T
)(5—37”)%>ds—>ooast—>oo.

Example 3. Consider the %—fractional differential system

NI

(u(t)) = tig(o(t — 1)),
(0(t) = —e 2 2a(t), (35)

D (w(t) = (et) flu(t — 3), >ty

D

M=

D

Here o = 1, ﬁ = p(t) = e2ts, ﬁ = q(t) = e 23, r(t) = (et)?, g(v) = v, h(w) = w and

f(u) = u. Now it is easy to check that D*g(v) = vi=e¢i1=1>0, D*h(w) = wi=ei=m >0,
f)/u=1=k>0,0(t) =t—1,6(t) =t — L and D*0(t) = t2 > I such that t; = 12 for t >,

c(t) = 2(et)?, Ag(t) = Sere?(t— 1 —T)(t — 1)2. Now,

oo

/ (s)(s— ))ds = /l2 es) T)(s— %)ds = %1 /s%(s —T)(s— %)ds — 0.

ty ty

Taking p(t) = -
t2 02t

(1) = — 5l ? (4t +7). Consider

lim sup (s”‘*lp(s)Aa(s) - %

t—oco

. 2,3 2
= limsup (sf% Lex %ezs(sf % —T)(s— %)% _Us+7)7 e4ss%>ds

too s2es 457t
1
t 1 t 1
. 1262 s2 . 12e2 1
< limsup -5 — — |ds < limsup — — — |ds < 0.
t—co 252 457 t—sc0 252 4s2

Here further the condition (9) of the above Theorem 1 seems to be not satisfied, in view of the fact that (Ay)
fails to hold, and hence the system (35) is not oscillatory. In fact, (u(t), v(t), w(t)) = (¢!, e~!,e) it is a solution

for (35), and nonoscillatory.
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Remark 1. The results obtained in this article further can be extended to a neutral system with forced term

D* (u(t) + p(H)u(3(£))) = a(t)hs (o(x(1))),
D* (0(1)) = —b(t)hz (w(£))),
D* (w(t)) = e(t)hs (u(o(1))) +e(t), t = o,

for the cases

and

5. Conclusions

Through this article, we have derived some new oscillation results for a certain class of nonlinear
three-dimensional a-fractional differential systems by using the Riccati transformation and inequality
technique. This work extends and also improves some classical results in the literature [16,18,32] to the
a-fractional systems and studied the oscillation criteria. Further, the present results are essentially new
and, in order to illustrate the validity of the obtained results, we have provided three examples.
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differentiable sub-b-s-preinvex functions are presented. Examples of applications of these inequalities
are shown.

Keywords: generalized convexity; b-vex functions; sub-b-s-convex functions

1. Introduction

Convex functions play an important role in economics, management science, engineering, finance,
and optimization theory. Many interesting generalizations and extensions of classical convexity
have been used in optimization and mathematical inequalities. Generalized convex functions called
b-vex functions were introduced by Bector and Singh [1], and some of their basic properties have
been discussed. Choa et al. [2] investigated a new class of functions called sub-b-convex functions
and proved the sufficient conditions of optimality for both unconstrained and inequality-constrained
sub-b-convex programming. Hudzik and Maligranda [3] studied certain classes of functions introduced
by Orlicz [4], namely, the classes of s-convex functions. Meftah [5] introduced a new class of
non-negative functions called s-preinvex functions in the second sense with respect to 7, for some

€ (0,1]. Jiagen and Tingsong Du [6] presented a class of generalized convex function has some
similar properties of sub-b-convex function and s-convex functions.

Ben-Isreal and Mond [7] defined preinvex functions, and, in [8], Weir and Mond studied how and
where preinvex functions could replace convex functions. Mohan and Neogy [9] presented certain
properties of preinvex functions. Suneja et al. [10] considered a class of function called b-preinvex
functions that are generalizations of preinvex and b-vex functions. A generalization of the b-vex
function, called semi-b-preinvex, was given by Long et al. [11]. Refinements of the mathematical
inequalities on convex and generalized convex functions have been investigated [12-20].

Motivated by earlier research works [6,12,21-23], the purpose of this article is to present a new
class of functions, called sub-b-s-preinvex functions, that can be reduced to sub-b-preinvex when
s = 1. Some of their properties are studied. Furthermore, a new class of sets, called sub-b-s-preinvex
sets, is defined. A new sub-b-s-preinvex programming is introduced, and the sufficient conditions
of optimality under this type of function is established. Moreover, some examples of applications
are given.

2. Preliminaries

Throughout the paper, the convention bellow will be followed:
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Let R” denote the n-dimensional Euclidean space, and let K be a non-empty convex subset in R".
In addition, let b(uy,up,t) : K x K x [0,1] — Rand 5 : K x K — R" be two fixed mappings.

The following definitions about b-vex, sub-b-convex, s-convex, sub-b-s-convex, and preinvex
functions that will be used throughout the paper are given:

Definition 1 ([1]). The function h : K — R" is called

1. ab-vex function on K with respect to (w.r.t. in short) b if
B (tug + (1 — Hup) < tbh(uq) + (1 — th)h(uy),Vuy, ug € K, t € [0,1]
2. and a b-linear function on Kw.r.t. b if

h(tug + (1 — H)up) = tbh(uq) + (1 — th)h(uz),Vuy, uy € K, t € [0,1].

Definition 2 ([2]). The function h : K — R" is called a sub-b-convex function on K w.r.t. b if
h(tug + (1 = Hup) = th(uy) + (1 — H)h(up) + b(uy, ua, t),Yuy, uy € K, t € [0,1].

Definition 3 ([3]). The function h : K — R" is called an s-convex function in the second sense if
h(tug + (1 — Hup) = h(ug) + (1 — £)°h(up), Yug,uy € K, t € [0,1],5 € (0,1] .

Definition 4 ([6]). A function h : K — R is called a sub-b-s-convex function on a non-empty convex set
KCR"wrt b: Kx Kx[0,1] — Rif

h (tu1 + (1 — (5)1/12) < tsh(ul) + (1 — t)s]’l(uz) + h(ul, Uy, t)
and Yuq,up € K, t € [0,1],5 € (0,1] .

Recall [9] that, by definition, a set K C R" is called an invex set w.r.t 17 if uy + ti7(u1,up) € K,
Yiuq,up € Kand t € [0,1].

Ben-Israel and Mond [7] defined a class of functions called preinvex in the non-empty invex set
K C R" w.r.t. 1, as follows:

Definition 5. A function h : K — R is preinvex on K w.r.t. j if there exists an n-dimensional vector function
1 such that
B (ug + 6 (uy, u2)) < th(ug) + (1 — t)h(ua),

Yuy,upy € K, t € [0,1].

3. Sub-b-s-Preinvex Function and Their Properties

In this section, the concepts of sub-b-s-preinvex function and sub-b-s-preinvex set are given.
Furthermore, some of their properties are studied.

Definition 6. A function h : K — R is called a sub-b-s-preinvex function on a non-empty invex set K C R"
w.r.t.n,bif

h(up +ty(uq,u2)) < £°h(uy) + (1 —t)°h(uz) + b(uq, ua, t) 1)

where b : K x K x [0,1] — R,Vuq,u; € Kt € [0,1],s € (0,1] .
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Remark 7.

1. Ify(uy,up) = uy — uy in Equation (1), then sub-b-s-preinvex w.r.t. 17, b becomes a sub-b-s-convex
function. Moreover, if s = 1, then Equation (1) becomes a sub-b-convex function.

2. When(uy,up) = uy —upand b(u, u, t) < 0in Equation (1), then the sub-b-s-preinvex function becomes
a convex function.

Theorem 8. If hy,hy : K — R are sub-b-s-preinvex functions w.r.t. n,b, then hy + hy and Bhi(f > 0) are
also sub-b-s-preinvex functions w.r.t. 1,b.

Corollary 9. If hy : K — R, where k = 1,2, -, n are sub-b-s-preinvex functions w.r.t. n,by, then the
function which is H = Y.! jaghi,ap > 0 (k=1,2,---,n) is also sub-b-s-preinvex function w.r.t. 1,
b where b = Y}, ayby.

Proposition 10. If i : K — R, where k = 1,2, - - -, n are sub-b-s-preinvex functions w.r.t. 1,by, then the
function which is H = maxhy,k = 1,2,- - -, nis also a sub-b-s-preinvex function w.r.t. ,b, where b = maxby.

Theorem 11. Let hy : K — R be a sub-b-s-preinvex function w.r.t. ,by and hy : R — R be an increasing
function. Then hyohy is a sub-b-s-preinvex function w.r.t.n, b where b = hyoby if hy satisfies the following
conditions:

1. hy(Buy) = Bha(uy),Vus €R,B>0;
2. hy(u14up) = ho(ur) + ha(u2),,Vuq, up € R, g > 0.

Proof.

(hpohy) (up + 0y (uy, uz)) = hy (hy (up +ty(uq,u2)))

< o (Fh(ur) + (1= 1)1 (u2) + by (ug, uz, 1))

= thy (hi(u1)) + (1= £)hy (1 (u2)) + ha (b (uy, uz, t))
5 (hpohy) (11) 4+ (1 — £)° (hgohy) (u2) + b(uq, up, t),

A

which means that hyoh; is a sub-b-s-preinvex function w.r.t.y,b. [

We introduce a definition of a sub-b-s-preinvex set w.r.t.17, b as follows.
Definition 12. A set K C R is called a sub-b-s-preinvex set w.r.t.n, b if

(1 + tyy(ug, uz), £ B1 + (1 — £)°Ba + b(uy, up, t)) € K.

Y(uy, B1), (U2, B2) € K, ug,up; € R",t € [0,1],s € (0,1] and b : R* x R" x [0,1] — R.

The epigraph of the sub-b-s-preinvex function / : k — R can be given as

Gh)={(u,B):uecKpecRnh(u)<pB}.

Now, we are going to investigate characterizations of the sub-b-s-preinvex function in terms of

their epigraph G(h), and we start with sufficient and necessary conditions for h to be a sub-b-s-preinvex

function w.r.t.n7,b.

Theorem 13. 1 : k — R is a sub-b-s-preinvex function w.r.t.y, b iff its epigraph is also a sub-b-s-preinvex set
w.r.t.y,b.
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Proof. Let i be a sub-b-s-preinvex and let (i1, B1), (112, B2) € G(h). Then, by using the hypothesis,
we have hi(u7) < B1 and h(uy) < Bo.
Moreover,

th(uy) + (1 —t)°h(up) + b(uq, uo, t)
i’slgl + (] — t)S,BZ + b(ul,uz,t). (2)

B (up + tn(uq, up))

INIA

Hence,
(up + ti](ul,uz), B1+ (1- t)s‘Bz + b(uy, uy, t)) € G(h).

Therefore, G(h) is sub-b-s-preinvex set w.r.t.i, b.
Now, assume that G(h) is a sub-b-s-preinvex set w.r.t.7,b. Then

(u1, (1)), (uz, h(uz)) € G(h),

where 17,1, € K.
(up + ty7(uy, up), R (1) + (1 — £)h(up) + b(uy, up,6)) € G(h), which means that

B (up 4+t (uq, uz)) < Eh(ug) + (1 —t)°h(uz) + b(ug, ua, t).
Then & is sub-b-s-preinvex function w.r.t.ny,b. [

Proposition 14. Assume that K; is a family of is sub-b-s-preinvex sets w.r.t.n,b. Then N;c1K; is also a
sub-b-s-preinvex set w.r.t.y, b.

Proof. Consider (11, B1), (42, B2) € Nie K;. Then we have (u1, B1), (112, B2) € K;, Vi € I

(uz + tiy(ul,uz),ﬁl + (1 — t)slgz + b(ul,uz, t)) e K;,Viel

(1o + ty(ur, up), P1 + (1 — £)°Bo + b(uq, uz, t)) € NiciK;.
Hence, Nj¢[K; is a sub-b-s-preinvex set. [

According to Theorem 13 and Proposition 14, the following proposition holds:

Proposition 15. Let h; be a sub-b-s-preinvex function w.r.t.n,b. Then a function H = sup,.; h; is also a
sub-b-s-preinvex function w.r.t.y, b.

Theorem 16. Let h : k — R be a non-negative differentiable sub-b-s-preinvex function w.r.t.ny, b. Then

1. dhuzry(ul,uz) < -1 (h(ul) —+ h(uz)) + 1imt_>0+ b(ul,ituz,t);
2 dhuyy(ug,ug) < 71 (h(uy) — h(ug)) + "2 4 lim, ) Blaed),

Proof.
1. By using the hypothesis, we can write
h (ug + (11, 12)) = h(uz) + tdhy,n(ug, uz) + O(t).

Additionally,
h(up + t(uq,up)) < £h(uy) + (1 —t)°h(up) + b(uq, up, t).
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Furthermore,

h (uz + tq(ul,uz)) tsl’l(ul) + (1 - t)sh(uz) + b(ul,uz,t)

<
< tsh(ul) + (1 + ts)h(uz) + b(ul,uz, t).

Then
h(up) + tdhy,1 (g, up) +O(t) < Eh(ug) + (14 £2)h(uz) + b(uq, up, t)

b(ug,up,t) (uupt)  O(t)
t

by taking lims__,q, , which is the maximum of bf — ~3~. The first result is thus

obtained.

2. Similarly,

h(up) + tdhy,n(ug, uz) + O(t)
< Bh(ug) + (1 + ) h(ug) + b(uq, u, t)
=th(uy) + (14 £)h(ug) — th(uz) + £h(uy) + b(uq, ug, t)
=" (h(ur) — h(uz)) + b, uz, t) + (1= £)° + £°) h(uz).

However, we know that (1 —#)* +¢6°,Vt € [0,1], and s € (0,1] and since & is non-negative
function; hence,

h(up) + 0hy,n(uq, uz) + O(t) < £ (h(ug) — h(uz)) +2h(uz) + b(uyg, uy, t).

Then, by dividing the last inequality by t and taking lim; o, , we obtain the second part of
the theorem.
O

Theorem 17. Let h : k — R be a negative differentiable sub-b-s-preinvex function w.r.t.1, b. Then

dhyyy(ur, u2) < B0 (h(uy) — h(up)) + lim by, uz t)

t—04
Proof. We obtain the result by using the hypotheses, since

b(ul, Uy, t) -~ %

dhuyn (1, 42) < £ (h(ur) = h(w)) + == ;

Then, by taking lim;__,q, M, which is the maximum of M — %, we obtain the result. [

Corollary 18. Assume that h : k — R is a differentiable sub-b-s-preinvex function w.r.t.n, b, and
1. his a non-negative function, then

h(ul) +h(u2) © lim b(ul,uz, t) + b(uz,ul,t)

t t—04 t

d (huy — huy ) (g, u2) <

2. his a negative function, then

. b(uq,u,t) — b(uy, uq,t
d (huy — ) (ug, 1) < lim (1,12, t) = bluz i1, 1)

t—04 t

Proof.
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1. Since & is a non-negative function and by using Theorem 16,

i,y (g, 102) < F7 (h(ug) — h(up)) + h(:‘Z) + Jim L;‘Z”
Additionally,

) < 671 (i) — ) + 20 gy P10,
Thus,

m b(uy, up, t) + b(uy, uq, t).

t t—0. t

d (huy = huy) 17 (11, 12) <

2. Since h is a negative function, and according to Theorem 17, the second result can be obtained
directly.
O

4. Hermite-Hadamard-Type Integral Inequalities for Differentiable Sub-B-S-Preinvex Functions

There are a great deal of inequalities related to the class of convex functions. For example,
Hermite-Hadamard’s inequality is one of the well-known results in the literature, which can be stated
as follows.

Theorem 19. (Hermite-Hadamard's inequality) Let h be a convex function on [uq, up) with uy < up. If his an
integral on [uy, up|, then

h<”1+”2>§ ! /uzh(x)dxgih(”lwh(”z). 3)

2 Uy — UL Juy 2

For more properties about the above inequality, we refer the interested readers to [24,25].
Dragomir and Fitzpatrick [26] demonstrated a variation of Hadamard’s inequality, which holds
for s-convex functions in the second sense.

Theorem 20. Theorem Let h : Ry — Ry be an s-convex function in the second sense s € (0,1) and
uy, iy € Ry, ug < up. Ifh € LY([ug, up]), then

u
251y (”142_“2) < i / Zh(x)dxg M
2 — Uy Juy s+1

Now, we will present new inequalities of Hermite-Hadamard for functions whose derivatives in
absolute value are sub-b-s-preinvex functions. Our results generalize those results presented in [27]
concerning Hermite-Hadamard type inequalities for preinvex functions.

Lemma 21 ([27]). Assume that K C R is an open invex subset w.r.ty and uy, uy € Kwithuy < uq +1(up, uq).
Let hh : K — R be a differentiable mapping on K such that " € L ([u1, u1 + 17(uz, u1)]). Then the following
equality holds:

_hn) + b+, m)) 1 / R
2 VICCATY

Uy, U 1
= w/o (1 =20)1 (uy + tyy(u,uq)) dt.

7
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Theorem 22. Assume that K C [0,¢],c > 0 is an open invex subset w.r.ty and uy,uy € K with
uy < uy + n(uy, uy). Let h : K — Rbea differentiable mapping on K such that b’ € L ([uy, uy + 17 (uz,11)]).
If |W'| is a sub-b-s-preinvex function on K, then we have the following inequality:

h(uy) + h(ug +n(u,uq)) 1 uy+17 (1)
’ 1 ]2 o _77(”2ru1)/ hlx)dx
Uy, U st 1) (s —29)(s

Proof. From Lemma 21, we have

‘h(ul) +h(u +n(ug,uy)) 1 /”1+77(”2/”1) h(x)dx
2 ﬂ(uZ,ul)
< M/ 11— 28] I (1 + b 0z, ur)) | . 5)

Since |1'| is a sub-b-s-preinvex on K, for every uy,u; € K, € (0,1] and s € (0,1), we obtain
[ (1 + ty(uz, 1)) | < 1 (u2) |+ (1= 1)1 ()| + [b(uy, uz, ).

Hence, we have

) ey )
2 77(741/”2) Ja

1 1 1
< ’7(”1T”Z) {|h'(u2)|/0 \1—2t|t5dt+\h’(u1)|/0 |1—2t|(1—t)sdt+|b(u1,u2,t)\/0 \1—2t\dt} .(6)
since

1 1

/01721‘|(17t)5dt=/ 1 2t|dt
—/ (1— 26)dt — / (1— 2t)Fdt
2>+171)(s+1) (1725)(s+2)
25(s+1)(s+2)
Additionally,

1
/ 11— 2f[dt = =
Jo
Therefore, the proof of Theorem 22 is complete. [

Corollary 23. If 17(ua, u1) = uy — uy in Theorem 22, then Inequality 4 reduces to the following inequality:

h(uy) + h(uz) 1 iz
o —urul/ h(x)dx
<2 {(2”1—1)(s+1)+(1—25)(s+2)
=2 25(s +1)(s +2)

[ e2) | + 1 )] + 3 [, 2, | @)
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Theorem 24. Assume that K C [0,¢],c > 0 is an open invex subset w.r.ty and uy,uy € K with
uy < uy + n(uy, uy). Let h : K — Rbea differentiable mapping on K such that b’ € L ([uy, uy + 17 (uz,11)]).
If |W |9 is a sub-b-s-preinvex function on K for q > 1, then we have the following inequality:

h(u) +h(u +y(ug,u) 1 /‘“l*ﬂ“z'”ﬂ
2 vz, u1) Juy hlx)dx
W ()] + | (q)]" i
< M) {' )+ i) +\h(u1,u2,t)\} ®)
20p+1)7 st

1,1 _
wherep—i—qfl.

Proof. From Lemma 21 and using the Holder’s integral inequality, we have

h(ul) +h(u1 “1’77(142, ul)) _ 1 uy 417 (ug,uy)
2 1 (ug, uy) /a h(x)dx
! 1
M 1 _ 4 P 1 q 7
<= (/0 11— 21| dt /O‘h(ul+t11(u2,u1))‘ ar)" . 9

Since |1'|7 is a sub-b-s-preinvex on K, for every uy,up € K, € (0,1] and s € (0,1), we obtain
| (uy + ty(uz, uq)) | < £51 (un) |9+ (1 — £) (1 (un) |9 + [b(u1, ua, ).
Hence,
1 1
/0 (1 (ur + by (uz, 1)) |t < [[H (u2) |7 + [ (u1)|7] /0 tdt + |b(uy, up, t)]

1
= [ )7+ ) 7] + oG )

Moreover, via basic calculus, we obtain fol |1 —2tPdt = #. Thus, the proof of Theorem 24
is complete. [

Corollary 25. If 17(up, u1) = uy — uy in Theorem 24, then Inequality 8 reduces to the following inequality:

h(uy) + h(up) 1 u2
e 5 42 _u2*u1./ h(x)dx

1
. q . q a
o )|+ JaG)
o M-t ‘ ‘ ‘ ‘ + [b(uy, up, t)]| (10)

72(?"’1)% s+1

1,1 _
wherep—i-q 1.

5. Application

In this section, we apply our results to the non-linear programming problem and to special means.
Let us consider the unconstraint problem (P)

(P) : min {h(u),u € K}. (11)
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Theorem 26. Consider that h : k — R is a non-negative differentiable sub-b-s-preinvex function w.r.t.5,b.
Ifu* € Kand

iy (1, 1%) > bl 1)

,YueK,telo1],se(0,1], (12)

then u* is the optimal solution to (P) with respect to h on K.

Proof. By using the hypothesis and the second pair of Theorem 16, we obtain

o) = 0 — iy PO < 1 ) — ),

t t—04
vt € [0,1],s € (0,1] , and since

dhyen(u,u*) > hu) + lim blu,u 't).

t t—04

Thatis h(u) — h(u*) > 0, which means that u* is the optimal solution. [

Example 27. Let us take the following function h : Rt — R such that h(u) = 2u, where s € (0,1] .
Additionally, let b(uy, up, t) = tu? + 4tu? and

—Up; U1 = Uy

1—up;up #5 .

n(uy,ua) = {

Since b(uy,uy,t) > 0,Vt € (0,1], it is easy to say that h is a sub-b-s-preinvex function. Additionally,
h(u) is a non-negative differentiable, and lim;__,q, w exists for every uy,uy € R and t € (0,1]. Thus,
the following unconstraint sub-b-s-preinvex programming can be given as

(P) :min {h(u),u e R"}.

dhynp(u,u*) = 25(1/[*)5*17]“{,“*)/@ _ M

t t
and ) .
lim blw, ') = u? 4 4(u)2.
t—04 t
Thus, we see that u* = 0 and
* *
dhyn(u,u*) > hw) + lim b, u,t)
t t—04 t

holds Yu € K,t € (0,1] ,s € (0,1). Hence, according to Theorem 26, the minimum value of h(u) at zero.

Corollary 28. Assume that h : K — R is a strictly non-negative differentiable sub-b-s-preinvex function
w.r.t.n,b. If u* € Kand satisfies the condition of Equation (12), then u* is the unique optimal solution of h
on K.

Proof. Since / is a strictly non-negative differentiable sub-b-s-preinvex function w.r.t.57, b and by using
Theorem 16, we obtain

h(u2)+ lim b(ul,uz,t).

dhy,n(ug,u2) < 1 (h(uy) — h(up)) + ;
t—04 t

(13)
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Let v1,v2 € K where v7 # v; be optimal solutions of (P). Then h(v;) = h(vz), and Equation (13)
yields that

oy (01, 02) — 92 iy L:’Z” < £ (h(vy) — h(vy)) .

t t—0+

By using Equation (12), we have t*~1 (h(v1) — h(v2)) > 0, but h(vq) = h(v3). Thus, v; = vy = u*.
It follows that u* is the unique optimal optimal solution of h on K. [

Now, grant nonlinear programming as follows:
(Py) :min{h(u) :u € R", fij(u) <0,i € I,where] =1,2,--- ,m}.
F, is the feasible set of (Py), which is given as
Sp={ucR": fi(u) <0,icl}.
In addition, for u* € Sf,we define N(u*) = {i: fi(u*) =0,i € I}

Theorem 29 (Karush-Kuhn-Tucker Sufficient Conditions). Assume that h : R" — R is a non-negative
differentiable sub-b-s-preinvex function w.r.t.y,b and f; : R" — R are differentiable sub-b-s-preinvex
functions w.r.t.y,b;,i € I. Additionally, let

Ahyen(u, u*) + Zvidfmm(u, u*)=0,u" € Sp,vi>0,i€l (14)
iel
If
h(u*) © lim b(u,u*,t) <~ Y olimi_, b(u,u ,t), (15)

t t—0.4 = t
then u* is an optimal solution of (P;).

Proof. For any u € Sy, then we obtain fj(u) < 0 = fi(u*),Yu € S;. Therefore, from the
sub-b-s-preinvexity of f; and Theorem 17, we get

N . b(u,u*,t _ N
dfien(u,u®) — lim b, ) < ETH(fi(w) — fi(w?)) <0. (16)
t—04
From Equation (14), we obtain
dhyn(u,u*) = — Zvidfimiy(u,u*)
icl
= - Z vid fiyen (u, u™). 17)
ieN(u*)

Equations (15) and (17) yields that

Ay () — MU iy D)

t t—04 t

. b(u,u*,t)
>— Y v (dﬂ s, u*) — lim 7> . (18)
ieN(u*) l =0+ 4

Here, we use Equations (16) and (18) to obtain

h(u*) © lim b(u,u*,t)

t t—04 t

dhyn(u,u*) >
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and according to Theorem 26, one has
h(u) > h(u*),Yu € Sy.
Hence, u* is an optimal solution of (P;). [

Now, some applications to special means are given. The following result is established in [28].

Assume that H : I; — I, C [0,00) is a non-negative convex function on I;. Then H*(x) is
s-convex on I, where s € (0,1). For arbitrary positive real numbers uy, up (11 # 1), the following
special means are given:

1.  The arithmetic mean:
uy + up

2

A= A(uy,up) = , uq,up > 0.

2. The logarithmic mean:

uy ifu1 = Up
L=1L(u,up) = { ooy " g, up >0
Inuq,Inuy lful 7é U2,

3. The P-logarithmic mean:

uy z'fu1 = Up,
Lp = Lp(ul,uz) = |: lt§+1—u€1“
(

Vo p € R{=1,0},u1,uz > 0.
P+17>(uz—u1)} ifun 7 uz,

It is well known that L, is monotonic non-decreasing over p € Rwith L 1 = Land Ly = 1.
In particular, we have the following inequality

L <A

Now, some new inequalities are derived for the above means
Leth: [ug,up] — R, 0 < uy < up, h(x) =x°and s € (0,1], Then

1 uz .
/ h(x)dx = L{(uq,up)

Uy — Uy Juy

h(uy) +h(uz) _

7 A(uf, us).

1. From Corollary 23,

|A(uf, u3) — Lg(u, up)|
Uy —uy [ —1)(s+1) + (1 -2%)(s +2)
2 25(s+1)(s+2)

< [Jtun)| + )] + 5 oG, 2,011 19)

2. From Corollary 25,

Uy — Uy Vl(uZ)‘q * ‘fl(ul))q

[ A, u3) — L3 (uy, u2)| < T
2(p+1)7 s+l

+ [b(uy, up, t)|| - (20)

If s = 1, then
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|A(uy, up) — L(ug,up)| < % {%Hh’(uz)\ +|h (uy)]] + \b(ul,uz,t)q
|A(ulru2) - L(ul,uz)\ < M |:1

[ I+ 81+ o, )
2(p+1)7

whereq>1and%+%:1.

6. Conclusions

In this paper, we introduce a new class of functions and sets called sub-b-s-preinvex functions
and sub-b-s-preinvex sets and discuss some of their properties. In addition, the optimality conditions
for a non-linear programming problem are also established. Hermite-Hadamard-type integral
inequalities for differentiable sub-b-s-preinvex functions have been studied. Relationships between
these inequalities and the classical inequalities have been established. The ideas and techniques of this
paper may motivate further research, for example, in manifolds.
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Abstract: We herein discuss the following elliptic equations: M ( Jan Jry & =u)P 5, dy) (=A)u+

[x—y[NFps
V(x)|ulP~2u = Af(x,u) inRN, where (~A)j is the fractional p-Laplacian defined by (—A)5u(x) =
V) —2 _
2l fo o) PO TN gy ¢ BN Here, Bo(x) 1= {y € BY : [x—y| < e},

V : RN — (0,00) is a continuous function and f : RN x R — R is the Carathéodory function.
Furthermore, M : Rj — R is a Kirchhoff-type function. This study has two aims. One is to study
the existence of infinitely many large energy solutions for the above problem via the variational
methods. In addition, a major point is to obtain the multiplicity results of the weak solutions for our
problem under various assumptions on the Kirchhoff function M and the nonlinear term f. The other
is to prove the existence of small energy solutions for our problem, in that the sequence of solutions
converges to 0 in the L*-norm.

Keywords: fractional p-Laplacian; Kirchhoff-type equations; fountain theorem; modified functional
methods; Moser iteration method

1. Introduction

Significant attention has been focused on the study of fractional-type operators in view of
the mathematical theory to some phenomena: the social sciences, quantum mechanics, continuum
mechanics, phase transition phenomena, game theory, and Levy processes [1-5].

Herein, we discuss the results regarding the existence and multiplicity of nontrivial weak solutions
for Kirchhoff-type equations

/RN/RN o |N+£Jp xdy ) (=B)pu+ V)l 2u = Af(x,u) nRY, (1)

where (—A)j, is the fractional p-Laplacian operator defined by

- Ju(x) — u(y) P2 (u(x) — u(y))
=2l /RN\Ba(x) |x — y|NFPs 4y

forx € RN, with0 <s <1< p<oo,ps <N, Be(x) :={yeRN :|x—y| <e}, V:RN — (0,0) isa

continuous function and f : RN x R — R is the Carathéodory function. Furthermore, M € C(Rj,R*)
is a Kirchhoff-type function.

Symmetry 2018, 10, 436; doi:10.3390/sym10100436 71 www.mdpi.com/journal/symmetry
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Considering the effects of the change in the length of the stings that occurred by transverse
vibrations, Kirchhoff in [6] originally proposed the following equation:

Pu_ (2 /
e Tar
which is the generalization of the classical D’Alembert’s wave equation.

Subsequently, most researchers have extensively studied Kirchhoff-type equations associated with
the fractional p-Laplacian problems in various ways; see [7-14] and the references therein. The critical

Bu
sz =0

point theory, originally introduced in [15] is critical in obtaining the solutions to elliptic equations of
the variational type. It is considered that one of the crucial aspects for assuring the boundedness of the
Palais-Smale sequence of the Euler-Lagrange functional, which is important to apply the critical point
theory, is the Ambrosetti and Rabinowitz condition ((AR)-condition, briefly) in [15].

(AR) There exist positive constants C and ¢ such that { > p and
0<{F(x,t) < f(x,t)t for x€Q and |t|>C,

where F(x,t) fo x,s) ds and Q) is a bounded domain in RN,

Most results for our problem (1) are to establish the existence of nontrivial solutions
under the (AR)-condition; see [7,10,14,16] for bounded domains and [11] for a whole space RN,
The (AR)-condition is natural and important to guarantee the boundedness of the Palais-Smale
sequence; this condition, however, is too restrictive and gets rid of many nonlinearities. Many authors
have attempted to eliminate the (AR)-condition for elliptic equations associated with the p-Laplacian;
see [17-20] and also see [21-25] for the superlinear problems of the fractional Laplacian type.

In this regard, we show that problem (1) permits the existence of multiple solutions under
various conditions weaker than the (AR)-condition. In particular, following ([17], Remark 1.8), there
exist many examples that do not fulfill the condition of the nonlinear term f in [18,19,21,22,24-26].
Thus, motivated by these examples, the first aim of this paper is to demonstrate the existence of
infinitely many large solutions for the problem above using the fountain theorem. One of novelties
of this study is to obtain the multiplicity results for problem (1) when f contains mild assumptions
different from those of [18,19,21,22,24-26] (see Theorem 1). The other is to demonstrate this result with
sufficient conditions for the modified Kirchhoff function M, and the assumption on f similar to that in
[18,26] (see Theorem 2). As far as we are aware, none have reported such multiplicity results for our
problem under the assumptions given in Theorem 2 of Section 2.

The second aim is to investigate that the existence of small energy solutions for problem (1),
whose L®-norms converge to zero, depends only on the local behavior and assumptions on f(x,t),
and only sufficiently small t are required. Wang [27] initially investigated that nonlinear boundary
value problems

—Au=Au" M ut f(xu),  inQ,

u=20, on RN \Q,
admit a sequence of infinitely many small solutions where 0 < g < 1, and the nonlinear term f
was considered as a perturbation term. He employed global variational formulations and cut off
techniques to obtain this existence result that is a local phenomenon and is forced by the sublinear
term. Utilizing the argument in [27], Guo [28] showed that the p-Laplacian equations with indefinite
concave nonlinearities have infinitely many solutions. In this regard, lots of authors have considered
the results for the elliptic equations with nonlinear terms on a bounded domain in RN; see [29-31]. Itis
well known that the studies in [14,17,19,21,22,26,29,32,33] as well as our first primary result essentially
demand some global conditions on f(x,t) for ¢, such as oddness and behavior at infinity, for applying
the fountain theorem to allow an infinite number of solutions. In contrast to these studies that yield
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large solutions in that they form an unbounded sequence, by modifying and extending the function
f(x,t) to a adequate function f(x, t), the authors in [27-29] investigated the existence of small energy
solutions to equations of the elliptic type. A natural question is whether the results in [27-31] may
be extended to Equation (1). As is known, such a result for Kirchhoff-Schrédinger-type equations
involving the non-local fractional p-Laplacian on the whole space RN has not been much studied,
although a given domain is bounded. In particular, no results are available even though the fractional
p-Laplacian problems without Kirchhoff function M are considered, and we are only aware of paper
[34] in this direction. In comparison with the papers [27-29], the main difficulty to obtain our second
aim is to show the L®-bound of weak solutions for problem (1). We remark that the strategy for
obtaining this multiplicity is to assign a regularity-type result based on the work of Drabek, Kufner,
and Nicolosi in [35]. Furthermore, it is noteworthy that the conditions on f(x, t) are imposed near
zero; in particular, f(x, t) is odd in ¢ for a small ¢, and no conditions on f(x, ) exist at infinity.

This paper is structured as follows. In Section 2, we state the basic results to solve the
Kirchhoff-type equation, and review the well-known facts for the fractional Sobolev spaces. Moreover,
under certain conditions on f, our problem admits a sequence of infinitely many large energy solutions
of our problem (1) via the fountain theorem. Moreover, we assign the existence of nontrivial weak
solutions for our problem with new conditions for the modified Kirchhoff function M and the nonlinear
term f. In Section 3, we present the existence of small energy solutions for our problem in that the
sequence of solutions converges to 0 in the L*-norm. Hence, we employ the regularity result on the
L*®-bound of a weak solution and the modified functional method.

2. Existence of Infinitely Many Large Energy Solutions

In this section, we recall some elementary concepts and properties of the fractional Sobolev spaces.
We refer the reader to [4,36-38] for the detailed descriptions.

Suppose that

(V1) V € C(RN), inf, gy V(x) > 0.
(V2) meas{x € RN : V(x) < Vo} < +ooforall Vp € R.

Let0 <s<1land1< p < +oco. We define the fractional Sobolev space W**(RN) by
s,p (N r N (y) |P
WoP (RN := {u e L'(R /RN/RN ey < oo
endowed with the norm
P ; P |u(x) —u(y)lF
Iy = il Dy Wit Bl = [ fon oyt

Furthermore, we denote the basic function space W(RVN) by the completion of C3°(RN) in
WP (RN), equipped with the norm

Il = sy + Il with Jully i= [ V) lul? d.

Following a similar argument in [11,12], we can easily show that the space W(RN) is a separable
and reflexive Banach space.

We recall the continuous or compact embedding theorem in ([11], Lemma 1) and ([24], Lemma 2.1).

Lemmal. Let 0 < s <1 < p < 4oowith ps < N. Then, there exists a positive constant C = C(N, p, s)
such that, for all u € WP (RN),

H“”Lr;‘(RN) <C |”‘W5rP(RN)/
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where pi = Nl\i";p is the fractional critical exponent. Consequently, the space W*P(RN) is continuously
embedded in L1(RN) for any q € [p, p%]. Moreover, the space W*# (RN ) is compactly embedded in L], (RN)
Jorany q € [p, p3)-

Lemma 2. Let 0 < s < 1 < p < 400 with ps < N. Suppose that the assumptions (V1) and (V2) hold.
Ifr € [p, ps], then the embeddings

W(RN) — WSP(RN) — L"(RN)

are continuous with ”uHWSﬂ(RN) < C||MH$V(RN) for all u € W(RN). In particular, there exists a constant

Ky > 0such that |[u]| rgny < Krllu|lyrn) forall u € WRN). If r € [p, p}), then the embedding
W(RN) < L"(RN)
is compact.

Definition 1. Let0 < s < 1 < p < +00. We say that u € W(IRN) is a weak solution of problem (1) if

M) [ 7P )0 20 "

|X— |N+ps

+/ V(x) ulP~ 2uvdx*/\/ f(x,u)odx
for any v in W(RN).
We assume that the Kirchhoff function M : RaL — R satisfies the following conditions:

(M1) M € C(R],R") satisfies infteRg M(t) > mgy > 0, where mj is a constant.

(M2) There exists 6 € [1, y~ ps) such that 69(¢t) > M (t)t for any t > 0, where M(t) := fo (T)dr.
A typical example for M is given by M(t) = by + byt" withn > 0,bp > 0 and b; > 0.
Next, we consider the appropriate assumptions for the nonlinear term f. Let us denote F(x,t) =

fo s)ds and let 6 € R be given in (M2).

(F1) f:RN x R — R satisfies the Carathéodory condition.

7 2

(F2) There exist nonnegative functions p € LV (RN)NL*®(RN) and ¢ € L= (RN) N L®(RN)

such that
Ft)] < p(x) +o() 117, g€ (6p,p0)

forall (x,t) € RN x R.

(F3) im0 % = co uniformly for almost all x € RN,

(F4) There exist real numbers ¢y > 0, 79 > 0, and x > % such that
|7 (e, )] < o [HF F(x, t)

forall (x,t) € RN x Rand [t| > ry, where F(x,t) = el—pf(x,t)t — F(x,t) > 0.
(F5) There exist u > 0p and ¢ > 0 such that

uF(x,t) < tf(x,t) + ot?

forall (x,t) € RN x R.
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For u € W(RRN), the Euler-Lagrange functional £, : W(RN) — R is defined by
Ex(u) = Asp(u) — A¥ (u),

where 1
Asp(u) := ;(m(\umwml\,)) + ||”||Z,V> and Y(u):= /]RN F(x,u)dx.

Then, it is easily verifiable that A;, € CH(W(RN),R) and ¥ € C'(W(RN),R). Therefore,
the functional £, is Fréchet differentiable on W(RYN) and its (Fréchet) derivative is as follows:

(Ex(u),0) = (A (1) =AY (1), 0)

— p=2 - -
:M(|“‘€vw(RN))/RN /RN Ju(x) —u(y)| |Ecu£x;|pr(Sy))(v(x) v(y))dxdy o

+/]RN V(x) \u|’”72uvdfo/RNf(x,u)vdx

for any u,v € W(RV). Following Lemmas 2 and 3 in [11], the functional As,p is weakly lower
semi-continuous in W(RN) and ¥ is weakly continuous in W(RN).

We now show that the functional &, satisfies the Cerami condition ((C).-condition, briefly),
ie., for ¢ € R, any sequence {u,} C W(RN) such that & (u,) — ¢ and ||8)’\(un)||w*(RN)(1 +
lnllwrn)) — 0asn — oo has a convergent subsequence. Here, W*(RN) is a dual space of W(R").
This plays a decisive role in establishing the existence of nontrivial weak solutions.

Lemma3. Let0 <s <1< p < +ooand ps < N. Assume that (V1), (V2), (M1), (M2), and (F1)~(F4)
hold. Then, the functional £, satisfies the (C)c-condition for any A > 0.

Proof. Forc € R, let {u,} be a (C).-sequence in W(RN), that is,
Ex(un) — ¢ and €3 (un) [y (1 + [unwen)) =0 as n— oo, 4)

which implies that
c=E(up)+o(1) and (&} (un),un) =o(1), 5)

where 0(1) — 0is n — oo. If {u,} is bounded in W(RN), it follows from the proceeding as in the
proof of Lemma 6 in [11] that {u, } converges strongly to u in W(RN). Hence, it suffices to verify that
the sequence {u, } is bounded in W(RYN). However, we argue by contradiction and suppose that the
conclusion is false, i.e., {1, } is a unbounded sequence in W(RN). Therefore, we may assume that

lunlwmyy >1 and  [unlygyy = 00, as n— oo (6)

Define a sequence {wy} by wn = un/|un]ygn). Then, it is clear that {w,} C W(RN) and
|[ws ”W(RN) = 1. Hence, up to a subsequence (still denoted as the sequence {wy, }), we obtain w, — w
in W(RN ) as n — oo. Furthermore, by Lemma 2, we have

wy(x) = w(x) ae. inR¥and w, — win L"(RN) as n— oo (7)

for p < r < pi. Owing to the condition (5), we have

. |
€ = £n(un) +0(1) = M (ltnlly ) + Il =4 [ Flx,n) dx0(1),
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Since [[un |y (ryvy —> 00 as n — oo, we assert that

P o(1)
o F ) = Oty )+ Dl ) = 5+ 55
p » c o(1)
e Tp(éM(luﬂwsm(RN )‘unlwsp ]RN + ”uan,V) - X + T
min{my/6,1} P c o(l)
=z Ap (o ”W(RN) Y + - Th® as n—rco 8)

The assumption (F3) implies that there exists o > 1 such that F(x,t) > || for all x € RN

and |t| > tp. From the assumptions (F1) and (F2), there is a constant C > 0 such that | F(x,t)] < C

for all (x,t) € RN x [~tg,ty]. Therefore, we can choose Cy € R such that F(x,t) > Cp for all
(x,t) € RN x R; thus,

F(x,un) — Co

([t e ) + ltn

>0, ©)

forallx € RN, and foralln € N. Set QO = {x € RN : w(x) # 0}. By the convergence (7), we know that
[ ()| = |wn (x) | lJun | w(rivy — 00 as n — oo for all x € Q). Therefore, it follows from the assumptions
(M2), (F3), and the relation (6) that, for all x € (),

lim F(x, un) > lim F(x,uy)
nreo m('””‘wsn ]RN ) + Hun” e Dﬁ(l) ‘unlwsp ]RN + ”unHZ,V
F(x,un)
> lim
I (L) ey + 10l
"W (RN) W(RN)
> lim 7 (x, 1)
(1) ug IIW RNy F HunHW (RN)
. F(x,un)
= Jim, p
(1) + D)l G,
F(x,uy)
nlgc}o op
(1) + 1) 1 (1)
= o0, (10)

Jwn (x)|%

where we use the inequality m““”'ww(ﬂw ) < Mm(1) ‘u’1|§\;]75,p(RN)' Hence, we obtain meas(Q)) = 0.
If meas(Q)) # 0, according to relations (8)-(10) and Fatou’s lemma, we deduce that

1 Jan F(x,uy) dx
= = liminf R
A imin A Jon F(x,uy) dx +c—o(1)
= liminf pF (%, tn)
n—reo JRN m(|u”|WSp<RN )+||u”HpV
> lim inf PF (%, in) 5— dx — limsup PCo 5
n—e Ja m('”"‘wsy (RN) ) + Hu”Hp,V n—oo JQ m(l””'w»p(RN ) + ”uan/V
=liminf P(F(x,un) = Co)
oo (|uﬂ‘w<p ]RN )+HuanV
liminf P u) =Co)
0 1= MJunlep o)) + 1l
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pF(x, un) . pCo
( 7 T+ |p 0 lim sup 5
u”‘ws,p(RN) Hu"‘ A% n—eo (|uﬂ|wsp<RN ) + ”u"pr

= o, (11)

— [ liminf
Q n—o00 m{

which yields a contradiction. Thus, w(x) = 0 for almost all x € RN.
Observe that, for a sufficiently large n,

1
c+1> & (uy) — o (&3 (un), un)

(it ) + D) = [ F e

H‘S\»—\

P
- %( (luﬂ‘wsp RN )|u7’l|wsp IRN + Hun”p,v) + % /]RN f(x/ un)un dx

= A [ S ) d, (12)

where § is given in (F4). Let us define Q,(a,b) := {x € RN : a < |u,(x)| < b} for a > 0. By the
convergence (7),

w, -0 in L'(RY) and w,(x) -0 ae in RY as n—oo (13)

for p < r < p;. Hence, from the relation (8), we obtain

1

0 < — <limsup [ F (% )| 7 (14)
Ap n—oo JRN im(|un\ww RN) )+ Huany

Meanwhile, from the assumptions (M2), (F2), the relation (13), and Lemma 2, we obtain

F(x, un)

[ttnlfyop ) + IIunHiv

/Q,, (0,19) I (

</ p(x) [un(x )|+ 2 Ju ()1 0
0, (0,r9)

({1t [y vy )+Hunll,,v

loll o oy Nt o ey lo oy -

( e [ @) () dx
(‘un‘wsp RN )+ Hu"” mln{]’mo/e}q (0 0)
”pHLp’ RN) ”u””LP (RN) ”UHL‘”(]RN)

I/\

A7 [ a0l dx

(‘u”‘ww RN ) + Hun”p min{lfm()/e}q

Rpllelp gy lnllwey ol
< T PED T VZR ) .H li~@y) rg_p/ |wu (x)|P dx
mm{l,mo/e}”unHW(RN) min{1,my/0}q RN

G loll oo vy q,p/
= : r wy(x)|P dx =0, asn — oo, (15)
min{1,mo/0} |y p, N1 M0/ 0} 0 Jon ()]

where C; is a positive constant, rg is given in (F4), and we use the following inequality:

M (Jttnlysp o)) + Nl = min{L, 1m0/} utnllfy v
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We set ¥’ = «/(x —1). Since k > N/ps, we have p < «'p < pi. Hence, it follows from (F4),
estimates (12) and (13) that

| F(x, un)| X </ [F (x,un)|
— Jau(

ro,00) min{1, 19 /0% 1, (x)|"

1
1 W%w)l)" I ep |
< min{1,my/60} { /Q,,(Yo,oo) ( [ty (x)|P dx /Q,,(yg,oo) lon ()]

1

: ! 3
cy i “p "
S 78 mo/e}{ L W)S(x,un)dx} {/RA Jan (x)| }

1

1 1 1
¢y c+1\*x ' Wp [ ©
< min{1,my/60} < A > { ./IRN Jwu (x)] } =0, asn— . (16)

Combining the relation (15) with the convergence (16), we have

/ |7, )| e 1, 00)|
2 [ty ey) + a0 D[ty ey) + itn

[0 (x)|” dx
/ﬂu(Vo,w) m(‘un‘;\/s,p(m;\))) + HuHHZ,V "

+/ 17 )| dx =0
Outr0) TRt g ) + Tin Ly

as n — oo, which contradicts inequality the convergence (14). The proof is completed. [

Lemma4. Let 0 < s <1 < p < +o0and ps < N. Assume that (V1), (V2), (M1), (M2), (F1)~(F3),
and (F5) hold. Then, the functional Ey satisfies the (C)-condition for any A > 0.

Proof. For ¢ € R, let {u,} be a (C)c-sequence in W(RN) satisfying (4). Then, relation (5) holds.
As in the proof of Lemma 3, we only prove that {1, } is bounded in W(RN). However, arguing by
contradiction, suppose that |1y [y gn) — 00 as n — co. Let vy = tn/||un | w(rn)- Then, [on |y @y) =1
and [va]ryy < Kelon|wry)y = Kr for p < v < p§ by the continuous embedding in Lemma 2.
Passing to a subsequence, we may assume that v, — v in W(RN) as n — oo; then, by compact
embedding, v, — v in L' (RYN) for p < r < p%, and v,(x) — v(x) for almost all x € RN as n — 0.
By the assumption (F5), one obtains

c+1 > & () — % (&4 (), )

1
= Ol )+ anll) =4 [ F o)
1
*;( (‘un‘wsp RN) )|u17|w<p RN) +Hun”p,v)+*/ fx, un)un dx
1 1
> (g5 = )Mo iy + (5= ) Wl =28 [ )1 s

. A
> min(1mo} (5 =l ) = 5 [l (O a7)

which implies

Agbp limsup [0, ) = Agdp

~ min{1,mo}(p —0p) 1w ) min{1,mg}(p — 0p) o ”Lp (RN)* (18)

Hence, it follows from the inequality (18) that v # 0. From the same argument as in Lemma
3, we can verify the relations (8)—(10), and hence yield the relation (11). Therefore, we arrive at a
contradiction. Thus, {uy} is bounded in W(RN). O
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Next, based on the fountain theorem in ([39], Theorem 3.6), we demonstrate the infinitely many
weak solutions for problem (1). Hence, we let X be a separable and reflexive Banach space. It is well
known that there exists {e,} C X and {f;;} € X* such that

X =span{e, :n=1,2,---}, X* =span{f;:n=1,2,---1,
and
ey v =T
e =
v 0, if i+#].

Let us denote X, = span{e,}, Yy = EB];:l Xn, and Zy = @), Xn. Then, we recall the
fountain lemma.

Lemma 5. Let X be a real reflexive Banach space, & € C(X,R) satisfies the (C)c-condition for any ¢ > 0, and
& is even. If for each sufficiently large k € N, there exist py > 0y > 0 such that the following conditions hold:

(1) bp:=inf{E(u) :u € Z, |Ju|x =6} — o0 as k— oo,
(2)  ap:=max{&(u):u ey |ully =pr} <O0.

Then, the functional £ has an unbounded sequence of critical values, i.e., there exists a sequence {u,} C X
such that &' (1) = 0and € (uy) — o0 asn — oo.

Using Lemma 5, we demonstrate the existence of infinitely many nontrivial weak solutions for
our problem.

Theorem 1. Let 0 <s <1< p < +ooand ps < N. Assume that (V1), (V2), (M1), (M2), and (F1)~(F4)
hold. If f(x,—t) = —f(x,t) satisfies for all (x,t) € RN x R, then the functional £, has a sequence of
nontrivial weak solutions {u,} in W(RN) such that £, (1) — coas n — co forany A > 0.

Proof. Clearly, &, is an even functional and satisfies the (C),-condition. Note that W(RN) is a
separable and reflexive Banach space. According to Lemma 5, it suffices to show that there exists
0k > 0 > 0 such that

1) be:=inf{Ex(u) 1 u € Zy, ullyygny = 0} — 00 as k— oo
2 a=max{&y(u) ru € Yy, [lullwryy = pox} <0,

for a sufficiently large k. We denote

1 *
ap = sup <./D§Na\u(x)|qu>, fp < g <ps.

”ezk’”””w<RN):l

Then, we know a; — 0 as k — 0. Indeed, suppose to the contrary that there exist ¢g > 0 and a
sequence {1y} in Z such that

1
lallw@ny =1, ./]RN a\uk(x)ﬁdx > g

for all k > ko. Since the sequence {u;} is bounded in W(RN), there exists an element u in W(RN) such
that uy — u in W(RN) as k — oo, and

() = lim (f7, ) = 0
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forj=1,2,---.Hence, u = 0. However, we obtain

1 1
< l'm/ — |y (x qu:/ —|u(x)|"dx =0,
g < li Nq\uk( )| Nq\u( )|

which yields a contradiction.
For any u € Zy, it follows from assumptions (M2), (F2), and the Holder inequality that

0(0) = 3 (Il ) + ulf) = A [ Flxwyas

1
> Oy )+ ) = A [ o) o) dx = [ 7 e
1
> Ol ) + el V)—A||p||L,,/<RN)||uHU<RN>—gnaumw) [ Il dx

1 A
2 Ol o)) + b ) = Aol ulwgs) — - Callelly gy

mln{l,mo/G} v
mintlo /0y,

Y

A
gy = ACallhyqe) = Lo Calllly gy (19)

where Cy, C3 and Cy are positive constants. We choose 6 = (ZAC4aZ /min{1,my/6})% (P=9. Since p < g
and ay — 0 as k — oo, we assert Jy — oo as k — co. Hence, if u € Z; and [u]ygn) = J, then we

deduce that -
Ex(u) > <; - 5) (5,’: —2ACpd — 0 as k — oo,

which implies the condition (1).
Next, suppose that condition (2) is not satisfied for some k. Then, there exists a sequence {1, } in
Y such that

[unlweny >1 and  |lun|y@eyy — c0asn — oo and & (uy) > 0. (20)

Let wy = 1y / |[tn]yypny- Then, it is obvious that [[wy |y gny = 1. Since dim Yy < oo, there exists
w € Y \ {0} such that, up to a subsequence,

lwn — w|w@eny =0 and  wy(x) = w(x)

for almost all x € RN asn — oo. For x € Q := {x € RN : w(x) # 0}, we obtain |u,(x)| — oo as
n — 0. Hence, it follows from the assumption (F3) that

lim . F(xttn) s~ > lim F (%, tn) — |wn(%)|% = co. @1)
17500 M|ty vy) + Nl 7% (M(L) + 1) [ () [P
As shown in the proof of Lemma 3, we can choose C; € R such that
F(x,up) —Cy 22)

m(|u7‘l|€vs,p(]RN)) + H”VlH;V B

for x € Q). Considering the inequalities (21), (22) and Fatou’s lemma, we assert by a similar argument
to the inequality (10) that

lim / F (x,ttn) 5— dx > liminf ];(x,un) ~G 7
e /O Em(|un|wsp gyy) Ty v 700 JO M [y eny) + [1nlly, v
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> [ liminf F (% un)

> 23)
JQ noree m("’ln‘g\/s,p(RN)) + HMHHZ,V

Therefore, using the relation (23), we have
1
(1) < Ol )+ lnlf ) = A [ F )

m(hln‘r‘;\/s,p(RN)) + H”ﬂ”Z,V (1 _a " F(x,up) x) L e

p d
b 0 Dty )+ I0n Ly

as 1 — oo, which yields a contradiction to the relation (20). The proof is complete. [

Remark 1. Although we replaced (F4) with (F5) in the assumption of Theorem 1, we assert that the problem
(1) admits a sequence of nontrivial weak solutions {uy, } in W(IRN) such that €, (uy) — 00 as n — o,

Lastly, we investigate the existence of nontrivial weak solutions for our problem by replacing the
assumptions (F4) and (F5) with the following condition, which is from the work of L. Jeanjean [40]:

(F6) There exists a constant v > 1 such that
vE(x, t) > &§(x,st)

for (x,t) € RN x Rand s € [0,1], where §(x,t) = f(x, t)t — OpF (x,t).

When the Kirchhoff function M is constant, and the condition (F6) with # = 1 holds, the author
in [24] obtained the existence of at least one nontrivial weak solution for the superlinear problems of
the fractional p-Laplacian, which is motivated by the works of [18,26].

To the best of our belief, such existence and multiplicity results are not available for the elliptic
equation of the Kirchhoff type under the assumption (F6). Hence, we obtain the following lemma
with the sufficient conditions for the modified Kirchhoff function M and the assumption (F6).

Lemma 6. Let 0 < s <1 < p < +ocoand ps < N. Assume that (V1), (V2), (M1), (M2), (F1)~(F3),
and (F6) hold. Furthermore, we assume that

(MB3) H(st) < H(t) fors € [0,1], where H(t) = OM(t) — M(t)t for any t > 0 and 6 is given in (M2).
Then, the functional €y satisfies the (C)¢-condition for any A > 0.

Proof. For ¢ € R, let {u,} be a (C),-sequence in W(RN) satisfying the convergence (4). Then, the
relation (5) holds. By Lemma 3, we only prove that {1, } is bounded in W(RN). Therefore, we argue
by contradiction and suppose that the conclusion is false, i.e., [[itx [y g~y > 1and || y(gy) — o0 as
n — co. In addition, we define a sequence {wy } by wy = ty/|[utn |y (rv)- Then, up to a subsequence
(still denoted as the sequence {wy }), we obtain w, — w in W(RN) as n — oo,

wp(x) = w(x)ae. inRY, w, = winLIRN), and w, = winLP(RN) as n— oo,

where 0p < q < pi.

Weset ) = {x € RN : w(x) # 0}. From the similar manner as in Lemma 3, we obtain meas(Q)) = 0.
Therefore, w(x) = 0 for almost all x € RYN. Since &, (tu,) is continuous at ¢ € [0,1], for each n € N,
there exists t, € [0,1] such that

Ex(tptiy) = max &, (tuy).
te(0,1]

Let {{;} be a positive sequence of real numbers such that limy_, ¢y = o0 and ¢, > 1 for any k.
Then, it is clear that [ {wy | yy(n) = £k > 1 for any k and n. Fix k, since wy, — 0 strongly in L1(RN) as

81



Symmetry 2018, 10, 436

1 — oo, the continuity of the Nemytskii operator implies 7 (x, £yw,;) — 01in L'(RN) as n — co. Hence,
we assert
lim N F(x, bywy) dx = 0. (24)

n—oo JR

Since [|un gy —> 00 as n — oo, we obtain [uy|ygn) > 4 for a sufficiently large n. Thus,
we know by (M2) and the convergence (24) that

b
el vy

EA(tnu,,) Z 5}1 < un> = £A(£kwn)

I tyeon )+ Wl ) = [ F o)

_"s

L A L A e o INE X

Y

min{1,mg}
Tllékwnumw )\/RN F(x, bywy) dx

min{1, mo}
po

for a large enough 1. Then, letting 1,k — co, we get
}EIJOEA(t"””) = oo0. (25)

Since £,(0) = 0and &, (1,) — casn — oo, it is obvious that t, € (0,1), and <€/’\(tnun),t,,un> =0.
Therefore, owing to the assumptions (M3) and (F6), for all sufficiently large n, we deduce that

1 1
;EA(tnun) = ;EA(tnun) — (&) (tnttn), tnutn ) +0(1)

L
pbv

A

(| tattn g ) ) + Witk =5 [ F et i
fi(M(H " |P WeattnlPoss s + [tttnl? ) + —— [ F(, tuttn) bt dx + 0(1)

9 n“n Ws,p RN n“n WS'V(RN) n“n pr pgv RN rtnn)tn4n

1 A [ 4

H(tnu”)Jr Ht,,unH %Ht,,un”r’ﬁ%/ (%, buitn) dx + 0(1)
p9 H(un) + — th”n”p,v_*”tn”n”;}:y / (x,1n) dx + o(1)
1

= Ol o))+ il ) = A [ F ) dx

1 .
_ E(Muun\gvs,pw )it By gy + ltnllh ) + o0 /RNf(x,un)un dx +o(1)
= Ex(un) — % (E\(un),uny +0(1) = ¢ as n— oo,
which contradicts the convergence (25). This completes the proof. [
We give an example regarding a function M with the assumptions (M1)—-(M3).

Example 1. Let us see

1
H=14+—, t>
M(t) to 0

Then, it is easily checked that this function M complies with the assumptions (M1)—(M3).
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Theorem 2. Let 0 < s < 1 < p < +o0and ps < N. Assume that (V1), (V2), (M1)-(M3), (F1)-(F3),
and (F6) hold. If f(x, —t) = —f(x,t) holds for all (x,t) € RN x R, then, for any A > 0, the functional &,
has a sequence of nontrivial weak solutions {uy,} in W(RN) such that £, (u,) — coas n — co.

Proof. The proof is essentially the same as that of Theorem 1. [

3. Existence of Infinitely Many Small Energy Solutions

In this section, we prove the existence of a sequence of small energy solutions for the problem (1)
converging to zero in L*-norm based on the Moser bootstrap iteration technique in ([35], Theorem 4.1)
(see also [34]). First, we state the following additional assumptions:

(F7) There exists a constant sy > 0 such that pF(x,t) — f(x,t)t > 0 forall x € RN and for 0 < |¢| < so.
(F8) limy 4o ‘{f%tz)t = oo uniformly for all x € RN.

Because problem (1) includes the potential term and the nonlinear term f is slightly different from
that of [35], a more complicated analysis has to be carefully performed when we apply the bootstrap
iteration argument.

Proposition 1. Assume that (V1), (M1), and (F1)—(F2) hold. If u is a weak solution of the problem (1),
then u € L"(RN) for all r € [p}, o).

Proof. Suppose that 1 is non-negative. For K > 0, we define
vk (x) = min{u(x),K}

and choose v = v” o (m > 0) as a test function in the equality (2). Then, v € W(RN) N L®(RN), and
it follows from the equality (2) that

W) 1P~2(u(x) — u@) 0" (x) — 0" (y))
M(Julyy., (RN) /JRN /RN [x — y|NTps dxdy
+ / x) |u|P~ Zuvmp+1 dx = A/ fx, u)oy P (26)

The left-hand side of the relation (26) can be estimated as follows:

1 1
)P (u(x) — u@) (@ (x) o () dxd
|u‘wsp RN RN RN | |N+ps xay
+/ |u|p 2 mp+1dx
PP ot (x) = ok )|
(m+1)p
> my /}RN /RN g dxder/RN V(x)vg dx
|vm+1 m+1( )‘p +1
>m0C5/ /RN Ix_ N dxdy—l—/RN V(x)v%m P dx

> min{moCs, 1} |08 6 e

> min{myCs, 1}Cq </]RN |Z;K|(m+1)/ﬂs* dx> 5 27)

for some positive constants Cs and Cs. Using the assumption (F2), the Holder inequality and the
relation (27), the right-hand side of the relation (26) can be estimated:

1
/\/RNf(x,u)vZ” dx < /\/RN Lf(x, u)|[u] P dx
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< )\/ ()™ o (x) [P H dx

/\/ () (™47 4 [u™ 1) dx

i 3
+A (/RN o (x) dx> n </IRN [oa) (VP (92D dx) n (28)

1
'
< Alelis) [ 17 dx+ Alpl v, ( L |u\<'"“>"dx)

. L L /B L
+A (/ o (x) dx) " (/ || (DB dx) ! </ |u\<q7p)%m dx> . ,

PPiM (q— )w@

ﬁ
where 7 = PR g . Obviously B < pi,1 < P and 4 s = pi, and hence the

P ‘1
estimate (28) yields

1
i
A £ e < Alplisny [ 107 i Aol gy ( [ 147 )

P

1 B-p7}
" " B m B
+A (/]RN oM (x) dx) ' (/]RN [u|Ps dx> 71 </]RN || (1B dx) . (29)

It follows from relations (26), (27), (29), and the Sobolev inequality that there exists positive
constants C7, Cg and Cg (independent of K and m > 0) such that

7 X X 1
(/ o | 1P dx) "< C7/ |u| 0P dx 4 Cg (/ ||+ DP dx) "t Cy (/ || (1B dx)
RN RN RN RN

which implies

oI
~

+1 (m+1) 1 (m+1)p
il ey < G0 gy + Colul s oy + ColluI i) - (30)

To apply the argument that is critical in L*-estimates, we first assume that |u|| LOm+)p(RN) > 1.
From the estimate (30), we have

okl oy < o0 g+ Collulnd vy + Colul[0E g,
< (C7+Co)lul ’",,,tﬁ vy Collu ’"mtﬁ mny (31)
which implies
okl a1z (RN) <G m“)p el ons1ye )H(RN) (32)

for some positive constant Cyy and for any positive constant K, where f is either p or . The expression
in the estimate (32) is a starting point for a bootstrap technique. Since u € W(RN), hence u € LPs (RN)
and we can choose m := m; in the estimate (32) such that (my + 1)t = pi, ie., m; = 7775 — 1. Then,
we have

(L2 Pt sc“"l“”nuu S (33)
L (RN) Ll (RN)

for any positive constant K. Owing to u(x) = Klim vk (x) for almost every x € RN, Fatou’s lemma and
—00

the estimate (33) imply

(my+1)
Hu”L(W‘1+1)P§ (RN) < Cl[’;llJr g Hu||L(7"1+1)f<RN)‘ (34)
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*)2
Thus, we can choose m = my in the estimate (32) such that (m, + 1)t = (my +1)p = (o),
By repeating the similar manner, we obtain

1)
Hu”L (p 1)t £ (RN) < C(mz+ 14 Hll”L (mp+1)t (RN)

By the mathematical induction, we have

||u||L(mn+1); $(RN) < C m"H ! H””L (mn+1)H(RN) (35)

forany n € N, where m,, +1 = <V—E> n. It follows from relations (34) and (35) that

1 Zrl 1 l+]
P &j=1m
Hu”L(’”n FOPE (RN) <Cyp H””Lpg (RN)" (36)
j . .
However, 27:1 ﬁ = ]'7:1 (p%) and p—ﬁ < 1. Hence, it follows from the estimate (36) that there
s s
exists a constant C1; > 0 such that

il gy < Conlltl s g 7)

for ry, = (my +1)pi — oo when n — co. An indirect argument concludes that
el o (eny < Caaflu] s ®v) < Ci2

for some constant Cj, > 0. Meanwhile, we assume that |u|| powip(ryy < 1. From the relation (30),
we have

+1) +1)p +1)p
” K”LTnHrl ’ (RN) < C7 + CS + C9||”H mm+1)ﬂ RN ClB””H anﬂ)ﬁ RN)

which implies
1
”UK”L(MH) 3 (RN) < C {m+Dp Hu”L(’"H )B(RN)

for some positive constant Cy3. Repeating the iterations as in the arguments above, we derive
”MHLDO(]RN) < Cy4 for some positive constant Cy4.

If u changes sign, we set positive and negative parts as u™ (x) = max{u(x),0} and u~ (x) =
min{u(x),0}. Then, it is obvious that u™ € W(RN) and u~ € W(RN). For each K > 0, we define

vg(x) = min{u™ (x), K}. Taking again v = Z)Z’pﬂ as a test function in W(RN), we obtain
1
AM(ap / [, 1= M ) D) = )
WP (RN) RN JRN | ,y|N+ps y
-‘r/ |p2 mpdef)x/ fx,u)o mpde
which implies that
— mp+1 mp+1
MO / [, Q= P 0w ) o) g,
RN JRN |x*]/| +ps

+/ ) Jut | 2 +v]"<1p+1dx:A'/RNf(x,u*')v;?pde.

Proceeding with the similar way as above, we obtain ut € L“(RN ). Similarly, we obtain
u~ € L®(RN). Therefore, u = u™ + u~ isin L®(RN). The proof is complete. [
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The following result can be found in [41].

Lemma 7. Let £ € C(X,R) where X is a Banach space. We assume that € satisfies the (PS)-condition, is
even and bounded from below, and £(0) = 0. If, for any n € N, there exist an n-dimensional subspace X, and
on > 0such that
sup £ <0,
XaOSpy
where Sp := {u € X : ||lul|x = p}, then & possesses a sequence of critical values c, < 0 satisfying ¢, — 0 as
n — oo.

Based on the work of [27,29], we provide the following two lemmas.

Lemma 8. Assume that (V1), (M1) and (F1)~(F2) hold. Furthermore, we assume that M(t) < M(t)t for
any t > 0, where M is given in (M2). Furthermore, if

F(x,t)— f(x,t)t >0 (38)
forall x € RN and for t # 0. Then,
Ex(u) =0= (& (u),u) ifandonlyif u=0.

Proof. Let &, (u) = (&} (u),u) = 0. Then,

=—pér(u)
= =l ) = [ VNl dx+2p [ F ) (39)
and
(80, = MUl ol gy + [ VE P dx = A [ flx,upudx =0, 40)

It follows from the relations (39) and (40) that
/N {pF(x,u) — f(x,u)u} dx <O0.
R
Consequently, the assumption (38) implies u = 0. [

Lemma 9. Assume that (F1)—~(F2) and (F7)—(F8) are fulfilled. Then, there exist 0 < t; < min{sg,1}/2
and f € CHRN x R,R) such that f(x,t) is odd in t and satisfies

Fx,t) == pF(x,t) — f(x, )t >0,

S, t)=0 iff t=0 or |t|>2,
whereat}'(x,) flx,t).

Proof. Let us define a cut-off function x € C!(R,R) satisfying x(t) = 1 for |t| < to, k(t) = O for
[t| > 2ty, &' ()] < 2/tp, and «/(t)t < 0. Therefore, we define

Fx, t) =x()F(x,t) + (1 — ())&t and f(x,t) = %]:'(x,t), (41)
where ¢ > 0 is a constant. It is straightforward that

pF(x,t) — f(x, )t = k(1) (x,t) — &/ ()tF (x, t) + ' (D) t€]t],
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where §(x,t) := pF(x,t) — f(x,t)t. For 0 < [t| < to and [t| > 2t, the conclusion is as follows.
Owing to (F8), we choose a sufficiently small ty > 0 such that F(x,t) > ¢t¥ for tg < |t| < 2i.
By assuming «'(t)t < 0, we obtain the conclusion. [

Now, with the aid of Proposition 1, and Lemmas 7 and 9, we are ready to prove the second
primary result.

Theorem 3. Assume that (V1), (M1), (F1)—(F2), and (F7)—~(F8) hold. Moreover, assume that M(t) <
M(t)t for any t > 0 and f(x, t) is odd in t for a small t. Then, there is a positive A* such that the problem (1)
admits a sequence of weak solutions {uy} satisfying ||| o gn) — 0as n — oo for every A € (0,A%).

Proof. We can modify and extend the given function f(x,t) to f € CH(RN x R,R) satisfying all
properties given in Lemma 9. First, we will show that £, := Asp — AY is coercive on W(RN).
Let u € W(RN) and lulw(eyy > 1. By Lemma 9, it is easily shown that &y € CL(W(RN),R) and is
even on W(RN). Moreover, it follows from (F2) that, for |u(x)| < 2t, there exists a positive constant
Kj such that p(x) [u| + Ky |u|P > |F(x,u)].

We set O = {xeRN:|u(x)|<to}, Qo = {xeRN:#) < |u(x)] <2t}, and Q3 =
{x € RN : 2t < [u(x)|}, where t is given in Lemma 9. From the relation (41) and the conditions of x,
we have

~ 1
Ex() 1= S Ol ) + Ielly) A [ F
> M”””ZV(RN) —/\/Q (x,u dx—/\/ {xc(u)F(x,u) + (1 —xc(u))&|ulP} dx—/\/ &lulP dx
M
> MHHHV . —/\/ }'(x,u)dx—)\/ el dx
min{1,my/60} / /
> mintl,mo/0y dx—A Kilul? d 7/\/ rd
> Pl g o - 0)lul dx il dx =2 [ gl dx
min{1,my/0
> TILOLO} 2ol iy — A (14 8) [l dx

min{1,my/60}
fl\ It

[\

ey = A (2G5 lol gy + Ki +€) lully gy

for some positive constant Cy5. If we set

o 1
p(ZCISHPHUJ’(RN) + Ky + é) ’

then we deduce that for any A € (0,A*), £, is coercive, that s, £, (1) — oo as ey mny — oo
Next, we claim that the functional ¥/ : W(RN) — W*(RN), defined by

(¥ (u), ) =/H%Nf(x,u)q)dx forany ¢ € W(RYN),

is compact in W(RN). Let us assume that u, — u in W(RN) as n — oo. Since the measures of (),
and Q)3 are finite, we can write (), = (N)z UN; and Q3 = (~23 U N3, where (le and 63 are bounded
sets and N,, N3 are of measure zero. Let us denote Bg(0) := {x € RN : |x| < R} contained in the
bounded sets (), and Q3 for a sufficiently large R € N. Then, from the definition of f(x, 1), we have
fx,u) = f(x,u) on RN\ (Qp U Q). Thus, we deduce that for any ¢ € W(RN)

sup  [(¥(un) =¥ (0, 9)| = sup | [ (Flxun) = Flxu)gdx]

lely@n)<1 Hlﬂl\w RN <1
(RN)
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< sup | [ ()~ fxu)gdy

H(p”W(RN)Sl X

+  sup
HQDHW(RN)Sl

| /RN\ ooy ) = FE ) dx]. @)

Owing to Lemma 1, the compact embedding
W(RN) < LP(Bg(0)) implies wu, —u in LP(Bg(0)) as n — co.

The above, together with the continuity of the Nemytskij operator with f and acting from
LP(Bg(0)) into L1 (Bg(0)), it is clearly shown that the first term on the right side of the inequality (42)
tends to 0 as n — oo. For the second term in the inequality (42), we have

)(f(x,un) —f(x,u))(pdx)

‘/RN\(BR(O)UNzUNa

< L0171 -1 d
< ooy "I G ] dx

1 -1
< el i (”“”HZpé‘(RN) + ||quLV§(RN))”q)HL’”;(RN)'
LPs =7 (RN\ (Bg(0)UN,UN3))

From the assumption (F2), for ¢ > 0, there exists N(R) € R such that

ol e <e
LPS=9 (RN (Bg (0)UN2UN3))

for R > N(R). As the sequence {u,} is bounded in W(RY), according to Lemma 1, one has {u,}
bounded in L¥s (RN). Thus,

Fo ooy U ) = Fl ) x| < Cage @)
b R 2 3

for a positive constant C15. Owing to the estimate (43), we can deduce that

/RN(f(xlun)—f(x,u))godx—>0 as 1 — oco.

This implies that Y is compact in W(RN ), as claimed.

Since the derivative of ¥ is compact, it follows from the coercivity of &, that the functional &,
satisfies the (PS)-condition. The weak lower semicontinuity and the coercivity of £, ensure that &) is
bounded from below. To utilize Lemma 7, we only need to obtain for any n € N, a subspace X, and
pn > 0 such that SUpPx,ns,, &\ < 0. For any 1 € N, we obtain n independent smooth functions ¢; for
i=1,---,n,and define X,, := span {¢y, ..., ¢, }. Owing to Lemma 9, when Hu”W(RN) < 1, we have

Ex(u)

(0l ) + il ) = A [ F o)

<

SRR s

[y = ACr7 [, Flx,w)dx,

for Cy7 > 0. Taking the assumption (F8) into account, it follows that there exists Jp > 0 such that
|t| < &, which implies

/RN}'(x,t)dxz %/wadx (44)
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for a sufficiently large K, > 0. Using the inequality (44) and the fact that all norms on X, are equivalent,
we can choose a appropriate constant C;7 and a small enough p;, > 0 to obtain

sup &, <0.
XuNSpn

According to Lemma 7, we obtain a sequence ¢, < 0 for & satisfying ¢, — 0 when n goes to cc.
Then, for any u, € W(RY) satisfying &) (1u4) = ¢, and & (uy) = 0, {u,} is a (PS)-sequence of &, (1),
and {u,} has a convergent subsequence. From Lemmas 8 and 9, we deduce that 0 is the only critical
point with 0 energy, and the subsequence of {u, } has to converge to 0. Using an indirect argument,
we show that {u,,} has to converge to 0. Meanwhile, we obtain 1, € L’(RN ) for all p; < r < co owing
to Proposition 1. Since [un|;~ vy — 0, by Lemma 9 again, we have |[uy | gy < to for a large .
Thus, {u,} is a sequence of weak solutions of problem (1). This completes the proof. [

4. Conclusions

In summary, this paper is devoted to the study of weak solutions for Kirchhoff-Schrodinger-type
equations involving the fractional p-Laplacian. In the first part of the present paper, under various
assumptions on M and f, we show that our problem admits a sequence of the weak solutions whose
energy functional converges to infinity. As we know, a typical example for Kirchhoff function M is
M(t) = by +b1t" (n > 0,by > 0, by > 0) and, based on this example, most results for the multiplicity of
solutions are presented. From a different point of view, an infinite number of solutions is proved when
M contains new conditions different from those studied in previous related works; see Example 1.
The second part is to investigate the existence of small energy solutions for the given problem whose
L*®-norms converge to zero. As mentioned in the Introduction, the main difficulty is to show the
L*®-bound of weak solutions. Our approach is new to the fractional p-Laplacian problems even if
we utilize the well known Moser bootstrap iteration method to overcome this. To the best of our
knowledge, such results have not been studied much in these situations.
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Abstract: In this research paper, a hybrid method called Laplace Adomian Decomposition Method
(LADM) is used for the analytical solution of the system of time fractional Navier-Stokes equation.
The solution of this system can be obtained with the help of Maple software, which provide LADM
algorithm for the given problem. Moreover, the results of the proposed method are compared with
the exact solution of the problems, which has confirmed, that as the terms of the series increases the
approximate solutions are convergent to the exact solution of each problem. The accuracy of the
method is examined with help of some examples. The LADM, results have shown that, the proposed
method has higher rate of convergence as compare to ADM and HPM.

Keywords: Laplace Adomian Decomposition Method (LADM); Navier-Stokes equation; Caputo Operator

1. Introduction

In engineering and natural sciences many problems are modeled by linear and non linear parabolic
and hyperbolic partial differential equations. For these classical partial differential equations LADM
can be used effectively with initial as well as boundary conditions. The present method was initially
used by Suheil-A-khuri for the solution of ordinary differential equations [1]. It is slightly difficult
to find the exact solutions of non linear differential equations, due to which the combination of two
powerful methods, laplace transform and Adomian Decomposition Method called LADM has been
used to find the exact solutions of non linear differential equations. The analytical solution of the well
known non linear fractional diffusion and wave equations by using LADM are presented in [2,3].

Adomian Decomposition Method (ADM) was first introduced by Gorge Adomian in 1980. It was
used very effectively on a wide range of physical models of partial differential equations, such as
Burger’s equation is a non linear PDE of second order, which have many applications in sciences and
technology. The numerical solutions of three dimensional Burger’s equation and Riccati differential
equations by using LADM have been discussed in [4,5]. LADM is also used for the numerical solution
of a special mathematical model for vector born diseases [6]. Delay differential equation have a vital
role in the field of biology and economics has been solved by LADM [7,8]. Nonlinear Volterra integral
and integro-differential equation solving for Modification LADM [9].

Fractional calculus is a branch of mathematical analysis which can be used in modeling to define
derivatives and integrations of fractional order. The fractional calculus is considered an old topic,
which is started from some observations of G.W. Leibniz (1695, 1697), and L. Euler (1730). After this,
fractional calculus has gained much interest of the researchers towards this subject. This including
the contributions of well known mathematicians such as P.S. Laplace (1812), ]J.B.]. Fourier (1822),
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N.H. Abel (1823-1826), J. Liouville (1832-1873). Although it is considered an old topic, but for the
last few decade, fractional calculus is launched as an important topic by the scientists and researchers
[10,11].

The Navier-Stokes equation is known as Newton second Law for fluid substance, has been derived
in 1822 by Claude Louis Navier and Gabriel Stokes. Navier-Stokes equation is an important model to
describe many physical phenomena in applied sciences. This model have the capacity of modelling
weather, ocean current, water flow in pipes and air flow around a wing. A very special case was
considered, which has established the relationship between pressure and external forces acting on
the fluid to the responses of fluid flow [12]. The Navier-Stock equation is also used to derive the
connection between viscous fluid with rigid bodies and considered a best tool in the field of thermo-
hydraulics, meteorology, petroleum industry, plasma physics and technology [13].

Several mathematicians have applied different techniques for the solution of Navier-Stock
equation. Among these methods, Kumar et al. have implemented modified Laplace decomposition
method for the analytical solution of fractional Navier-Stokes equation [14] coupled method is the
combination of He-Laplace transform (HLT) and Fractional Complex Transform (FCT) is used to solve
Navier-Stock equation [15]. Fractional Reduced Differential Transformation Method (FRDM) is also
implemented for the numerical solution of time fractional Navier-Stock equation [16], see also [17].

2. Definitions and Preliminaries Concepts

In this unit, among few definitions of fractional calculus, presented in the article due to Riemann
Liouville, Grunwald Letnikov, Caputo, etc., first folks simple descriptions and introductions are
reconsidered, which we want to comprehend our education.

Definition 1. The fractional integral of Riemann Liouville f € C,, of the direction B > 0 is defined by

8(x) ifp=0

If = x |
8(x) ri Jo (e = v)f1g(v)dv ifp >0,

where I' denote the gamma function define by,

T(w) = / e *xTldx  weCc,
0

In this study, Caputo et al. [18] suggested a revise fractional derivative operator in order to overcome
inconsistency measured in Riemann Liouville derivative [19,20]. The above mathematical statement described
Caputo fractional derivative operator of initial and boundary condition for fractional as well as integer
order derivative.

Definition 2. The Caputo definition of fractional derivative of order B is given by the following
mathematical expression

Bo(x)= - ) n=p-14(n
DEs(x) = g =gy o (= 1" P8 (.

forn—1<p<nneNx>09e€C,t>—-1
Hence, we require the subsequent properties given in next Lemma.
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Lemmal. Ifn—1< B <nwith ne€Nand gecCywith x> —1,then

DEIfg(x) = g(x),

T(A+1)
Bh — S\ L) L BHA B
Px TE+AD)" B>0,A>—-1, x>0,
BB Lk xk
DiIEg(x) = g(x) — ) g )(0+)F’ for x> 0.
k=0 :

In this study, Caputo fractional derivative operator is reasonable because other fractional
derivative operators have certain disadvantages. Further information about fractional derivatives,
are found in [20].

Definition 3. The Laplace transforn of g(x), x > 0 is defined by

G(s) = Llg(v)] = [ e glx)ax,

where s can be either real or complex.

Definition 4. The Laplace transform in term of convolution is given by

L[g1 % ga] = L[g1(x)] x L[g2(x)],

where g1 X g, define the convolution between gy and o ,
X
(31 %827 = [ s1(t)galx ~ .
The Laplace transform of fractional derivative is given by
n—1
L [Dﬁg(x)] =sPGs) - Y P 1 HeM(0),  m-1<p<n
k=0

where G(s) is the Laplace transform of g(x).

Definition 5. The Mittag-Leffler function Eg(p) for B > 0 is defined by the following subsequent series

n

Eﬁ(p)zg)ﬁ, B>0, peC.
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3. Laplace Adomian Decomposition Method

In this unit, we present, Laplace Adomian decomposition method for solving, multi dimensional
Naiver-Stokes equation written in an operator form

Dﬁ(fl)"‘fl +fzaf1 f 8f1 = {azfl +82f1+82f1}

ox3  ox3  0x%
_1lop
poxy’
8 af> afz afz _ 92f2 3 fh 0 h]
Dy (f2) + === +hy +f + =L =22
oxy ax% 0x3 axg_ 1)
_lap
0 oxp’
9f3 9f3 (2, 2f  f]
DR +Aigl + gl + 3l —p %”—é”—é
1o _ _
0 dx3”

with initial conditions

fi(x1,x2,x3,0) = f(x1,x2,%3),
fa(x1,x2,x3,0) = h(x1,x2,X3), )
f3(x1,x2,x3,0) = g(x1,x2,x3).
Applying the Laplace transform to (1), we have
[Dﬁ(fl)}Jrﬁ{f afl +h af fafl} Lp |:E)2f1+82f1+82f1

X7 ax% E)x% 8x§
19p
ot L’ axl}
ofa afz afz} _ fa
cof]+£[n g+ gl + £3E] - R R

10 ©
4
£ {P axz}

[

Ph Pf azfz}

cof)] +2 3R+ pgnil| -

{azﬁ f3 82f3}
7= + 7= 7=
8x3

19p
-k L? 3x3}

2 2 2
oxy ox; ox3
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and using the differentiation property of Laplace transform, we get

_ flxxa,xs) 1 9f1 9f1 af1
L) ==L f1 +fzax2+f 915
p . [2h  PA L PA {1 BP]
Pp|Ph Ph dhy 1,
+ sP {Bx% * ox3 8x§ BT | pox
h(x1, x2, 1 ) ) )
o) = M) p gtk OB 2R
4
WAL ﬁ{lap] ¥
sFloxf a3 03| sF [poxm
X1,X2, X 1 d d d
o) = Sl Lplpthy p SR f 2
62f3 82f3 82f3 1 8p
Pr =+ == E
e {ax + 0x5 93 | TP Lo axJ
Adomian solutions are
fi(xa, x0,x3,t) = T2 g uj,
fa(x1,x0,x3,1) = Z}io vj, 5)
f3(x1, 22, x3,t) = L2 g wj,
and the nonlinear terms are define by the infinite series of Adomian polynomials,
Ni(f1) = ZZ0 Ajs
No(f2) = 20 Bj, (6)
N3(fs) = 20 G-
1[d > ]
A= — Ny Z(/\/u') ,
T {d)\] |: i=0 : 11a=0
1[d = ]
== Ny ) (Mo)) , 7)
=5 o B,
1 > 1]
L i
Ci= i [d)\] |:N l;()\ wj) .
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using LADM solutions in equation (4), we get

i _ f(x1,x0,x3) 1 dp
¢ (;‘Zoum> - sﬁ‘ﬁ (pax1>
KZﬁ) ]ofl, (D> A 0f1 (Zm) ( g;qu)]

L Py {62( Lo f1) 82( LRofiy) , ¥ f—oflf)}

sP ox2 ox3 ox3

o _ h(x1,x0,x3) 1ap
£ (gv]H) N s s/SE 09x;

i—0.f2;) (CiZo f2)) o 9 X0 f2)
e e )] -
%[: { (T20 f2)) N P20 f27) N (ZjOij):| /

2 2 2
oxy x5 ox3

il g(xq,x2,x3) 1 dp
£ (Z(:)ZUjJrl) - s 7 s/5£ (p x1

-ﬁ{(U) AT ()P (Zﬁ)(w]
] dx3
+Pr {az( j:0f3f)+az( f:0f3f)+az( j_0f3j)]

P ox2 0x3 ox2

Applying the linearity of the Laplace transform,

L(1y) = f(xl/;CZ %) 4 S%E (%%) ,
L(vo) = 7”“‘152'*’3) + 51?5 (%g’—”z) ©)

97



Symmetry 2019, 11, 149

(2
o

M]+1> _ <2f1 > 2/ Ofl <Zf2> Z] Ofl])
]

aJC2

O

e

f3]> ]ofl,)] 0 ﬂ{a (z;iof1j>+a<z;10f1j> a(z;*ofl,»],

= 0x3 sb ox3 0x2 0x3
o (L2 f (X720 f27)
L <Z(:)v]+1> = Sﬁ£[<2f1> j=0J2j <Zf > gx(; 2
] 3(Zo ) P(TZofy)  P(TZ0fy)  P(EZ0fy) (10)
3 Yirof), o j=0712] j=012 j=0J2]
+ (]Z(:)f31> ox3 I+ siﬁﬁ { ox3 0x3 0x3 ] !
o 1 (X2 f37) a(x:e f )
L <]Z(‘Sw]+1> = gﬁﬁ[<]§flj> gx(i 3j <2f > j=0J3;j
ad ] 0f3,) 0 az(Zf.ioij) P (Z}’ioij) & ():}ioij)_
+ (Z(:)j%]) ox3 I+ sﬁ£ { 9x2 + 9x2 + ox?
j 1 2 3
Forj=0,andj=1,2.....c0.
1 d(m) | d(wo) ()] p ,[0P(m) | 9F(up) | @(up)]
Lln) = -5t [“0 o 0, T }jLsﬁﬁ{ o o a3 |
_ 1 d(vo) d(vo) Awo)] | p |0 (w0) | P*(v0) | 9*(vo)
E(Ul) o _573£ {MO 8x1 +UO sz +wo 8x3 :| * Sﬁﬁ |: ax% * ax2 ax2 ! (11)

_ 1 9(wy) 9(vo) Awo)] , o | (wo) | d*(wo) | 9*(wp)
L(wr) = sﬁ£ {MO oxq 0 0x +wo ox3 +sﬁ£ ox3 + 0x3 * ox3 |

Next applying the inverse Laplace transform, we can calculate u; , v; and w; (j > 0). In specific
cases the exact result in the closed form can also be achieve.

Example 1. Consider time-fractional order of two-dimensional Navier-Stock equation with g1 = —q, = q as,
p ofi _ |Ph, PA
D —
t(f)Jrf ax +f ax axz + axz +q/
(12)
B Ifa afz Pf P
D =052 -4
(f2)+fla +f2 =P ax% + ax% q
with initial conditions
{ fl(xl,xz,O) = —Sin(X1 +X2), (13)
fa(x1,x2,0) = sin(xq + x2).
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Applying the Laplace transform to (12), we have

£ ) 2 e (E0) R+ (£,) S
» '82(2}”;0]‘1,-) (Ej:oflj)

P ox? 0x3 !

3 20fy) (& AR f
() e () 5 (Br) )

j=

[(P(20 f2) (T2 f2)) ]
[ j=0/2] j=0/2]
=L
T S * ox3
_q [—sin(xg +x2) .
U, = L — | = —sin(x1 + x2),
Vo = 1 |:SII'1(36157+362):| = Sin(X1 -‘er),
R S o(—sin(x; +x2)) . d(sin(x1 + x2))
L(uy) = sﬁ£ { sin(x1 + xz)—ax1 +sin(x1 + xz)iax2
1 92(—sin(x1 +X2)) 92(—sin(x1 +X2)) 1
+ siﬁ/:p { 0x2 + 0x3 * siﬁﬁ(q)'

9(sin(x1 + x2))

1
L(vy) = —S—ﬁ[l {— sin(x1 + x2)

+sin(xy + ch)ia(sm(x1 * XZ))}

dxq d0x7
1 az(Sil’l(xl + XZ)) Bz(sin(xl + xz)) 1
+ siﬁﬁp { ox2 + ox3 a S?E(q)'
Uy = r-1 2psinéi11+xz) + +1] ,
_ —2psin
0= L1 |72 Sﬁ(flﬁxz) _ sﬁ% ,
uyp = 2psin(xy + x2) i T
LA TR ey T T(B 1)
th q

= —2psin(x; +x2)1"(,3+1) + TB+1)

. 2]
Uy = 74p2 Slﬂ(x1 -+ Xz)Wil),
. 2,
0y = 4p%sin(x; + xz)Wil).
The LADM solution for example (1) is

fi(xn, xo,8) = ug(x1, X2, t) 4+ uy (x1, X2, ) + up(x1, X2, ) + uz(x1, X2, £) + ootty (X1, X2, ),

fa(x1, xo,t) = vo(x1, %2, ) + 01 (x1, X2, ) + v2(x1, X2, £) + v3(x1, X2, £) + .04 (X1, X2, 1),
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B
filx,xp,t) = —sin(x + x2) + 2psin(x; + X2)r(ﬁt+ " r(ﬁq+ 1)
4 sinar + ) s
— sin(x X)) = + ...
0 1+ X2 F2p+1) o
B
fa(xr,x2,8) = sin(xg +x2) = 2psin(xg + xz)r(l;+ n " r(/ﬂq+ 1)
40°si 2P
+ Y SIH(xl + XZ)W + ...
when B =1, then LADM solution is
fi(x1,x0,8) = —e®!(sin(x1 + x2)),

Sfo(x1,x0,t) = ezf’t(sin(xl +x2)).

For g = 0 gave the exact result of classical Navier-Stokes equation for the velocity. The velocity profile of
the ordinary Naiver-Stokes equation is shown in Figures, and the velocity profile of Naiver-Stokes equation with
B =1,0.5 and 0.8 is shown in Figures 1-3.

Figure 1. For example 1, the velocity profiles f1, f, of NS equationat = 0.8, 9 = 0, p = 05,t = 3.
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Graph 8
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Figure 3. For example 2, the velocity profiles f, f, of NS equation at  =0.5,4=0, 0 =0.5,¢ = 0.05.
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Example 2. The study of time fractional of order two dimensional Naiver-Stokes Equation (12) with

initial conditions
u(x,y,0) = —et1t2,
v(x,y,0) = e¥1%2,

Taking Laplace transform of (12)

{ L(u,) = =£172)

S
L(0y) = @

Luy) = _slﬁﬁ {_exﬁxza(%xll”z) N —e"l”za(ilig:(z)]
L(v1) =_*Slﬁ£ {,exﬁxza(Lx:"Z) +exl+x2'3(€:7};xz)}
e

L(ug) = {7255%;“62} +sﬁ%' L(vy) = {%} B sﬁ%,

_4p239€1+x2 4p2€x1+x2
L(uz) = {W} , L(vp) = {W :

Applying the inverse Laplace transform,

X1t

uO:E’l{ .

. |:eX‘1+X2

:| _ _ex1+xz/

Vo =

— exl +X2,
S

_ r—1 _zpeXl-H(z -1 q _ X1+x2 tﬁ q
up =L {7 +L | = 2pe T +r

sht1 pr p+1) T(p+1)
2peX1tX2 th
—_ r-1 4 -1 q — X1+X2 q
n=e B ] e [k s
—4p2eN11X2 2P
a1 0 _ 2 x1+x
up =L { 2642 ’} = —(2p)%e" Zr(25+1),
4p2€x1+x2 tZﬁ

_ r-1 _ 2 ,x1+x2
w=L {szﬁﬂ] S Vo T

The LADM solution for example (2) is

u(xy, xp,t) = ug(x1, X2, t) 4+ uq (x1, %2, ) + 1z (xq, %2, 1) + uz(x1, X2, 1) + ctt (x1, %2, 1),

v(xy,x2,t) = vg(x1, %2, ) + 01(x1, X2, t) + v2(x1, X2, 1) + v3(x1, X2, 1) + ...0n (X1, X2, ),
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t
— _pN1TX2 _ pppXita2 q

e A (R RS
- (ZP)ZE’“*"ZL .

r(26+1)

B (25)
falxq, xo,t) = 1132 4 2pe¥1+¥2 t -~ q
Ir(g+1) T(p+1)

+ (ZP)ZEJ‘IWL +

r(26+1)

when B =1, then LADM solution is

fl (xllxzrt) — 7ex1+xz+2pt,

fz(xlleIt) _ ex1+xz+2pt.

The exact result of usual Navier-Stokes problem for the velocity profile. The activities of velocity profile of
the Navier-Stokes problem is shown for p = 1 and 0.5 in Figure 4 correspondingly.

gL Craph 12

et Sra e
T

Graph 14 Graph 1

s
SRR
s

K

SRR IEXREXEKNE,
SRR
SRS
ORI
RS
R

s
OTIRNIR

AL
S

OSSR KS
‘o:.::.:.::o
X

Figure 4. For example 3, the velocity profiles f, f», f3 of NS equation at § = 0.5, x3 = 0.5, f = 0.1.

Example 3. The study time fractional order three dimensional Navier-Stokes Equation (3.1) by q; = q, = q3
= 0, with initial conditions

u(x1,x2,%3,0) = —0.5x1 + x3 + x3,

v(x1,x2,x3,0) = x1 — 0.5x5 + x3, (26)

w(xlr X2, X3, 0) =Xx1+Xx2— O.SX3.
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Taking Laplace transform of (1),

—0.5x1 + xp + x3

L(uo) = p
L(v,) = w 7)
L(w,) = X1+ xzsf O.SX3,
—2.25x
L(up) = Tll,
—2.25x
Lo) =~ (28)
—2.25x
C(wl) = o1 3r
—(2.25)%x
L(up) = 7(53/533 L
—(2.25)%x
L(vy) = 7(53,333 2, (29)
—(2.25)%x
L(wy) = 7(33“)3

Applying the inverse Laplace transform,

Uy = L1 [M] = —0.5x1 + x2 + x3,
v, = L7 [7361 — 0.5sx2 + x3} =x1 —0.5x + x3,
we = L7} {w} = x1 +xp — 0.5x3,
1wy = L7 {_2'25’”} _ oo
N T+ 1)
0 =L {*:ﬁxz} - 7225“#{;1)’
- [ jﬁiSlx;;} —225%3 (/sti 1)’
3
- o [FER = ey
3
- et [FGR = e gy
wy = £} {_(53?7?323‘3} — _(2.25)2x3%,

The LADM solution for example (3) is

f1(x1, %0, x3, ) = ug(x1, x2,%3,0) + 11 (x1, X2, x3,0) + ua(x1, x2, x3,0) + us(x1, x2, x3,0)
+ ...u]-(xl,xz, x3,0),

f2(x1, %2, x3,t) = vo(x1, X2, x3,0) + v1(x7, X2, x3,0) + v2(x1, X2, x3,0) + v3(x1, X2, x3,0)
+..vj(x1, %2, %3,0),

fa(x1, %2, X3, 1) = wo(x1, X2, x3,0) + w1 (x1, X2, x3,0) + w2 (x1, X2, X3,0) + w3 (x1, X2, X3,0)

+ .w;(x1, X2, x3,0),
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tP ) 3P 4 17p
f1(x1, %0, x3,t) = —0.5x1 4+ x2 + x3 — 2.25x1m —(2.25) xlm — (2.25) xlm
. £15p
— (225) le + ...
t) = 0.5 2.25 o 2.25)2 £ 2.25)4 or
fz(x1/x21x3/ )fxl_ DXy + x3 — 2. xzm—( . ) XZW—( . ) XZW
6 tlS‘B
— (225) sz + ...
0.5x3 —2.25 tﬁ 2.25)2 wr 2.25)4 or
f3(X1,X2,X3,t) =x1 +xp —0.5x3 — 2. mm—( . ) Xgm—( . ) J@m
6 tlS‘B
— (225) xg,m + ..

when B = 1, then LADM solution is

—0.5x1 4+ xp + x3 — 2.25x1¢t

7 ft = '
f1(x1, x2, %3, 1) 1—22512
 xy — 0.5x) + x3 — 2,252t
fax1, %2, %3, 1) = 1- 2251 '
X1+ x2 — 0.5x3 - 2.25X3i'
t) =
fa(x1, x2, %3, 1) 1-225¢2

4. Description of Figures

Figure 1 is consists of two graphs namely Graph 1 and Graph 2. Graph 1 and Graph 2 represents
the velocity profile f; and f, of the Navier-Stokes equation respectively in example 3.1 at § = 1.

Figure 2 is consists of two graphs namely Graph 3 and Graph 4. Graph 3 and Graph 4 represents
the velocity profile f; and f, of the Navier-Stokes equation respectively in example 3.1 at § = 0.8.

Figure 3 is consists of two graphs namely Graph 5 and Graph 6. Graph 5 and Graph 6 represents
the velocity profile f, and f, of the Navier-Stokes equation respectively in example 3.1 at § = 0.5.

Similarly in example 3.2, the plot of two velocity profiles f; and f, for the Navier-Stoke equation
are represented by Graph 7 and Graph 9 at B = 1 and Graph 8 and Graph 10 at § = 0.5 respectively.

Also, in example 3.3, the plot of three velocity profiles f; , f> and f3 for the Navier-Stoke equation
are represented by Graph 11, Graph 12 and Graph 13 at = 1 and Graph 14, Graph 15 and Graph 16
at B = 0.5 respectively.

5. Conclusions

In this paper, Laplace Adomian decomposition technique is assumed for the time-fractional
classical Navier-Stokes solution of with given initial conditions. The analytical solution is given in for
the power series for the given problem. The solution of the above three problems has shown, that the
rate of convergence of the present method is overlapping or high than ADM and HAM. Moreover
LADM have minimum calculations, simplifications as compared to ADM [12] and HPM [6].
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Abstract: In this paper, the a priori estimate method, the so-called energy inequalities method based
on some functional analysis tools is developed for a Caputo time fractional 2mth order diffusion
wave equation with purely nonlocal conditions of integral type. Existence and uniqueness of the
solution are proved. The proofs of the results are based on some a priori estimates and on some
density arguments.

Keywords: energy inequality; integral conditions; fractional wave equation; existence and uniqueness;
initial boundary value problem

1. Introduction

Classical initial boundary value problems for partial differential equations with integer and
noninteger order have been widely studied during the last three decades by using different methods.
One of the most important methods used and applied to linear and nonlinear partial differential
equations with integer order supplemented with classical conditions is the functional analysis method.
However, for equations with Caputo time fractional order and nonlocal conditions, there are only
a few results obtained by using the mentioned method. The Caputo fractional derivative is a nonlocal
operator since it is an integral which is a nonlocal operator. Caputo time fractional derivative can be
used to model systems with memory, since it requires all the past history. Time fractional order partial
differential equations play a great role in reducing the errors coming from the neglected parameters
while modeling real life phenomena.

One of the most important classes of the above equations are the fractional diffusion-wave
equations that have been studied and used in different branches of Science. Problem (1) constitutes
a large class of time fractional diffusion wave equations of even order such as second and fourth
order time fractional wave equations that have numerous applications in physics and engineering
as mentioned below. In our problem, local conditions at 0 and 1 are replaced by other conditions on
the moments of order 1,2, ...,2m — 1 which are non-local integral conditions. Although mathematical
models in two and three-dimensions are of big significance for applications, most of the recent research
articles are devoted to the fractional order diffusion wave equations in one-dimensional settings.
These equations model, for example, propagation of mechanical waves in viscoelastic media [1-4],
a non-Markovian diffusion process with memory [5], and a model governing the propagation of
mechanical diffusive waves in viscoelastic media that exhibit a power-law creep [2—4].

For various applications of fractional calculus, the reader could refer to [4,6-13].

In the literature, many researchers used the functional analysis method to investigate the well
posedness of initial boundary value problems for partial differential equations with time and space
integer order having nonlocal conditions—we cite, for example, the references [14-17]. For the

Symmetry 2019, 11, 305; doi:10.3390/sym11030305 107 www.mdpi.com/journal/symmetry
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fractional diffusion wave equations case with higher order derivatives and classical boundary
conditions, there are only few papers dealing with the existence and uniqueness of solution such
as [18-20]. In this paper, an initial boundary value problem with purely nonlocal constraints of integral
type for a Caputo time fractional 2mth order diffusion wave equation is studied by applying the
functional analysis method, the so-called energy inequality method based mainly on some a priori
estimates and on the density of the range of the operator generated by the studied problem. This work
can be considered as a contribution to the development of the functional analysis method used to
prove the well posedness of problems with fractional order. The obtained results show the efficiency of
this method to study the existence and uniqueness of solution for the time fractional order differential
equations with nonlocal conditions.

This paper is organized as follows: in Section 2, we set our fractional initial boundary value
problem. In Section 3, we give some preliminaries concerning the used function spaces, some useful
tools and write down the given problem in its operator form. In Section 4, we establish an a priori
estimate for the solution and deduce some consequences about the uniqueness of the solution and
its dependence on the free term and the given data. Section 5 provides proofs of the main result
concerning the solvability of the posed problem. We end our problem with conclusions.

2. Problem Setting

In the domain Q = (0,1) x (0,T) where 0 < T < oo, we consider the time fractional initial
boundary problem of higher order with purely integral conditions

aZm

Lo =09 o+ (—=1)"0(t) 52 = f(x, 1), x€(0,1)te(0,T),

Lo =19(x,0) = g(x), hv=1v:(x,0) =h(x), x€(0,1),
1 . -

[ xo(x,t)dx =0 ,i=0,2m—1, te(0,T),
0

@)

where 0(t), f(x,t), g(x) and h(x) are given functions that satisfy certain conditions which will be
specified later on, and the operator 9} 7! denotes the Caputo left fractional derivative of order 1+ &
with 0 < « < 1 defined by (see [21])

" o(x, 1)

t—

t
e d t 2
170‘0/ T t>0, 2)

where I'(1 — a) is the Gamma function.
The Riemann-Liouville integral of order 0 < a < 1 is defined by (see [21])

t
D 1 / v(r) - 3
0

Different properties of the Caputo fractional derivative and Riemann fractional-Liouville integral
can be found in [21-23] and the references therein.

3. Preliminaries

In this section, we introduce some important lemmas and inequalities needed throughout the
sequel, and write the posed problem in its operator form.

Lemma 1 (Poincare type inequality). For m € N, we have

A
IZ2"0l1220,4) < (5)*" 01220, )
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where oo
x ¢ 2m—1 mvome1
Izmv_// / t)dndGoy—1..d% = /%U(‘; )d¢
00 0

Lemma 2 ([24]). For any absolutely continuous function J(s) on the interval [0,T), the following
inequality hold
1
J(s) 03] (s) > > 3?12(5), O<a<l. (5)

Lemma 3 ([25]). Let ¢(t) be nonnegative and absolutely continuous on [0, T), and, for almost all t € [0, T},
satisfies the inequality

92 < c(to(r) + B(1), ©

where the functions C(t) and B(t) are summable and nonnegative on [0, T). Then,

C(t)dt

J @y o e
o) < e g0+ [B@e g
0

! t
< egq . ((p(O) + /B(T)dr) . )
0

Lemma 3 can be generalized as
Lemma 4 ([24]). Let a nonnegative absolutely continuous function Z(t) satisfy the inequality
HEZ()<Z()+c(t), 0<a<l, 8)

for almost all t € [0, T], where c; is a positive constant and c;(t) is an integrable nonnegative function on
[0, T). Then,
Z(t) < Z(0)Ex(c1t*) + T'(a) Ea(c1t*) Dy %ea(t), )

where

[ee] xn
= ’;) Fan 1 and Epa( (10)

Z F(om +a*)’
are Mittag—Leffler functions.

Lemma 5 ([14]). Let Z;(t) (i = 1,2,3) be nonnegative functions on the interval [0, T], Z1(7), Zo(T) are
integrable functions, and Z3(7) is nondecreasing. Then,

implies

/Zl(r )+ Zo(t) < et Z5(1).

Young’s inequality with e: For any € > 0, we have the inequality

p
p—1

! ., AMBER p>1, (11)

/\ﬁg%|e/\\p+p; B

€
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where A and f are nonnegative numbers.
A special case of (11) is the Cauchy inequality with &:

€ 1
AB< A2+ B2 12
B < 2 + 28/3 , €>0, (12)
The solution of the problem (1) can be regarded as the solution of operator equation
Mo =W =(f,gh), (13)

where M = (L£,11,15),and M : B — ) is an unbounded operator with domain of definition

ve[2(Q), T, T3t € 12(Q),

7 Qx2m

D(M) = (14)

1 . -
[xvdx =0, i=02m—1, t€ (0,T),
0

such that v satisfies the initial conditions and where B is a Banach space of functions v endowed with
the finite norm

1
Hv||% = sup (Df—l | 2y (x, t) ||%2(0’1) —+ /vz(x, t)dx) (15)
0<t<T 0
and ) is Hilbert space constituting of the elements W = (f, g, h) equipped with the norm

IWIE = lgl2200) + B2 + 11220 (16)
Here, £ denotes the time fractional differential operator

aZm

__ CHa+1 m
L=+ (=1)"0(t) 5

4. A Priori Estimate for the Solution and Uniqueness

To prove the uniqueness of solution of problem (1), we establish an energy inequality for the
solution from which we deduce the uniqueness of solution of the posed problem.

Theorem 1. Assume that the function 0(t) satisfies the conditions
l) cp < G(t) <cy, ll) cy < 9'(t) <c3, Vte [0, T], 17)

where ¢q, ¢, c3, and cy are positive constants. Then, for any v € D (M), there exists a positive constant IC such
that the following a priori estimate is satisfied:

1
sup (Df‘lul;"vt(x,t)%z(m) +/02(x,t)dx)
0

0<t<T
< K (lglgn) + 1112200 + 1f122(0) ) - (18)
where IC = K(n, 6, p) is given by
K=e (14 ray ) (19)

with i, 6 and p are respectively given by (30), (34) and (37).
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Proof. For v € D(L), we consider the scalar product in L?(0,1) of the differential equation in

problem (1) and the integrodifferential operator No = 2(—1)"Z2"v;, we have

ava
2(=1)" (a?Hv,Ifmvt)LZ(o,l) + 2(9(t)axzmlﬁ’"vt)mom

= (EZ?, NU)LZ(O,l)' (20)

We separately consider the inner products on the left-hand side of Equation (20) and we integrate
by parts and taking into account boundary and initial conditions in Problem (1), we obtain

2(=1)" @ o, ") 200 = 2(=1)"(3F 0, T3 01) 120
2(0F (Z'vt), Z3'0t) 12 (0,1) (21)

ava 2m I 2m
2 0(t T = I d
( ( ) Qxzm’ =¥ Ut) 12(0,1) / 8 2m=x X

am
= 2(*1)”’(9(1’) axm,I Uf)LZ(() 1)

= Z(G(t)U,U[)Lz(Orl). (22)

Substitution of (21) and (22) into (20) yields

2098 (Z'vr), Zi'0r) 120,1) + 2(0(5)0, 01) 1201
= (Lo, No)p2(gy) = 2(_1)m(frza%mvt)L2(0,1)~ (23)

By Lemmas 1 and 2 and inequality (12), identity (23) reduces to

1
aaHImUtHLZ 0,1) (G(t)vlvf)L2(01 < ”f”LZ 0,1) ZTnHI;nUf”iZ(o,l)' (24)

Replacing t by T, integrating with respect to T from zero to t and using given conditions, we obtain
t1
/ 8|1 Z20] 22 g7 + / / 0(7)vvrdxdt
00

t
1
/ £ G oy + g [ 10 s o (25)
0

The second term on the left-hand side can be evaluated as

1

Z/t‘/le(T)U’UdedT = / G(t)vzdx—G(O)/lgz(x)dx
00 0

t 1
- / / 0202 dxd-. (26)
00

(=]
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Hence, inequality (25) becomes

1
1
/aa T ooy + 5 /e(t)vzdx
0
1 1 1A t
0) [+ / JerPdsdr+ [11£(x,) g7
0 00 0

t
1
o / 1220122 0,0 7
0

Now, since

t
[@1Zoc it = DT,
0
tl*a - 5
A wra—w = ey

evoking conditions (17) and using (28), we infer from (26) that

where

D%~ 1||ImthL2 0,1) + ”ZJH%} 01)

S (|hL2 01) +||g||L2 01) +/||f||Lz 01)
t t 1
Jr/ ||I;"ZJT%2(0/1)d~(+//y2(x,1—)dxd~[> ,
0 00

T—an—m
max(l,cl,cg,Z_m, T 22 )

(1—a)I(1—a)
min (1, ¢;)

}7:

If, in Lemma 3, we set

then it yields

t1
- / / o (x, T)dxdz, ¢'(t) = [[0]22(q ), and g(0) =0,
00

t t
/ / Rx,Ddxdr < Ty (/ ||ferL201dr+/ T80 220y
0

g2y +Hh<x>HLzm)

112

(27)

(28)

(29)

(30)

€]

(32)
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Consequently, (30) transforms to

2
D~ 1||ImthL2 01) + “UHLZ 01)

<0 (/ 1) 201 dr+/||z'sz01

+lg () 20, + lIn(x )||L201> (33)

where
6 = max {11, 172Te’/} . (34)

Now, by dropping the second term on the left-hand side of (33) then setting Z(t) =

fHI"’Z)THLz 01) dt, 0y Z(t) = D~ 1||I"’ZJ,;||L2<01 in Lemma 4, we obtain

t
J 1T s gyt
0

IN

5r(“)Ea,a (5ta) (D;a71‘|f“%2(0,1) ( )”hHLZ 0,1) ( )”gHLZ 0,1 ) (35)
0T () Eq o (6%) max {1, F](ﬂa)}
x (DT B2 ) + 1200y + 81201 ) -

Combination of (33) and (36) leads to

IN

D*" IHIme”LZ 01) + HU”%Z(OJ)
(/ [If(x, T ” ()1dT+D - 1HfHL2 0,1) (36)

200y + 812201 )

where

T
o = dmax (1,(51“(1)4)}3“,,,‘ (6t*) max {1, 2T (@) }) . (37)

It is obvious that

—a—1 | 12 t .
DM flfen < Famy fp WEon
T
< t.
< tiga o W on (38)

Then, it follows from (37) and (38) that

D*~ 1”Zm7}f”L2(01 + HUH%Z 0,1)
< K (12 + Ml o) + 1812201y (39)

where
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Observe that the right-hand side of (39) is independent of the variable ¢, so we are allowed to take
the least upper bound of the left-hand side with respect to t over [0, T|, and the a priori estimate (18)
then follows and from which we deduce the uniqueness and continuous dependence of the solution
on the input data of problem (1). [

5. Existence of Solution

In this section, we prove the main result concerning the existence of solution of problem (1)
The a priori estimate (18) shows that the unbounded operator M has an inverse M~ : R(M) —B.
Since R(M) is a subset of ), we therefore can construct its closure M in a manner that the estimate (18)
holds for this extension and R(M) coincides with the whole space 5. Hence, the following:

Corollary 1. The operator M : B— Y admits a closure (the proof is similar to that in [14]).
Estimate (18) can be then extended to

0<t<T

1
sup (Df‘lI,’(”Ut(xrt)H%Z(o,l) +/U2(x,t)dx)
0
< K (812200 + 1112200 + 112 ) (40)
forallv € D(M).

It follows from (40) that the strong solution of problem (1) is unique, that is, Mov = ). We also
deduce from estimate (40) the following:

Corollary 2. R(M) is a closed subset in Y and R(M) =R(M) and M =M
We are now ready to give the result of existence of the solution of problem (1).

Theorem 2. Suppose that conditions of Theorem 4.1 are satisfied. Then, for all W = (f,g,h) € Y, there exists
a unique strong solution v = MW =MTIw of problem (1).

Proof. Estimate (40) asserts that, if a strong solution of (1) exists, it is unique and depends continuously
on the data. Corollary 2 says that, in order to prove that problem (1) admits a strong solution for any
W = (f,g h) € ), it suffices to show that the closure of the range of the operator M is dense in ).
To establish the existence of the strong solution of problem (1), we use a density argument. That is,
we show that the range R(M) of the operator M is dense in the space Y for every element v in the
Banach space B. For this, we consider the following special case of density. [

Theorem 3. Suppose that conditions of Theorem 1 are satisfied. If for all functions v € D(M) such that
Lo =v(x,0) = 0, l,v = v4(x,0) = 0 and for some function Y € L?(Q), we have

T
/£”¢L201dt*0 (41)
0
then ¢ vanishes a.e in Q.
Proof. Identity (40) is equivalent to
T
a2mv
/ (aﬂ*lv +(=1)"0(t)5 szll’) dt = 0. 42)
o X 12(0,1)
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Assume that a function o (x, t) verifies conditions boundary and initial conditions in (1) and such
that o, oy, Zyo, TZ?"0, tha and af“a € L2(Q), we then set

t s
v(x,t) = TP = o(x,z)dzds. (43)
/]

Equation (42) then becomes

T
oM t17? 1)"6(t T?o ) dt =0. 44
0/( o (1)) 2 (T, o (a4
We now introduce the function
P(x,t) = Lo + (=1)"I2" T (45)

Equation (44) then reduces to

T T
a+172 " (oa+172 ¢ qymg2m
0/<af IfU’I‘U>L2(o,1)dt+O/ (a’ Lio, (=1L ItU>L2(0,1) a

2111
+ <(71)me( ). aa —(T20), La> dt (46)

12(0,1)

+

St — 5 T

a 2 2m
<6(t) pyer (Zro), ;" Tio L2(0,1)dt

= 0

Recall that the function ¢ satisfies boundary conditions in (1) and then, computing the inner
products in (45), one has

(B?JrlItZU,Ita) 201) = (B?LU,LU)LZ(OJ) ,
> 0Tl )
(3?+1It2¢7, (—1)’"1.3"7#7) oy = (O T¥ Lo, Do) 1201+
> AT TR, 9)

211
<( 1)m€( ) aa 2m (It ) If(7>L2(01)

am
= (0 Tt 7
(600355 (2P0, 3 P’>Lz<m> )
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0,1)
1

= (e(t)(zf ) Lo %di / o)?dx (50)
0

Evoking (47)—(51), replace t by 7, integrating with respect to T from zero to t and using
conditions (17), we obtain

1
1
DT e gy + DF T TR + [ <8xm ) dx
0

1
+ /(Z?U)zdx (51)

0
mm(l 1) (/](am (T20) ) dxdr+/t/112 dxdr),
00 20

By dropping the first two terms on the left-hand side of (50) and applying Gronwall’s Lemma 5,
by setting Z; (t) = 0, Z3(t) = 0 and

1 1
/ ( (T20) ) dx + / (T20)2dx,
0 0
we have
1 2 1
/ < (T20) > dx + / (T20)%dx < 0 (52)
0 0

forallt € [0, T]. Hence, y = 0a.ein Q. [

To complete the proof of Theorem 2, and prove the density (R(M) = )) in a general case,
suppose that, for some element (Fy,6;,6,) € R(M)*, we have

T
/ (Lo, F1) p2(01) 45 + (12,61 120 1) + (120, 62) 201 = O, (53)
0

and then we prove that F; = 0, 6; = 0, 6, = 0. If we put v € D(M) satisfying conditions
liv =v(x,0) = 0and v = v¢(x,0) = 0 into (53), we obtain

T
/ £0,F) 1201 d5 = 0, Yo € D(M). (54)
0

By Theorem 3, Equation (54) implies that F; = 0 a.e in Q. Then, (53) becomes
(l] 0, 91)L2(0,1) + (lzv, 92),_2(0'1) =0 Voe D(M) (55)

Since the range of the trace operator /; and I, is dense in L?(0, 1), it follows then from (55) that
61 =0, 6, = 0. This ends the proof of Theorem 2.
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6. Conclusions

The existence and uniqueness of a generalized solution for a higher order fractional diffusion
wave equation in Caputo sense subject to initial and weighted integral boundary conditions are
established. It is found that the method of energy inequalities is successfully applied to obtaining
a priori bounds for the solution of fractional initial boundary value problems of higher order with
nonlocal constraints as in the classical case. The obtained results will contribute to the development
of the functional analysis method and enrich the existing non-extensive literature on the non local
fractional mixed problems in the Caputo sense.
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Abstract: In this paper, we incorporate the notion of convex function and establish new integral
inequalities of type Hermite-Hadamard via Riemann—Liouville fractional integrals. It is worth

mentioning that the obtained inequalities generalize Hermite-Hadamard type inequalities presented
by Ozdemir, ML.E. et. al. (2013) and Sarikaya, M.Z. et. al. (2011).
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1. Introduction and Preliminaries

One of the generalizations of classical differentiation and integration is fractional calculus.
The contribution of fractional calculus presents in diverse fields, such as pure mathematics, economics,
and physical and engineering sciences. The role of inequalities found to be very significant in all fields
of mathematics and an attractive and active field of research. Recently, convexity has become the major
part in different fields of science. A function g : I C R — R is named as convex, if the inequality

glwx+(1-w)y) <wg(x)+(1-w)g(y)

holds forall x,y € I and w € [0,1]. In fact, large number of articles has been written on inequalities
using classical convexity, but one of the most important and well known is Hermite— Hadamard'’s
inequality. In [1], this double inequality is stated as: Let g : I C R — R be a convex function on the
interval I of real numbers and x,y € I with x < y. Then,

g<x;y> < yix/xyg(t)dtg M.

Both inequalities hold in the reversed direction for g to be concave. In the field of mathematical
inequalities, Hermite-Hadamard’s inequality has been given more attention by many mathematician
due to its applicability and usefulness. Many researchers have extended the Hermite-Hadamard’s
inequality, to different forms using the classical convex function. For further details involving
Hermite-Hadamard’s type inequality on different concept of convex function and generalizations,
the interested reader is referred to [2-12] and references therein.

First, we recall some important definitions and results that will be used in the sequel.

Symmetry 2019, 11, 137; doi:10.3390/sym11020137 119 www.mdpi.com/journal/symmetry
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Definition 1. For ¢ € Ll[x,y]. The left-sided and right-sided Riemann—Liouville fractional integrals
of order & > 0 with a > 0 are defined as ], g(x) = ﬁfx(x — )% 1g(t)dt, fora < «x,

and [y g(x) = f (t—x)*"1g(t)dt, for x < b, respectively, where T(.) is Gamma function and
is defined as T'(« ) fo e "u*ldu. It is to be noted that]o g(x )—]b, (x) = g(x).

In the case of « = 1, the fractional integral reduces to the classical integral.

Properties relating to these operators can be found in [7]. For useful details on Hermite-Hadamard
type inequalities connected with fractional integral inequalities, the readers are directed to [8-14].

In [15], Ozdemir et. al proved some inequalities related to Hermite-Hadamard’s inequalities
for functions whose second derivatives in absolute value at certain powers are s-convex functions
as follows:

Theorem 1. Let f : [ C [0,00) — R be a twice differentiable mapping on I° (where 1° is the interior of I) such
that f'" € L(a,b], where a,b € [ witha < b. If |f"| is s-convex on [a, b], for some fixed s € (0,1], then the
following inequality holds:
‘ <11 + b) (b—a)?
f — X
8(s+1)(s+2)(s+3)

{|f”(a>| +(5+1) (s +2> 7

[1 + (S Jr 2) 2175} ( N 1!
= 8(+1)(s+2) s+3) {‘f N+ 1)} -

eTETAC )\}

Corollary 1. Under the assumptions of Theorem 1,if s = 1, then we get

(550 - 5 [ o

Theorem 2. Let f : [ C [0,00) — R be a twice differentiable mapping on I° (where 1° is the interior of ) such
that f"" € L [a,b], where a,b € [ witha < b. If |f"| is s-concave on [a, b], for some fixed s € (0,1] and for

q > 1 with % + % , then the following inequality holds:
1 b a+b (b—a)? 21 Ly (3a+Db o (a+3b
_ < e
e ()| < S S [ G ()] e
<1 forp>1,

Corollary 2. Under the assumptions of Theorem 2, if we choose s = 1 and < m

il o () G (e

In [6], Sarikaya et al. proved some inequalities related to Hermite-Hadamard’s inequalities for
functions whose derivatives in absolute value at certain powers are convex as follows:

< =)’ [If"(@)| +|f" ()]
= 48

1)

we have
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Theorem 3. Let I C R be an open interval, a,b € I witha < band f : [a,b] — R be a twice differentiable
function such that f" is integrable and 0 < A < 1on (a,b) witha < b. If |f"'|7 is convex on [a,b], forq > 1,
then the following inequality holds:

‘(Afl)f<@> RUESICH

- /f )dx
(£+1 3)\)1 1/’1 '

2 24
1/q
{( A‘ +:;X§;/\ I ()| + [(2 AN +53X126A] |f”(b)|q)

1 1/4
o ([t oz oy [4 4 322] 1) } Jro<a<1/2;

IN

_a)? N\ 1-1/9 _
e (o) { (2 e g o)

+ (1853 @+ B2 o)) } fri/a< A<t

Corollary 3. Under the assumptions of Theorem 3, if A = 0, then we get the following inequality,

'ﬁ/abf(x)dx_f«;b)‘ - (b;;)z<5|f”(a)m_:3_3‘fu(b)|q>1/q

The aim of this article is to establish Hermite-Hadamard type inequalities for Riemann-Liouville
fractional integral using the convexity as well as concavity, for functions whose absolute values
of second derivative are convex. We derive a general integral inequality for Riemann-Liouville
fractional integral.

2. Main Results

To prove our main results, we need to prove the following lemma, which plays the key role in the
next developments:

Lemma 1. Let f : [a,b] — R be a twice differentiable function on (a,b) with a < b. If f"" € L{a,b] and
n € N, then the following equality for fractional integrals holds with 0 < a < 1:

T'(a+2) n 1
T Vstoraiy 7O ey 0] (500 570)
—a) ) pontw 1-— ” w n-+w
:(n+1”3(a+1)[ +l<f(n+1 +n+1 +f(n+1“+n+1b)>d“’
/01((1—&-40)”‘“—2"‘(1+w)+1x2”‘(1—w))f”(}1jr(fu+Zi?}b)+f”(1:li(fa+i;i]b)du}]‘

Proof. To compute each integral, we use integration by parts successively and get
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n+w 1—w

1
P, — 1— at+1 1

(4 1) (1 - @) /(5290 + Leb)dw !

b)dw

_ n+1
(l—b 0
w/l —op e, 1w
+ a—b Jo (1-w) f(n+lLZ n+lb)dw
_(n+1)f/ PP S B U DA U Y 2(1-w)" (G e+ 5gb)dw |!
T b—a’ \n+1" T nt1 a—b a—b 0
(”H)"‘/ (1-w) fTa +ﬂb)dw]
_(n+1),( n 1 (n+1)(a+1) 1
n b—af P L +1b * a—b bf n+1 n+1b
(n+1)zx/ n+w 1-—w
(- G +n+1b)d“’

C(n+1) ,( n 1 (n+1)%(a+1) n 1
T b—a f <n+1a+n+1b>_ (b—a)2 f<n+1a+n+1b>

a+2
O Dy 0
pz:./01((1+w)“+1—2"‘(1+w)+a2“(1—w))f”(1_—wa+Zifb)dw
2[(1+ @) =28 (14w) +a2% (1 - )| £/ (540 + 25¢b)dw) 1
- b—a 0
1 _
2(;‘_*;)/0 [(a+1)(1+w)“72‘*fﬂ<2”‘]f(1+(f o)
_’;fi[1+2“(a—1)]f’<n}rla+nilb>
1 —
A UEDEED P a1 (@) =2 - a2 £ Y+ T i)

w1 (o )

b—
+(n+;)(oc+1) (n+1) [(a+1) (14 w)* —2% — a2%] f'(3z%a + H2b)dw) |!
—a b—a 0
_”‘(”‘2%)(:”'1)/01 (1+w)* 1 f (i_;;u+ Zifb) dw}
A
xf(nilwnilb) - E’;*i)):ﬁ @+ DI,y FO)
Analogously: P; = 7%f’ (niﬂaJrn%rlb) — 7("*'(2&;‘;'1)]“ (nLHaJrn%rlb) + EZi—;;:ﬁ

2)]?%‘1*»% ),f(ﬂ)

n Z(X
P =— 11+1 [20{( —a)—l]f/(%ﬂu—&—%ﬂb) _ +(11,),£)2H)
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x(Z“—l)f(ﬁa—i—n%lb)—&-((Z:; TN SO
rH» n+1
Adding above equalities, we get
n+1 ( n 1 ) T(a+2) ,x .
a+ b)— _f(a) + b
b—ad n 1" T (n+1)%(b—a) (s o) fta) ](,,%anilb)*f()

= Pi+P,+ P+ Py
This completes the proof. [

Theorem 4. Let f : [a,b] — R be a twice differentiable function on (a,b) with a < band n € N*.
If f” € L{a,b] and |f"| is convex on [a,b], then the following inequality for Riemann—Liouville fractional
integrals holds:

r(“+2) « « n 1
RS it PN Ry SURRSC) B et |
¢l 2+(e—-1)a) 1" 1"
@l ). @

< (b-a)

Proof. Using Lemma 1 and properties of modulus, we have

F(IX+2) ® n 1
(n+1) (b—a)“ |:](n+1u+% b)” f(ll)Jr](nH *nilb)tf(b)} ~f <n+1a+ n+1b>‘
= 2| Pl

(n+1)“+3 a+1)

Now, using convexity of |f”|, we have

F(DC+2) o« o n 1
(n+l)( )a [](ni] n+1 ) f(a)+](n+1”+n+1b)+f( ):| f(ma‘i’mb)‘
)2 vc // n+w 1-
= (n+1“+3(o¢+l / (- (n+1 +Tb)d‘u
i ! PRY. 2 Y 1-w n+w
" (n+1)“+3(a+1)/o (1=w) nr1 )
Pt -2 0 w) a2 (- ) e I
(n+1)* (a+1) Jo n+1 A+l
(b_“)z 1 p " " n1l—w n+w
+ m/o (A+w) =21+ w) +a2* (1-w))f (? + o b
(bvfa)2 1 ol Mtw 1—w
_m/o(liw)+|f(n+la n+1b)|dw
( )2 ! « nl—w n+w
(n+1)“+3(a+1)/o (1-w) +l‘f(7’l+1a n+1b)|d°’
(b— )2 1 o) o W) a2t (1 ,,n—l—w l-w
T g b (@ =2 (@ a2 I G e e
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(b—a)?
(n+1) (a+1)

<O oo [(BY) el (155 o a

/(1+w)“+1 2 (1+w) +a2* (1— w))\f”(lﬁ +ni(f

b)|dw

T
+(n+§l;“+zi+1) /1 (1—w)™+! [<”+1> |f"(@)] + (7:111) {f”(b)@ dw
(b —a)

m/( (14 w)* = 2% (14 w) + a2 (1 — w))

| () )+ (531) o) do

e 2 ) ez - a)

| (G55 @l (A5 17| de.

This completes the proof. [

Remark 1. If we take & = n =1 in Theorem 4, then the inequality (5) reduces to the inequality (1).
The inequality (1) was obtained by Ozdemir [15].

The corresponding version for powers of the absolute value of the derivative is incorporated in
the following theorem.

Theorem 5. Let f : [a,b] — R be a twice differentiable function on (a,b) with a < bandn € N.If f' €
L{[a,b] and |f"|7 is convex on [a, b], then the following inequality for Riemann—Liouville fractional integrals
holds with0 < a < 1:

I'(a+2) N N n 1
i+ 12 (b—a) ey T Ty 50 (e 9?)

(b —a)* - Ul (@) |7+ Ua| " (0)[T\ 7 (Walf" (@)]7 + U | (B) |7\ 4
ST ey [ w{<l i) () @

(Ué)lfl/q{ <U3\f”(a)‘q + u4‘f”(b>|q>l/q+ (U4\f”(a)\ﬂ+ u3|f//(b)‘q>l/qH .

(n+1) (n+1)
where
ne+3n+1 1
u = , U= ,
! (a+2)(a+3) 2 a+3
b — 642 (a® +5a —6) +3n (x+3) (—2+2%(2+ (a — 1) a))
P 6(a+2)(a+3)
—B(a+4)+2"(12+ (a —1)a(a+4)) 1
u, = , Us=—,
3(a+2)(a+3) a+2
21x+2_1
and Uy = — 0L g gpaml g oprl ggpasl
a+2
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Proof. Using Lemma 1, well-known power-mean integral inequality and the fact that |f”'|7 is convex,
we have

T(a+2) . . " 1
mh AR SRS )*f(b)}‘f<n+1”+n+1”)‘

1x+1

(b—a)? W)t =
n+1)" (a+1) </ dw)
1/
5 <Al (1_w)1x+1 f//(izl_:_(; n }1;0;[;) qdw> q
(b — ’1)2 _ a+1 1-1/4
+(n+1)“+3 (a+1) (/o 1=« dw)

1 l-w n4w, | /g
_ o+l | e
><</0 (=) Tat T dw)

2 1-1/q
s U (0 =2 ) a2t (- i)

([t 20w a0 -t 12y )
+(n+il;a+3azi+l) </01((1+w)"‘“—2“ (1+w) + a2® (l—w))dw>1 Vi
=t (fa e (Lo f~<11°;u+%b>qdw>”q

ot (f o) ™ (o rasyes 2 aw)

(b_”>2 a+1 o a2 _ =
T 1D (/ (14 @)™~ 28 (14 w) +a28 (1 w))dw>
1/
x(/ol((ler)“l 2 (14 0) a2 (1- @) | (A1 +%b)qdw> '

(b7a>2 1-1/q

1 (@t 1) </01((1 + @) =2 (14 W) + a2t (1 w))dw)

q 1/q
1-— n+w dw)

+1 n+1

)

x (./01((1 + ) 2% (14 w) + 2% (1 - w)) | f
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(b—a)?
(n+1) 7 (a+1)
(b—a)®
(n+1)T (a+1)

1
a2

(
(

1

* o+ 2

Y

1-1/q 1 .
) ([ asert (e @ s a-o o)

) dw> 1/q

)1,1/,7 (/01 (1— @)1 ((1 — @) |f" @)+ (n+w) \f”(b)\q) dw)l/q

2a+2 —1

a2

1-1/q
_ 2a+1 + 0(2“71 +2a‘71 _ 30‘2&71)

q) dw)l/q

1-1/q
_ 2a+1 + “20(71 +2a71 _ 3“21171)

(

x ('/01((1 +w) T 2% (14 w) + a2 (1 - w)) ((n + @) |f"(@)|"+ (1 - w) |f(b)]
(b—a)?

(n+1)AT+3(tx+l)<

X </01((1 + @) 2% (14 w) +a2* (1 - w)) ((n +w) [f(a)]T+ (1 - w) |f”(b)|q) dw)

n+1)T (a+1)

2¢\'+2 -1

+ a+2

1/q

Simple computations give

1
et _ ona+3n+1
/0 1-w)'"" (n+w)dw = @+2) @ +3) U,
1 1
7 a+1 o _
/0 1-w)"" (1-w)dw i3 Uy,

/01((1+w)“+1 S0 (14 ) + a2 (1 - w)) (1 + w) dw

6+2% (a®+50—6) +3n(a+3) (—24+2% (24 (a —1)a))
6(a+2)(x+3)

= U,

/(;1((1+w)”‘+1 —2" (14 w) +a2* (1 - w)) (1 - w)dw
—B(a+4)+2*(12+ (e —1)a (v +4))

=U,,
3(w+2) (a+3) ¢
1 1
o a+1 -
/0(1 w)" " dw P Us,
r1
/ (14 @)™ =20 (1 4 w) + a2 (1 — w))dw
0
2442 1 1 1 1 1
= 0 =28 a2t 20 3020 = U,

This completes the proof. [

Remark 2. If we take n = 1 in Theorem 5, then the inequality (6) reduces to the inequality (4).
The inequality in (1) was obtained by Sarikaya [6].

In the following theorem, we obtain estimate of Hermite-Hadamard inequality for
concave function.
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Theorem 6. Let f : [a,b] — R be a twice differentiable function on (a,b) witha < bandn € N.If f" €
L{[a,b] and |f"|7 is concave on [a,b], then the following inequality for Riemann—Liouville fractional integrals
holds with0 < o« < 1:

Bty @O @) = f (e n+1b>’

<oyl (el (sl o
({Faeen Dl (e Dl

Proof. Using the concavity of |f”'|7 and the power-mean inequality, we obtain

T(a+2) {
(n+ 1) (b—a)»

+Us

[f"(Aa+ (1 =M)b)T > Alf"(a) |7+ (1= A)|f7 (b))
> (Alf" @)+ =D B)])7.

Hence,
If"(Aa+ (1= A)b)| = Af"(a)| + (1 = A)[f" (D),

thus |f”| is also concave. Using Jensen integral inequality, we have

ra+2) [, . RS
RS T it [I(ﬁﬁﬁbyf(a) e fO)] (e n+1b>‘

(o (=) WM:{M dw
fo

q

a+1
w) dw) uc+1 dw

- n+1 ”3 (a+1)
q
(n+1”"" s

(£
* n+1b‘“—+3arx+1 </ w)ﬁldw) (fo - f:+ )" deo dw)
(£

(14 w)™ =2 (1+w) +a2* (1 - w ))dw)

n+1 “*3 (a+1)
o (4 @) =22 (14 w) +a2% (1 - w)) (20 + L2 h)dw
fol((l—&-w)”ﬁrl =201 + w + 024 (1 — w))dw

q

2
% (f@rors -2 e var o)

P (fol(a W) 2% (14 w) + a2t (1 w)) (B5%a + Zi‘fb)dw>
S+ @)™ =20 (1 - w) + 2% (1 - w))dw

q

X

(b—a) w (W (a) +Us (B)\ |1 (b—a) (U (D) + Up (a)\ |7
*(n+1>*+3(a+1)(u5) ( Us (n+1) ) +(n+1>“+3(a+1)(u5)f< Us (n+1) >

(b—a) u (((Us (a) + Uy (b)) |7 (b—a) w (((Us (b) + Uy (a) )|
(n+ 1)@+ 1) (Us) ( Us (n+1) ) (n+1)"P (a+1) mﬁ)f( Us (n+1) )

T(a+2) " a
(71 + 1)2 (b — a)a |:]( r1+1a+n}rl b) f(u) + I(n+1 +n11b)+f( ):| f <n + 1 n + 1 ‘

< bl (B (B me )

n+1)*" (a+1)
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The proof is completed. [

Corollary 4. On letting &« = n = 1 in Theorem 6, the inequality in Equation (8) becomes:

o L] S () (5] e

Remark 3. The inequality in (8) is an improvement of the obtained inequality in Corollary 4 of [15]. This gives
us a comparatively better estimate.

3. Conclusions

We have derived some inequalities of Hermite-Hadamard type by establishing more general
inequalities for functions that possesses second derivative on interior of an interval of real numbers,
by using the Holder inequality and the assumptions that the mappings |(f"')|?, for 4 > 1 are convex,
as well as concave. The results presented here, certainly, provided refinements of those results proved
in [6,15], since, by putting « = n = 1 in our obtained inequalities, we achieve the already-presented
inequalities in [6,15].
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Abstract: In this paper we investigate an implementation of new model order reduction techniques to
linear time-invariant discrete-time commensurate fractional-order state space systems to obtain lower
dimensional fractional-order models. Since the models of physical systems correctly approximate the
physical phenomena of the modeled systems for restricted time and frequency ranges only, a special
attention is given to time- and frequency-limited balanced truncation and frequency-weighted methods.
Mathematical formulas for calculation of the time- and frequency-limited, as well as frequency-weighted
controllability and observability Gramians, are extended to fractional-order systems. An instructive
simulation experiment corroborates the potential of the introduced methodology.

Keywords: fractional-order system; model order reduction; controllability and observability Gramians

1. Introduction

In the field of modeling and simulation of fractional-order systems there are two different
approaches to application of model order reduction (MOR) techniques: (1) Approximation of
fractional-order systems by high integer-order models and their reduction to the low integer-order
ones, and (2) reduction of the fractional-order systems without changing the class of the model, i.e.,
the reduced model is also the fractional-order one.

The first approach can be implemented by either determination of the fractional-order
derivative/difference approximators involved in a fractional-order system [1,2] or by selection of
integer-order approximators to the whole fractional-order systems [3-8]. In both approaches, a very
high integer-order model is usually obtained, which is not effective from the computational point of
view due to large memory requirements and long simulation times. For these reasons, classical model
reduction techniques can be used to reduce integer-order model dimensions [8-10]. Therefore, the term
MOR for fractional-order systems is usually related to order reduction of integer-order approximators
to fractional-order systems.

This paper tackles the issue of MOR for commensurate fractional-order systems where a final
result of using the MOR technique is the fractional-order model of lower dimensions. This issue
has not been systematically studied and only a few approaches for reduction of continuous-time
fractional-order systems have been published [11-14].

The classical Balanced Truncation (BT) method introduced for classical integer-order systems has
been extended to discrete-time fractional-order systems [15]. The reduction paradigms used by the BT
method enforce an accurate approximation for the whole range of frequencies. However, models of
physical systems, e.g., models for mechanical, electrical and biological systems, characterize a certain

Symmetry 2019, 11, 258; doi:10.3390/sym11020258 130 www.mdpi.com/journal/symmetry



Symmetry 2019, 11, 258

adequacy scope, determined by the frequency range, for which the models correctly approximate the
physical phenomena of the modeled systems. Likewise, when the reduced model is used to carry out
a simulation in the determined time interval, an appropriate approximation accuracy of the output
signal y(t) is required only for t lower than a specified final time of simulation. For these reasons,
the reduction aims to determine such a reduced model which is particularly accurate in the given
frequency range [Wyin, Wimax) and/or time interval [ty tmax]. Such an approach allows for larger
errors outside these specified intervals, without negative impact on the usefulness of the obtained
reduced model. The time and frequency boundaries can be applied either by using frequency- and
time-limited controllability and observability Gramians [16-19] or by frequency-weighted functions
connected to the model which are the subject to the reduction process [20-26]. In this paper, we focus on
the generalization of such approaches to reduction and an accurate approximation in given frequency
and time intervals for the discrete-time commensurate fractional-order systems.

The remainder of this paper is structured as follows. A description of fractional-order state space
systems considered in the paper is introduced in Section 2. Section 3 includes fundamentals of the MOR
concept, in particular for the BT method. Section 4 contains the main result of the paper concerning
definitions of controllability and observability Gramians in the time- and frequency-domains for
fractional-order systems. Numerical examples of Section 5 illustrate the use of the introduced Gramians
in the model reduction process. The paper is completed with the conclusion section.

2. System Representation

Consider a linear discrete-time commensurate fractional-order (DTCFO) state space system
G= {Af, B,C,D} described by

A'x(k+1) = Agx(k) + Bu(k), x(0) =xo

y(k) = Cx(k) + Du(k) (1)
where k = 0,1,..., is the discrete time, x(k) € R" is the state vector, u(k) and y(k) are the input
and output signals, respectively. Matrices Ay € R"*", B € %", C € RW*", D € M
describe the system properties, with 1, and ny being the numbers of inputs and outputs, respectively.
A*x(k + 1) defines the fractional-order difference of order & € (0,2) which can be represented by the
Griinwald-Letnikov fractional difference ([27], ch. 3.5)

k+1

Ax(k+1) = Z(—1)f<‘;f>x(k—j+1) k=0,1,... @)

j=0

« 1 i=0
<]> = l!(l)(*l).:]:!(l!*/""l) ] >0

Assuming the zero initial condition, that is A*x(0) = 0, the Z-transform of the system (1) is
given by

with

w(z)X(z) = AfX(z) + BU(z)

C)
Y(z) = CX(z) + DU(z)
where w(z) is the Z-transform of the “forward-shifted” fractional-order difference
k1 I\
w(z) =z(1—z"1)* = 2(—1)/<],>z*]+1 4)
=0

131



Symmetry 2019, 11, 258

Remark 1. The above formulation can be extended to discretized models of continuous time systems. In the case
of use of the forward-shifted Euler discretization operator ([27], ch. 3.5) we have

s~ hiaw(z) (5)

where s* is the Laplace transform of the fractional-order derivative and h is the sampling period. Discretized
models of continuous-time fractional-order systems

A*x(t4-h) = h* Apx(t) +h*Bu(t), x(0) = xo

6)
y(t) = Cx(t) + Du(t)
where t = kh, can simply be transferred to the system (1) by using the following substitutions
Af‘)haAf B — h"B )

Implementation of the Griinwald-Letnikov difference (2) results in increasing computational
burden at each time step, which finally becomes computationally infeasible. Therefore, in practical
implementations, finite-length expansions are used, for instance finite fractional difference [6,8] ([28], ch. 7)

j=0

Ax(k+1) ~ i(fl)f<j_‘>x(kfj+1) k=0,1,... ®)

with x(I) = 0V ] < 0 and L being the implementation length.
It is worth emphasizing that precise approximation of the Griinwald-Letnikov difference with
the finite fractional difference needs a very high length L [6].

3. Model Order Reduction

Let us shift now to the MOR problem for the DTCFO system (1). The fractional-order MOR issue
aims towards finding a DTCFO model G with reduced dimension r < n

A*%(k+1) = Agx(k) + Bu(k), %(0) = %o ©)
7(k) = Cx(k) + Du(k)

where Af € R, B e R, C e RWXT, D € R*Mi, %(k) € R are such that the approximation

errors both in the time domain ||y(k) — #(k)|| and in the frequency domain ||G(z) — G(z)|| are small

for the chosen norm || - ||.

In this paper, we concentrate on the BT technique, which is based on the concept of the balanced
model realization [29,30], ([31], ch. 7.1). In order to arrive at the balanced system, the linear state
transformation x — Tx is applied to diagonalize the controllability P and observability Q Gramians of
the system

TPTT = (TT)71QT~! = diag (cy, ..., 0%) (10)

where 0;, i = 1,...,n, are the square roots of the eigenvalues for the product of P and Q, which are
called the Hankel singular values (HSV). The magnitude of HSV classifies a degree of reachability and
observability of states in the system. On this basis, reduction eliminates states corresponding to small
values 0;, which means that they have a weak impact on the system properties. The balanced model is
obtained by applying transformation matrices in the following way:

1?f 1‘}12
Ay Az

-1 _ | B a4 [ A A .
TAT ! = TB[BZ , CT 7[c cz], D=D 11)
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The order r can be selected on the basis of an approximation error of the reduced system. For the
BT method, the H o norm of the approximation error is upper bounded as follows [30], ([31], ch. 7.2):

16() =Gy, =2 X (12)
j=r+1

Calculation of the transformation matrix T is not a unique operation. The exemplary algorithms
can be found in References [23,30] ([31], ch. 7.3), [32].

The BT reduction method enforces an accurate approximation for all times t € (0,00) and
frequencies w € RN. If it is necessary to determine a model (9) which is particularly accurate in a
given frequency range [Wyin, Wimax) and/or time interval [k, kpax|, then frequency- or time-limited
controllability and observability Gramians can be used to calculate the transformation matrix T instead
of infinite ones. Higher model accuracy can be obtained now, especially when the optimal values of
the parameters of the weighting functions and frequency-/time-intervals are used [33].

4. Controllability and Observability Gramians for Discrete-Time Fractional-Order Systems

In this section, the definitions of controllability and observability Gramians both in the time-
and frequency-domains are recalled. Based on the definitions for integer-order systems, the Gramian
generalizations to fractional-order systems are derived here.

4.1. Gramians in the Time Domain

The definition of the controllability Gramian is connected to the minimal energy required for
the transfer of the system from the zero initial state x(0) = 0 to the final state x(k) = xp, whereas
the observability Gramian is defined with relation to the energy generated by the nonzero initial
state x(0) = xo with the zero input signal u(k) = 0. For asymptotically stable systems, the infinite
controllability and observability Gramians are respectively defined as

=) 00

P=Y k"), Q=Y y"(knyk) (13)

k=0 k=0

where ¢ (k) is the state of the discrete-time system resulting from the input in the form of the Kronecker
delta, and 7 (k) is the output of the system produced by the nonzero initial conditions and the zero
input signal.

For asymptotically stable integer-order systems, we obtain the well-known formulas for the
controllability and observability Gramians, respectively:

p= iAiBBT (AT)i, Q= i (AT)iCTCAi (14)
i=0 i=0

where A = Ay + I. Finally, the Gramians P and Q are the solutions to the discrete-time Lyapunov
equations, respectively, are

APAT —p=—-BBT, ATQA-Q=-CTC. (15)

Based on definitions (13), it is easy to formulate the generalized form of the controllability and
observability Gramians for the fractional-order systems.
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Lemma 1. Consider an asymptotically stable discrete-time commensurate fractional-order state space system (1),
with the Griinwald—Letnikov fractional-order difference (2). Then the controllability and observability Gramians
at finite time ky, < oo are as follows
ky ky
P(ky) = Z ~1DBBI¢(k—1),  QlkL) =} ¢"(k) C'C (k) (16)

k=1 k=0

where ¢(k), k = 0,1, ..., are calculated as
1 k=0
k )
(Ap+al)p(k—1) = ¥ (=1)/({)pk—j) k>0

j=2

¢(k) =

Proof. The state space equations of the system as in Equation (1) can be rewritten as ([27], ch. 3.5)

k+1

x(k+1) = (Ap+al)x(k) - Z( 1)’ ( >x(k+1—1)+Bu(k)

i=

17)
y(k) = Cx(k) + Du(k)

The state response for the DTCFO system (17), with the zero initial condition and the Kronecker
delta input signal, is as follows:

0 k=0
£0) = B \ | k=1 (18)
(Ap+alg(k—1) — EZ( DI(Ek—j) k>1

The output response for the DTCFO system (17), with the nonzero initial condition x(0) = x( and
the zero input signal, is now

y(k) = 1(k)x(0) (19)

where
C k=0

1k =1 ¢ ((Aersz)x(k 1)~ f(l)f(?)x(kj))> k>0 .
=2

The responses (18) and (20) immediately result in Equation (16), which completes the proof. [

Remark 2. As mentioned before, both the minimal energy required for the transfer of the system from the
zero initial state to x(k) = x, and the energy generated by the nonzero initial state are obtained for k; — co.
Implementation of Equation (16) in order to calculate controllability and observability Gramians implies the
infinite number of elements ¢ (k). Furthermore each of ¢ (k) requires the determination of the Griinwald—Letnikov
difference calculated from 0 to k 4 1, which is computationally infeasible. Therefore, in contrast to integer-order
systems for which the solution of Equation (13) can be determined by solving Lyapunov Equation (15),
the Gramians for the fractional-order systems can be calculated for the finite length only.

If the response of the reduced model (9) is expected to match the original fractional-order model (1)
in some interval [ky, k], then the balancing of the model can be executed on the basis of the Gramians
calculated within this restricted time interval. As the controllability and observability Gramians for
the asymptotically stable systems are positive definite, then it can be shown that

P(kz) > P(k1) Q(k2) > Q(k1) for ko >k (21)
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Therefore, the time-limited Gramians are also positive definite, and within the restricted time
interval [k1, ky] they can be calculated as follows:

P(ki,k2) = P(k2) = P(k1),  Q(k1 ka) = Q(k2) — Q(k1) (22)
where P(k) and Q(k) are given from Equation (16).

4.2. Gramians in the Frequency Domain

In addition to the definition (13) given in the time domain, the Gramians can also be expressed
in the frequency domain. The connection can be made on the basis of the Plancherel’s theorem,
which states that the integral of the inner product of two functions in the time domain is equal to
the integral of their frequency spectrum. In particular, for the asymptotically stable discrete-time
integer-order systems, applying the Plancherel’s theorem to Equation (14) yields ([31], ch. 4.3)

= % /O'zn (ef"l - A>71 BBT ((e’fel - AT) o

0- % /02” (71— aT) e (1~ 4) o

(23)

Based on definitions (23), it is easy to formulate the generalized form of the controllability and
observability Gramians for the fractional-order systems.

Lemma 2. Consider an asymptotically stable discrete-time commensurate fractional-order state space system (1),
with the Griinwald—Letnikov fractional-order difference (2). Then the infinite controllability and observability
Gramians of the fractional-order system are respectively given as

- % /::T <w(z) = Af>71 BBT (W*(z) I— A})“ de

(24)
_ L ™ er -1

0= E/,n (w'(z) 1-AT) " CTC (w(z) 1- Af)  do

where w(z) is as in Equation (4), with z = ¢, 8 € [—m, 71|, and * denotes the complex conjugate transpose.

Proof. For continuous-time fractional-order systems referred to in Remark 1, the input-to-state map
becomes (s*I — A f)*lB, while the state-to-output map is C(s*I — Ay) ~1. Then the controllability and
observability Gramians are as follows:

P= %/j; (s“I - 14]:)71 BBT ((s“)*l - 1‘1})71 dw

o % /jo ((s"‘)*[ - A}) “eTe <s”‘l - Af) i

[eS)

(25)

where s = iw, w € (—c0, c0). Using the forward-shifted Euler discretization operator as referred to in
Remark 1 results immediately in (24), which completes the proof. [

If the response of the reduced model is expected to match the full fractional-order model
output within a restricted frequency range, then the balancing of the model can be executed on
the basis of the Gramians calculated for that specific interval. Similarly, as for time-limited Gramians,
the frequency-limited Gramians in restricted frequency interval [0, ®;] can be calculated as follows:

P(@1,08;) = P(@2) —P(©1), Q(O1,0:) =Q(®2) — Q(Oy) (26)
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where P(®) and Q(O) are given as

P(®) = % /_;6 (w(z) I—Af>71 BBT (w*(z)I_Ajr)fl e

Q) = 5 [ (wer1-aF) " cTe (w2 - 47) a0

(27)

4.3. Frequency Weighted Gramians

The required approximation accuracy in the given frequency interval [®;,®;] can also be
achieved by implementation of the frequency weighting functions in a form of the external systems
connected to the inputs and/or outputs of the full fractional-order model ([31], ch. 7.6). Such an
approach, called Frequency Weighted (FW) method, is a generalization to the BT method designed for
asymptotically stable models with asymptotically stable input and output weighting functions with
minimal realizations.

Consider an asymptotically stable discrete-time integer- or fractional-order LTI MIMO state space
system as an input weighting function H; = {A;, B;, C;, D; }

A%ixi(k+1) = A;jx;(k) + Bju;(k),

(28)
yi(k) = Cix;(k) + Dju;(k)
and as an output weighting function H, = {A,, Bo, Co, Do }
A%x,(k+1) = Apxo(k) + Bouo(k), 29)

Yo(k) = Coxo(k) + Doty (k)

of orders n; and 1, respectively. Assuming that no pole-zero cancellations occur during the design of
the augmented systems GH; and H,G, we arrive at [22,25], ([31], ch. 7.6)

o As BC; | BD;
A; | B foo i
GH; = Cf Dl- = 0 A ‘ B;
g C DC | DD;
(30)
i | B A; 0 B
H,G = ) B,C A, B,D

D,C C, | DoD

It is well known that the frequency weighted controllability and observability Gramians are
computed on the basis of the system connected to the input weight GH; and to the output weight
H,G, respectively.

Lemma 3. Consider asymptotically stable augmented systems GH; and H,G as in Equation (30) consisting
of asymptotically stable discrete-time commensurate fractional-order state space system (1), with the

Griinwald—Letnikov fractional-order difference (2) and the weighting functions as in Equations (28) and (29).
The controllability and observability Gramians of such systems at finite time k; < oo are as follows:

kp ki
Pi(kp) = Y ¢i(k—1) BBT ¢l(k—1),  Qo(kr) = Y_ ¢l (k) CICo ¢o(k) (31)
k=1 k=0
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where ¢;(k), po(k), k = 0,1, ..., are calculated in a recurrent way:
I k=0
PO =) (A m) gk -1 - ©netk—j) k>0
j=
I k=0
$o(k) = (A0+ao)¢g(k—1)— Po(j)po(k—j) k>0

o

2

]

with &; = diag(«, ..., 0,0, ..., 0;), & = diag(a, ..., a0, ..., 00) and
N—— N — —— ——

o=t () 3) ) (2
wr=tcvi| 0 (1) (3

Proof. The proof directly stems from proof for Lemma 1 with substitution of the system matrices by
the matrices of the augmented systems GH; and H,G. [

Note that the application of the weighting functions influences the order of the controllability
P; and observability Q, Gramians for the augmented systems. Therefore, they are partitioned into
two-by-two blocks, so that the dimension of the Pj; € R"*" and Q11 € R"*" are the same as the state

matrix Af
| Pn Pi _ | Qu Qn
B= { P, Pn } Q= { Qh Q» } .

Finally, the frequency-weighted controllability P and observability Q Gramians of dimensions
n X n can be assumed as [20]
P =Py, Q=0Qu (33)

The proposed solution, despite its simplicity, may lead to the instability of the reduced model in
case of two-sided weighting. Therefore, several modifications to this approach have been proposed to
cope with this problem [21-25].

The frequency-weighted Gramians as in Equation (33) can also be defined in the frequency
domain. Given that the input-to-state map and the state-to-output map of the fractional-order system
are modified by the connected weighting functions, it is possible to generalize the definitions of the
infinite controllability and observability Gramians for the fractional-order system (Lemma 2) to the
frequency-weighted Gramians.

Lemma 4. Consider asymptotically stable augmented systems GH; and H,G as in Equation (30), consisting
of asymptotically stable discrete-time commensurate fractional-order state space system (1), with the
Griinwald—Letnikov fractional-order difference (2) and the weighting functions as in Equations (28) and (29).
Then the frequency-weighted controllability P and observability Q Gramians are defined as
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pP=
(34)
Q

21” /n ( (z)I — Af)*1 B H;(w;(z)) H] (w?(z)) BT (w*(z)17 A})—l o
1 /f ( (Z)I—A})*l CT HI (w(z)) Hy(wo(2)) C(W(Z)I—Af>71d9

where H;(w;(z)) = D; + C;j(w;(z)I — A;)"'B;, Ho(wy(2)) = Dy + Co(w,(2)I — A,) !B, and
w(z) =z(1 -z w;(z) = z(1 —z7 )%, wy(z) = z(1 — 27 V)%, withz = e, 0 € [~7, 71].

Proof. Given that the input-to-state map for the augmented system GH; and the
state-to-output map for H,G become (wi(z)f/i,v)_l B;and C, (wo(z)f.ﬁo)_l, where

w;(z) =diag | w(z),...,w(z), wi(z w;(z) | and @, (z) =diag| w(z), ..., w(z), wo(z), ..., wo(z) |,

n i n "o
respectively. The P and Q are the submatrices of the Gramians for the augmented systems (32)
partitioned into two-by-two blocks. Therefore, the proof for the frequency-weighted controllability
Gramian follows by noticing that
-1
BD; |
) 15

w(z)I 0 Ar BC;
<I O)<|: 0 wi(Z)I:|_|:0f A,‘

w(z)[— A —BG; BD; |

(1 0)[ 0 w4 B |~
I o (w(z)I = Ap)™" (w(z)] — Ap) 'BCi(wi(2)I — A;)~! BD; | _
( ) 0 (w;(z) — A;)~! B |

(w(z)I — Ap)"'B(D; + Ci(wi(z)I — A;) "' By) = (w(z)] — Ay) "' BH;(w;(z))

while for the frequency-weighted observability Gramian,

-1
w(z)I 0 A 0 Iy _
[DUC Co]<{ 0 wo(z)l}_ B, Aa> <0>
1
w(z)[— A 0 I
DUC Co |: wo Z)I—A) lBu (fw(z)I—Af)7] (wU(Z)I—Ag)*l :| <O > =

(Do + Co(two(2)I — Ao) ' Bo)(w(z) — Ag)™'B = Ho(wo(2)) (w(z)I — As)'B

Therefore, the frequency-weighted Gramians are the blocks Py and Q13 of the controllability P; and
observability Q, Gramians for the augmented systems, respectively, which completes the proof. [

Remark 3. It is important to note that Lemmas 1 to 4 introduce various definitions of controllability and
observability Gramians. However, the calculations of the Gramians directly from the above definitions for
large-scale DTCFO systems are computationally demanding. In particular, time-domain Gramian definitions
as in Lemma 1 and 3 are infeasible for large-scale systems due to the requirement of calculation of the
Griinwald-Letnikov difference from 0 to k + 1. The common practice for integer order systems when n,, ny << n
is to compute low-rank approximations of the Gramians such that P ~ SYST with S € R, Y € RI*!,
I << n. It is motivated by the typical rapid decay of HSV [34,35], which can also be assumed for fractional-order
systems. There exists various algorithms for calculating the low-rank Gramian factorizations for integer-order
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systems [17,19,35,36]. Therefore, future works will be carried out towards the extension of the low-rank approach
to increase the efficiency of Gramians calculations for DTCFO systems.

5. Simulation Examples

In this section, examples of model order reduction for a fractional-order system are presented.
All reduced models were obtained by using the BT method with the Gramians calculated within various
time- and frequency-intervals, as well as with different frequency-weighted functions. In particular,
to calculate transformation matrix T the following Gramians are selected: (1) indefinite Gramians
defined in the frequency domain as in Equation (24) - denoted as the BT, (2) frequency-limited
Gramians as in Equation (26), denoted as the FLBT, (3) time-limited Gramians as in Equation (16),
denoted as the TLBT, (4) frequency-weighted Gramians as in Equation (34), denoted as the FW.
The examined discrete-time fractional-order model is an extension of the continuous-time model for
a simple mechanical system presented in [16] and (moderate) large-scale dynamical system of order
1006 as in [36].

Example 1. Consider the DTCFO state space system (6) with the sampling period h = 0.01, fractional order
a = 0.85and

0 0 0 1 0 0 0

0 0 0 0 1 0 0

ilB 0 0 0 0 0 1 0
= | —54545 45455 0  —0.0545 0.0455 0 0.0909

c|D 10 —21 11 0.1 —021 011 0.4
0 55 —65 0 0.055 —0.065| —05

2 ) 3 0 0 0o | o

Model order reduction is performed from the original six states variables to the reduced four ones. Frequency
responses for the full fractional-order system and the reduced models in addition to approximation errors are
depicted in Figure 1. Figure 2 shows step responses and their approximation errors for the same models. It is
clearly visible that the reduction based on infinite and time-limited Gramians for the time interval t € [0,10] (s)
cannot properly approximate the low-frequency properties of the system. For this reason, in order to improve
the approximation for low frequencies, the frequency-interval for frequency-limited Gramians is chosen as
© € [0,0.01] (rad/s). For the same purpose, the low-pass Butterworth filter of order ny = 5 and cut-off
frequency wy = 0.01 (rad/s) is selected as a frequency weighted function. Table 1 presents approximation
errors for the considered models, where DCE is the steady state approximation error, MSE,, is the mean square
approximation error for the frequency responses in the frequency range w € [1073,1] (rad/s), Heo is the norm
approximation error and MSE; is the mean square error for system step response in the discrete-time range
t € [0,100] (s).

Figure 3 presents frequency responses and approximation errors for the reduced models obtained in order
to improve the quality of approximation for high frequencies. In particular, the third resonance frequency
w = 6.5 (rad/s) is considered. Figure 4 shows the impulse responses and their approximation errors for the same
models. For this purpose, the time interval t € [0,0.1] (s) and frequency interval ® € [0.1,1007] (rad/s) are
selected for time- and frequency-limited Gramians. Similarly, the frequency weighted function is chosen in a
form of a high-pass Butterworth filter of order ng = 5 and cut-off frequency wy = 0.1 (rad/s). Table 2 presents
approximation errors for the analyzed models, in terms of MSE,, for w > 3 (rad/s), Heo-norm and MSE; for
system impulse responses within t € [0,1] (s).
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Figure 1. (left) Frequency responses for full- and reduced-order models and (right) approximation errors.
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Figure 2. (left) Step responses for full- and reduced-order models and (right) approximation errors.
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Figure 3. (left) Frequency responses for full- and reduced-order models and (right) approximation errors.
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Table 1. Frequency and step approximation errors for the reduced models.

DCE MSE,, Heoo MSE;
BT 222x1073 458x107% 53.0x1073 4.62x10°*
FLBT 1.88x107> 268x10710 888x1073 6.37x10°°
TLBT 281x1073 733x107%* 549x1073 7.40x107*
FW  452x107° 142x107% 83.7x1073 560x10°°
; %107 ‘ _
o —
it 1 s
A | B
original FOM h‘l
—— reduced FOM (BT) ik — reduced FOM (BT) |
4l —— reduced FOM (FLBT) | 10 —— reduced FOM (FLBT)
1f —— reduced FOM (TLBT) —— reduced FOM (TLBT)
Vi reduced FOM (FW) reduced FOM (FW)
5 Y . . . . ! ! ! 10°k . . . I . I I I
0 0.5 1 15 2 25 3 35 4 45 5 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

time (s)

time (s)

Figure 4. (left) Impulse responses for full- and reduced-order models and (right) approximation errors.

Table 2. Frequency and impulse approximation errors for the reduced models.

MSE,, Heo MSE;

BT 254x107% 0053 921x10°8
FLBT 346 x107> 0538 323 x10°8
TLBT 3.68x107° 0385 5.05x 10714
FW  431x107° 0539 224x1078

Example 2. Consider the system as in reference [36] with fractional-order « = 0.95 which is discretized using
the sampling period h = 0.002. The calculation of controllability and observability Gramians in the time domain
is very computationally demanding for systems of order n = 1006 . Therefore, the reduced models obtained by
using only the BT, FLBT and FW methods are compared. All reduced models are of order v = 6. Frequency
responses for the full fractional-order system and the reduced models as well as approximation errors are presented
in Figure 5. Like in Example 1, it is clearly visible that the reduction based on the infinite Gramians cannot
properly approximate the low-frequency properties of the system. For this reason, the frequency-interval for
frequency-limited Gramians and frequency weighting functions are chosen the same as in Example 1. In Table 3,
approximation errors are listed for the analyzed models, in terms of DCE, MSE,, and H-norm.

Table 3. Frequency and step approximation errors for the reduced models.

DCE MSE,, Heo

BT 5.538 29.93 5.538

FLBT 494x10~% 190x10~7 11.12
FW  630x107* 3.14x10~7 11.35
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Figure 5. (left) Frequency responses for full- and reduced-order models and (right) approximation errors.

The Matlab scripts used to compute the presented results can be obtained from Supplementary
Materials.

6. Conclusions

This paper presents new results in BT model order reduction in limited time- and frequency-
intervals for DTCFO systems. The main contribution of the paper is an introduction of new
definitions for controllability and observability Gramians for the fractional-order systems both in
the time and frequency domains. These results enable new implementations of the Gramians in the
balanced truncation model order reduction method in limited time and frequency intervals as well
as in the frequency weighted reduction method. As a result of the reduction process, accurate
low-dimension fractional-order approximators in given frequency and/or time intervals can be
calculated. Simulation examples confirm the effectiveness of the introduced methodology for order
reduction of DTCFO systems.

Supplementary Materials: The Matlab scripts used to compute the presented results can be obtained from:
http://doi.org/10.5281/zenodo.2322833.
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1. Introduction

We will deal with a fractional g-difference equation subject to three-point boundary conditions
Dyx(t) + f(t,x(t), x(t)) + g(t, x(t)) =0, 0<t<1,2<a<3, (1)
x(0) = Dyx(0) = 0, Dgx(1) = BDyx(1),

where 0 < f7* 2 <1,0<g<1, Dyj is the Riemann-Liouville fractional g-derivative of order a.

Due to fast development in fractional calculus, many researchers studied g-difference calculus or
quantum calculus. For this topic, the earlier results can be seen in Al-Salam [1] and Agarwal [2],
and some recent results related to g-difference calculus in [3-15] and some references therein.
Nowadays, fractional g-difference calculus has been given in wide applications of different science
areas, which include basic hyper-geometric functions, mechanics, the theory of relativity, combinatorics
and discrete mathematics. So many mathematical models have been abstracted out(see [16-18]) and
problem (1) is one of the models. Therefore, fractional g-difference calculus has been of great interest
and many good results can be found in [5-8] and references therein. Recently, the fruits about
fractional g-difference equation boundary value problems emerge continuously. For different problems
of fractional g-difference equations, the existence and the uniqueness of solutions have been always
considered in literature. To solve these boundary value problems, some techniques have been applied,
such as the monotone iterative technique, the lower-upper solution method, the Schauder fixed point
theorem and the Krasnoselskii fixed point theorem. For details, one can see [13-15,19-25].

In [15], Liang and Zhang considered the existence and uniqueness of positive nondecreasing
solutions for a fractional g-difference equation involving three-point boundary conditions
{ Dix(t)+ f(t,x(t) =0, 2<a<3, 0<t<l, @
x(0) = Dyx(0) = 0, Dgx(1) = BDyx(1),

Symmetry 2018, 10, 358; doi:10.3390/sym10090358 145 www.mdpi.com/journal/symmetry
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where 0 < B7*~2 < 1. They gave some sufficient conditions for Label (2), and their tool is a fixed point
theorem in partially ordered sets.
In [19], Sriphanomwan et al. investigated the problem of fractional g-difference equations

1 3
x(0) = x(y), [7x(T) = J; Qﬁ%ri@mﬁ:gw» )

{ D3 (DF(1+ p(1))x() = f(t,x(¢), Dyx(6), ¥o,x(1)),
where t € IT := {}*T : k e NU{0,T}},0 < a,B,p < 1,1 <a+p <207 >0,y €Il —{0,T},
and p,q,7,0,w are simple fractions. The existence and uniqueness of solutions for Label (3) was
obtained. The used methods are the Banach contraction mapping principle and Krasnosel’skii fixed
point theorem.
By using Schauder fixed point theorem and the Banach fixed point theorem, Yang [25] discussed
a fractional g-difference equation with three-point boundary conditions:

{ Sx(t) + f(,x(1)

x(#)=0, 0<t<1,1<a<2, @)
x(0) =0, x(1) = px(¢)
where 0 < B¢*~1 < 1, 0 < ¢ < 1. The author gave the existence and uniqueness of positive solutions
for Label (4).

In a very recent paper [24], the authors considered a special fractional g-difference equation with
a three-point problem

{ Diu(t)+ f(tu(t)) =b, 0<t<1,2<a<3, )
u(0) = Dyu(0) = 0, Dyu(1) = BDgu(n),

where 0 < 72 <1, 0< g <1, b > 0is a constant. The existence and uniqueness of solutions for
Label (5) by using fixed point theorems for ¢-(h, r)-concave operators.

Motivated by [15,26], we consider the existence and uniqueness of positive solutions for Label (1).
Different from the methods mentioned above, our tools are two fixed point theorems for mixed
monotone operators. To the authors” knowledge, Label (1) is a new form of fractional g-difference
equations. We can give the existence and uniqueness of solutions for Label (1). Furthermore, we can
make an iteration to approximate the unique solution.

2. Preliminaries

Here, we list some concepts and lemmas of fractional g-calculus. One can see [1-8], for example.
For 0 < g < 1and f defined on [a, b], let

(Lf)(t /f s)dgs = (1—q) Z g, t e [0,b).
Then,
b c b
/a f(t)dqt:/a f(t)dqt+/c F(B)dgt, Ve € [a,b].
Definition 1. (See [3]). « > 0 and f is defined on [0,1]. The Riemann—Liouville fractional q-integral is
(Igf)(t) = f(t) and
1 t
o - o (a—1)
U510 = 5 [ =89 f e, a >0

Clearly, (I f)(t) = (Iof)(t) when a = 1.
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Lemma 1. (See [22]). If f, g are continuous on [0,s] and f(t) < g(t) for t € [0,s], then

i) [y f(t)dgt <[5 g(t)dgt. In addition, if a > 1, then I f(s) < I3g(s), t € [0,5],
(i) | [y f(D)dgt| <[5 1F(£)|dgt, t € [0,5].
Definition 2. (See [3]). The Riemann—Liouville fractional q-derivative of order « > 0 is
(DgH)(t) = (DGIi~“f)(t), >0, t€][0,1],
where n denotes the smallest integer greater than or equal to .
When o = 1, (Dg f)(t) = Dqf(t). Furthermore,
14 14 £
(I3 Dg f)(t) = (Dql.‘;‘f)(f)*n y(Paf)0), pEN.

Lemma 2. If f(t) is continuous with f(t) > 0 for t € [0,1], and there is ty € (0,1) such that f(ty) # 0.
Then,

1

/0 F(B)dgt >0, t € [0,1],

where ) .
Jy FOdst = 0=9) L q"F "), 4 € (0.1).
ne

Proof. Because f(t) > 0and f(ty) # 0, there is ny € N such that o = g0, then

f(g")g"™ >0,0<qg<1,
and thus

(1-9) ioq”f(q”) > (1—-g)f(q™)q" = (1—q)f(to)to > 0.

Hence, we have folf(t)dqt >0. O

Here, we list other facts that are important in the sequel. See [26-30] for instance.

(X, || - |I) is a real Banach space, its partial order induced by a cone K of X, i.e., x < y if and only
ify — x € K. If there is N > O such that ||x|| < N||y|| for 8 < x <y, x,y € X, then K is called normal,
where 6 denotes the zero element of X. The notation x—y denotes that there exist y, v > 0 such that
ux <y <wx, Vx,y € X. For fixed h > 6, define a set K, = {x € E | x ~ h}. Then, K;, C K.

Definition 3. (See [27]). Suppose T : K — K is a given operator. If

T(tx) > tTx, Vt € (0,1), x € K, (6)
then T is said to be sub-homogeneous.
Definition 4. (See [27]). Let 0 < v < 1. An operator T : K — K satisfies

T(tx) > t"Tx, Vt € (0,1), x € K. (7)

Then, T is said to be y-concave.
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Lemma 3. (See [27]). Leth > 6, 0 <y < 1, T : K x K — K be a mixed monotone operator and
Ty (tx, t71y) > 7Ty (x,y), Vt € (0,1), x,y € K. (8)

T, : K — K is an increasing sub-homogeneous operator. Moreover,

(i) there exists hg € Ky, such that Ty(ho, ho), Toho € Kj;
(ii)  there exists ¢ > 0 such that Ty (x,y) > 0cThx, x,y € K.

Then:

(a) Ti:K,xK, — Ky and Ty : Ky, — Kyp;
(b)  there are ugy, vy € Ky and T € (0,1) satisfying

T < U < vg, g < Ti(ug,v0) + Taug < Ti(vo, o) + Tavg < vp;

() Ti(x,x)+ Tox = x exists a unique solution x* in Ky,;
(d)  for xo,y0 € Ky, set

Xn =T1(Xn-1,Yn-1) + 2Xn-1, Yn = T1(Yn-1,%n-1) + Tayp-1, n=1,2,...,
then x, — x*, y, = x* asn — oo.
Lemma 4. (See [27]). Leth > 6, 0 <y <1, T; : K x K — K be a mixed monotone operator and
Ty (tx, t71y) > tTy(x,y), YVt € (0,1), x,y € K. 9)
T, : K — K is an increasing y-concave operator. Moreover,

(i) there exists hg € Ky, such that Ty(ho, ho), Toho € Kj;
(ii)  there exists o > 0 such that Ty (x,y) < cTrx, x,y € K.

Then:

(a) TllKhXKh%Khal’ldetKhA)Kh;
(b)  there are ug, vy € Ky and T € (0,1) satisfying

Ty < g < vg, Uy < Ti(ug,v) + Toug < Ty (vo, ug) + Trvg < vp;

() Ti(x,x)+ Tox = x exists a unique solution x* in Ky,;
(d)  for xo,y0 € Ky, set

Xn = T1(Xu—1,Yn-1) + Toxpn-1, Yn = Ta(Yn-1,%n-1) + ToYp-1, n=1,2,...,
then x, — x*, y, — x* asn — oco.
Remark 1. From Lemmas 3 and 4, we have two special cases:

(i) Let To = 0 in Lemma 3, we get the corresponding conclusion (see Corollary 2.2 in [27]);
(ii)  Let Ty = 6 in Lemma 4, we have the corresponding conclusion (see Theorem 2.7 in [31]).

3. Main Results

By using Lemmas 3 and 4, we will establish our main results for Label (1). Consider a Banach
space X = C[0,1], the norm s ||u|| = sup{|u(t)| : t € [0,1]}. Set K = {x € C[0,1]|x(t) > 0, t € [0,1]},
a normal cone.
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Lemma 5. (See [15]). Let ¢ € C[0,1], By* 2 # 1and 0 < 5y < 1, then the unique solution of following
three-point problem

Dix(t)+g(t)=0,0<t<1,2<a<3, (10)
x(0) = Dyx(0) =0, Dyx(1) = BDyx(n)
is
1 a—1 1
() = || Gl as)s@ys + gy ) HOL)6)as )
where (2t )
1 (I—s)lr=2prt —(t—s)l*=1), 0<s <t <1,
Glts) = T,(a) { (1—-s)@ 21 0<t<s<1, (12)

H(t,s) = DyG(s,t)
a1 | (1 Y2 (452 g<s<t<,
T OTw) | (1-s)@ 2 p<t<s <1

Lemma 6. (See [15]). For G(t,qs) in (11), we obtain

(1) G(t,gs) is continuous and G(t,qs) > 0, t,s € [0,1] x [0,1];
(2)  G(t,qs) is strictly increasing in t € [0,1].

Remark 2. For G(t,gs) in (11), we can easily get

1
G(tqs) < 1—gs)@ 21 ¢ s 0,1] x [0,1].
(,05) < (199 0,1] < 0,1]
By (2) in Lemma 6, we have yDyG(gs, t) > 0, that is, H(t,qs) > 0. Obviously,

(@ —1] 0e2) [ —1]
H(t,qs)gﬁ(lquﬂ 2y 2 < Fq(a)q

Next, four assumptions are listed:

, tse[0,1] % [0,1].

(H1) f:1]0,1] x [0,400) x [0, +00) — [0, 4+00) and g : [0,1] X [0, +00) — [0, +00) are continuous;

(Ha) f(t,u,v) is increasing relative to u for fixed t € [0,1] and v € [0, +00), decreasing relative to v for fixed
t € [0,1] and u € [0,+00); g(t,u) is increasing relative to u for fixed t € [0,1];

(Hs) for A € (0,1),t € [0,1),u > 0, g(t,Au) > Ag(t, u) is satisfied, and there is v € (0,1) such that
F(t, Au, A7 0) > AVF(t,u,0) for u,0 > 0. In addition, g(t,0) # 0;

(Hy) there exists o > 0 such that f(t,u,v) > cg(t,u), Vt € [0,1],u,v € [0, +0).

Theorem 1. Let (Hy) — (Hy) be satisfied, then

(a)  there are uy, vy € Ky, and T € (0,1) satisfying Tog < uy < v and

w(t) < P B9 [F(s (), w0(s)) + (s ols))ldgs
o~ 1y (1= pp~2) Jo 71 8 9

+/01 G(t,gs)[f (s, uo(s),vo(s)) + g(s, uo(s))}dqs, te0,1],

w(t) > L, " H1,05)1£(5,90(6), 10(5)) + 8(5,20(6))ldgs
[ —1]g(1 = pr*=2) Jo !

+/01 G(t,gs)[f(s,v0(s),uo(s)) + g(s, vo(s))]dqs, te0,1],
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where h(t) = t*~Y and G(t,qs), H(t,qs) are defined as in Lemma 5;

(b)  BVP (1) has a unique positive solution u* € Kj;
(c)  for xp,y0 € Ky, set

ﬁtafl 1
Xu1(t) W/O H(11,95)[f (5, xn(5), yn(s)) + g(s, xn(s))]dgs
+ [ Gl (s (5) ) + 805,20l ldgs, =12,
,Bt’x_l 1
Yni1(t) = W/O H(11,95)[f (5, yn(s), xu(s)) + 8(s, yn(s))]dys

1
+/0 G(t,qs)[f (s, yn(s),xn(s)) + (s, yn(s))ldgs, n = 1,2,...,
then ||x, — u*|| = 0, |lyn — u*|| = 0asn — oo.

Proof. By Lemma 5, the solution u of BVP (1) can be written by

B ﬁt'x*l 1
W) = g gy fy B () 9) (s ldys

1
+/O G(t,qs)[f (s, u(s),u(s)) + g(s,u(s))]dgs.
Now, we give two operators T; : K x K — X and T, : K — X by

ﬁtvz—l 1
)0 = gy fy HOS (), o)

1
+/0 G(t,qs)f(s,u(s),v(s))dys,

a—1
(B0 = g f, HOa9)s(6 )

+ /01 G(t,qs)g(s,u(s))dys.

Obviously, u is a solution of Label (1) if and only if u = Ty(u,u) + Tou. By (Hj), one has
T : Kx K = Kand T : K — K. We will prove that Ty, T, satisfy all the assumptions of Lemma 3.
The proof consists of three steps.

Step 1. The aim of this step is to prove that T; is a mixed monotone operator.
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For u;,v; € K, i = 1,2 with uy > up, v1 < vy, then uy(t) > uy(t), v1(t) < vyo(t) for t € [0,1].
From (H;) and Lemma 6,

a—1
Ti(uy,01)(t) = [,x_uf(tlw/olH(W/qs)f(srlh(S)/vl(S))dqs

1
+ [} Gl as)f(5,1(),01(6))dgs

a—1
[a—l]f(tlw /01 H(n,qs)f(s, uz(S),vz(s))dqs

+ [ G495 12(5), 02(5) s
= T1 (uz, Uz)(t).

A%

Thus, Ty (u1,v1) > Ty (up,v2), thatis, Ty is mixed monotone.

Step 2. Our aim of this step is to show that T; satisfies the condition (8) and the operator T is

sub-homogeneous.

From (H;) and Lemma 6, T is increasing. Furthermore, for A € (0,1) and u,v € P, by (Hs),

-1 pte! ! -1
T (Au, A 0) (1) = W/o H(y,q5) f (5, Au(s), A~ Y0(s))dys

+ /01 G(t,qs)f (s, Au(s), A" 'o(s))dgs

a—1
T ) s (), 06

1
+)\7/0 G(t,qs)f(s,ua(s),va(s))dys
= ATy (u,0)(t),

and thus Ty (Au, A"10) > AVTy(u,v) for A € (0,1), u,v € K. Hence, the operator T; satisfies (8).
In addition, for any A € (0,1), u € K, by (Hs),

‘Btlx—l -1 -1
T(A)() = W/o H(q,qs)g(s,/\u(s))dqur/O G(t,gs)g(s, Au(s))dys
a—1
MW/; H(;y,qs)g(s,u(s))dqur/\/ol G(t,qs)g(s,u(s))dqs
= AThu(t),

thatis, To(Au) > ATou, u € P. Thus, the operator T, is sub-homogeneous.

Step 3. The purpose of this step is to prove that Ty (1, 1), Toh € K;,. Furthermore, we also prove
that there exists o > 0 such that Ty (x,y) > ¢Tox, Vx,y € K.

Firstly, in view of (Hy), (Hz) and Lemma 6, for t € [0,1],

ﬁtafl 1 1
Ty(hh)(t) = W/o H(11,49) £ (5, 1(5), h())dgs + [ Glt,q9) £ (5,1(5), h(5))dys
a—1 .
[a_uf(tlw /01 H(y,qs)f(s,5" ", s" )dgs + /01 G(t,qs)f(s,s* 1, s V)dys
:Bh(t) ! (a—2) h(t) ! (a—2)
< Tmp T b S0 g [ -0 10
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By the same arguments, for t € [0, 1],

a—1
Ti(hh)(t) = [“*Wﬁ(tlw/ol H(17,qs)f(s,s"‘*l,s"‘*l)dqsJr/o1 G(t,qs)f(s,s“’l,s""l)dqs

1
r};((iz) =09 = (1 =49 V1f(5,0,1)ds.

From (H,), (Hy),

1 1 1
/0 f(s,1,0)dys > /0 f(s,0,1)dys > 0/0 8(s,0)dys > 0.

Set

- 1 B 1 B (&-2)
h= (r,,(,x) + (1,,5,7%2)”(“))/0 (1—gs)" "7 f(s,1,0)dgs,

rqia) /01 [(1=49)* 2 = (1= )" V] £(5,0,1)dgs.

Then, Lh(t) < Ty(h,h)(t) < (1), t € [0,1]. It follows that Ty (h, h) € Kj,. Similarly,

Iy =

h(e) > 05 [ =92~ -4 Y] g(5,0)dgs,
" Toh(t) < (-2 p w [ @2 o(s,1)d
2 ()_ <rq(lx)+(1fﬁﬂa72)rq(“)> ()/0 ( 7‘75) g(S, ) qS-

Since g(t,0) # 0, we also get Toh € Kj,. Thus, the condition (i) of Lemma 3 holds. Next, we will
indicate that (ii) of Lemma 3 is still satisfied. For t € [0,1], u,v € K, from (Hy),

Igtafl 1 1
o0 = gy sy fy B0 s+ [ Gl s, u(s)v(s) s
a—1
T Jy HOL 966y [ Gt gs)g(s,uts) s
= oThu(t).

Then, T;(u,v) > oTou for u,v € K. Therefore, by Lemma 3, we have: up,v9 € K, and T €
(0,1) satisfying o9 < ug < vy, ug < Ti(up,v0) + Taug < Ti(vo, 1) + Tovg < vp; the equation

Ty (1, u) + Tou = u has a unique solution u* in Kj;; for xo, yo € Kj,, set
xp =T (xn—lryn—l) + Toxy—1, Yn = T (]/n—lf JCn—l) + TZyn—lr n=12,...,

one obtains x, — u*, y, — u* as n — co. Namely,

w) < b [ HOL) £ t0(s)0(s) + 5105l
w1y pr2) Jo ¢ '

+ [ 6l0a9) s 10(5),00(9) + (5, m0()lys, € 0.1,

wt) > P H( g9 (s, wo(s), () + (5, 00(5))]dgs
o — 1, (1—py2) Jo 1 g 1

+ [ Gl0a9) £, 00(5),10(9) + (5, 20(6)) s, £ € [0,1);
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Label (1) has a unique positive solution u* € Kj; for xg,yo € Kj,, the sequences

,Btzx—l 1
) = Gty fy B () (5)) + 8 ()l

+/01 G(t,gs)[f (s, xn(8),yn(s)) +g(s,xn(s))]dqs, n=12,...,

,Bt’x_l 1
Yni1(t) = W/O H(11,95)[f (5, yn(s), xu(s)) + 8(s, yn(s))]dys

1
+ [ G5, 8) 50(5)) + 85,0 (), m =1,2,...
satisfy ||x, —u*|| = 0, |lyn —u*|| = 0asn — co. O

Theorem 2. Let (Hy), (Hy) and the following conditions be satisfied:

(Hs) fort €[0,1],A € (0,1),u > 0, thereisy € (0,1) such that g(t, Au) > AVg(t,u) and f(t, Au, A" 1v) >
Af(t,u,v) fort €0,1],A € (0,1),u,v > 0;
(He) f(t,0,1) £ 0fort € [0,1], and there is o > 0 satisfying f(t,u,v) < og(t,u), Vt € [0,1],u,v > 0.

Then:

(a)  thereis ug,vg € P and T € (0,1) such that tvyg < ug < vy and

w(t) < P H g9 [F(s (), v0ls)) + (s uols))ldgs
o 1,1 ) o i

+/01 G(t,qs)[f(s,uo(s),v0(s)) + g(s, uo(s))]dgs, t € [0,1],

a—1
op(t) = Wﬁw /01 H(n,qs)[f(s,v0(s), 1u0(s)) + g(s,v0(s))]dgs

1
+ [ Gl [F(5,0(5), u0(5)) + (5, 20(s)) s, + € 0,1],
where h(t) = t*~1 and G(t,qs), H(t,qs) are defined as in Lemma 5;

(b)  BVP (1) has a unique positive solution u* € Kp;
(c) forany xo,yo € Ky, set

lBtafl 1
) = g fy B ) ) + (o0l

+/01 G(t,qs)[f (s, xn(s),yn(s)) +g(s, xn(s))]dgs, n =1,2,...,

ﬁtnx—l 1
Yn1(t) = W/O H(11,95)[f (5, yn(s), xu(s)) + g(5, yn(s))]dgs
+ /[f Glt,45)F (5, yn(5), ¥0(5)) + (5, yn(s)))dgs, n =1,2,....,

and we get ||x, —u*|| =0, ||y, — u*|| = 0asn — oo.
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Proof. We also consider two operators Ty, T>. Given in the proof of Theorem 1, it has been shown that
Ty : K x K — K is mixed monotone and T, : K — K is increasing. By (Hs),

Ti(Au, A7) > ATy (u,0), Ta(Au) > AV Tou, A € (0,1),u,v € K.
From (H,), (Hg),
$(5,0) > (5,0,1), £(5,1,0) > f(5,0,1), s € [0,1]

Since f(t,0,1) # 0, we obtain

1 1 1 1 1 1 p
/0 f(s,1,0)dys 2/0 f(s,0,1)dys >0,/0 g(s,l)dqsz/o 8(s,0)dys > t;/o f(s,0,1)dgs >0,

SO
(rq}a) + W’Z)FM) fol 1- qs)("‘fz)f(s, 1,0)dgs
> s fy [1-09)C7 = (1= 497 £l5,0,1)dgs > 0,
and
(rq% i+ %) Jo (1= a5) st s
[ (1—gs)* P —(1- «75)(""”] 8(s,0)dys > 0.
It can easily prove that Ty (i, h), Toh € Kj,. Furthermore, by (Hy),
Ti(w,o)(t) = _ﬁﬁ [ 05) 75 1(6), 0050y + [ G497 (5, (), 0(6) s

a—1
T Jy HOL a9y + [ Gl gs)g(s e

= oTu(t).

Hence, T1(u,v) < Thu, for u,v € K. By Lemma 4, we can claim: there are 19,09 € P, and
T € (0,1) satisfying tog < ug < vo, ug < Ty (1, v0) + Taug < T1(vo, uo) + Trvg < vp; the equation
Ty (1, u) + Tou = u has a unique solution u* in Kj;; for xo, yo € Kj,, set

Xn = T1(Xn—1,Yn-1) + Toxp—1, Yn = Ta(Yn-1,%n-1) + ToYp-1, n=1,2,...,

one has x, — u*, vy, — u* as n — co. Namely,
Y Y,

a—1
up(t) < W/OlH(U,qs)[f(s,uo(s),vo(s))+g(s,u0(s))]dqs

+ [ Gl 5 un(s),v0(5)) + 8l uo(s) s, 1 € 0,1,

Y

a—1
v (t) i [ HOa9) £, 20(5), 10(5)) + 805, 00(5) s

[ —1]g(1 = py*=2) Jo
+ [ 6l0,a9) £, 00(5),10(9) + (5, 20(6) s, 1 € [0,1);
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Label (1) has a unique positive solution u* € Kj; for xg, yo € Py, the sequences

,Btzx—l 1
) = Gty fy B () n(5)) + 8 )l

+/01 G(t,gs)[f (s, xn(8),yn(s)) +g(s,xn(s))]dqs, n=12,...,

,Bt’x_l 1
Yni1(t) = W/O H(11,95)[f (5, yn(s), xu(s)) + 8(s, yn(s))]dys

b [ GUa5) 5 30(5), 20(5) + 805,y m=1,2,...

satisfy ||x, —u*|| = 0, |lyn —u*|| = 0asn — co. O

In the sequel, we consider special cases of Label (1) with ¢ = 0 or f = 0. Similar to the proofs of

Theorems 1 and 2 and according to Remark 1, we can draw the following conclusions:

Corollary 1. Assume f satisfies (Hy) — (Hy) and f(t,0,1) # 0, for t € [0,1]. Then: (a) there are ug, vy € Ky,

and T € (0,1) such that toy < uy < v and

a—1 .
W) < g HO 9 fs) (o)

n /O "Gt g9) (5, 110(5), 00() s, ¢ € [0,1],

ﬁt“71 /‘]
t) > —————— H(ny, , , d
UO( ) = [“ _Hq(l —‘5170"72) o (17 qs)f(s ?}0(5) uO(s)) q5
1
+ [ Gt as)f(5,0(5), u0())dgs, t € [0,1],
where h(t) = t*~Land G(t,qs), H(t,qs) are given as in Lemma 5; (b) the following BVP

{ Dix(t) + f(tx(),x(t) =0, 0<t<1,2<a<3,
x(0) = Dyx(0) =0, Dygx(1) = BDyx(1),

has a unique positive solution u* € Ky; (c) for xo,yo € Ky, set
ﬁtlel 1
Xpi1(t) = &= 1,(—pr2) /0 H(11,qs) f (s, xn(5), yn(s))dgs

+ /01 G(t,qs)f (s, xu(s),yn(s))dgs, n =1,2,...,

'Btat—l 1
Ynir(t) = W/O H(n,q5)f (s, yn(s), xu(s))dgs
+ /01 G(t,qs)f(s,yn(s),xn(s))dqs, n=12,...,

and we get ||x, — u*|| = 0, |lyn — u*|| = 0asn — oo.
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Corollary 2. Assume g satisfies (Hy), (Hz) and (Hs), (He), g(t,0) # 0, for t € [0,1]. Then:
(a) there are ug, vy € Ky, and T € (0,1) such that tog < ug < v and

‘Bi’“71 1
uo(t) W/O H(n,9s)8(s, uo(s))dgs
+/01G(t,qs)g(s,u0(s)), te o],
a—1 1
W) 2 i g fy HOMEae i)

1
+/O G(t,45)8(s,v0(s))dgs, t € [0,1],
where h(t) = t*~Land G(t,qs), H(t,qs) are given as in Lemma 5; (b) the following problem

14 p—
{ Dix(t) +g(x(H) =0, 0<t<1,2<a<3, (14)

x(0) = Dyx(0) = 0, Dygx(1) = BDyx(17),

has a unique positive solution u* € Ky; (c) for xo,yo € Ky, set

a—1 1
X1 (t) M—W%W/o H(1,q5)8(s, xn(s))dqs
+ /01 G(t,qs)g(s, xn(s))dgs, n =1,2,...,
‘Bi‘Dﬁl 1
Yns1(t) W/o H(1,q5)8(s, yn(s))dqs

1
+/0 G(t,qs)g(s,yn(s))dqs, n=12,...,
and we obtain ||x, —u*|| — 0, ||y, — u*|| = 0asn — oo.

Remark 3. In literature, we have not found such results as Theorems 1 and 2, and Corollaries 1 and 2 on
fractional q-difference equation boundary value problems. The used methods in literature were not fixed point
theorems for mixed monotone operators. Thus, our method is different from previous ones. We should point out
that we can not only give the existence and uniqueness of solutions but also make an iteration to approximate the
unique solution.

4. Examples

Example 1. We consider a problem:

24u(t)

{ Diu(t) + b () + [u()) + 47 + 40P 130 =0, te ), (15)
1(0) = Dgu(0) = 0, Dgu(1) = 1Dgu(3),

NG

whereqz%,txz ,ﬁ:qz%,a>0. Take 0 < b < a and let

u

1 1
= y5 3 =
ftu,v) =us+[v+4"3+b, g(tu) s

1
B4+3a—bq==.
+ 3a Y 3

Then, f : [0,1] x [0, 4+00) x [0, +00) — [0, +00) and g : [0,1] x [0, +00) — [0, +00) are continuous,
g(t,0) = 3a — b > 0. Furthermore, f(t,u,v) is increasing relative to u for fixed t € [0,1] and v € [0, +00),
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decreasing relative to v for fixed t € [0,1] and u € [0,+00), g(t,u) is increasing relative to u for fixed t € [0,1].
On the other hand, for A € (0,1),t € [0,1],u,v > 0,

Au(t) 3 Au(t) 5
= —"— —b> —b) =
gt M) 2+/\u(t)t +3a—b> o £+ A(Ba—b) = Ag(t,u),

u(t)

and
Ft A, A" ) = Abub + AT [0 +4A]75 + 5> A3 {4 o+ 475 40} = A7f(tu,0).
Then, (Hy)—(Hs) holds. Moreover, taking o € (0, 5,21, one has
1 _1 b u ;3
= 3 >b= ——- — > — — =
ftu,v)=us+[v+4 354+b>0 EPp> (Ba—b) >0 {2+ut +3a b} og(t,u),

then (Hyg) holds. By means of Theorem 1, problem (15) has a unique positive solution u* € Kj,, where
h(t) = t3,t € [0,1].

Example 2. In Example 4.1, we replace the nonlinear term us (£) + [u(t) + 4]7% + zi(ut()t) t3+3a by
1 u(t)

a1+ u

sin2t+u%(t) +

By Theorem 2, we can also show that problem (4.1) has a unique positive solution u* € Ky, where
h(t) = 13, € [0,1]. In fact, let

+L g(t,u) :u’l‘—o—?), 'y:%

t =sin? ¢
f(t,u,0) = sin +2+v T

It is easy to check that (Hy), (Hy) hold. We only show (Hs), (He) are satisfied. For A € (0,1),t €
[0,1],u,0 >0,
g(t, Au) = ASus 43> )\%[u% +3] = AYg(t,u),

and

1 Au > Au
— 4+ ———— >sin“t > Af(t,u,v).
2+Aflv+1+/\u*sm +2+U+1+u* f(tu,0)

Furthermore, f(t,0,1) = sin®t + % # 0and

f(t,Au, A" o) = sin® t +

Take o € [1,00) and then (Hs), (Hg) hold.

Remark 4. From Theorems 1 and 2 and Examples 1 and 2, we see that many boundary value problems can be
studied by our methods under mixed monotone conditions. We can find that there are many functions that satisfy
our conditions. In some works, the nonlinear terms required were super-linearity, sub-linearity or boundness,
which guarantee existence of solutions, but the uniqueness has not been obtained.

5. Conclusions

In this article, we investigate a fractional g-difference equation with three-point boundary
conditions (1). We obtain the existence and uniqueness of positive solutions in a special Kj,
where /1(t) = t*~1. The used methods here are some theorems for operator equation Ty (x, x) + Trx = x,
where T; is a mixed monotone operator and T is an increasing operator. Our methods are new to
fractional g-difference equation boundary value problems. Thus, we can claim that we give an
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alternative answer to fractional problems and our results are very limited in the literature. Finally,
two interesting examples are presented to illustrate the main results. We should note that, to get the
uniqueness, we must need the conditions of mixed monotonicity and monotonicity for nonlinear terms.
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