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Preface

This is a book for the computationalist, whether a working programmer or anyone interested in methods
of computation. The focus is on material that does not usually appear in textbooks on algorithms.

Where necessary the underlying ideas are explained and the algorithms are given formally. It is assumed
that the reader is able to understand the given source code, it is considered part of the text. We use the
C++ programming language for low-level algorithms. However, only a minimal set of features beyond
plain C is used, most importantly classes and templates. For material where technicalities in the C++
code would obscure the underlying ideas we use either pseudocode or, with arithmetical algorithms, the
GP language. Appendix [C]gives an introduction to GP.

Example computations are often given with an algorithm, these are usually made with the demo programs
referred to. Most of the listings and figures in this book were created with these programs. A recurring
topic is practical efficiency of the implementations. Various optimization techniques are described and
the actual performance of many given implementations is indicated.

The accompanying software, the FXT [2I] and the hfloat [22] libraries, are written for POSIX compliant
platforms such as the Linux and BSD operating systems. The license is the GNU General Public License
(GPL), version 3 or later, see http://www.gnu.org/licenses/gpl.html.

Individual chapters are self-contained where possible and references to related material are given where
needed. The symbol ‘1’ marks sections that can be skipped at first reading. These typically contain
excursions or more advanced material.

Each item in the bibliography is followed by a list of page numbers where citations occur. With papers
that are available for free download the respective URL is given. Note that the URL may point to a
preprint which can differ from the final version of the paper.

An electronic version of this book is available online, see appendix [A] Given the amount of material
treated there must be errors in this book. Corrections and suggestions for improvement are appreciated,
the preferred way of communication is electronic mail. A list of errata is online at http://www.jjj.de/
fxt/#fxtbook.

Many people helped to improve this book. It is my pleasure to thank them all, particularly helpful were

Igal Aharonovich, Max Alekseyev, Marcus Blackburn, Nathan Bullock, Dominique Delande,
Mike Engber, Torsten Finke, Sean Furlong, Almaz Gaifullin, Pedro Gimeno, Alexander Gly-
zov, R. W. Gosper, Andreas Griinbacher, Lance Gurney, Markus Gyger, Christoph Haenel,
Tony Hardie-Bick, Laszlo Hars, Thomas Harte, Stephen Hartke, Christian Hey, Jeff Hurchalla,
Derek M. Jones, Gideon Klimer, Richard B. Kreckel, Mike Kundmann, G&l Lész16, Dirk Lat-
termann, Avery Lee, Brent Lehman, Marc Lehmann, Paul C. Leopardi, John Lien, Mirko
Liss, Robert C. Long, Fred Lunnon, Johannes Middeke, Doug Moore, Fabio Moreira, Andrew
Morris, David Nalepa, Samuel Neves, Matthew Oliver, Mirostaw Osys, Christoph Pacher,
Krisztian Paczari, Scott Paine, Yves Paradis, Gunther Piez, André Piotrowski, David Garcia
Quintas, Andreas Raseghi, Tony Reix, Johan Rénnblom, Uwe Schmelich, Thomas Schraitle,
Clive Scott, Mukund Sivaraman, Michal Staruch, Ralf Stephan, Mikko Tommila, Sebastiano


http://www.gnu.org/licenses/gpl.html
http://www.jjj.de/fxt/#fxtbook
http://www.jjj.de/fxt/#fxtbook

Vigna, Michael Roby Wetherfield, Jim White, Vinnie Winkler, John Youngquist, Rui Zhang,
and Paul Zimmermann.

Special thanks go to Edith Parzefall and Michael Somos for independently proofreading the whole text
(the remaining errors are mine), and to Neil Sloane for creating the On-Line Encyclopedia of Integer

Sequences [312].

Ji Niirnberg, Germany, June 2010

“Why make things difficult, when it is possible to make them cryptic
and totally illogical, with just a little bit more effort?”

— Aksel Peter Jgrgensen
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Low level algorithms



2 Chapter 1: Bit wizardry

Chapter 1

Bit wizardry

We give low-level functions for binary words, such as isolation of the lowest set bit or counting all set
bits. Sometimes the term ‘one’ is used for a set bit and ‘zero’ for an unset bit. Where it cannot cause
confusion, the term ‘bit’ is used for a set bit (as in “counting the bits of a word”).

The C-type unsigned long is abbreviated as ulong as defined in [FXT: [fxttypes.h]. It is assumed that
BITS_PER_LONG reflects the size of an unsigned long. It is defined in [FXT: bits/bitsperlong.h] and
usually equals the machine word size: 32 on 32-bit architectures, and 64 on 64-bit machines. Further,
the quantity BYTES_PER_LONG reflects the number of bytes in a machine word: it equals BITS_PER_LONG
divided by eight. For some functions it is assumed that long and ulong have the same number of bits.

Many functions will only work on machines that use two’s complement, which is used by all of the current
general purpose computers (the only machines using one’s complement appear to be some successors of
the UNIVAC system, see [358, entry “UNIVAC 1100/2200 series”]).

The examples of assembler code are for the x86 and the AMDG64 architecture. They should be simple
enough to be understood by readers who know assembler for any CPU.

1.1 Trivia

1.1.1 Little endian versus big endian

The order in which the bytes of an integer are stored in memory can start with the least significant byte
(little endian machine) or with the most significant byte (big endian machine). The hexadecimal number
0x0DOCOBOA will be stored in the following manner if memory addresses grow from left to right:

adr: z z+l z+2 z+3
mem: OD OC OB OA // big endian

mem: 0A OB ocC 0D // little endian

The difference becomes visible when you cast pointers. Let V be the 32-bit integer with the value
above. Then the result of char ¢ = *(char *)(&V); will be 0x0A (value modulo 256) on a little
endian machine but 0x0D (value divided by 22) on a big endian machine. Though friends of big endian
sometimes refer to little endian as ‘wrong endian’, the desired result of the shown pointer cast is much
more often the modulo operation.

Whenever words are serialized into bytes, as with transfer over a network or to a disk, one will need two
code versions, one for big endian and one for little endian machines. The C-type union (with words and
bytes) may also require separate treatment for big and little endian architectures.

1.1.2 Size of pointer is not size of int

If programming for a 32-bit architecture (where the size of int and long coincide), casting pointers to
integers (and back) will usually work. The same code will fail on 64-bit machines. If you have to cast
pointers to an integer type, cast them to a sufficiently big type. For portable code it is better to avoid
casting pointers to integer types.
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1.1.3 Shifts and division

With two’s complement arithmetic division and multiplication by a power of 2 is a right and left shift,
respectively. This is true for unsigned types and for multiplication (left shift) with signed types. Division
with signed types rounds toward zero, as one would expect, but right shift is a division (by a power of 2)
that rounds to —oo:

int a = -1;
int ¢ = a > 1; // ¢ == -1
int d = a / 2; // d== 0

The compiler still uses a shift instruction for the division, but with a ‘fix’ for negative values:

9:test.cc @ int foo(int a)
10:test.cc @ {

285 0003 8B442410 movl 16(%esp),%eax // move argument to %eax
11:test.cc Q int s = a > 1;

289 0007 89C1 movl %eax,’%ecx

290 0009 D1F9 sarl $1,%ecx
12:test.cc ¢] int d = a / 2;

293 000b 89C2 movl %eax,%edx

294 000d C1EA1LF shrl $31,%edx // fix: Y%edx=(%edx<071:0)

295 0010 01DO addl Yedx,%eax // fix: add one if a<0

296 0012 D1F8 sarl $1,%eax

For unsigned types the shift would suffice. One more reason to use unsigned types whenever possible.

The assembler listing was generated from C code via the following commands:

# create assembler code:
+ -8 -fverbose-asm -g -02 test.cc -o test.s

# create asm 1nter1aced with source lines:
as —alhnd test.s > test.lst

There are two types of right shifts: a logical and an arithmetical shift. The logical version (shrl in the
above fragment) always fills the higher bits with zeros, corresponding to division of unsigned types. The
arithmetical shift (sarl in the above fragment) fills in ones or zeros, according to the most significant bit
of the original word.

Computing remainders modulo a power of 2 with unsigned types is equivalent to a bit-and:
ulong a = b % 32; // ==Db & (32-1)
All of the above is done by the compiler’s optimization wherever possible.

Division by (compile time) constants can be replaced by multiplications and shifts. The compiler does it
for you. A division by the constant 10 is compiled to:

5:test.cc @ ulong foo(ulong a)
6:test.cc @ {

T:test.cc @ ulong b = a / 10;
290 0000 8B442404 movl 4(%esp),%eax
291 0004 F7250000 mull .LC33 // value == Oxcccccccd
292 000a 89D0 movl %edx,%eax
293 000c C1E803 shrl $3,%eax

Therefore it is sometimes reasonable to have separate code branches with explicit special values. Similar
optimizations can be used for the modulo operation if the modulus is a compile time constant. For
example, using modulus 10,000:

8:test.cc @ ulong foo(ulong a)
9:test.cc @ {

53 0000 8B4C2404 movl 4(%esp),%hecx

10:test.cc @ ulong b = a % 10000;

57 0004 89C8 movl %ecx,%eax

58 0006 F7250000 mull .LCO // value == 0xd1b71759
59 000c 89D0O movl %edx,’%eax

60 000e C1E80D shrl $13,%eax

61 0011 69C01027 imull $10000,%eax, heax

62 0017 29C1 subl %eax,%ecx

63 0019 89C8 movl Jecx,%eax

Algorithms to replace divisions by a constant with multiplications and shifts are given in [I68], see
also [346].
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Note that the C standard leaves the behavior of a right shift of a signed integer as ‘implementation-
defined’. The described behavior (that a negative value remains negative after right shift) is the default

behavior of many commonly used C compilers.

1.1.4 A pitfall (two’s complement)

-c=, .. S s ssssass c= 0 -c= 0 <--=
-c=1111111111111111 c= 1 -c= -1
-c=111111111111111, c= 2 -c= -2
-c=11111111111111.1 c= 3 -c= -3
-c=11111111111111. . c= 4 -c= -4
-c=1111111111111.11 c= 5 -c= -5
-c=1111111111111.1. c= 6 -c= -6
—c=1l.... i, 11 c= 32765 -c=-32765
—c=1..... ... 1. c= 32766 -c=-32766
—c=1l..... ... ... 1 c= 32767 -c=-32767
—c=1,......5:::::3:; c=-32768 -c=-32768 <--=
-c=.111111111111111 c=-32767 -c= 32767
-c=.11111111111111, c=-32766 -c= 32766
-c=.1111111111111.1 c=-32765 -c= 32765
-c=.1111111111111. . c=-32764 -c= 32764
-c=.111111111111.11 c=-32763 -c= 32763
-c=.111111111111.1. c=-32762 -c= 32762
—C= i 111 c= -7 -c= 7
—C= e 11, c= -6 -c= 6
—C= e 1.1 c= -5 -c= 5
CT . e 1.. c= -4 -c= 4
e i 11 c= -3 -c= 3
e e 1. c= -2 -c= 2
e 1 c= -1 -c= 1

N OIRWN

Figure 1.1-A: With two’s complement there is one nonzero value that is its own negative.

In two’s complement zero is not the only number that is equal to its negative. The value with just
the highest bit set (the most negative value) also has this property. Figure (the output of [FXT:
bits/gotcha-demo.cc]) shows the situation for words of 16 bits. This is why innocent looking code like
the following can simply fail:

if ( %<0 ) x = -x;
// assume x positive here (WRONG!)

1.1.5 Amnother pitfall (shifts in the C-language)

A shift by more than BITS_PER_LONG—1 is undefined by the C-standard. Therefore the following function
can fail if k is zero:

static inline ulong first_comb(ulong k)
// Return the first combination of (i.e. smallest word with) k bits,

{/ i.e. 00..001111..1 (k low bits set)
ulong t = “OUL >> ( BITS_PER_LONG - k );
return t;

Compilers usually emit just a shift instruction which on certain CPUs does not give zero if the shift is

equal to or greater than BITS_PER_LONG. This is why the line
if (k==0 ) t = 0; // shift with BITS_PER_LONG is undefined

has to be inserted just before the return statement.

1.1.6 Shortcuts

Test whether at least one of a and b equals zero with
if ( !'(a && D) )

This works for both signed and unsigned integers. Check whether both are zero with
if ( (alb)==0)

This obviously generalizes for several variables as
if ( (alblel..lz)==0)

Test whether exactly one of two variables is zero using
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if ( (ta) ~ ('b) )

1.1.7 Average without overflow

A routine for the computation of the average (x+y)/2 of two arguments x and y is [FXT: bits/average.h|

static inline ulong average(ulong x, ulong y)

// Return floor( (x+y)/2 )

// Use: x+y == ((x&y)<<1) + (x7y)

{/ that is: sum == carries + sum_without_carries

return (x & y) + ((x ~ y) > 1);

N OO W N~

}

The function gives the correct value even if (x + y) does not fit into a machine word. If it is known
that > y, then we can use the simpler statement return y+(x-y)/2. The following version rounds to
infinity:

return (x | y) - ((x " y) > 1);

1  static inline ulong ceil_average(ulong x, ulong y)
2 // Use: xty == ((xly)<<1) - x7y)

3 // ceil_average(x,y) == average(x,y) + ((x"y)&1))
4 A

5

6

}

1.1.8 Toggling between values

To toggle an integer x between two values a and b, use:
~ b

pre-calculate: t a
t; // a<—>b

toggle: x "=

The equivalent trick for floating-point types is

+ b;

pre-calculate: t = a
X =t - x;

toggle:

Here an overflow could occur with a and b in the allowed range if both are close to overflow.

1.1.9 Next or previous even or odd value

Compute the next or previous even or odd value via [FXT: bits/evenodd.h]:

static inline ulong next_even(ulong x) { return x+2-(x&1); }
static inline ulong prev_even(ulong x) { return x-2+(x&1); }

1
2
3
4  static inline ulong next_odd(ulong x) { return x+1+(x&1); }

5 static inline ulong prev_odd(ulong x) { return x-1-(x&1); }

The following functions return the unmodified argument if it has the required property, else the nearest
such value:

static inline ulong nextO_even(ulong x) { return x+(x&1); }
static inline ulong prevO_even(ulong x) { return x-(x&1); }

1
2
3
4  static inline ulong nextO_odd(ulong x) { return x+1-(x&1); }
5 static inline ulong prevO_odd(ulong x) { return x-1+(x&1); }
Pedro Gimeno gives [priv. comm.] the following optimized versions:

static inline ulong next_even(ulong x) { return (x|1)+1; }
static inline ulong prev_even(ulong x) { return (x-1)&~1; }

static inline ulong next_odd(ulong x) { return (x+1)|1; }
static inline ulong prev_odd(ulong x) { return (x&"1)-1; }

static inline ulong nextO_even(ulong x) { return (x+1)&~1; }
static inline ulong prevO_even(ulong x) { return x&"1; }

static inline ulong nextO_odd(ulong x) { return x|1; }
static inline ulong prevO_odd(ulong x) { return (x-1)[1; }

CURWN = OURWN =
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1.1.10 Integer versus float multiplication

The floating-point multiplier gives the highest bits of the product. Integer multiplication gives the
result modulo 2° where b is the number of bits of the integer type used. As an example we square the
number 111111111 using a 32-bit integer type and floating-point types with 24-bit and 53-bit mantissa
(significand):

a= 111111111 // assignment
axa == 12345678987654321 // true result
a*a == 1653732529 // result with 32-bit integer multiplication
(axa)%(2%x32) == 1653732529 // ... which is modulo (2**bits_per_int)

axa == 1.2345679481405440e+16 // result with float multiplication (24 bit mantissa)
axa == 1.2345678987654320e+16 // result with float multiplication (53 bit mantissa)

1.1.11 Double precision float to signed integer conversion

Conversion of double precision floats that have a 53-bit mantissa to signed integers via [I1] p.52-53]

#define DOUBLE2INT(i, d) { double t = ((d) + 6755399441055744.0); i = *((int *) (&t)); }
double x = 123.0;

int i;

DOUBLE2INT(i, x);

QO =

can be a faster alternative to

1 double x = 123.0;

2 int i = x;
The constant used is 6755399441055744 = 252 4- 25!, The method is machine dependent as it relies on the
binary representation of the floating-point mantissa. Here it is assumed that, the floating-point number
has a 53-bit mantissa with the most significant bit (that is always one with normalized numbers) omitted,
and that the address of the number points to the mantissa.

1.1.12 Optimization considerations

Never assume that some code is the ‘fastest possible’. There is always another trick that can still improve
performance. Many factors can have an influence on performance, like the number of CPU registers or
cost of branches. Code that performs well on one machine might perform badly on another. The old
trick to swap variables without using a temporary is pretty much out of fashion today:

// a=0, b=0 a=0, b=1 a=1, b=0 a=1, b=1

a"=b; // 0 0 1 1 1 0 0 1
b =a; // 0 0 1 1 1 0 1
a"=b; // 0 0 1 0 1 1 1

0
0
// equivalent to: tmp = a; a =Db; b = tmp;

However, under some conditions (like extreme register pressure) it may be the way to go. Note that if
both operands are identical (memory locations) then the result is zero.

The only way to find out which version of a function is faster is to actually do benchmarking (timing). The
performance does depend on the sequence of instructions surrounding the machine code, assuming that
all of these low-level functions get inlined. Studying the generated CPU instructions helps to understand
what happens, but can never replace benchmarking. This means that benchmarks for just the isolated
routine can at best give a rough indication. Test your application using different versions of the routine
in question.

Never ever delete the unoptimized version of some code fragment when introducing a streamlined one.
Keep the original in the source. If something nasty happens (think of low level software failures when
porting to a different platform), you will be very grateful for the chance to temporarily resort to the slow
but correct version.

Study the optimization recommendations for your CPU (like [11] and [I2] for the AMD64, see also [144]).
You can also learn a lot from the documentation for other architectures.
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Proper documentation is an absolute must for optimized code. Always assume that nobody will under-
stand the code without comments. You may not be able to understand uncommented code written by
yourself after enough time has passed.

1.2 Operations on individual bits

1.2.1 Testing, setting, and deleting bits

The following functions should be self-explanatory. Following the spirit of the C language there is no
check whether the indices used are out of bounds. That is, if any index is greater than or equal to
BITS_PER_LONG, the result is undefined [FXT: bits/bittest.h]:

static inline ulong test_bit(ulong a, ulong i)
// Return zero if bit[i] is zero,
// else return one-bit word with bit[i] set.

return (a & (1UL << 1i));

DO WN —

The following version returns either zero or one:

static inline bool test_bitO1(ulong a, ulong i)
{/ Return whether bit[i] is set.

1
2
3
4 return ( 0 != test_bit(a, i) );

5

Functions for setting, clearing, and changing a bit are:

static inline ulong set_bit(ulong a, ulong i)
{/ Return a with bit[i] set.

return (a | (1UL << i));
static inline ulong clear_bit(ulong a, ulong i)
{/ Return a with bit[i] cleared.

return (a & “(1UL << i));
static inline ulong change_bit(ulong a, ulong i)

// Return a with bit[i] changed.
{

return (a - (1UL << 1i));

CRERWN - URWN = OLRWN —

1.2.2 Copying a bit

To copy a bit from one position to another, we generate a one if the bits at the two positions differ. Then
an XOR changes the target bit if needed [FXT: |bits/bitcopy.h]:

static inline ulong copy_bit(ulong a, ulong isrc, ulong idst)
// Copy bit at [isrc] to position [idst].
{/ Return the modified word.

ulong x = ((a>>isrc) ~ (a>>idst)) & 1; // one if bits differ
a "= (x<<idst); // change if bits differ
return a;

OO0 U W N~

The situation is more tricky if the bit positions are given as (one bit) masks:

static inline ulong mask_copy_bit(ulong a, ulong msrc, ulong mdst)
// Copy bit according at src-mask (msrc)
// to the bit according to the dest-mask (mdst).
// Both msrc and mdst must have exactly one bit set.
{ ulong x = mdst;
if (msrc & a ) x =0; // zero if source bit set
x "= mdst; // ==mdst if source bit set, else zero
a &= “mdst; // clear dest bit

OO OUT R WN
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10 a |= x;
11 return a;
12}

The compiler generates branch-free code as the conditional assignment is compiled to a cmov (conditional
move) assembler instruction. If one or both masks have several bits set, the routine will set all bits of
mdst if any of the bits in msrc is one, or else clear all bits of mdst.

1.2.3 Swapping two bits
A function to swap two bits of a word is [FXT: bits/bitswap.h|:

static inline ulong bit_swap(ulong a, ulong k1, ulong k2)
// Return a with bits at positions [k1] and [k2] swapped.
// k1==k2 is allowed (a is unchanged then)

{
ulong x = ((a>>k1) ~ (a>>k2)) & 1; // one if bits differ

a "= (x<<k2); // change if bits differ
a "= (x<<k1); // change if bits differ
return a;

OO U WN

If it is known that the bits do have different values, the following routine should be used:

static inline ulong bit_swap_01(ulong a, ulong k1, ulong k2)
// Return a with bits at positions [k1] and [k2] swapped.

// Bits must have different values (!)

// (i.e. one is zero, the other one)

// k1==k2 is allowed (a is unchanged then)

{
return a ~ ( (1UL<<k1l) -~ (1UL<<k2) );

O U WN —

1.3 Operations on low bits or blocks of a word

The underlying idea of functions operating on the lowest set bit is that addition and subtraction of 1 always
changes a burst of bits at the lower end of the word. The functions are given in [FXT: bits/bitlow.h].

1.3.1 Isolating, setting, and deleting the lowest one

The lowest one (set bit) is isolated via

static inline ulong lowest_one(ulong x)

// Return word where only the lowest set bit in x is set.
// Return O if no bit is set.

{

return x & -x; // use: -x == “x + 1

SO W N

The lowest zero (unset bit) is isolated using the equivalent of lowest_one( “x ):

static inline ulong lowest_zero(ulong x)
// Return word where only the lowest unset bit in x is set.
é/ Return O if all bits are set.

X = 7x;
return x & -x;

N W N~

Alternatively, we can use either of

return (x =~ (x+1)) & “x;
return ((x ~ (x+1)) >> 1) + 1;
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The sequence of returned values for x = 0, 1, ... is the highest power of 2 that divides x + 1, entry
A006519|in [312] (see also entry |A001511):

X: lowest_zero(x)
0: == ........ ... 1
1: == .......1  ...... 1.
2: == ......1.  ....... 1
3: = .....;11  ..... 1..
4: == _....1.. ..., 1
5: == .....1.1  ...... 1.
6: == .....11.  ....,.. 1
T: P
8: == ....1...  ......, 1
9: == ....1..1  ...... 1,
10: == ....1.1.  ....... 1

The lowest set bit in a word can be cleared by

static inline ulong clear_lowest_one(ulong x)

// Return word where the lowest bit set in x is cleared.
// Return O for input ==

{

return x & (x-1);

DO WON —

The lowest unset bit can be set by

return x | (x+1);

1 static inline ulong set_lowest_zero(ulong x)

2 // Return word where the lowest unset bit in x is set.
3 // Return "0 for input == ~0.

4 A

5

6

1.3.2 Computing the index of the lowest one

We compute the index (position) of the lowest bit with an assembler instruction if available [FXT:
bits/bitasm-amd64.h]:

1 static inline ulong asm_bsf(ulong x)

2 {/ Bit Scan Forward

3

4 asm ("bsfq %0, %0" : "=r" (x) : "0" (x));
5 return x;

6

Without the assembler instruction an algorithm that involves O (log, BITS_PER_LONG) operations can be
used. The function can be implemented as follows (suggested by Nathan Bullock [priv. comm.], 64-bit
version) [FXT: bits/bitlow.h]:

1 static inline ulong lowest_one_idx(ulong x)

2 // Return index of lowest bit set.

3 // Examples:

4 // *x*k1 -=> 0

5 // *%10 -—> 1

6 // *100 -—> 2

g {/ Return 0 (also) if no bit is set.

9 ulong r = 0;

10 x &= -x; // isolate lowest bit

11 if ( x & Oxffffffff00000000UL ) r += 32;
12 if ( x & Oxffff0000ffffO000UL ) r += 16;
13 if ( x & OxffOOffOOffOOffOOUL ) r += 8;
14 if ( x & 0xfOfOfOfOfOfOf0fOUL ) r += 4;
15 if ( x & OxccccccccccccccecUL ) 1 += 2;
16 if ( x & OxaaaaaaaaaaaaaaaaUL ) r += 1;
17 return r;

18 }

The function returns zero for two inputs, one and zero. If a special value for the input zero is needed, a
statement as the following should be added as the first line of the function:

if ( 1>=x ) return x-1; // 0 if 1, “0 if O
The following function returns the parity of the index of the lowest set bit in a binary word
1 static inline ulong lowest_one_idx_parity(ulong x)

2 A
3 x &= -x; // isolate lowest bit
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return O != (x & OxaaaaaaaaaaaaaaaaUL);

The sequence of values for z =0,1,2,... is

0010001010100010001000101010001010100010101000100010001010100010. ..

This is the complement of the period-doubling sequence, entry A035263 in [312]. See section [38.5.1 onl
for the connection to the towers of Hanoi puzzle.

1.3.3 Isolating blocks of zeros or ones at the low end

Isolate the burst of low ones as follows [FXT: bits/bitlow.h]:

HFOOONO U W —

—

static inline ulong low_ones(ulong x)
// Return word where all the (low end) ones are set.
// Example: 01011011 --> 00000011
// Return O if lowest bit is zero:
10110110 --> 0

return x;

The isolation of the low zeros is slightly cheaper:

O ONOUTE W —

static inline ulong low_zeros(ulong x)

// Return word where all the (low end) zeros are set.
// Example: 01011000 --> 00000111
é/ Return O if all bits are set.

X &= -X;
-—x;
return x;

The lowest block of ones (which may have zeros to the right of it) can be isolated by

e
ARWNFR OO JTOUR WM —

static inline ulong lowest_block(ulong x)
// Isolate lowest block of ones.

/ e.g.:

// x = *x*%x%x011100

// 1 = 00000000100

// y = *x*¥x%x100000

// x"y = 00000111100

{/ ret = 00000011100
ulong 1 = x & -x; // lowest bit
ulong y = x + 1;
X "=y;

return x & (x>>1);

}

1.3.4 Creating a transition at the lowest one

Use the following routines to set a rising or falling edge at the position of the lowest set bit [FXT:

Ul W N~ 00O Ut W N

bits/bitlow-edge.h]:

static inline ulong lowest_one_10edge(ulong x)
// Return word where all bits from (including) the
//  lowest set bit to most significant bit are set.

// Return O if no bit is set.
// Example: 00110100 --> 11111100
{

return ( x | -x );

static inline ulong lowest_one_Oledge(ulong x)

// Return word where all bits from (including) the
// lowest set bit to the least significant are set.
// Return O if no bit is set.

// Example: 00110100 --> 00000111
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if ( 0==x ) return O;
return x"(x-1);

NeJo LN fe)

1.3.5 Isolating the lowest run of matching bits
Let £ = *0W and y = *1W, the following function computes W:

1 static inline ulong low_match(ulong x, ulong y)

2 o

3 x "=1y; // bit-wise difference

4 x &= -x; // lowest bit that differs in both words
5 x -= 1; // mask that covers equal bits at low end
6 x &= y; // isolate matching bits

7 return x;

8 }

1.4 Extraction of ones, zeros, or blocks near transitions

We give functions for the creation or extraction of bit-blocks and the isolation of values near transitions.
A transition is a place where adjacent bits have different values. A block is a group of adjacent bits of
the same value.

1.4.1 Creating blocks of ones
The following functions are given in [FXT: bits/bitblock.h].

1 static inline ulong bit_block(ulong p, ulong n)

2 // Return word with length-n bit block starting at bit p set.
3 // Both p and n are effectively taken modulo BITS_PER_LONG.

4 A

5 ulong x = (1UL<<n) - 1;

6 return x << p;

7 %

A version with indices wrapping around is

static inline ulong cyclic_bit_block(ulong p, ulong n)
// Return word with length-n bit block starting at bit p set.
// The result is possibly wrapped around the word boundary.
// Both p and n are effectively taken modulo BITS_PER_LONG.
{

ulong x = (1UL<<n) - 1;

return (x<<p) | (x>>(BITS_PER_LONG-p));

O JOOUT = W

1.4.2 Finding isolated ones or zeros

The following functions are given in [FXT: bits/bit-isolate.h]:

1 static inline ulong single_ones(ulong x)

2 // Return word with only the isolated ones of x set.
3 A

4 return x & “( (x<<1) | (x>>1) );

5

We can assume a word is embedded in zeros or ignore the bits outside the word:

static inline ulong single_zeros_xi(ulong x)
// Return word with only the isolated zeros of x set.

{
}

static inline ulong single_zeros(ulong x)
// Return word with only the isolated zeros of x set.

{

return single_ones( "x ); // ignore outside values

return “x & ( (x<<1) & (x>>1) ); // assume outside values ==

IR W N = U W N =
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1 static inline ulong single_values(ulong x)

2 // Return word where only the isolated ones and zeros of x are set.

3 A

4 return (x ~ (x<<1)) & (x ~ (x>>1)); // assume outside values ==

5

1 static inline ulong single_values_xi(ulong x)

2 // Return word where only the isolated ones and zeros of x are set.

3 A

4 return single_ones(x) | single_zeros_xi(x); // ignore outside values
5 }

1.4.3 Isolating single ones or zeros at the word boundary

static inline ulong border_ones(ulong x)
// Return word where only those ones of x are set that lie next to a zero.

{
return x & ~( (x<<1) & (x>>1) );

static inline ulong border_values(ulong x)
// Return word where those bits of x are set that lie on a transition.

return (x ~ (x<<1)) | (x = (x>>1));

CURARWN = UURW N =

1.4.4 Isolating transitions

static inline ulong high_border_ones(ulong x)
// Return word where only those ones of x are set
//  that lie right to (i.e. in the next lower bin of) a zero.

{

return x & ( x = (x>>1) );

static inline ulong low_border_ones(ulong x)

// Return word where only those ones of x are set

//  that lie left to (i.e. in the next higher bin of) a zero.
{

return x & ( x ° (x<<1) );

DU WN = UL W~

1.4.5 Isolating ones or zeros at block boundaries

static inline ulong block_border_ones(ulong x)
// Return word where only those ones of x are set
é/ that are at the border of a block of at least 2 bits.

return x & ( (x<<1) =~ (x>>1) );

static inline ulong low_block_border_ones(ulong x)
// Return word where only those bits of x are set
{/ that are at left of a border of a block of at least 2 bits.

ulong t = x & ( (x<<1) ~ (x>>1) ); // block_border_ones()
return t & (x>>1);

static inline ulong high_block_border_ones(ulong x)
// Return word where only those bits of x are set
//  that are at right of a border of a block of at least 2 bits.

{
ulong t ( (x<<1) =~ (x>>1) ); // block_border_ones()

=x &
return t & (x<<1);

static inline ulong block_ones(ulong x)
// Return word where only those bits of x are set
//  that are part of a block of at least 2 bits.

{
return x & ( (x<<1) | (x>>1) );

AU WNRFE OO WNRFE oUW~ OUkRWwN
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1.5 Computing the index of a single set bit

In the function lowest_one_idx() given in section we first isolated the lowest one of a
word x by first setting x&=-x. At this point, x contains just one set bit (or x==0). The following lines
in the routine compute the index of the only bit set. This section gives some alternative techniques to
compute the index of the one in a single-bit word.

1.5.1 Cohen’s trick

modulus m=11

=012 3 45 6 7
mtlk]= 0 0 1 8 2 4 9 7
Lowest bit == 0: X= ... 1= 1 x % m= 1 ==> lookup = 0
Lowest bit == 1: X= L. 1. = 2 x % m= 2 ==> lookup = 1
Lowest bit == 2: X= ... 1.. = 4 X % m= 4 ==> lookup = 2
Lowest bit == 3: x= ....1... = 8 x % m= 8 ==> lookup = 3
Lowest bit == 4: x= ...1.... = 16 x % m= 5 ==> lookup = 4
Lowest bit == 5: x= ..1..... = 32 x % m= 10 ==> lookup = 5
Lowest bit == 6: x= .1...... = 64 x % m= 9 ==> lookup = 6
Lowest bit == 7: x=1....... = 128 X % m= 7 ==> lookup = 7

O U= WN —

Figure 1.5-A: Determination of the position of a single bit with 8-bit words.

A nice trick is presented in [I10]: for N-bit words find a number m such that all powers of 2 are different
modulo m. That is, the (multiplicative) order of 2 modulo m must be greater than or equal to N. We
use a table mt[] of size m that contains the power of 2: mt[(2**j) mod m] = j for j > 0. To look up
the index of a one-bit-word x it is reduced modulo m and mt [x] is returned.

We demonstrate the method for N = 8 where m = 11 is the smallest number with the required property.
The setup routine for the table is

const ulong m = 11; // the modulus
ulong mt[m+1];
static void mt_setup()
mt[0] = 0; // special value for the zero word
ulong t = 1;
for (ulong i=1; i<m; ++i)
mt[t] = i-1;
t *x= 2;
if (t>=m ) t -=m; // modular reduction

}

The entry in mt [0] will be accessed when the input is the zero word. We can use any value to be returned
for input zero. Here we simply use zero to always have the same return value as with lowest_one_idx ().
The index can be computed by

static inline ulong m_lowest_one_idx(ulong x)
{

x &= -x; // isolate lowest bit

x %= m; // power of 2 modulo m

return mt[x]; // lookup
}

The code is given in the program [FXT: bits/modular-lookup-demo.cc|, the output with N = 8 (edited
for size) is shown in figure [1.5-A] The following moduli m(N) can be used for N-bit words:

N: 4 8 16 32 64 128 256 512 1024
m: 5 11 19 37 67 131 269 523 1061

The modulus m(N) is the smallest prime greater than N such that 2 is a primitive root modulo m(N).
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db=...1.111 (De Bruijn sequence)

k = 0 1 2 3 4 5 6 7
dbt[k] = 0 1 2 4 7 3 6 5
Lowest bit == 0: X = ..., 1 db*xx=...1.111 shifted = ........ == 0 ==> lookup = 0
Lowest bit == 1: X = ..., 1. db * x = ..1.111. shifted = ....... 1 ==1 ==> lookup = 1
Lowest bit == 2: X = ..., 1.. db * x = .1.111.. shifted = ...... 1. == 2 ==> lookup = 2
Lowest bit == 3: x=....1... db * x = 1.111 shifted = ..... 1.1 == 5 ==> lookup = 3
Lowest bit == 4: x=...1.... db * x = .111.... shifted = ...... 11 == 3 ==> lookup = 4
Lowest bit == 5: x=..1..... db * x = 111..... shifted = ..... 111 == 7 ==> lookup = 5
Lowest bit == 6: x=.1...... db * x = 11...... shifted = ..... 11. == 6 ==> lookup = 6
Lowest bit == 7: x=1....... db * x = 1....... shifted = ..... 1.. == 4 ==> lookup = 7

Figure 1.5-B: Computing the position of the single set bit in 8-bit words with a De Bruijn sequence.

1.5.2 Using De Bruijn sequences

The following method (given in [228]) is even more elegant. It uses binary De Bruijn sequences of size N.

A binary De Bruijn sequence of length 2V contains all binary words of length N, see section
These are the sequences for 32 and 64 bit, as binary words:

#if BITS_PER_LONG =
const ulong db = Ox4653ADFUL

// == 00000100011001010011101011011111
const ulong s = 32-5;

#else
const ulong db = 0x218A392CD3D5DBFUL;

// == 0000001000011000101000111001001011001101001111010101110110111111
const ulong s = 64-6;
#endif

Let w; be the i-th sub-word from the left (high end). We create a table such that the entry with index
w; points to ¢:

ulong dbt[BITS_PER_LONG];
static void dbt_setup()

for (ulong i=0; i<BITS_PER_LONG; ++i) dbt[ (db<<i)>>s ] =

CUkW N~

}
The computation of the index involves a multiplication and a table lookup:

1 static inline ulong db_lowest_one_idx(ulong x)

2 A

3 X &= -x; // isolate lowest bit

4 x *= db; // multiplication by a power of 2 is a shift
5 x >>=s; // use log_2(BITS_PER_LONG) highest bits

6 return dbt[x]; // lookup

7}

The used sequences must start with at least logy,(N) — 1 zeros because in the line x *= db the word x
is shifted (not rotated). The code is given in the demo [FXT: bits/debruijn-lookup-demo.cc], the output
with N = 8 (edited for size, dots denote zeros) is shown in figure [1.5-B}

1.5.3 Using floating-point numbers

Floating-point numbers are normalized so that the highest bit in the mantissa is set. Therefore if we
convert an integer into a float, the position of the highest set bit can be read off the exponent. By isolating
the lowest bit before that operation, the index can be found with the same trick. However, the conversion
between integers and floats is usually slow. Further, the technique is highly machine dependent.

1.6 Operations on high bits or blocks of a word

For functions operating on the highest bit there is no method as trivial as shown for the lower end of the
word. With a bit-reverse CPU-instruction available life would be significantly easier. However, almost
no CPU seems to have it.
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1.6.1

15

Isolating the highest one and finding its index

0xf0f7 == word
highest_one
highest_one_Oledge
highest_one_10edge
highest_one_idx
low_zeros

low_ones
lowest_one
lowest_one_Oledge
lowest_one_10edge

lowest_one_idx
lowest_block
clear_lowest_one
lowest_zero
set_lowest_zero
high_ones
high_zeros
highest_zero
set_highest_zero

1...
1111

0 0 e e e P s s s R A

Oxff££0£08
highest_one

highest_one_Oledge
highest_one_10edge
highest_one_idx
low_zeros

low_ones
lowest_one
lowest_one_Oledge
lowest_one_10edge
lowest_one_idx
lowest_block
clear_lowest_one
lowest_zero
set_lowest_zero
high_ones
high_zeros
highest_zero
set_highest_zero

word

Figure 1.6-A: Operations on the highest and lowest bits (and blocks) of a binary word for two different

32-bit input words. Dots denote zeros.

Isolation of the highest set bit is easy if a bit-scan instruction is available [FXT: |bits/bitasm-i386.h]:

static inline ulong asm_bsr(ulong x)
// Bit Scan Reverse

asm ("bsrl %0, %0" :
return X;

W=yt (X)I

AU WN

"o (X)) ;

Without a bit-scan instruction, we use the auxiliary function [FXT: bits/bithigh-edge.h]

1 static inline ulong highest_one_0Oledge(ulong x)
2 // Return word where all bits from (including) the
3 // highest set bit to bit 0 are set.
% {/ Return O if no bit is set.
6 x |= x>>1;
7 x |= x>>2;
8 x |= x>>4;
9 x |= x>>8;
10 x |= x>>16;
11 #if BITS_PER_LONG >= 64
12 x |= x>>32;
%2 #endif
return x;
15 2

The resulting code is [FXT: bits/bithigh.h]
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static inline ulong highest_one(ulong x)
// Return word where only the highest bit in x is set.
// Return O if no bit is set.

#if defined BITS_USE_ASM

if ( O==x )

X =

#else

asm_bsr(x);
return 1UL<<x;

return O;

x = highest_one_Oledge(x);

return x

o (x>>1);

#endif // BITS_USE_ASM
}

To determine the index of the highest set bit, use

static inline ulong highest_one_idx(ulong x)

// Return index of highest bit set.
// Return O if no bit is set.

{

#if defined BITS_USE_ASM
return asm_bsr(x);

#else // BITS_USE_ASM

if ( 0==x )

ulong r = 0;
#if BITS_PER_LONG >= 64

NAAAAA

Mo M XM

Oxfff£f£££00000000UL )

return O;

Oxf£££0000UL )
0x0000££00UL )

0x0000000cUL )

&
&
&
& 0x000000£f0UL )
&
&

0x00000002UL )

r;

#endif // BITS_USE_ASM
}

A P e

R ]

>>= 16;
>>= 8;
>>= 4,
>>=  2;

R RREH

{ x >>= 32;
+= 16;

4=
4=
4=
4=

8;

4;
2:
1

)
’

S S S

r += 32; }
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The branches in the non-assembler part of the routine can be avoided by a technique given in [215] rel.96,
sect.7.1.3] (version for 64-bit words):

static inline ulong highest_one_idx(ulong x)

{

#define
#define
#define
#define
#define
#define

MUO
MU1
MU2
MU3
MU4
MU5

0x5555555555555555UL
0x3333333333333333UL
0x0£0£0£0£0£0£0£0£UL
0x00££00££00££00£fUL
0x0000££££0000££££UL
0x00000000f££f£££fUL

ulong r = ld_neq(x, x & MUO)

+

+ 4+ +

+

(1d_neq(x, x
(1d_neq(x, x
(1d_neq(x, x
(1d_neq(x, x
(1d_neq(x, x

return r;

& MU1)
& MU2)
& MU3)
& MU4)
& MU5)

<<
<<
<<
<<
<<

// MUO
// MU1
// MU2
// MU3
// MU4
// MU5

{ (O T [ [ T 1}
ANAAAAA
ANAAAAA

-1UL)/8UL) == ...01010101_2
-1UL)/5UL) == ...00110011_2
-1UL)/17UL) == ...00001111_2
-1UL) /257UL) == (8 omes)

-1UL)/65537UL) == (16 ones)
-1UL) /4294967297UL) == (32 ones)

The auxiliary function 1d_neq() is given in [FXT: bits/bitldeq.h]:

static inline bool 1ld_neq(ulong x, ulong y)
// Return whether floor(log2(x))'!=floor(log2(y))

{ return

( x"y) > (x&y) ); X

The following version for 64-bit words provided by Sebastiano Vigna [priv. comm.] is an implementation
of Brodal’s algorithm [215] alg.B, sect.7.1.3]:

static inline

{
if ( x == 0 ) return O;
ulong r = 0;

if ( x & Oxffffffff00000000UL )

if ( x & Oxffff0000UL )
x |= (x << 16);
x |= (x << 32);
const ulong y = x & Oxff00f0fOccccaaaalL;

ulong highest_one_idx(ulong x)

= 32; }
= 16; }
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10 const ulong z = 0x8000800080008000UL;

11 ulongt =z & (y | ((ylz)-Cx~y))));
12 t |= (t << 15);

13 t |= (t << 30);

14 t |= (t << 60);

15 return r + (t > 60 );

16}

1.6.2 Isolating the highest block of ones or zeros
Isolate the left block of zeros with the function

1  static inline ulong high_zeros(ulong x)
2 // Return word where all the (high end) zeros are set.
3 // e.g.: 00011001 --> 11100000
4 // Returns 0 if highest bit is set:
2 {/ 11011001 -=> 00000000
7 x |= x>>1;
8 x |= x>>2;
9 x |= x>>4;
10 x |= x>>8;
11 x |= x>>16;
12 #if BITS_PER_LONG >= 64
13 x |= x>>32;
%% #endif 5
return X;
16}

The left block of ones can be isolated using arithmetical right shifts:

1  static inline ulong high_ones(ulong x)
2 // Return word where all the (high end) ones are set.
3 // e.g. 11001011 --> 11000000

4 // Returns O if highest bit is zero:

g {/ 01110110 --> 00000000

7 long y = (long)x;

8 y &= y>>1;

9 y &= y>>2;

10 y &= y>>4;

11 y &= y>>8;

12 y &= y>>16;

13 #if BITS_PER_LONG >= 64

14 y &= y>>32;

15  #endif

16 return (ulong)y;

17}

If arithmetical shifts are more expensive than unsigned shifts, use

1  static inline ulong high_ones(ulong x) { return high_zeros( "x ); }

17

A demonstration of selected functions operating on the highest or lowest bit (or block) of binary words

is given in [FXT: |bits/bithilo-demo.cc]. Part of its output is shown in figure

1.7 Functions related to the base-2 logarithm

The following functions are given in [FXT: bits/bit2pow.h]. A function that returns |log,(x)] can be

implemented using the obvious algorithm:

static inline ulong ld(ulong x)

// Return floor(log2(x)),

// i.e. return k so that 27"k <= x < 2~ (k+1)
é/ If x==0, then 0 is returmed (!)

ulong k = 0;
while ( x>>=1 ) { ++k; }
return k;

OO~ DHUTEW N

}
The result is the same as returned by highest_one_idx():
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1 static inline ulong ld(ulong x) { return highest_one_idx(x); }
The bit-wise algorithm can be faster if the average result is known to be small.
Use the function one_bit_q() to determine whether its argument is a power of 2:

static inline bool one_bit_g(ulong x)
// Return whether x \in {1,2,4,8,16,...%}
{

ulong m = x-1;
return (((x"m)>>1) == m);

O HRWN —

The following function does the same except that it returns true also for the zero argument:

1 static inline bool is_pow_of_2(ulong x)
2 // Return whether x == 0(!) or x == 2%%k
3 {return '(x & (x-1)); }

With FFTs where the length of the transform is often restricted to power of 2 the following functions are
useful:

static inline ulong next_pow_of_2(ulong x)
// Return x if x=2x*k

// else return 2*xceil(log_2(x))

// Exception: returns 0 for x==

if ( is_pow_of_2(x) ) return x;

OO~ DOU = W~
~

x |=x > 1;
x |=x > 2;
x |= x > 4;
10 x |=x > 8;
11 x |= x > 16;
12 #if BITS_PER_LONG == 64
13 x |= x > 32;
%% #endif
return x + 1;
16 3}
1 static inline ulong next_exp_of_2(ulong x)
2 // Return k if x=2**k else return k+1.
3 // Exception: returns O for x==0.
4 A
5 if ( x <=1 ) return 0;
6 return 1d(x-1) + 1;
7

The following version should be faster if inline assembler is used for 1d():

static inline ulong next_pow_of_2(ulong x)

if ( is_pow_of_2(x) ) return x;
ulong n = 1UL<<1d(x); // n<x
return n<<1;

DO WN —

The following routine for comparison of base-2 logarithms without actually computing them is suggested
by [215] rel.58, sect.7.1.3] [FXT: bits/bitldeq.h]:

1  static inline bool 1ld_eq(ulong x, ulong y)
2 // Return whether floor(log2(x))==floor(log2(y))
3 {return ( (x7y) <= (x&y) ); }

1.8 Counting the bits and blocks of a word

The following functions count the ones in a binary word. They need O (log,(BITS_PER_LONG)) operations.
We give mostly the 64-bit versions [FXT: bits/bitcount.h]:

static inline ulong bit_count(ulong x)
// Return number of bits set

(0x5555555555555555UL & x)
(0x3333333333333333UL & x)
(0x0f0f0f0f0f0fOfOfUL & x)
(0x00ff00ff00ffO0ffUL & x)

(0x5555555555555555UL & (x>> 1)); // 0-2 in 2 bits
(0x3333333333333333UL & (x>> 2)); // 0-4 in 4 bits
(0x0f0fOfOfOfOfOfOfUL & (x>> 4)); // 0-8 in 8 bits
(0x00ffO0ffO0ff00ffUL & (x>> 8)); // 0-16 in 16 bits

N U WN
MMM X
wnnn
+ + + +
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8 x = (0x0000ffff0000ffffUL & x) + (0x0000ffffO0000ffffUL & (x>>16)); // 0-32 in 32 bits
9 x = (0x00000000ffffffffUL & x) + (0x00000000ffffffffUL & (x>>32)); // 0-64 in 64 bits
10 return Xx;
11}
The underlying idea is to do a search via bit masks. The code can be improved to either
1 x = ((x>>1) & 0x5555555555555555UL) + (x & 0x55555555555555655UL); // 0-2 in 2 bits
2 x = ((x>>2) & 0x3333333333333333UL) + (x & 0x3333333333333333UL); // 0-4 in 4 bits
3 x = ((x>>4) + x) & 0x0f0f0f0f0f0f0f0fUL; // 0-8 in 8 bits
4 X += x>> 8; // 0-16 in 8 bits
5 X += x>>16; // 0-32 in 8 bits
6 X += x>>32; // 0-64 in 8 bits
7 return x & Oxff;

or (taken from [10])

*= 0x0101010101010101UL;

1 -= (x>>1) & 0x5555555555555555UL; // 0-2 in 2 bits
2 = ((x>>2) & 0x3333333333333333UL) + (x & 0x3333333333333333UL); // 0-4 in 4 bits
3 = ((x>>4) + x) & 0x0f0f0f0f0f0f0f0fUL; // 0-8 in 8 bits
4
5

X
X
X
X
r

eturn x>>56;

Which of the latter two versions is faster mainly depends on the speed of integer multiplication.

The following code for 32-bit words (given by Johan Roénnblom [priv. comm.]) may be advantageous if

loading constants is expensive. Note some constants are in octal notation:

OO~ O U WD —

}

return ((a>>12) & 0x3f);

% static inline uint CountBits32(uint a)

3 uint mask = 011111111111UL;

4 a = (a - ((a&"mask)>>1)) - ((a>>2)&mask);
5 a += a>>3;

6 a = (a & 070707) + ((a>>18) & 070707);

7 a *= 010101;

8

9

If the table holds the bit-counts of the numbers 0. ..255, then the bits can be counted as follows:

ulong bit_count(ulong x)

{

}

unsigned char ct = 0;
ct += tab[ x & Oxff ]; x >>= 8;
ct += tab[ x & Oxff ]1; X >>= §;

[--snip--] /* BYTES_PER_LONG times */

ct += tab[ x & Oxff ];
return ct;

However, while table driven methods tend to excel in synthetic benchmarks, they can be very slow if they
cause cache misses.

We give a method to count the bits of a word of a special form:

1  static inline ulong bit_count_01(ulong x)

2 // Return number of bits in a word

3 // for words of the special form 00...0001...11
4 A

5 ulong ct = 0;

6 ulong a;

7 #if BITS_PER_LONG == 64

8 a = (x & (1UL<<32)) >> (32-5); // test bit 32
9 X >>= a; ct += a;

10  #endif

11 a = (x & (1UL<<16)) >> (16-4); // test bit 16
12 X >>= a; ct += a;

13

14 a = (x & (1UL<<8)) >> (8-3); // test bit 8
15 X >>= a; ct += a;

16

17 a = (x & (1UL<<4)) >> (4-2); // test bit 4
18 X >>= a; ct += a;

19
20 a = (x & (1UL<<2)) >> (2-1); // test bit 2
21 X >>= a; ct += a;

22

23 a = (x & (1UL<<1)) >> (1-0); // test bit 1
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4 X >>= a; ct += a;

5

6 ct += x & 1; // test bit O
g return ct;

9

All branches are avoided, thereby the code may be useful on a planet with pink air, for further details
see [301].

1.8.1 Sparse counting

If the (average input) word is known to have only a few bits set, the following sparse count variant can
be advantageous:

static inline ulong bit_count_sparse(ulong x)
// Return number of bits set.

ulong n = 0;
while ( x ) { ++n; x &= (x-1); }
return n;

N RWN

The loop will execute once for each set bit. Partial unrolling of the loop should be an improvement for
most cases:

1 ulong n = 0;

2 do

3 {

4 n += (x!=0); x &= (x-1);
5 n += (x!=0); x &= (x-1);
6 n += (x!'=0); x &= (x-1);
7 n += (x!'=0); x &= (x-1);
8 }

9 while ( x );

0 return n;

If the number of bits is close to the maximum, use the given routine with the complement:

static inline ulong bit_count_dense(ulong x)

// Return number of bits set.
// The loop (of bit_count_sparse()) will execute once for

//  each unset bit (i.e. zero) of x.

return BITS_PER_LONG - bit_count_sparse( "x );

N OOUTR WD~

}

If the number of ones is guaranteed to be less than 16, then the following routine (suggested by Gunther
Piez [priv. comm.]) can be used:

static inline ulong bit_count_15(ulong x)

// Return number of set bits, must have at most 15 set bits.
- (x>>1) & 0x5555555555555555UL; / 0-2 in 2 bits
((x>>2) & 0x3333333333333333UL) + (x & 0x3333333333333333UL); // 0-4 in 4 bits
*= 0x11111111111111110L;

eturn x>>60;

X
X
X
r
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}
A routine for words with no more than 3 set bits is

static inline ulong bit_count_3(ulong x)

{
x -= (x>>1) & 0x5555555555555555UL; // 0-2 in 2 bits
x *= 0x5555555555555555UL;
return x>>62;

SO WN —

1.8.2 Counting blocks

Compute the number of bit-blocks in a binary word with the following function:

static inline ulong bit_block_count(ulong x)
// Return number of bit blocks.

// E.g.:

// ..1..11111. 00111 > 3

= wN =
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1.8: Counting the bits and blocks of a word

// ... 1..11111. . .111
/] .. 1..... 1.1..
/] 111.1111

return (x & 1) +

-> 3
-> 3
-> 2

bit_count( (x~(x>>1)) ) / 2;

21
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Similarly, the number of blocks with two or more bits can be counted via:

static inline ulong bit_block_ge2_count(ulong x)
5; Return number of bit blocks with at least 2 bits.
E.g.:

// .11 111, > 2
// ...l 1111111 > 2
Y/ 1..... 1.1.. >0
{/ ......... 111.1111 > 2
return bit_block_count( x & ( (x<<1) & (x>>1) ) );
}

1.8.3 GCC built-in functions I

Newer versions of the C compiler of the GNU Compiler Collection (GCC [146], starting with version 3.4)
include a function __builtin_popcountl (ulong) that counts the bits of an unsigned long integer. The
following list is taken from [147]:

int __builtin_ffs (unsigned int x)
Returns one plus the index of the least significant 1-bit of x,
or if x is zero, returns zero.

int __builtin_clz (unsigned int x)
Returns the number of leading O-bits in x, starting at the
most significant bit position. If x is O, the result is undefined.

int __builtin_ctz (unsigned int x)
Returns the number of trailing O-bits in x, starting at the
least significant bit position. If x is O, the result is undefined.

int __builtin_popcount (unsigned int x)
Returns the number of 1-bits in x.

int __builtin_parity (unsigned int x)
Returns the parity of x, i.e. the number of 1-bits in x modulo 2.

The names of the corresponding versions for arguments of type unsigned long are obtained by adding ‘1’
(ell) to the names, for the type unsigned long long append ‘11’. Two more useful built-ins are:

void __builtin_prefetch (const void *addr, ...)
Prefetch memory location addr

long __builtin_expect (long exp, long c)
Function to provide the compiler with branch prediction information.

1.8.4 Counting the bits of many words I

=11111111 a0=11111111 al=........ az2=........ ad=........ ad=........
=11111111 al0=........ al=11111111 a2=........ ad=........ ad=........
=11111111 a0=11111111 al1=11111111 a2=........ ad=........ ad=........
=11111111 a a2=11111111 a3=........ ad=........
=11111111 a0=11111111 al=........ a2=11111111 a3=........ ad=........
=11111111 al0=........ al=11111111 a2=11111111 a3=........ ad=........
=11111111 a0=11111111 al1=11111111 a2=11111111
=11111111 al0=........ al=........ a2=........
=11111111 a0=11111111 a2=........
=11111111 a0=........ al=11111111 a2=........
=11111111 a0=11111111 al1=11111111 a2=........
=11111111 al0=........ al=........ a2=11111111
=11111111 a0=11111111 al=........ a2=11111111
[13]=11111111 a0=........ al=11111111 a2=11111111
[14]=11111111 a0=11111111 al=11111111 a2=11111111
[16]=11111111 a0=........ al=........ a2=........ ad=........
[16]=11111111 a0=11111111

a3=11111111
a3=11111111
a3=11111111
a3=11111111 ad=........
a3=11111111 ad=........
a3=11111111 ad=........
a3=11111111 ad=........
a3=11111111 ad=........
a4=11111111
a4=11111111
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Figure 1.8-A: Counting the bits of an array (where all bits are set) via vertical addition.
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For counting the bits in a long array the technique of wvertical addition can be useful.

addition the following relation holds:
== (a’b) + ((a&b)<<1)

a+hb

The carry term (a&b) is propagated to the left. We now replace this ‘horizontal’ propagation by a ‘vertical’
one, that is, propagation into another word. An implementation of this idea is [FXT: |bits/bitcount-v-

demo.cc]:

ulong

bit_count_leq31(const ulong *x, ulong n)
// Return sum(j=0, n-1, bit_count(x[j]) )

{/ Must have

ulong a0=0, al=0, a2=0, a3=0,
15,

//
{

}

1

n<=

31

3

for (ulong k=0; k<n;

ulong cy = x[k];

{ ulong t
{ ulong t
{ ulong t
{ ulong t
{ a4

a0 &
al &
a2 &
a3 &

"= cy; }
// [ PRINT x[k],

79
++k)

cy;
cy;
cy;
cy;

a0,

ulong b = bit_count(al);
+= (bit_count(al)<<1);
+= (bit_count(a2)<<2);
+= (bit_count (a3)<<3);
+= (bit_count (a4)<<4);
return b;

b
b
b
b

}

Figure shows the intermediate values with the computation of a length-17 array of all-ones words.

a0
al
a2
a3

al,

a4=0;

31, <-
"=cy; cy
"= cy; cy
"= cy; cy
"=cy; cy
a2, a3, a4

—= max n

nnonn
S

[

After the loop the values of the variables a0, ..., a4 are

ad=11111111
a3=

aZ=....l0.

The columns, read as binary numbers, tell us that in all positions of all words there were a total of
17 = 100015 bits. The remaining instructions compute the total bit-count.

After some simplifications and loop-unrolling a routine for counting the bits of 15 words can be given as

[FXT: bits/bitcount-v.cc|:

static inline ulong bit_count_v15(const ulong *x)
// Return sum(j=0, 14, bit_count(x[jl) )
// Technique is "vertical" additionm.

{
#define VV(A) { ulong t = A & cy;

ulong al, a2, a3;
ulong a0=x[0];

{

A A A A P i s s s e e e

#undef

ulong
ulong
ulong
ulong
ulong
ulong
ulong
ulong
ulong
ulong
ulong
ulong
ulong
ulong
\A'

cy
cy
cy
cy
cy
cy
cy
cy
cy
cy
cy
cy
cy
cy

x[ 1]1;
x[ 2];
x[ 3];
x[ 4]1;
x[ 5];
x[ 6];
x[ 71;
x[ 8];
x[ 9]1;
x[10];
x[11];
x[12];
x[13];
x[14];

VV(a0);
VV(a0);
VvV (a0);
VV(a0) ;
VvV (a0);
VvV (a0);
VV(a0);
Vv (a0);
VV(a0);
Vv (a0);
VvV (a0);
VV(a0);
VvV (a0);
VV(a0);

ulong b = bit_count(a0);
b += (bit_count(al)<<1l);

A "= cy;

al = cy;
al "= cy;
Vv(al);
Vv(al);
Vv(al);
Vv(al);
Vv(al);
Vv(al);
Vv(al);
Vv(al);
Vv(al);
Vv(al);
Vv(al);
Vv(al);

a3 =
a3 ~

cy = t; }
}

}
a2 = cy;
a2 "= cy; }
a2 "= cy; }
a2 "= cy; }
Vv (a2);
Vv (a2);
Vv(a2); a3
Vv(a2); a3
Vv(a2); a3
Vv(a2); a3
Vv(a2); a3
Vv(a2); a3

cy;

Ccy;
Ccy;
Ccy;
Ccy;

}
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26 b += (bit_count(a2)<<2);
27 b += (bit_count(a3)<<3);
28 return b;

29 }

Each of the macros VV gives three machine instructions, one AND, XOR, and MOVE. The routine for
the user is

1  ulong

2  bit_count_v(const ulong *x, ulong n)

3 // Return sum(j=0, n-1, bit_count(x[jl) )

4

5 { ulong b = 0;

6 const ulong *xe = x + n + 1;

7 while ( x+15 < xe ) // process blocks of 15 elements
8

9 b += bit_count_v15(x);

10 x += 15;

11 }

12

13 // process remaining elements:

14 const ulong r = (ulong) (xe-x-1);

15 for (ulong k=0; k<r; ++k) Db+=bit_count(x[k]);
%9 return b;

18 %

Compared to the obvious method of bit-counting

1  ulong bit_count_v2(const ulong *x, ulong n)

2

3 ulong b = 0;

4 for (ulong k=0; k<n; ++k) b += bit_count(x[k]);
5 return b;

6

}

our routine uses roughly 30 percent less time when an array of 100,000,000 words is processed. There
are many possible modifications of the method. If the bit-count routine is rather slow, one may want to
avoid the four calls to it after the processing of every 15 words. Instead, the variables a0, ..., a3 could
be added (vertically!) to an array of more elements. If that array has n elements, then only with each
block of 2" — 1 words n calls to the bit-count routine are necessary.

1.9 Words as bitsets

1.9.1 Testing whether subset of given bitset

The following function tests whether a word u, as a bitset, is a subset of the bitset given as the word e
[FXT: bits/bitsubsetq.h]:

1  static inline bool is_subset(ulong u, ulong e)

2 // Return whether the set bits of u are a subset of the set bits of e.
3 // That is, as bitsets, test whether u is a subset of e.

4 A

5 return ( (u & e)==u );

6 // return ( (u & “e)==0 );

7 // return ( (Cu | e)!=0 );

8 }

If w contains any bits not set in e, then these bits are cleared in the AND-operation and the test for
equality will fail. The second version tests whether no element of u lies outside of e, the third is obtained
by complementing the equality. A proper subset of e is a subset # e:

1  static inline bool is_proper_subset(ulong u, ulong e)

2 // Return whether u (as bitset) is a proper subset of e.
3 A

4 return ( (u<e) && ((u & e)==u) );

5

The generated machine code contains a branch:

101 xorl fheax, heax # prephitmp.71
102 cmpq %rsi, Yrdi #e,u


file:.fxtdir/src/bits/bitsubsetq.h
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103 jae .L6
104 andq %rdi, Yrsi
106 xorl Yeax, %heax

107 cmpq %rdi, Yrsi
108 sete %al

#,

Chapter 1: Bit wizardry

/* branch to end of function */
# u, e
# prephitmp.71
# u, e
#, prephitmp.71

Replace the Boolean operator ‘&€&’ by the bit-wise operator ‘&’ to obtain branch-free machine code:

101 cmpq %rsi, Yrdi
102 setb %hal

103 andq %rdi, Yrsi
105 cmpq %rdi, %rsi
106 sete %dl

107 andl Yedx, %heax
108 movzbl %al, %eax

# e, u

#, tmp63

# u, e
# u, e

#, tmp66

# tmp66, tmp63
# tmp63, tmp61

1.9.2 Testing whether an element is in a given set

We determine whether a given number is an element of a given set (which must be a subset of the set
{0, 1, 2, ... ,BITS_PER_LONG—1}). For example, to determine whether x is a prime less than 32, use the

function

1
2
3 o
4
5

return m & (1UL << x);

ulong m = (1UL<<2) | (1UL<<3)

(1UL<<5)
static inline ulong is_tiny_prime(ulong x)

| ... | (1UL<<31); // precomputed

The same idea can be applied to look up tiny factors [FXT: bits/tinyfactors.h|:

OO UTERWN —

}

static inline bool is_tiny_factor(ulong x, ulong d)
// For x,d < BITS_PER_LONG (!)
// return whether d divides x
5; no need to check whether d==0

(1 and x included as divisors)

return ( 0 != ( (tiny_factors_tab[x]>>d) & 1 ) );

The function uses the precomputed array [FXT: bits/tinyfactors.cc|:

1  extern const ulong tiny_factors_tabl[]
2 A

3 0xOUL, // x
4 0x2UL, // x
5 0x6UL, // x
6 OxaUL, // x
7 0x16UL, // x
8 0x22UL, // x
9 0x4eUL, // x
10 0x82UL, // x
11 0x116UL, // x
12 0x20alL, // x
13 [--snip--]

14 0x20000002UL, // x
15 0x4000846eUL, // x
16 0x80000002UL, // x
17 #if ( BITS_PER_LONG > 32 )

18 0x100010116UL, // x
19 0x20000080aUL, // x
20  [--snip--]
21 0x2000000000000002UL, // x
22 0x4000000080000006UL, // x
23 0x800000000020028aUL // x
24 #endif // ( BITS_PER_LONG > 32 )
25 ;

>

nn nwonn L | | 1 {1
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0:

61:
62:
63:

B
WNNNOTNDWN

( bits: ........ )
( bits: ...... 1.)
( bits: ..... 11.)
( bits: .1.1.)

4 ( bits: 1.11.)
( bits: 1...1.)

36 ( bits: .1..111.)
( bits: 1..... 1.)

4 8

9

29

2356 10 15 30

31

2 4 8 16 32

3 11 33

61

2 31 62

379 21 63

Bit-arrays of arbitrary size are discussed in section [4.6] on page [164]
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1.10 Index of the i-th set bit
To determine the index of the i-th set bit, we use a technique similar to the method for counting the bits

of a word. Only the 64-bit version is shown [FXT: bits/ith-one-idx.h|:

static inline ulong ith_one_idx(ulong x, ulong i)
// Return index of the i-th set bit of x where 0 <= i < bit_count(x).

ulong x2 = x - ((x>>1) & 0x5555555555555555UL) ; // 0-2 in 2 bits
ulong x4 = ((x2>>2) & 0x3333333333333333UL) +
(x2 & 0x3333333333333333UL) ; // 0-4 in 4 bits
ulong x8 = ((x4>>4) + x4) & 0x0f0f0f0f0f0f0f0fUL; // 0-8 in 8 bits
ulong ct = (x8 * 0x0101010101010101UL) >> 56; // bit count
++1i;
if (¢t < i ) return "OUL; // less than i bits set
ulong x16 = (0x00ff00ff00ff00ffUL & x8) + (0xO0ffO0ffO00ffO0ffUL & (x8>>8)); // 0-16
ulong x32 = (0x0000£fff0000ffffUL & x16) + (0x0000ffff0000ffffUL & (x16>>16)); // 0-32

ulong w, s = 0;

w = x32 & OxffffffffUL;
if (w<i) {s+=232; i-=w; }

x16 >>= s;
w = x16 & Oxffff;
if (w<i) {s+=16; i -=w; }

x8 >>=
w = x8
if (w

x4 >>=
w = x4
if (w
X2 >>= s;
w=3x2 & 3;
if (w< i

AN

"Oxff;
i) {s+=8; i-=w; 3}

AN

,Oxf;
i) {s+=4; i -=w; }

) {s+=2; i-=w; }

X >>= s;
s += ( (x&1) '= 1 );

return s;

}

1.11 Avoiding branches

Branches are expensive operations with many CPUs, especially if the CPU pipeline is very long. A useful
trick is to replace

if ( x<0) Il z>m) ) { ...}

where x might be a signed integer, by

if ( (unsigned)x >m ) { ... }

The obvious code to test whether a point (z,y) lies outside a square box of size m is
if ( (x<0) || x>m) || (y<0O) |l (y>m) > { ... }

If m is a power of 2, it is better to use

if ( ( (ulong)x | (ulong)y ) > (unsigned)m ) { ... }

The following functions are given in [FXT: bits/branchless.h|. This function returns max(0, z). That is,
zero is returned for negative input, else the unmodified input:

static inline long maxO(long x)

{
return x & ~(x >> (BITS_PER_LONG-1));

There is no restriction on the input range. The trick used is that with negative x the arithmetic shift will
give a word of all ones which is then negated and the AND-operation clears all bits. Note this function
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will only work if the compiler emits an arithmetic right shift, see section [I.1.3] on page [8] The following
routine computes min(0, z):

static inline long minO(long x)
// Return min(0, x), i.e. return zero for positive input

{
return x & (x >> (BITS_PER_LONG-1));

G N~

The following upos_* () functions only work for a limited range. The highest bit must not be set as it is
used to emulate the carry flag. Branchless computation of the absolute difference |a — bl:

return dl - 42; // == (b - 4d) - (a + d);

1 static inline ulong upos_abs_diff(ulong a, ulong b)
2

3 long d1 = b - a;

4 long d2 = (d1 & (d1>>(BITS_PER_LONG-1)))<<1;

5

6

The following routine sorts two values:

1 static inline void upos_sort2(ulong &a, ulong &b)

2 // Set {a, b} := {min(a, b), max(a,b)}

3 // Both a and b must not have the most significant bit set
4 A

5 long d = b - a;

6 d &= (d>>(BITS_PER_LONG-1));

7 a += d;

8 b -= d;

9 }

Johan Rénnblom gives [priv. comm.] the following versions for signed integer minimum, maximum, and
absolute value, that can be advantageous for CPUs where immediates are expensive:

#define B1 (BITS_PER_LONG-1) // bits of signed int minus one

#define MINI(x,y) (((x) & (((int)((x)-(y)))>>B1)) + ((y) & ~(((int) ((x)-(y)))>>B1)))
#define MAXI(x,y) (((x) & ~(((int) ((x)-(y)))>>B1)) + ((y) & (((int) ((x)-(y))>>B1))))
#define ABSI(x) (((x) & ~(((int) (x))>>B1)) - ((x) & (((int) (x))>>B1)))

=W N =

Your compiler may be smarter than you thought

The machine code generated for
x = x & “(x > (BITS_PER_LONG-1)); // max0()

is

35: 48 99 cqto

37: 48 83 c4 08 add $0x8,%rsp // stack adjustment
3b: 48 £7 42 not %hrdx

3e: 48 21 dO and %rdx,%rax

The variable x resides in the register rAX both at start and end of the function. The compiler uses a
special (AMDG64) instruction cqto. Quoting [I3]:

Copies the sign bit in the rAX register to all bits of the rDX register. The effect of this
instruction is to convert a signed word, doubleword, or quadword in the rAX register into
a signed doubleword, quadword, or double-quadword in the rDX:rAX registers. This action
helps avoid overflow problems in signed number arithmetic.

Now the equivalent
x= (%070 :x); // max0() "simple minded"

is compiled to:

35: ba 00 00 00 00 mov $0x0, %edx
3a: 48 85 c0 test Yirax,hrax
3d: 48 Of 48 c2 cmovs Y%rdx,%rax // note %edx is %rdx

A conditional move (cmovs) instruction is used here. That is, the optimized version is (on my machine)
actually worse than the straightforward equivalent.
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A second example is a function to adjust a given value when it lies outside a given range [FXT:
bits/branchless.h|:

1  static inline long clip_range(long x, long mi, long ma)
2 // Code equivalent to (for mi<=ma):

3 // if ( x<mi ) x = mi;

4 // else if ( x>ma ) X = ma;

5

6 X -= mi;

7 x = clip_range0O(x, ma-mi);

8 X += mi;

9 return x;

0o 3}

OO UTEW N~
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1

2
3

The auxiliary function used involves one branch:

static inline long clip_rangeO(long x, long m)

// Code equivalent (for m>0) to:

//  if (%<0 ) x = 0;

// else if ( x>m ) X = m;

// return x;
if ( (ulong)x > (ulongdm ) x =m & “(x >> (BITS_PER_LONG-1));
return Xx;

The generated machine code is

0 48 89 f8 mov Y%rdi,%rax

3 48 29 f2 sub Yrsi,hrdx

6: 31 c9 xor Yecx, hecx

8: 48 29 fO sub Yrsi,hrax

b: 78 Oa js 17 <_Z2CL111+0x17> // the branch

d: 48 39 dO cmp %rdx, hrax

10: 48 89 di mov %rdx,%rex

13: 48 Of 4e c8 cmovle Y%rax,khrcx

17: 48 8d 04 Oe lea (%rsi,%rcx,1),%rax

Now we replace the code by

static inline long clip_range(long x, long mi, long ma)
{
X -= mi;
if ( x<0 ) x = 0;
// else // commented out to make (compiled) function really branchless
{
ma -= mi;
if ( x>ma ) x = ma;
X .
X += mi;
}
Then the compiler generates branchless code:
0: 48 89 f8 mov Y%rdi, %rax
3: b9 00 00 00 00 mov $0x0, %ecx
8: 48 29 f0 sub Yrsi,hrax
b: 48 Of 48 c1 cmovs %rcx,jrax
f: 48 29 f2 sub Jrsi,fhrdx
12: 48 39 doO cmp %rdx, %rax
15: 48 0f 4f c2 cmovg %rdx,’%rax
19: 48 01 fO add Yrsi,hrax

Still, with CPUs that do not have a conditional move instruction (or some branchless equivalent of it)
the techniques shown in this section can be useful.

1.12 Bit-wise rotation of a word

Neither C nor C++ have a statement for bit-wise rotation of a binary word (which may be considered a
missing feature). The operation can be emulated via [FXT: bits/bitrotate.h|:

static inline ulong bit_rotate_left(ulong x, ulong r)

// Return word rotated r bits to the left
// (i.e. toward the most significant bit)
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return (x<<r) | (x>>(BITS_PER_LONG-r));

O Ut

As already mentioned, GCC emits exactly the CPU instruction that is meant here, even with non-constant
argument r. Explicit use of the corresponding assembler instruction should not do any harm:

static inline ulong bit_rotate_right(ulong x, ulong r)
// Return word rotated r bits to the right
// (i.e. toward the least significant bit)

{
#if defined BITS_USE_ASM // use x86 asm code
return asm_ror(x, r);
#else
return (x>>r) | (x<<(BITS_PER_LONG-r));
?endif

SO UTR W N~
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Here we use an assembler instruction when available [FXT: bits/bitasm-amd64.h):

static inline ulong asm_ror(ulong x, ulong r)

{
asm ("rorq  %kcl, %0" : "=r" (x) : "O" (x), "c" (¥));
return x;

T W —

Rotation using only a part of the word length can be implemented as

static inline ulong bit_rotate_left(ulong x, ulong r, ulong ldn)
// Return ldn-bit word rotated r bits to the left

// (i.e. toward the most significant bit)

{/ Must have O <= r <= 1ldn

ulong m = “OUL >> ( BITS_PER_LONG - 1ldn );
X &= m;

x = (x<<r) | (x>>(1dn-1r));

X &= m;

return Xx;

HFOOWNOUE WN —
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and

static inline ulong bit_rotate_right(ulong x, ulong r, ulong ldn)
// Return ldn-bit word rotated r bits to the right

// (i.e. toward the least significant bit)

{/ Must have 0 <= r <= ldn

ulong m = “OUL >> ( BITS_PER_LONG - 1ldn );
X &= m;

x = (x>>r) | (x<<(1dn-1));

X &= m;

return Xx;

HFOOONOUE W~
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}
Finally, the functions

static inline ulong bit_rotate_sgn(ulong x, long r, ulong ldn)
// Positive r --> shift away from element zero

if (r > 0 ) return bit_rotate_left(x, (ulong)r, ldn);
else return bit_rotate_right(x, (ulong)-r, 1ldn);

DO RWN

}
and (full-word version)

static inline ulong bit_rotate_sgn(ulong x, long r)
// Positive r --> shift away from element zero

{
if (r > 0 ) return bit_rotate_left(x, (ulong)r);

else return bit_rotate_right(x, (ulong)-r);

DO EREWN

}

are sometimes convenient.
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1.13 Binary necklaces 1

We give several functions related to cyclic rotations of binary words and a class to generate binary
necklaces.

1.13.1 Cyclic matching, minimum, and maximum

The following function determines whether there is a cyclic right shift of its second argument so that it
matches the first argument. It is given in [FXT: |bits/bitcyclic-match.h):

static inline ulong bit_cyclic_match(ulong x, ulong y)
// Return r if x==rotate_right(y, r) else return ~OUL.

// In other words: return
//  how often the right arg must be rotated right (to match the left)

1

2

3

4

5 // or, equivalently:

6 // how often the left arg must be rotated left (to match the right)
7

8

{
ulong r = O;

9 do
10
11 if ( x==y ) return r;
12 y = bit_rotate_right(y, 1);
13 }
14 while ( ++r < BITS_PER_LONG );
%8 return “OUL;
17}

The functions shown work on the full length of the words, equivalents for the sub-word of the lowest 1dn
bits are given in the respective files. Just one example:

1 static inline ulong bit_cyclic_match(ulong x, ulong y, ulong ldn)
2 // Return r if x==rotate_right(y, r, ldn) else return “OUL
3 // (using ldn-bit words)

4 A

5 ulong r = 0;

6 do

7

8 if ( x==y ) return r;

9 y = bit_rotate_right(y, 1, 1ldn);

10 }

11 while ( ++r < 1dn );

%% return “OUL;

14 %

The minimum among all cyclic shifts of a word can be computed via the following function given in [FXT:
bits/bitcyclic-minmax.h]:

1 static inline ulong bit_cyclic_min(ulong x)
% // Return minimum of all rotations of x
4 ulong r = 1;

5 ulong m = x;

6 do

7 {

8 X = bit_rotate_right(x, 1);

9 if (x<m ) m = x;

10 }

11 while ( ++r < BITS_PER_LONG );

%% return m;
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1.13.2 Cyclic period and binary necklaces

Selecting from all n-bit words those that are equal to their cyclic minimum gives the sequence of the
binary length-n necklaces, see chapter [18 on page 370} For example, with 6-bit words we find:

word period word period
...... 1 ..11.1 6
..... 1 6 ..1111 6
...11 6 1011 2
..1.1 6 .1.111 6
... 111 6 11,11 3
1001 3 11111 6
..1.11 6 111111 1
The values in each right column can be computed using [FXT: bits/bitcyclic-period.h]:

static inline ulong bit_cyclic_period(ulong x, ulong ldn)

// Return minimal positive bit-rotation that transforms x into itself.
// (using ldn-bit words)

// The returned value is a divisor of ldnm.

ulong y = bit_rotate_right(x, 1, 1dn);
return bit_cyclic_match(x, y, ldn) + 1;

WU WN

}

It is possible to completely avoid the rotation of partial words: let d be a divisor of the word length n.
Then the rightmost (n — 1) d bits of the word computed as x~ (x>>d) are zero if and only if the word has
period d. So we can use the following function body:

ulong sl = BITS_PER_LONG-1ldn;
for (ulong s=1; s<ldn; ++s)

{

++s1;
if ( 0==( (x~(x>>s)) << sl ) ) return s;

O U W N

return ldn;

Testing for periods that are not divisors of the word length can be avoided as follows:

1 ulong f = tiny_factors_tab[ldn];

2 ulong sl = BITS_PER_LONG-1dn;

3 for (ulong s=1; s<ldn; ++s)

4 {

5 ++sl;

6 £ >>=1;

7 if ( 0==(f&1) ) continue;

8 if ( 0==( (x~(x>>s)) << sl ) ) return s;
9

0 return ldn;

The table of tiny factors used is shown in section [1.9.2 on page 24}

The version for 1dn==BITS_PER_LONG can be optimized similarly:

1  static inline ulong bit_cyclic_period(ulong x)
2 // Return minimal positive bit-rotation that transforms x into itself.
3 // (same as bit_cyclic_period(x, BITS_PER_LONG) )
4
5 // The returned value is a divisor of the word length,
6 é/ i.e. 1,2,4,8,...,BITS_PER_LONG.
7
8 ulong r = 1;
9 do
{
11 ulong y = bit_rotate_right(x, r);
12 if ( x==y ) return r;
13 r <<= 1;
}
15 while ( r < BITS_PER_LONG );
17 Y return r; // == BITS_PER_LONG
18

1.13.3 Generating all binary necklaces

We can generate all necklaces by the FKM algorithm given in section|18.1.1on page Here we special-
ize the method for binary words. The words generated are the cyclic maxima [FXT: class bit_necklace
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in bits/bit-necklace.h|:

OO0 JO UL W

OO~ U W+~

10

12
13
14

I3

17
18
19

20
21

5

N Ot oo+

Elass bit_necklace
public:
ulong a_; // necklace
ulong j_; // period of the necklace
ulong n2_; // bit representing n: n2==2%*(n-1)
ulong j2_; // bit representing j: j2==2%x(j-1)
ulong n_; // number of bits in words
ulong mm_; // mask of n ones
ulong tfb_; // for fast factor lookup
public:
bit_necklace(ulong n) { init(n); }
“bit_necklace() { ; }
void init(ulong n)
{
if (0==n ) n =1; // avoid hang
if ( n>=BITS_PER_LONG ) n = BITS_PER_LONG;
n_ = n;
n2_ = 1UL<<(n-1);
mm_ = (“OUL) >> (BITS_PER_LONG-n);
tfb_ = tiny_factors_tab[n] >> 1;
tfb_ |= n2_; // needed for n==BITS_PER_LONG
first();
}
void first()
{
a_ = 0;
- =1
j2_ = 1;

}

ulong data() const { return a_; }
ulong period() const { return j_; }

The method for computing the successor is

ulong next()

// Create next necklace.

// Return the period, zero when current necklace is last.
if (a_==mm_ ) { first(); return O; }
do
{

// next lines compute index of highest zero, same result as
// j_ = highest_zero_idx( a_ =~ (Cmm_) );
// but the direct computation is faster:

jo=n_-1;

ulong jb = 1UL << j_;

while ( O!=(a_ & jb) ) { —-j_; jb>>=1; }
j2_ = 1UL << j_;

++j_;

a_ |= j2_;

a_ = bit_copy_periodic(a_, j_, n_);

}
while ( O==(tfb_ & j2_) ); // necklaces only

return j_;

}
It uses the following function for periodic copying [FXT: bits/bitperiodic.h|:

static inline ulong bit_copy_periodic(ulong a, ulong p, ulong ldn)
// Return word that consists of the lowest p bits of a repeated

// in the lowest ldn bits (higher bits are zero).

// E.g.: if p==3, 1ldn=7 and a=*x***xyz (8-bit), the return Ozxyzxyz.
// Must have p>0 and 1dn>0.

a &= ( “OUL >> (BITS_PER_LONG-p) );

31
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8 for (ulong s=p; s<ldn; s<<=1) { a |= (a<<s); }
9 a &= ( “OUL >> (BITS_PER_LONG-1dn) );
10 return a;
11 }

Finally, we can easily detect whether a necklace is a Lyndon word:

const { return (j2_ & n2_.); }

// Return the period (==n), zero when current necklace is last.

if (a_==mm_ ) { first(); return 0; }
do { next(); } while ( !is_lyndon_word() );

1 ulong is_lyndon_word()
2

3 ulong next_lyn()

4 // Create next Lyndon word.
5

6

7

8

9 return n_;

10

11 3}
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About 54 million necklaces per second are generated (with n = 32), corresponding to a rate of 112 M/s
for pre-necklaces [FXT: bits/bit-necklace-demo.cc].

1.13.4 Computing the cyclic distance

A function to compute the cyclic distance between two words [FXT: bits/bitcyclic-dist.h] is:

// where t runs through the

static inline ulong bit_cyclic_dist(ulong a, ulong b)
// Return minimal bitcount of (t ~ b)

cyclic rotations of a.

= e
DULERWNF O OO UL W —

e el el e
NOOUR WN = OO0 DU WD —

1
2
3
4

{

}

ulong d = “OUL;
ulong t = a;
do
{
ulong z = t ~ b;
ulong e = bit_count( z );

if (e<d) d=e;
t = bit_rotate_right(t, 1);

}
while ( t!=a );
return d;

If the arguments are cyclic shifts of each other, then zero is returned. A version for partial words is

static inline ulong bit_cyclic_dist(ulong a, ulong b, ulong ldn)

{

}

ulong d = “OUL;
const ulong m = (~OUL>>(BITS_PER_LONG-1dn));
b &= m;

a &= m;
ulong t = a;
do
{
ulong z = t ~ b;
ulong e = bit_count( z );

if (e<d) d=e;
t = bit_rotate_right(t, 1, 1ldn);

}
while ( t!=a );
return d;

1.13.5 Cyclic XOR and its inverse
The functions [FXT: bits/bitcyclic-xor.h]

static inline ulong bit_cyclic_rxor(ulong x)

{

}
and

return x ~ bit_rotate_right(x, 1);
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static inline ulong bit_cyclic_lxor(ulong x)

{

return x ~ bit_rotate_left(x, 1);

N =

return a word whose number of set bits is even. A word and its complement produce the same result.

The inverse functions need no rotation at all, the inverse of bit_cyclic_rxor() is the inverse Gray code

(see section [1.16 on page 41):

return inverse_gray_code(x);

1 static inline ulong bit_cyclic_inv_rxor (ulong x)
2 // Return v so that bit_cyclic_rxor(v) == x.

3 A

4

5

}

The argument x must have an even number of bits. If this is the case, the lowest bit of the result is zero.
The complement of the returned value is also an inverse of bit_cyclic_rxor().

The inverse of bit_cyclic_lxor() is the inverse reversed code (see section [1.16.6 on page 45)):

return inverse_rev_gray_code(x);

1  static inline ulong bit_cyclic_inv_lxor(ulong x)
2 // Return v so that bit_cyclic_lxor(v) == x.

3

4

5

}

We do not need to mask out the lowest bit because for valid arguments (that have an even number of bits)
the high bits of the result are zero. This function can be used to solve the quadratic equation v +v = 2

in the finite field GF(2") when normal bases are used, see section [42.6.2] on page [903]

1.14 Reversing the bits of a word

The bits of a binary word can efficiently be reversed by a sequence of steps that reverse the order of
certain blocks. For 16-bit words, we need 4 = log,(16) such steps [FXT: bits/revbin-steps-demo.cc]:

[0123456789abcdef]
[1032547698badcfel] <--=pairs swapped
[32107654bag98fedc] <-—=groups of 2 swapped
[76543210fedcba98] <--=groups of 4 swapped
[fedcba98765432101] <--=groups of 8 swapped

1.14.1 Swapping adjacent bit blocks

We need a couple of auxiliary functions given in [FXT: bits/bitswap.h]. Pairs of adjacent bits can be
swapped via

1  static inline ulong bit_swap_1(ulong x)
2 // Return x with neighbor bits swapped.
3 {
4 #if BITS_PER_LONG == 32
5 ulong m = 0x55555555UL;
? #telse
#if BITS_PER_LONG == 64
8 ulong m = 0x5555555555555555UL ;
8 #endif
1 #endif
11 return ((x & m) << 1) | ((x & (Cm)) > 1);
12}

The 64-bit branch is omitted in the following examples. Adjacent groups of 2 bits are swapped by

static inline ulong bit_swap_2(ulong x)
// Return x with groups of 2 bits swapped.

{
ulong m = 0x33333333UL;

return ((x & m) << 2) | ((x & (Cm)) >> 2);

DO EREW N

Equivalently,
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static inline ulong bit_swap_4(ulong x)
// Return x with groups of 4 bits swapped.

{
ulong m = 0x0f0f0f0fUL;

return ((x & m) << 4) | ((x & (Cm)) > 4);

DO HEW N~

}
and

static inline ulong bit_swap_8(ulong x)
// Return x with groups of 8 bits swapped.

{
ulong m = 0x00ffOOffUL;

return ((x & m) << 8) | ((x & ("m)) > 8);

DO EREW N~

When swapping half-words (here for 32-bit architectures)

static inline ulong bit_swap_16(ulong x)
// Return x with groups of 16 bits swapped.

ulong m = 0x0000ffffUL;
return ((x & m) << 16) | ((x & (m<<16)) >> 16);

DO EREW N —

we could also use the bit-rotate function from section [1.12 on page 27} or

return (x << 16) | (x >> 16);

The GCC compiler recognizes that the whole operation is equivalent to a (left or right) word rotation
and indeed emits just a single rotate instruction.

1.14.2 Bit-reversing binary words

The following is a function to reverse the bits of a binary word [FXT: bits/revbin.h]:

static inline ulong revbin(ulong x)
// Return x with reversed bit order.

bit_swap_1(x);
bit_swap_2(x);
bit_swap_4(x);
bit_swap_8(x);
bit_swap_16(x);
#if BITS_PER_LONG >= 64
x = bit_swap_32(x);

#endif
return x;
}

The steps after bit_swap_4() correspond to a byte-reverse operation. This operation is just one assem-
bler instruction for many CPUs. The inline assembler with GCC for AMD64 CPUs is given in [FXT:
bits/bitasm-amd64.h]:

MMM MM
LI 1 | [

1 static inline ulong asm_bswap(ulong x)

2 A

3 asm ("bswap %40" : "=r" (x) : "O0" (x));
4 return x;

5 %}

We use it for byte reversal if available:

static inline ulong bswap(ulong x)
// Return word with reversed byte order.

1

2

3 o

4 #ifdef BITS_USE_ASM

5 x = asm_bswap(x);

6  telse

7 x = bit_swap_8(x);

8 x = bit_swap_16(x);
9 #if BITS_PER_LONG >= 64
10 x = bit_swap_32(x);

11 #tendif
12 #endif // def BITS_USE_ASM
13 return Xx;
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14 %
The function actually used for bit reversal is good for both 32 and 64 bit words:

1  static inline ulong revbin(ulong x)
2 A

3 x = bit_swap_1(x);

4 x = bit_swap_2(x);

5 x = bit_swap_4(x);

6 x = bswap(x);

7 return x;

8 }

The masks can be generated in the process:

1 static inline ulong revbin(ulong x)
2 A

3 ulong s = BITS_PER_LONG >> 1;

4 ulong m = “OUL >> s;

g while ( s )

7 x=(((x&m <<s) " ((x& (m)) > s );
8 s >>= 1;

9 m “= (m<<s);

10 }

11 return Xx;

12 3

The above function will not always beat the obvious, bit-wise algorithm:

1 static inline ulong revbin(ulong x)
2 A

3 ulong r = 0, 1ldn = BITS_PER_LONG;
4 while ( 1ldn-- != 0 )

5 {

6 r <<= 1;

7 r += (x&1);

8 x >>= 1;

9 }

10 return r;

11

Therefore the function

static inline ulong revbin(ulong x, ulong 1ldn)

// Return word with the 1ldn least significant bits
// (i.e. bit_0 ... bit_{1dn-1}) of x reversed,
//  the other bits are set to zero.

return revbin(x) >> (BITS_PER_LONG-1dn);

OO W N

should only be used if 1dn is not too small, else be replaced by the trivial algorithm.

We can use table lookups so that, for example, eight bits are reversed at a time using a 256-byte table.
The routine for full words is

1 unsigned char revbin_tab[256]; // reversed 8-bit words
2 ulong revbin_t(ulong x)

3

4 ulong r = 0;

5 for (ulong k=0; k<BYTES_PER_LONG; ++k)
6

7 r <<= 8;

8 r |= revbin_tab[ x & 255 1;

9 x >>= 8;

10 }

11 return r;

12}

The routine can be optimized by unrolling to avoid all branches:

static inline ulong revbin_t(ulong x)

{

revbin_tab[ x & 255 ]; x >>= 8;
revbin_tab[ x & 255 ]; x >>= 8;
revbin_tab[ x & 255 ]; x >>= 8;

ulong r =
G> 4

r <<= 8; r |
r <<=8; r |
#if BYTES_PER_LON

SO W~



© oo

10
11

14

OO~ Wb

DDUTRW N
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r <<= 8; r |= revbin_tab[ x & 255 ]; x >>= 8;

r <<= 8; r |= revbin_tab[ x & 255 ]; x >>= 8;

r <<= 8; r |= revbin_tab[ x & 255 ]; x >>= 8;

r <<= 8; r |= revbin_tab[ x & 2565 1; x >>= 8;
#endif

r <<= 8; r |= revbin_tabl[ x ];

return r;

However, reversing the first 230 binary words with this routine takes (on a 64-bit machine) longer than
with the routine using the bit_swap_NN() calls, see [FXT: bits/revbin-tab-demo.cc|.

1.14.3 Generating the bit-reversed words in order

If the bit-reversed words have to be generated in the (reversed) counting order, there is a significantly
cheaper way to do the update [FXT: bits/revbin-upd.h]:

static inline ulong revbin_upd(ulong r, ulong h)

// Let n=2%*1dn and h=n/2.

// Then, with r == revbin(x, 1ldn) at entry, return revbin(x+1l, 1ldn)
// Note: routine will hang if called with r the all-ones word

while ( !'((r"=h)&h) ) h >>= 1;
return rT;

Now assume we want to generate the bit-reversed words of all N = 2™ — 1 words less than 2". The total
number of branches with the while-loop can be estimated by observing that for half of the updates just
one bit changes, two bits change for a quarter, three bits change for one eighth of all updates, and so on.
So the loop executes less than 2 N times:

log, (N)

1 2 3 4 logy(N) _ J
N(2+4+8+16+ +T = N 7_21 9 < 2N (114_1)

For large values of N the following method can be significantly faster if a fast routine is available for the
computation of the least significant bit in a word. The underlying observation is that for a fixed word of
size n there are just n different patterns of bit-changes with incrementing. We generate a lookup table
of the bit-reversed patterns, utab[], an array of BITS_PER_LONG elements:

static inline void make_revbin_upd_tab(ulong ldn)
// Initialize lookup table used by revbin_tupd()

utab[0] = 1UL<<(1ldn-1);
for (ulong k=1; k<ldn; ++k) wutabl[k] = utabl[k-1] | (utabl[k-1]>>1);
}

The change patterns for n = 5 start as

pattern reversed pattern

ol 1....
.11 11...
Laal 1...
.111 111.
.1 1...
.11 11...

caaal 1....

L1111 1111.
.1 1...

.11 11

The pattern with x set bits is used for the update of k to k + 1 when the lowest zero of k is at position
rz—1:

used when the lowest
reversed zero of k is at index:
1....

utab[0]= .. 0
utab[1]= 11... 1
utab[2]= 111.. 2
utab[3]= 1111. 3
utab[4]= 11111 4

The update routine can now be implemented as
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1  static inline ulong revbin_tupd(ulong r, ulong k)

2 // Let r==revbin(k, 1ldn) then

3 // return revbin(k+1, 1dn).

4 // NOTE 1: need to call make_revbin_upd_tab(ldn) before usage
5 // where ldn=log_2(n)

6 // NOTE 2: different argument structure than revbin_upd()
7

8 k = lowest_one_idx("k); // lowest zero idx

9 r “= utablk];

0 return r;

1

The revbin-update routines are used for the revbin permutation described in section

30 bits | 16 bits | 8 bits

Update, bit-wise 1.00 1.00 1.00 revbin_upd()
Update, table 0.99 1.08 1.15 revbin_tupd ()
Full, masks 0.74 0.81 0.86 revbin()

Full, 8-bit table 1.77 1.94 2.06 revbin_ t ()
Full32, 8-bit table 0.83 0.90 0.96 revbin t_1e32()
Fulll6, 8-bit table — 0.54 0.58 revbin t_lel6()
Full, generated masks | 2.97 3.25 3.45 [page 35

Full, bit-wise 8.76 5.77 2.50 | [page [35)

Figure 1.14-A: Relative performance of the revbin-update and (full) revbin routines. The timing of the
bit-wise update routine is normalized to 1. Values in each column should be compared, smaller values
correspond to faster routines. A column labeled “N bits” gives the timing for reversing the N least
significant bits of a word.

The relative performance of the different revbin routines is shown in figure As a surprise, the
full-word revbin function is consistently faster than both of the update routines, mainly because the

machine used (see appendix [B on page 922) has a byte swap instruction. As the performance of table
lookups is highly machine dependent your results can be very different.

1.14.4 Alternative techniques for in-order generation

The following loop, due to Brent Lehmann [priv. comm.], also generates the bit-reversed words in suc-
cession:

ulong n = 32; // a power of 2
ulong p = 0, s = 0, n2 = 2x*n;
do

// here: s is the bit-reversed word
P +=2;
s "=n- (n/ (p&p));

OO0~ OUTHEWN —

}
while ( p<n2 );

The revbin-increment is branchless but involves a division which usually is an expensive operation. With
a fast bit-scan function the loop should be replaced by

1 do

2 {

3 p += 1;

4 s "= n - (n > (lowest_one_idx(p)+1));
5

6 while ( p<n );

A recursive algorithm for the generation of the bit-reversed words in order is given in [FXT: bits/revbin-
rec-demo.cc|:

ulong N;
void revbin_rec(ulong f, ulong n)

// visit( £ )
for (ulong m=N>>1; m>n; m>>=1) revbin_rec(f+m, m);

G W N —
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6

Call revbin_rec(0, 0) to generate all N-bit bit-reversed words.

A technique to generate all revbin pairs in a pseudo random order is given in section [41.4 on page 873]

1.15 Bit-wise zip

The bit-wise zip (bit-zip) operation moves the bits in the lower half to even indices and the bits in the
upper half to odd indices. For example, with 8-bit words the permutation of bits is

[abcdABCD] |[--> [aAbBcCdD]

A straightforward implementation is

1 ulong bit_zip(ulong a, ulong b)
2 A

3 ulong x = 0;

4 ulong m = 1, s = 0;

5 for (ulong k=0; k<(BITS_PER_LONG/2); ++k)
6 {

7 x |= (a & m) << s;

8 ++5;

9 x |= (b & m) << s;

10 m <<= 1;

11 }

12 return x;

13

Its inverse (bit-unzip) moves even indexed bits to the lower half-word and odd indexed bits to the upper
half-word:

1  void bit_unzip(ulong x, ulong &a, ulong &b)
2 A

3 a=0; b=0;

4 ulong m = 1, s = 0;

5 for (ulong k=0; k<(BITS_PER_LONG/2); ++k)
6 {

7 al=(x &m > s;

8 ++5;

9 m <<= 1;

10 b |= (x & m) > s;

11 m <<= 1;

12 }

13 %

For a faster implementation we will use the butterfly_x()-functions which are defined in [FXT:
bits/bitbutterfly.h] (64-bit version):

1 static inline ulong butterfly_4(ulong x)

2 // Swap in each block of 16 bits the two central blocks of 4 bits.
3

4 { const ulong ml = 0x0£000£000£000£00UL;

5 const ulong s = 4;

6 const ulong mr = ml >> s;

7 const ulong t = ((x & ml) > s ) | ((x & mr) << s );

8 x=(x& (@ | mr)) | t;

9 return x;

10 2

The following version of the function may look more elegant but is actually slower:

1 static inline ulong butterfly_4(ulong x)
2 A

3 const ulong m = 0x0ff00ff00ff00ffOUL;
4 ulong ¢ = x & m;

5 c "= (c<k4) = (c>>4);

6 c &= m;

7 return x " c;

8 }

The optimized versions of the bit-zip and bit-unzip routines are [FXT: bits/bitzip.hl:

1 static inline ulong bit_zip(ulong x)

2 A
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3 #if BITS_PER_LONG == 64
4 x = butterfly_16(x);
5  #endif
6 x = butterfly_8(x);
7 x = butterfly_4(x);
8 x = butterfly_2(x);
9 x = butterfly_1(x);
10 return x;
11
and
1 static inline ulong bit_unzip(ulong x)
2 A
3 x = butterfly_1(x);
4 x = butterfly_2(x);
5 x = butterfly_4(x);
6 x = butterfly_8(x);
7 #if BITS_PER_LONG == 64
8 x = butterfly_16(x);
8 #endif
1 return x;
11 }
Laszlo Hars suggests [priv. comm.] the following routine (version for 32-bit words), which can be obtained
by making the compile-time constants explicit:
1 static inline uint32 bit_zip(uint32 x)
2 o
3 x = ((x & 0x0000£f00) << 8) | ((x >> 8) & 0x0000ff00) | (x & Oxff0000ff);
4 x = ((x & 0x00£000£f0) << 4) | ((x >> 4) & 0x00£000£f0) | (x & OxfOOffOOf);
5 x = ((x & 0x0c0c0cOc) << 2) | ((x >> 2) & 0x0c0c0cOc) | (x & 0xc3c3c3c3);
6 x = ((x & 0x22222222) << 1) | ((x >> 1) & 0x22222222) | (x & 0x99999999) ;
7 return x;
8 }
A bit-zip version for words whose upper half is zero is (64-bit version)
1 static inline ulong bit_zipO(ulong x)
2 // Return word with lower half bits in even indices.
3
4 x = (x | (x<<16)) & 0x0000ffff0000ffffUL;
5 x = (x| (x<<8)) & 0x00ff00ff00ff00ffUL;
6 x = (x | (x<<4)) & 0x0f0f0f0f0f0f0f0fUL;
7 x = (x | (x<<2)) & 0x3333333333333333UL;
8 x = (x | (x<<1)) & 0x5555555555555555UL;
9 return Xx;
10 %
Its inverse is
1 static inline ulong bit_unzipO(ulong x)
2 // Bits at odd positions must be zero.
3 A
4 x = (x| (x>>1)) & 0x3333333333333333UL;
5 x = (x | (x>>2)) & 0x0f0f0f0f0f0f0f0fUL;
6 x = (x| (x>>4)) & 0x00ff00ff00ff00ffUL;
7 x = (x| (x>>8)) & 0x0000ffff0000ffffUL;
8 x = (x | (x>>16)) & 0x00000000ffffffffUL;
9 return x;
10 %
The simple structure of the routines suggests trying the following versions of bit-zip and its inverse:
1 static inline ulong bit_zip(ulong x)
2 o
3 ulong y = (x > 32);
4 x &= OxffffffffUL;
5 x = (x | (x<<16)) & 0x0000ffff0000ffffUL;
6 y = (y | (y<<16)) & 0x0000ffff0000ffffUL;
7 x = (x| (x<<8)) & 0x00ff00ff00ff00ffUL;
8 y = (y | (y<<8)) & 0x00ff00ff00ff00ffUL;
9 x = (x | (x<<4)) & 0x0f0f0f0f0f0f0f0fUL;
10 y = (y | (y<<4)) & 0x0f0f0f0f0f0f0f0fUL;
11 x = (x | (x<<2)) & 0x3333333333333333UL;
12 y = (y | (y<<2)) & 0x3333333333333333UL;
13 x = (x | (x<<1)) & 0x5555555555555555UL;
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y = (y | (y<<1)) & 0x5555555555555555UL;
x |= (y<k1);
return Xx;

static inline ulong bit_unzip(ulong x)

{
ulong y = (x > 1) & 0x5555555555555555UL;
x &= 0x5555555555555555UL ;
x = (x | (x>>1)) & 0x3333333333333333UL;
y = (y | (y>>1)) & 0x3333333333333333UL;
x = (x | (x>>2)) & 0x0f0f0f0f0f0f0f0fUL;
y = (y | (y>>2)) & 0x0f0f0f0f0f0f0f0fUL;
x = (x | (x>>4)) & 0x00ff00ff00ff00ffUL;
y = (y | (y>>4)) & 0x00£f00ff00ff00£ffUL;
x = (x| (x>>8)) & 0x0000ffff0000ffffUL;
y = (y | (y>>8)) & 0x0000ffff0000ffffUL;
x = (x | (x>>16)) & 0x00000000ffffffffUL;
y = (y | (y>>16)) & 0x00000000ffffffffUL;
x |= (y<<32);
return Xx;

}

Chapter 1: Bit wizardry

As the statements involving the variables x and y are independent the CPU-internal parallelism can be
used. However, these versions turn out to be slightly slower than those given before.

The following function moves the bits of the lower half-word of x into the even positions of 1o and the
bits of the upper half-word into hi (two versions given):

#define BPLH (BITS_PER_LONG/2)
static inline void bit_zip2(ulong x, ulong &lo, ulong &hi)
{
#if 1
x = bit_zip(x);
lo x & 0x5555555555555555UL;

hi = (x>>1) & 0x5555555555555555UL;
#else

hi = bit_zip0( x >> BPLH );

lo = bit_zip0( (x << BPLH) >> (BPLH) );
?endif

The inverse function is

static inline ulong bit_unzip2(ulong lo, ulong hi)
// Inverse of bit_zip2(x, lo, hi).

{
#if 1
return bit_unzip( (hi<<1) | lo );
#else
return bit_unzip0(lo) | (bit_unzipO(hi) << BPLH);
?endif

Functions that zip/unzip the bits of the lower half of two words are

static inline ulong bit_zip2(ulong x, ulong y)
// 2-word version:

// only the lower half of x and y are merged
{

}

return bit_zip( (y<<BPLH) + x );

and (64-bit version)

static inline void bit_unzip2(ulong t, ulong &x, ulong &y)
// 2-word version:
// only the lower half of x and y are filled

= bit_unzip(t);
y = t >> BPLH;
x =t & 0x00000000ffffffffUL;
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1.16 Gray code and parity

k:  bin(k) g (k) g -1(k) g(2%Kk) g (2%k+1)
O: s e e e e e 1
10 ..., 1 . 1 .. 1 L. 0 1.
2: ... 1. ... 1 L. 11 R R N
3 ... L. 1. ... 1. .. 11 R
4. R R .11 L..11 . W11
5: T T LW 111 LLW11 LLLo1111 ...o111,
6: P § B A § N P ...1.1. o111
T: R T B I | oW1 R
8: P B I A .1111 R I P A
9: P A | L1101 G111, o111 G111

10: .11, Lo1111 LG11. . o111, Lo11111

11: 1.1 L. 111, L1101 o111 o111,

12: T ..1.1. 1., .1.1. . ..1.1.1

13: .11 ..1.11 .11 o111 ..1.11,

14: L.111. 1.1 o111 .1..1. 1.1

15: L. 1111 B BN I 1.1 R

16: T P I AP L.11111 A1, 10001

17: S P | G111 L.1111. 1.1 1001,

18: o101, o111 o111, 11011, 1111

19: 1.1 L.11.1. o111 1,101 1.1,

20: T L.1111. T L1111, 11101

21: ..1.1.1 Lo11111 L1101 111111 11111,

22: ..1.11. L1111 o111 11101, 11011

23: ..1.111 G111 G111, 111001 111 ..

24 : B I A P A P P I A 101001

25: 11001 o111 I | 1.1.11 .1.1.1.

26: S T 1.1 .1.111, 101111

27: o111 T i T .1.11.1 L1.11..

28: I o101, L1111 .01, 1.1

29: o111 P O I .11, L1..0111 .1..11.

30: L.1111. R P | B R I d...1. .11

31: 11111 I 1.1.1 .01 I

1

—
WO OOTIODOU = W —

=N =

Figure 1.16-A: Binary words, their Gray code, inverse Gray code, and Gray codes of even and odd
values (from left to right).

The Gray code of a binary word can easily be computed by [FXT: |bits/graycode.h]

static inline ulong gray_code(ulong x) { return =x =~ (x>>1); }

Gray codes of consecutive values differ in one bit. Gray codes of values that differ by a power of 2 differ
in two bits. Gray codes of even/odd values have an even/odd number of bits set, respectively. This is
demonstrated in [FXT: bits/gray-demo.cc|, whose output is given in figure [1.16-A]

To produce a random value with an even/odd number of bits set, set the lowest bit of a random number
to 0/1, respectively, and return its Gray code.

Computing the inverse Gray code is slightly more expensive. As the Gray code is the bit-wise difference
modulo 2, we can compute the inverse as bit-wise sums modulo 2:

static inline ulong inverse_gray_code(ulong x)
{
// VERSION 1 (integration modulo 2):
ulong h=1, r=0;
do
{
if (x & 1) zr°=h;
x >>= 1;
h = (h<<1)+1;

}
while ( x!=0 );
return r;

}

For n-bit words, n-fold application of the Gray code gives back the original word. Using the symbol G
for the Gray code (operator), we have G™ = id, so G" ' oG =id = G~ o G. That is, applying the Gray
code computation n — 1 times gives the inverse Gray code. Thus we can simplify to

// VERSION 2 (apply graycode BITS_PER_LONG-1 times):
ulong r = BITS_PER_LONG;

while ( --r ) x ~= x>>1;

return Xx;
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Applying the Gray code twice is identical to x"=x>>2;, applying it four times is x~=x>>4;, and the idea
holds for all power of 2. This leads to the most efficient way to compute the inverse Gray code:

// VERSION 3 (use: gray ** BITSPERLONG == id):

x "= x>>1; // gray ** 1
x "= x>>2; // gray ** 2
x "= x>>4; // gray ** 4
x "= x>>8; // gray ** 8
x "= x>>16; // gray ** 16

// here: x = gray**31(input)
// note: the statements can be reordered at will

#if BITS_PER_LONG >= 64

x "= x>>32; // for 64bit words

#endif

return Xx;

1.16.1 The parity of a binary word

The parity of a word is its bit-count modulo 2. The lowest bit of the inverse Gray code of a word contains
the parity of the word. So we can compute the parity as [FXT: bits/parity.h]:

static inline ulong parity(ulong x)
// Return O if the number of set bits is even, else 1

}

return inverse_gray_code(x) & 1;

Each bit of the inverse Gray code contains the parity of the partial input left from it (including itself).

Be warned that the parity flag of many CPUs is the complement of the above. With the x86-architecture
the parity bit also only takes into account the lowest byte. The following routine computes the parity of
a full word [FXT: |bits/bitasm-i386.h]:

static inline ulong asm_parity(ulong x)

{

}

x "= (x>>16);
x "= (x>>8);
asm ("addl $0, %0 \n"

"setnp %%al \n"

"movzx %kal, %HO"

Rl (X) . onon (X) : lleaxll);
return x;

The equivalent code for the AMD64 CPU is [FXT: bits/bitasm-amd64.h]:

static inline ulong asm_parity(ulong x)

{

}

(x>>32);
(x>>16) ;
(x>>8) ;
sm ("addq $0, %0 \n"
"setnp %%hal \n"
"movzx %kal, %HO"
: n=ru (X) : non (X) : "rax");
return x;

X
X
X
a.

1.16.2 Byte-wise Gray code and parity

A byte-wise Gray code can be computed using (32-bit version)

static inline ulong byte_gray_code(ulong x)
// Return the Gray code of bytes in parallel

{

return x -~ ((x & Oxfefefefe)>>1);

Its inverse is

static inline ulong byte_inverse_gray_code(ulong x)
// Return the inverse Gray code of bytes in parallel

{


file:.fxtdir/src/bits/parity.h
file:.fxtdir/src/bits/bitasm-i386.h
file:.fxtdir/src/bits/bitasm-amd64.h
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X
X
X

OO Ut~

((x & OxfefefefeUL)>>1);
((x & OxfcfcfcfcUL)>>2);
((x & 0xfOfO0fOfQUL)>>4);

return x;

And the parities of all bytes can be computed as

{
}

CUkW N~

static inline ulong byte_parity(ulong x)
// Return the parities of bytes in parallel

return byte_inverse_gray_code(x) & 0x01010101UL;

1.16.3 Incrementing (counting) in Gray code
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g(k) g (2%k) g(k)
...... 1 PR I R |
..... 11 P I A 11
..... 1 PR A | 1.

11 G110 11.
111 .1111 111
1.1 .11, 1.1

1. 1.1 1..

11, 11... 11..

L1101 11.11 11.1

L.1111 L1111 1111

.111 L1111 111.

1.1 R R 1.1.

L1111 .1.111 1.11

1.1 P A B L1001
P R P R | P
P s 1., 11, ..
11001 11,011 11001

e

1
1

1L

11,

1
1

{3,
{0,

1}

23
1, 2}
2}

3}

2, 3}

1, 2, 3}
2, 3%}

3}
1, 3}
3}

4}
3, 4}

Figure 1.16-B: The Gray code equals the Gray code of doubled value shifted to the right once. Equiv-
alently, we can separate the lowest bit which equals the parity of the other bits. The last column shows
that the changes with each increment always happen one position left of the rightmost bit.

Let g(k) be the Gray code of a number k. We are interested in efficiently generating g(k + 1). We can
implement a fast Gray counter if we use a spare bit to keep track of the parity of the Gray code word,
see figure [1.16-B| The following routine does this [FXT: bits/nextgray.hl:

x =
x ~=

retu

=
WO OO IO Utk W —
-~

}

1;

rn Xx;

static inline ulong next_gray2(ulong x)
// With input x==gray_code(2*k) the return is gray_code (2xk+2).
// Let x1 be the word x shifted right once
// and il its inverse Gray code.

// Let rl be the return r shifted right once.
// Then rl = gray_code(il+1).

// That is, we have a Gray code counter.
// The argument must have an even number of bits.

= (lowest_one(x) << 1);

Start with x=0, increment with x=next_gray2(pg) and use the words g=x>>1:

ulon

}

OO UL W N

g x =0;

ulong g =

for (ulong k=0; k<n2; ++k)
{

x>>1;

X = next_gray2(x);

// here:

== gray_code(k);

This is shown in [FXT: bits/bit-nextgray-demo.cc|. To start at an arbitrary (Gray code) value g, compute
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x = (g<<1) " parity(g)
Then use the statement x=next_gray2(x) for later increments.

If working with a set whose elements are the set bits in the Gray code, the parity is the set size kK modulo
2. Compute the increment as follows:

1. If k is even, then goto step 2, else goto step 3.
2. If the first element is zero, then remove it, else prepend the element zero.

3. If the first element equals the second minus one, then remove the second element, else insert at the
second position the element equal to the first element plus one.

A method to decrement is obtained by simply swapping the actions for even and odd parity.

When working with an array that contains the elements of the set, it is more convenient to do the described
operations at the end of the array. This leads to the (loopless) algorithm for subsets in minimal-change
order given in section on page Properties of the Gray code are discussed in [127].

1.16.4 The Thue-Morse sequence

The sequence of parities of the binary words
011010011001011010010110011010011001011001101001. ..

is called the Thue-Morse sequence (entry A010060 in [312]). It appears in various seemingly unrelated con-
texts, see [8] and section|38.1 on page 726] The sequence can be generated with [FXT: class thue morse
in bits/thue-morse.h):

1 class thue_morse
2 // Thue-Morse sequence
3 A
4  public:
5 ulong k_;
6 ulong tm_;
g public:
9 thue_morse(ulong k=0) { init(k); }
10 “thue_morse() { ; }
12 ulong init(ulong k=0)
{
14 k_ = k;
15 tm_ = parity(k_);
16 return tm_;
17 }
19 ulong data() { return tm_; }
21 ulong next()
{
23 ulong x = k_ ~ (k_ + 1);
24 +k_;
25 x "= x>>1; // highest bit that changed with increment
26 x &= 0x5555555555555555UL; // 64-bit version
27 tm_ "= ( x!=0 ); // change if highest changed bit was at even index
28 return tm_;
29 }
30 3}

The rate of generation is about 366 M/s (6 cycles per update) [FXT: bits/thue-morse-demo.cc].

1.16.5 The Golay-Rudin-Shapiro sequence I
The function [FXT: bits/grsnegative.h]

1 static inline ulong grs_negative_q(ulong x) { return parity( x & (x>>1) ); }

returns +1 for indices where the Golay-Rudin-Shapiro sequence (or GRS sequence, entry A020985 in
[312]) has the value —1. The algorithm is to count the bit-pairs modulo 2. The pairs may overlap: the
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file:.fxtdir/src/bits/thue-morse.h
file:.fxtdir/demo/bits/thue-morse-demo.cc
file:.fxtdir/src/bits/grsnegative.h
http://oeis.org/A020985

1.16: Gray code and parity 45

++
+++-

+H+— -+

e e s

i = e S S S s s ST e S

i e e e a i s et g et I T S e

3, 6, 11,12,13,15, 19, 22,

Figure 1.16-C: A construction for the Golay-Rudin-Shapiro (GRS) sequence.

sequence [1111] contains the three bit-pairs [11..]1, [.11.], and [..11]. The function returns +1 for
x in the sequence

3, 6, 11, 12, 13, 15, 19, 22, 24, 25, 26, 30, 35, 38, 43, 44, 45, 47, 48, 49, 50, 52, 53,

This is entry A022155 in [312], see also section [38.3 on page 731l The sequence can be computed by
starting with two ones, and appending the left half and the negated right half of the values so far in each
step, see figure To compute the successor in the GRS sequence, use

1  static inline ulong grs_next(ulong k, ulong g)

2 // With g == grs_negative_q(k), compute grs_negative_q(k+1).
3 A

4 const ulong cm = 0x5555555555555554UL; // 64-bit version
5 ulong h = “k; h &= -h; // == lowest_zero(k);

6 g "= ( ((h&em) ~ ((k>>1)&h)) !=0 );

7 return g;

8 }

With incrementing k, the lowest run of ones of k is replaced by a one at the lowest zero of k. If the length
of the lowest run is odd and > 2 then a change of parity happens. This is the case if the lowest zero of k
is at one of the positions

bin 0101 0101 0101 0100 == hex 555 4 == cm

If the position of the lowest zero is adjacent to the next block of ones, another change of parity will occur.
The element of the GRS sequence changes if exactly one of the parity changes takes place.

The update function can be used as shown in [FXT: bits/grs-next-demo.cc|:

ulong n = 65; // Generate this many values of the sequence.
ulong kO = 0; // Start point of the sequence.

ulong g = grs_negative_q(k0);

for (ulong k=kO; k<kO+n; ++k)

// Do something with g here.
g = grs_next(k, g);

OJOOUT = WN

}
The rate of generation is about 347 M/s, direct computation gives a rate of 313 M/s.

1.16.6 The reversed Gray code

We define the reversed Gray code to be the bit-reversed word of the Gray code of the bit-reversed word.
That is,

rev_gray_code(x) := revbin( gray_code( revbin(x) ) )

It turns out that the corresponding functions are identical to the Gray code versions up to the reversed
shift operations (C-language operators ‘>>’ replaced by ‘<<’). So computing the reversed Gray code is as
easy as [FXT: bits/revgraycode.h]:

1  static inline ulong rev_gray_code(ulong x) { return x ~ (x<<1); }

Its inverse is

static inline ulong inverse_rev_gray_code(ulong x)
{
// use: rev_gray ** BITSPERLONG == id:
"= x<<1; // rev_gray *x 1
"= x<<2; // rev_gray *x 2
= x<<4; // rev_gray ** 4

O UL W —

X
X
X
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111, 1111 B = 0xef0f0000 == word
S S DU DO DR | gray_code

rev_gray_code
inverse_gray_code

1 1. 1 1..... 1.1 ................ inverse_rev_gray_code
1. 1111 .1111111111111111 = O0x10£f0£f£fff == word
I U B = gray_code

11 1 1 1 ............... 1 = rev_gray_code
11111 1 11111 1.1.1.1.1.1.1.1 = inverse_gray_code

1111 ..... 1.1..... 1.1.1.1.1.1.1.1 = inverse_rev_gray_code

...... ... oo = 0x2000000 == word

...... 1.0 o oo oL, = gray_code

..... 1. .. . . ... ........ = rev_gray_code

...... 11111111111111111111111111 = inverse_gray_code

I = inverse_rev_gray_code

111111.1111111111111111111111111 = Oxfdffffff == word

1..... 1. gray_code

..... 1. o oo oo . 1 = Trev_gray_code

inverse_gray_code
inverse_rev_gray_code

Figure 1.16-D: Examples of the Gray code, reversed Gray code, and their inverses with 32-bit words.

7
8
9
10
11
2

1
15

1

X "= x<<8; // rev_gray ** 8

X "= x<<16; // rev_gray ** 16

// here: x = rev_gray**31(input)

// note: the statements can be reordered at will
#if BITS_PER_LONG >= 64

X "= x<<32; // for 64bit words

#endif
return Xx;
}

Some examples with 32-bit words are shown in figure

Let G and E denote be the Gray code and reversed Gray code of a word X, respectively. Write G~}
and E~! for their inverses. Then E preserves the lowest bit of X, while E preserves the highest. Also F
preserves the lowest set bit of X, while E preserves the highest. Further, E~! contains at each bit the
parity of all bits of X right from it, including the bit itself. Especially, the word parity can be found in
the highest bit of E~1.

Let X denote the complement of X, p its parity, and let S the right shift by one of G='. Then we have

_ _ X ifp=0
1 1 _ A .
G™" XOR FE = { Y otherwise (1.16-1a)
. [0 ifp=0
S XOR E~! = { T obermise (1.16-1b)

We note that taking the reversed Gray code of a binary word corresponds to multiplication with the
binary polynomial « 4+ 1 and the inverse reversed Gray code is a method for fast exact division by x + 1,
see section on page The inverse reversed Gray code can be used to solve the reduced quadratic
equation for binary normal bases, see section on page [903

1.17 Bit sequency I

The sequency of a binary word is the number of zero-one transitions in the word. A function to determine
the sequency is [FXT: |bits/bitsequency.h]:

static inline ulong bit_sequency(ulong x) { return bit_count( gray_code(x) ); }
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seq=
q 0 1 2 3 4 5
........... 1 R ... 1.1 1.1, .1.1.1
R o1t 111 1.1, 11.1.1
o111 R 01001 1001, 1..1.1
L1111 o111, ..1.11 L1011, 1.11.1
11111 o1t 1101 .1.1.. 1.1..1
111111 R N 1001 111.1. 1.1.11
1111, 11011 11..1.
11, 10001 11.11.
1. 10011 11.1..
1., .1.111 1...1.
11111 1111.1 1..11.
1111. 111..1 1..1..
111.. 111.11 1.111.
11.. 11...1 1.11..
1..... 11..11 1.1...
11.111
1....1
1...11
1..111
1.1111

1.

1.

Figure 1.17-A: 6-bit words of prescribed sequency as generated by next_sequency().

The function assumes that all bits to the left of the word are zero and all bits to the right are equal to

the lowest bit, see figure For example, the sequency of the 8-bit word [00011111] is one

the lowest bit into account, add it to the sequency (then all sequencies are even).
The minimal binary word with given sequency can be computed as follows:

static inline ulong first_sequency(ulong k)

// Return the first (i.e. smallest) word with sequency k,
// e.g. 00..00010101010 (seq 8)

// e.g. 00..00101010101 (seq 9)

{/ Must have: O <= k <= BITS_PER_LONG

return inverse_gray_code( first_comb(k) );

O UU = W N+~

}
A faster version is (32-bit branch only):
1 if ( k==0 ) return O;
2 const ulong m = OxaaaaaaaaUL;
3 return m >> (BITS_PER_LONG-k);

The maximal binary word with given sequency can be computed via

1 static inline ulong last_sequency(ulong k)

2 // Return the last (i.e. biggest) word with sequency k.
3 A

4 return inverse_gray_code( last_comb(k) );

5 1}

. To take

The functions first_comb(k) and last_comb (k) return a word with k bits set at the low and high end,

respectively (see section [1.24 on page 62]).

For the generation of all words with a given sequency, starting with the smallest, we use a function that

computes the next word with the same sequency:

1 static inline ulong next_sequency(ulong x)
2 A

3 x = gray_code(x);

4 x = next_colex_comb(x);

5 x = inverse_gray_code(x);

6 return x;

7

The inverse function, returning the previous word with the same sequency, is

1 static inline ulong prev_sequency(ulong x)
2

3 x = gray_code(x);

4 x = prev_colex_comb(x);

5 x = inverse_gray_code(x);

6 return x;
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The list of all 6-bit words ordered by sequency is shown in figure It was created with the program

[FXT: bits/bitsequency-demo.cc].
The sequency of a word can be complemented as follows (32-bit version):

static inline ulong complement_sequency(ulong x)
// Return word whose sequency is BITS_PER_LONG - s
// where s is the sequency of x

{

return x - OxaaaaaaaalUL;

1.18 Powers of the Gray code I

1,...... 11, ..... 1.1,.... 1111, ... 11, .11,. 1,1.1.1, 11111111
Ao i Jivir J111d0 0 110018 Givicid 1111111
I DO PO i S Ui i1, 111111
N DO N DO ivils 1114 S1i ciivivi CU11111
I D D ii; SU111d 11 i) SR
..... i;: R DO B | SLI ORI R B SLI
...... i DR DD I DR | DR E | S DR |
.............. 1 i i i RO i
G~0=id G 1=G G™2 G"3 G"5 G"6 G 7=G"(-1)
1,...... 1.einn. 100000, 1.0i... 1,oin.. 1,...... L1ooionn.
Ao i i 1icooin i DR i
I DO i i 11i;00 1ici i 1110000
I DO i Givirn 111i;:0: S D i 111300
I D N O B O D 111d0 0 iv1ic i 111140
..... i;: 11 RO B O CU11ic 1i;.1i;: T 111111 .
...... i R IO . I ISR 110014 iid0i; 1111114;
............. 1i i Lot Saicid iviviid 11111111
E~0=id E~1=E E*2 E*3 ol E*6 E~7=E~(-1)

=
CHRWN—F OO0 JOHUT = W N~

Figure 1.18-A: Powers of the matrices for the Gray code (top) and the reversed Gray code (bottom).

The Gray code is a bit-wise linear transform of a binary word. The 2¥-th power of the Gray code of x

can be computed as x =~ (x>>k). The e-th power can be computed as the bit-wise sum of
corresponding to the bits in the exponent. This motivates [FXT: |bits/graypower.h]:

static inline ulong gray_pow(ulong x, ulong e)
// Return (gray_codexx*e) (x)

// gray_pow(x, 1) == gray_code(x)

// gray_pow(x, BITS_PER_LONG-1)

inverse_gray_code (x)

e &= (BITS_PER_LONG-1);
ulong s 1;
while (e )

// modulo BITS_PER_LONG

if (e& 1)
s <<= 1
e >>=1

x "= x> s; // gray *x s

} )

return Xx;

}

The Gray code g = [go, 91, --, g7] of a 8bit binary word z = [zg, 21,...
matrix multiplication over GF(2) (dots for zeros):

, T7] can be exp

g = G X

[g0] [ 11...... 1 [x0]
[g1] [ .11..... 1 [x1]
[g2] [ ..11.... 1 [x2]
[g31 = [ ...11... 1 [x3]
[g4] [ ....11.. 1 [x4]
[g5] [ ..... 11. 1 [x5]
[g6] [ ...... 11 1 [x6]
[g7] [ ... 1] [x7]

the powers

ressed as a

The powers of the Gray code correspond to multiplication with powers of the matrix G, shown in fig-
ure [1.18-Al (bottom). The powers of the inverse Gray code for N-bit words (where N is a power of 2)
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can be computed by the relation G¢ GVN~¢ = GV =id.

return gray_pow(x, -e);

1 static inline ulong inverse_gray_pow(ulong x, ulong e)
2 // Return (inverse_gray_codex**(e)) (x)

3 // == (gray_code**(-e)) (x)

4 // inverse_gray_pow(x, 1) == inverse_gray_code(x)

5 // inverse_gray_pow(x, BITS_PER_LONG-1) == gray_code(x)
6 A

7

8

}
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The matrices corresponding to the powers of the reversed Gray code are shown in figure[1.18-Al (bottom).

We just have to reverse the shift operator in the functions:

1  static inline ulong rev_gray_pow(ulong x, ulong e)

2 // Return (rev_gray_code**e) (x)

3

4 e &= (BITS_PER_LONG-1); // modulo BITS_PER_LONG
5 ulong s = 1;

6 while ( e )

7 {

8 if (e & 1) x "= x << s; // rev_gray ** s
9 s <<= 1;

10 e >>= 1;

11 }

12 return Xx;

13 3}

The inverse function is

static inline ulong inverse_rev_gray_pow(ulong x, ulong e)
// Return (inverse_rev_gray_codex**(e)) (x)

{
}

return rev_gray_pow(x, -e);

GUW N~

1.19 Invertible transforms on words I

The functions presented in this section are invertible transforms on binary words. The names are chosen
as ‘some code’, emphasizing the result of the transforms, similar to the convention used with the name

‘Gray code’. The functions are given in [FXT: bits/bittransforms.h]|.

In the transform (blue code)

1  static inline ulong blue_code(ulong a)

2 A

3 ulong s = BITS_PER_LONG >> 1;

4 ulong m = “OUL << s;

5 do

6

7 a "= ( (a&m) >> s );

8 s >>= 1;

9 m "= (m>>s);

10 }

11 while ( s );

12 return a;

13 3}

the masks ‘m’ are (32-bit binary)

11111111311113331 . ... ...
11111111, ,...... 11111111, .......
1111, ...1111....1111,...1111. .
11..11..11..11, .11, .11, .11, .11
1.1.1.1.1.1.1.1.1.1.1.1.1.1.101

The same masks are used in the yellow code

static inline ulong yellow_code(ulong a)

{

1

2

3 ulong s = BITS_PER_LONG >> 1;
4 ulong m = “OUL >> s;

) do

6

7 a "= ( (a&m) << s );

8 s >>= 1;
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m “= (m<<s);
}
while ( s );

return a;

Both need O (log, BITS_PER_LONG) operations. The blue_code can be used as a fast implementation for
the composition of a binary polynomial with = + 1, see section [40.7.2| on page The yellow code can
also be computed by the statement

revbin( blue_code( revbin(x) ) );

So we could have called it reversed blue code. Note the names ‘blue code’ etc. are ad hoc terminology
and not standard. See section [23.11] on page for the closely related Reed-Muller transform.

—

OO 00 OO W —

blue yellow
0: ..., L E 0
1: ..., 1 1 111111114211111111111111111111111 32
2: ..l 11 02 1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1. 16
3: PP A .1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1 16
4: ...1.1 2 11..11..11.,.11. .11, .11. .11 1 16
5: R | o110 011001100110 01100110011, .11 16
6: LoW11, 2% L11..11. .11, . 11..11..11..11. 16
7: ..o 111 3% 1..11..11..11..1 11..11 16
8: L1111 4 .o.1..001,001. 001,001,011, 8
9: L1110 03 J111.111.111.111 01110111 .111.111 24
10: LA, 2 .10, 001,001,001, 001,001, 8
11: ..11.1 0 3 11.111.1141. 111111111, 111.111.1 24
12: 10102 J1...10.000100000 0010000001001, 8
13: ..1.11 3 1.111.111.111. 111,111,111, 111,11 24
%%: ..%..1 % 111.111.111.1111111.111.111.111. 2%
16: 1...1 2 1111, ... 1111, ... 1111, ...1111.... 16
17: ... 1 oo 1111. 001111, 1111, 001111 16
18: 001, 2% .1.11.1..1.11.1,.1.11.1,.1.11.1. 16
19: 1,011 3% 1.1..1.11.1..1.11.1..1.11.1..1.1 16
20: 1.1, 2% L.o1111, ., 01111, 01111, 01111, 16
21: 1.1.1 0 3% 11....1111....1111.. . .1111....11 16
22: L1.111 4 1..1.11.1..1.11.1..1.11.1..1.11. 16
23: 1,11, 3 .11.1..1.11.1..1.11.1..1.11.1..1 16
24: 1111, 4 L1111, .. .11, ., .01111, ... 1111. .. 16
25: .11111 5 1....1114, ... 1111, ... 1111, ...111 16
26: .111.1 4 11.1..1.11.1..1.11.1..1.11.1..1. 16
27: 111, 3 ..1.11.1,.1.11.1,.1.11.1,..1.11.1 16
28: 11,11 4 1.11.1..1.11.1. 01,111, .1.11.1.. 16
29: 11,10 3 J1..1.11.1.0.1.11.10.01.11.1..1.11 16
30: 1., 2 JRPR s I s A L...1111....1111. 16
31: .11..1 3 111....1111. .. .1111. .. .1111....1 16
Figure 1.19-A: Blue and yellow transforms of the binary words 0, 1, ..., 31. Bit-counts are shown at

the right of each column. Fixed points are marked with asterisks.

The transforms of the binary words up to 31 are shown in figure the lists were created with the
program [FXT: bits/bittransforms-blue-demo.cc]. The parity of B(a) is equal to the lowest bit of a. Up
to the a = 47 the bit-count varies by +1 between successive values of B(a), the transition B(47) — B(48)
changes the bit-count by 3. The sequence of the indices a where the bit-count changes by more than one
is

47, 51, 59, 67, 75, 79, 175, 179, 187, 195, 203, 207, 291, 299, 339, 347, 419, 427, ...

The yellow code might be a good candidate for ‘randomization’ of binary words. The blue code maps
any range [0...2% — 1] onto itself. Both the blue code and the yellow code are involutions (self-inverse).

The transforms (red code)

static inline ulong red_code(ulong a)
{

BITS_PER_LONG >> 1;
“OUL >> s;

ulong s
ulong m
do
{

ulong u = a & m;
ulong v = -
a=v "~ (u<<s);
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green
0: L 0
1: 1 11111111111111111111111111111111 32
2: .. 2 .1.1. 1.1.1 16
3: 1., 1 1.1.1.1.1.1.1.1.1.1.1.1 1. . 16
4: B 2 .11, .11, .11, .11, .11, .11, 11 11 16
5: .1 1 S S & A & A S B & A & D
6: S 2 J11..14, 014,014,014, 011, 011,11 16
7: e 3 (R R & D O B O B B O B
8: 0 4 ... 1. 1.
9: T 3 1117111 111 111 111 111 111 111 24
10: I 2 L1...1. 8
11: s 3 114171410 111 111 111 111 111 ii 24
12: T 2 s s A A S N -
13: 1.0, 3 11,444.444,411,141,141.111.111.1 24
14: e 2 111,111, 111 111, 111 111, 111 111 24
15: e 1 ' DA D B DS D D 8
16: 1.l 2 ... 1111 1111, ...11i1i..,.1111 16
17: R | 1 1111, 0001141, 00 U114, 1111.... 16
18: .1..1 2 .1.11.1 11.1..1.11.1..1.11.1. 16
19: 11..1 3 1.1..1.11.1..1.11.1..1.11.1..1.1 16
20: .11, 2 .. 1111 1111, ...1111,...1111.. 16
21: 1.1.1.. 3 11....1111, .. .1111....1111....11 16
22: 111.1.. 4 .11.1..1.11.1,.1.11.1..1.11.1..1 16
23: L1101 3 1..1.11.1..1.11.1..1.11.1..1.11. 16
24: 0 4 Lo 1111, 0111, 1111, L1111, 16
25: 11113, o 5 111....1111. .. .1111. 001111, .01 16
26: s 4 .1..1.11.1..1.11.1..1.11.1..1.11 16
27: 0 3 1.11,1..1.11.1..1.11.1..1.11.1.. 16
28: 1111, 4 ..1.11.1..1.11.1..1.11.1..1.11.1 16
29: e 3 11.1..1.11.1.,.1.11.1..1.11.1..1. 16
30: P 2 1111 1111 1111 1111 . 16
31: 1.1 3 1oL nidddl U Tiddd U141 011l 16
Figure 1.19-B: Red and green transforms of the binary words 0, 1, ..., 31.
12 m "= (m<<s);
13 }
14 while ( s );
15 return a;
16}

and (green code)

1 static inline ulong green_code(ulong a)
2 A

3 ulong s = BITS_PER_LONG >> 1;
4 ulong m = “OUL << s;

5] do

6 {

7 ulong u = a & m;

8 ulong v = a ~ u;

9 a=v "~ (uw>s);

10 a "= (v<<s);

11 s >>= 1;

12 m "= (m>>s);

13 }

14 while ( s );

15 return a;

16}

use the masks

................ 1111111111111111
........ 11111111........11111111
1111.., . 1111....1111....1111
11..11..11..11..11..11..11..11
1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1

The transforms of the binary words up to 31 are shown in figure [1.19-B] which was created with the
program [FXT: bits/bittransforms-red-demo.cc]. The red code can also be computed by the statement

revbin( blue_code( x ) );
and the green code by

blue_code( revbin( x ) );
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r B Y R E
r B Y R E

i R* E* B* Y*
E*¥ i R* Y* r*
R* E* i ¥ B¥
Y* * B* E i
B* Y* r* 1 R

o=~ Bl ve AR
B — -

Figure 1.19-C: Multiplication table for the transforms.

1.19.1 Relations between the transforms

We write B for the blue code (transform), Y for the yellow code and r for bit-reversal (the revbin-
function). We have the following relations between B and Y

B = YrY =rYr (1.19-1a)

Y = BrB = rBr (1.19-1b)

r = YBY = BYB (1.19-1c)
As said, B and Y are self-inverse:

B™' = B, BB=id (1.19-2a)

Yy=' =Y, YY=id (1.19-2b)

We write R for the red code, and E for the green code. The red code and the green code are not
involutions (square roots of identity) but third roots of identity:

RRR = id, R '=RR=E (1.19-3a)
EEE = id, E'=FEE=R (1.19-3b)
RE = ER=id (1.19-3c)

Figure shows the multiplication table. The R in the third column of the second row says that
r B = R. The letter i is used for identity (id). An asterisk says that zy # y x.

By construction we have

R = rB (1.19-4a)
E = rY (1.19-4b)

Relations between R and E are:
R ErE =rEr (1.19-5a)
E = RrR = rRr (1.19-5b)
R = RER (1.19-5¢)
E FRE (1.19-5d)

For the bit-reversal we have

r = YR=RB =BFE =FEY (1.19-6)

Some products for the transforms are

B = RY =YE =RBR =EBE
EB =BR =RYR =FEYFE
BY =BEB =YFEY
= YB =BRB =YRY

1.19-7a
1.19-7b
1.19-7c
1.19-7d

=<
([
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Some triple products that give the identical transform are
id = BYFE =RYB (1.19-8a)
id = EBY =BRY (1.19-8b)
id YEB =Y BR (1.19-8c)
1.19.2 Relations to Gray code and reversed Gray code
Write g for the Gray code, then:
gBgB = id (1.19-9a)
gBg = B (1.19-9b)
g 'Bg! = B (1.19-9¢)
gB = Bg! (1.19-9d)
Let Sy be the operator that rotates a word by k& bits (bit 0 is moved to position k), then
YSY =g (1.19-10a)
YS, Y = g! (1.19-10b)
YS,Y = g* (1.19-10c)

Shift in the sequency domain is bit-wise derivative in time domain. Relation [T.19-10d together with an
algorithm to generate the cycle leaders of the Gray permutation (section [2.12.1 on page 128)) gives a
curious method to generate the binary necklaces whose length is a power of 2, described in section
on page Let e be the operator for the reversed Gray code, then

BS, B = et (1.19-11a)

BS_1B = e (1.19-11b)

BS,B = ¢k (1.19-11c)

1.19.3 Fixed points of the blue code I

0= ...... S e, = 0 16 = .1..., = Aol = 272
1= ... 1 il 1= 1 17 = 1...1 ¢ 1iiivi = 360
P 11, = 6 18 = .1..1, : Al .. = 260
3= ..11 0 Ll 111 = 7 19 = .1..11 : 1.11ii1.. = 380
S D 1.1.. = 20 20 = .1.1i.. : 1.1 = 278
5= ...1.1: il 1.1, = 18 21 = .1.1.1 : 1.110411 = 366
6= ...11. + il 1.ii= 21 22 = .1.11. : A 1. = 258
7= ...111 0 Ll 1..11 = 19 23 = .1.111 : .1.iiii1; = 378
8= ..1... : JAd1i... = 120 24 = 1i... : 100101 = 0 273
9 = ..1..1: 11,110 = 108 25 = .11..1 : 1.1 = 361
10 = .. 1.1, S11i11i = 126 26 = .11.1. : Al 1.1 = 261
11 = ..1.11 : 11,101, = 106 27 = .11.11 : 1.1iii1.1 = 381
12 = .11, S1i101 = 121 28 = .11i.. : 10010111 = 279
13 = J.11.1 : S11.11.1 = 109 29 = .111.1 : 1.iivitir = 367
14 = .11, S1i1tdl = 127 30 = (1111, : L 11 = 259
15 = J.1111 S1101011 = 107 31 = (11111 : 1.1 = 379

Figure 1.19-D: The first fixed points of the blue code. The highest bit of all fixed points lies at an even
index. There are 2/ fixed points with highest bit at index n.

The sequence of fixed points of the blue code is (entry |A118666 in [312])

o, 1,6, 7, 18, 19, 20, 21, 106, 107, 108,

109,

120, 121, 126, 127, 258, 259, ...

If f is a fixed point, then f XOR 1 is also a fixed point. Further, 2 (f XOR (2 f)) is a fixed point. These
facts can be cast into a function that returns a unique fixed point for each argument [FXT: bits/blue-

fixed-points.hj:



http://oeis.org/A118666
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static inline ulong blue_fixed_point(ulong s)
if ( 0==s ) return O;
ulong f = 1;
}Jhile (s>1)
f "= (f<<1);
f <<= 1;
f |= (s&l);
s >>=1;
return f;
}

=
W OO U =W —

The output for the first few arguments is shown in figure [I.19-D] Note that the fixed points are not in
ascending order. The list was created by the program [FXT: bits/bittransforms-blue-fp-demo.cc].

Now write f(z) for the binary polynomial corresponding to f (see chapter , if f(x) is
a fixed point (that is, B f(z) = f(z + 1) = f(x)), then both (2% + z) f(z) and 1 + (22 + z) f(x) are
fixed points. The function blue_fixed_point() repeatedly multiplies by x? + = and adds one if the
corresponding bit of the argument is set.

For the inverse function, we exploit that polynomial division by z + 1 can be done with the inverse
reversed Gray code (see section [1.16.6 on page 45|) if the polynomial is divisible by = + 1:

1  static inline ulong blue_fixed_point_idx(ulong f)
2 // Inverse of blue_fixed_point ()
3 A
4 ulong s = 1;
5 while ( f )
6
7 s <<= 1;
8 s "= (f & 1);
9 f >>=1;
f = inverse_rev_gray_code(f); // == bitpol_div(f, 3);
11 ¥
12 return s >> 1;
13 3}

1.19.4 More transforms by symbolic powering

The idea of powering a transform (as with the Gray code, see section [1.18 on page 48)) can be applied to
the ‘color’-transforms as exemplified for the blue code:

static inline ulong blue_xcode(ulong a, ulong x)
{
x &= (BITS_PER_LONG-1); // modulo BITS_PER_LONG
ulong s = BITS_PER_LONG >> 1;
ulong m = "OUL << s;
v{vhile (s)
if (x& 1) a "= ( (a&m) > s );
x >>=1;
s >>=1;
m "= (m>>s);
return a;
}

=
W OOOO UL WN —

The result is not the power of the blue code which would be pretty boring as B B = id. The transforms
(and the equivalents for Y, R and F, see [FXT: bits/bitxtransforms.h|) are more interesting: all relations
between the transforms are still valid, if the symbolic exponent is identical with all terms in the relation.
For example, we had B B = id, now B” B* = id is true for all . Similarly, ¥ E = R now has to be
E® E® = R*. That is, we have BITS_PER_LONG different versions of our four transforms that share their
properties with the ‘simple’ versions. Among them are BITS_PER_LONG transforms B* and Y* that are
involutions and E* and R* that are third roots of the identity: E* E* E* = R* R* R* =id.

While not powers of the simple versions, we still have B® = Y? = R® = EY = id. Further, let e be the
‘exponent’ of all ones and Z be any of the transforms, then Z¢ = Z. Writing ‘+’ for the XOR operation,


file:.fxtdir/demo/bits/bittransforms-blue-fp-demo.cc
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3
4

1
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we have Z* ZY = Z**Y and so Z* ZY = Z whenever z +y = e.

1.19.5 The building blocks of the transforms

Consider the following transforms on 2-bit words where addition is bit-wise (that is, XOR):

. 1
Kb v o= i 0

_[o
roU = i 1
BQ’U = _(1)
Yov = }
RQU = i ?
EQU = -1

O P PO K OF =O

S Q

SR TR o o QR

S|

S

b

a

| a+0b |

| a+b |
[ a+b]
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(1.19-12a)
(1.19-12b)
(1.19-12¢)
(1.19-12d)
(1.19-12¢)

(1.19-12f)

It can easily be verified that for these the same relations hold as for id, r, B, Y, R, E. In fact the
‘color-transforms’; bit-reversal, and identity are the transforms obtained as repeated Kronecker-products

of the matrices (see section on page [462). The transforms are linear over GF(2):

Z(aa+pb)

The corresponding version of the bit-reversal is [FXT: |bits/revbin.h]:

static inline ulong xrevbin(ulong a, ulong x)
x &= (BITS_PER_LONG-1); // modulo BITS_PER_LONG
ulong s = BITS_PER_LONG >> 1;
ulong m = "“OUL >> s;
v{ahile (s)

if (x&1) a=(C(a&m <<s) "~
x >>=1;
s >>=1;
m "= (m<<s);
}
return a;

}

aZ(a)+ B Z(b)

(@& Cm)) > s);

(1.19-13)

Then, for example, R* = r* B* (see relation [1.19-4a on page 52)). The yellow code is the bit-wise Reed-

Muller transform (described in section [23.11 on page 486) of a binary word. The symbolic powering is

equivalent to selecting individual levels of the transform.

1.20 Scanning for zero bytes

The following function (32-bit version) determines if any sub-byte of the argument is zero from [FXT:

bits/zerobyte.hl:

static inline ulong contains_zero_byte(ulong x)

{

return ((x-0x01010101UL)"x) & (“x) & 0x80808080UL;

It returns zero when x contains no zero-byte and nonzero when it does. The idea is to subtract one from
each of the bytes and then look for bytes where the borrow propagated all the way to the most significant

bit. A simplified version is given in [215] sect.7.1.3, rel.90]:
return 0x80808080UL & ( x - 0x01010101UL ) & ~x;
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To scan for other values than zero (e.g. 0xa5), we can use
contains_zero_byte( x "~ Oxaba5ab5abUL )

For very long strings and word sizes of 64 or more bits the following function may be a win [FXT:
aux1/bytescan.cc]:

1 ulong long_strlen(const char *str)

2 // Return length of string starting at str.
3 A

4 ulong x;

5 const char *p = str;

6

7 // Alignment: scan bytes up to word boundary:
8 while ( (ulong)p % BYTES_PER_LONG )

9 {

10 if ( 0 == xp ) return (ulong)(p-str);
11 ++p;

12 }

13

14 x = *(ulong *)p;

15 while ( ! contains_zero_byte(x) )

16 {

17 p += BYTES_PER_LONG;

18 x = *(ulong *)p;

19 }

20

21 // now a zero byte is somewhere in x:
22 while ( 0 != *p ) { ++p; }

23

24 return (ulong) (p-str);

25 }

1.21 Inverse and square root modulo 2"

1.21.1 Computation of the inverse

The inverse modulo 2™ where n is the number of bits in a word can be computed using an iteration (see
section [29.1.5 on page 569) with quadratic convergence. The number to be inverted has to be odd [FXT:
bits/bit2adic.h]:

static inline ulong inv2adic(ulong x)

// Return inverse modulo 2**BITS_PER_LONG

// x must be odd

// The number of correct bits is doubled with each step

// ==> loop is executed prop. log_2(BITS_PER_LONG) times
// precision is 3, 6, 12, 24, 48, 96, ... bits (or better)
{

if ( 0==(x%1) ) return O0; // not invertible
ulong i = x; // correct to three bits at least
ulong p;
do
{ .

p=1*%*x;

i *= (2UL - p);

}
while ( p!=1);
return 1i;

= e e
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}

Let m be the modulus (a power of 2), then the computed value i is the inverse of  modulo m: i =
27! mod m. It can be used for the eract division: to compute the quotient a/z for a number a that is
known to be divisible by z, simply multiply by . This works because a = bx (a is divisible by z), so
ai=bxi=bmodm.
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1.21.2 Exact division by ¢ =2F +1

We use the following relation where Y =1 — C:

% = % = AQ+Y)(1+Y)(1+YH(A+Y® ... (14+Y?) mod V2" (1.21-1)
The relation can be used for efficient exact division over Z by C' = 2* £ 1. For C = 2¥ 4+ 1 use
g = A1 -2F) (14281 +28) (14288 ... (14252")  mod 2V (1.21-2)
where k2% > N. For C =2 — 1 use (4/C = -A/ - C)
g = —AQ+2+28) (1 +28H (1 +258) . (14252")  mod 2V (1.21-3)

The equivalent method for exact division by polynomials (over GF(2)) is given in section [40.1.6 on

1.21.3 Computation of the square root

X A 1= 1 X S i ez sae ez saeesseas 1.1 =56
1NV S it et et 1 inv = 11..11..11..11..11..11..11..11.1
SQTt = ... 1
X = 11111111111111111111111111111.11 = -5
x = 11111111111111111111111111111111 = -1 inv = ..11..11..11..11..11..11..11..11
inv = 11111111111111111111111111111111 11 6
X S .=
P 1. = 2
x X = 11111111111111111111111111111.1. = -6
x = 111111111111111131131111111111111. = -2 ™ 7
X S e i eiiesieszeszesioessoesso =
X T i s seeesesesesesesese 11 = 3 inv = 1.11.11.11.11.11.11.11.11.11.111
inv=1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.11
X = 11111111111111111111111111111..1 = -7
x =111111111111111111111111111111.1 = -3 inv = .1..1..1.,.1..1..1..1..1..1..1..1
inv = .1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1 sqrt = 1..111..1..11...11...... 1.11.1.1
b S 1 = 4 X N 1 = 8
ST = L 1
X = 11111111111111111111111111111... = -8
x = 1111111111111111113111111111111.. = -4 11 9
X S i iie ez esiaeeass .1 =
iny = 111 111...111 111 111..1
sqrt = 111111111111111111111111111111.1

OO UTHBEWN —

Figure 1.21-A: Examples of the inverse and square root modulo 2" of z where —9 < z < +9. Where
no inverse or square root is given, it does not exist.

With the inverse square root we choose the start value to match |d/2] + 1 as that guarantees four bits
of initial precision. Moreover, we control which of the two possible values of the inverse square root is
computed. The argument modulo 8 has to be equal to 1.

static inline ulong invsqrt2adic(ulong d)
// Return inverse square root modulo 2%*BITS_PER_LONG
// Must have: d==1 mod 8
// The number of correct bits is doubled with each step
// ==> loop is executed prop. log_2(BITS_PER_LONG) times
// precision is 4, 8, 16, 32, 64, ... bits (or better)
{
if (1 !'= (d&7) ) return O; // no inverse sqrt
// start value: if d == ***%%x10001 ==> x := ***%1001
ulong x = (d >> 1) | 1;
ulong p, y;
do
{
y =%
p=@B-dx*xyx*xy);
x=(y x p) > 1;

}
while ( x!=y );
return Xx;




e
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The square root is computed as d - 1/+/d:

static inline ulong sqrt2adic(ulong d)

// Return square root modulo 2%*BITS_PER_LONG

// Must have: d==1 mod 8 or d==4 mod 32, d==16 mod 128
// ... d==4x*k mod 4x**(k+3)

{/ Result undefined if condition does not hold

if ( 0==d ) return O;

ulong s = 0;

while ( O0==(d&1) ) { d >>=1; ++s; }
d *= invsqrt2adic(d);

d <<= (s>>1);

return d;

}

Note that the square root modulo 2™ is something completely different from the integer square root in
general. If the argument d is a perfect square, then the result is +v/d. The output of the program [FXT:
bits/bit2adic-demo.cc| is shown in figure For further information see [213 ex.31, p.213], [135}
chap.6, p.126], and also [208].

1.22 Radix —2 (minus two) representation

The radix —2 representation of a number n is
no= > t(-2)* (1.22-1)
k=0

where the t; are zero or one. For integers n the sum is terminating: the highest nonzero tj is at most
two positions beyond the highest bit of the binary representation of the absolute value of n (with two’s
complement).

1.22.1 Conversion from binary

k: bin(k) m=bin2neg(k) g=gray(m) dec(g)
O: ... L. L, 0<=0
1. .. . 1 L 1 1 <=1
2: L. 1. co.l 11, S I | 5

3: L. 11 Sl 111 R 4

4: R R R 2

5: o011 .11 R N 3 <=5
6: .. 11, S I A ..1.111 19

7: ...111 ..11.11 ..1.11. 18

8: R R I R R N 20

9: ..1..1 .11 ..1.1.1 21

10: ..1.1. ..1111. 1001 17

11: ..1.11 L.11111 R 16

12: G110, o111, S I 14

13: 111 11101 ..1..11 15

14: ..111. S A ..11.11 7

15: ...1111 R A 5 ..11.1. 6

16: R R R I 8

17: .11 11 11001 9

18: R R ..1.11. L.111.1 13

19: 1.1 ..1.111 G111, 12
20: G101, R A R ..1111, 10
21: ..1.1.1 ..1.1.1 ..11111 11 <= 21
22: ..1.11. 11.1.1. 1.11111 75
23: ..1.111 11.1.11 1.1111. 74
24: R 11.1... 1.111.. 76
25: .110.1 11.1..1 1.111.1 77
26: ..11.1. 11.111. 1.11..1 73
27 : L.11.11 11.1111 1.11... 72
28: G111, 11.11.. 1.11.1. 70
29: ..111.1 11.11.1 1.11.11 71
30: ..1111. 11...1. 1.1..11 79
31: ..11111 11...11 1.1..1. 78

Figure 1.22-A: Radix —2 representations and their Gray codes. Lines ending in ‘<=N’ indicate that all
values < N occur in the last column up to that point.
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A surprisingly simple algorithm to compute the coefficients t; of the radix —2 representation of a binary
number is [39] item 128] [FXT: |bits/negbin.hl:

static inline ulong bin2Zneg(ulong x)
// binary --> radix(-2)
{

const ulong m = OxaaaaaaaaUL; // 32 bit version
X += m;

X "= m;

return Xx;

N UTERWN —

}
An example:

14 -=> ..1..1. == 16 - 2 == (-2)"4 + (-2)"1
The inverse routine executes the inverse of the two steps in reversed order:

static inline ulong neg2bin(ulong x)
// radix(-2) --> binary
// inverse of bin2neg()

{

const ulong m = OxaaaaaaaaUL; // 32-bit version
X "= m;

X -= m;

return Xx;

OO U W N~

}

Figure[1.22-Alshows the output of the program [FXT: bits/negbin-demo.cc|. The sequence of Gray codes
of the radix —2 representation is a Gray code for the numbers in the range 0,...,k for the following
values of k (entry A002450|in [312]):

k = 1,521, 85, 341, 1365, 5461, 21845, 87381, 349525, 1398101, ..., (4" — 1)/3

1.22.2 Fixed points of the conversion I

O: ..o, 64: 1o, 256: 1........ 320: 1.1......
1: oo, 1 65: T 1 257: 1....... 1 321 1.1..... 1
4: ..., 1 68: R R 260: 1..... 1.. 324: 1.1...1..
5: ... 1.1 69: 0100011 261: 1..... 1.1 325: 1.1...1.1
16: ...... 1.. 80: T R 272: 1...1.... 336: 1.1.1...
17 ... 1...1 81: o111 273: 1...1...1 337: 1.1.1...1
20: ..., 1.1 84: .1.1.1. 276: 1...1.1.. 340: 1.1.1.1..
21: ... 1.1.1 85: ..1.1.1.1 277: 1...1.1.1 341: 1.1.1.1.1

Figure 1.22-B: The fixed points of the conversion and their binary representations (dots denote zeros).

The sequence of fixed points of the conversion starts as
o, 1, 4, 5, 16, 17, 20, 21, 64, 65, 68, 69, 80, 81, 84, 85, 256,

The binary representations have ones only at even positions (see figure [1.22-B|). This is the Moser —
De Bruijn sequence, entry A000695 in [312]. The generating function of the sequence is

1 [e’e} 4] 27

1 Zlfy = z+42°+52% + 162" + 172° +202°% + 2127 + 642% + 6527 + ... (1.22-2)

s "
=0

The sequence also appears as exponents in the power series (see also section [38.10.1| on page [750))

H(1+x4k> = 14a4a" +25+2 217 220 F 22t 4 2% 25 2% 1 0 (1.22-3)
k=0

The k-th fixed point is computed by moving all bits of the binary representation of k to position 2x
where x > 0 is the index of the bit under consideration:
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1 static inline ulong negbin_fixed_point(ulong k)
2 o

3 return bit_zipO(k);

4 3

The bit-zip function is given in section [I.I5 on page [39] The sequence of radix —2 representations of
0,1, 2, ..., interpreted as binary numbers, is entry A005351 in [312]:

0,1,6,7,4,5,26,27,24,25,30,31,28,29,18,19,16,17,22,23,20,21,106,107,104,105,110,111,
The corresponding sequence for the negative numbers —1, —2, —3, ... is entry A005352:
3,2,13,12,15,14,9,8,11,10,53,52,55,54,49,48,51,50,61,60,63,62,57,56,59,58,37,36,39, 38,

More information about ‘non-standard’ representations of numbers can be found in [213].

1.22.3 Generating negbin words in order

...................... 111111111111111111111111111111111111111111
...................... 0 e 0 e e A
...... 0 e e I e A A A s s s
...... 0 v 0 0 e e e e v s e e A e A A A s s A
S P B B I 0 1 1 e e e P e A A e s s s U s s s
S 5 S 0 0 e e e e e e I e 0 I e I A A
.117.1.1110100201010101000000101010100100100101010101001010101010100
........................................... 111111111111111111111
........................................... 111111111111111111111
........... 11111111111313111131311133311333313331 . e
........... e e e I e e A A e e e e AR
SRR 0 e s s O 11111111, ..., I 11111111... ..
SR e e 0 A e e e 0 0 e e A s I A I A
S P s s e e e e s e e e A s s I A
.1.7.1.2.1.201002010201010100201020101000101010101010101010101010
Figure 1.22-C: Radix —2 representations of the numbers 0... 4+ 63 (top) and 0... — 63 (bottom).

A radix —2 representation can be incremented by the function [FXT: |bits/negbin.h| (32-bit versions in
what follows):

static inline ulong next_negbin(ulong x)
// With x the radix(-2) representation of n
// return radix(-2) representation of n+i.

{

const ulong m = OxaaaaaaaaUL;
X "= m;

++X;

X "= m;

return x;

SOOI U W N

}

A version without constants is
x << 1;

X s;

ulong s
ulong y
y=1
s "=y;
return s;

U O N~

Decrementing can be done via

1 static inline ulong prev_negbin(ulong x)

2 // With x the radix(-2) representation of n
3 // return radix(-2) representation of n-1.
4 A

5 const ulong m = OxaaaaaaaaUL;

6 X "= m;

7 --X;

8 X "= m;

9 return x;

0

or via


http://oeis.org/A005351
http://oeis.org/A005352
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const ulong m = 0x55555555UL;
X "= m;
++X;

x "= m;
return x;

The functions are quite fast, about 730 million words per second are generated (3 cycles per increment
or decrement). Figure|1.22-C|shows the generated words in forward (top) and backward (bottom) order.
It was created with the program [FXT: bits/negbin2-demo.cc|.

1.23 A sparse signed binary representation

O: ..o aaa.. 0=

10 ..., 1 ... P 1= +1

2: ... 1. ..., P. 2 = +2

3 ... 11 ....P.M 3= +4 -1

4. R ....P.. 4 = +4

5: oW1 ....P.P 5= +4 +1

6: N ...P.M. 6 = +8 -2

7: W11 ...P..M 7= +8 -1

8: 1., ...P... 8 = +8

9: T | ...P..P 9 = +8 +1

10: ..1.1. ...P.P. 10 = +8 +2

11: o111 ..P.M.M 11 = +16 -4 -1
12: R ..P.M.. 12 = +16 -4
13: B P ..P.M.P 13 = +16 -4 +1
14: G111, ..P..M. 14 = +16 -2
15: R ..P...M 15 = +16 -1
16: N Pl 16 = +16

17: I | ..P...P 17 = +16 +1
18: .1l ..P..P. 18 = +16 +2
19: G111 ..P.P.M 19 = +16 +4 -1
20: .11, ..P.P.. 20 = +16 +4
21: ..1.1.1 ..P.P.P 21 = +16 +4 +1
22: .1.11. .P.M.M. 22 = +32 -8 -2
23: L1111 .P.M..M 23 = +32 -8 -1
24 B T P.M... 24 = +32 -8
25: L.11.01 .P.M..P 25 = +32 -8 +1
26: L.11.1. .P.M.P. 26 = +32 -8 +2
27 : L.11.11 .P..M.M 27 = +32 -4 -1
28: o111, .P..M.. 28 = +32 -4
29: L.11101 .P..M.P 29 = +32 -4 +1
30: L 1111, .P...M. 30 = +32 -2
31: L1111 .P....M 31 = +32 -1
32: 1..... Pl 32 = +32

Figure 1.23-A: Sparse signed binary representations (nonadjacent form, NAF). The symbols ‘P’ and ‘M’
are respectively used for +1 and —1, dots denote zeros.

O: ool i, 0 =

10 ..., 1 P 1= +1

21 ... 1. ..., P. 2 = +2

4. ..., 1.. ..., P.. 4 = +4

5: ..., 1.1 ..., P.P 5= +4 +1

8: U A ....PLL. 8 = +8

9: P I | ....P..P 9 = +8 +1

10: U ....P.P. 10 = +8 +2

16: B ...P.... 16 = +16

17: T | ...P...P 17 = +16 +1
18: T ...P..P 18 = +16 +2
20: .11, ...P.P. 20 = +16 +4
21: U T | ...P.P.P 21 = +16 +4 +1
32: N LPaLL, 32 = +32
33: P IR | ..P....P 33 = +32 +1
34 N I ..P...P. 34 = +32 +2
36: T T ..P..P.. 36 = +32 +4
37: L1011 ..P..P.P 37 = +32 +4 +1
40: T T U ..P.P... 40 = +32 +8
41: ..1.1.001 ..P.P..P 41 = +32 +8 +1
42: T I ..P.P.P. 42 = +32 +8 +2
64 : 1...... Pooll. 64 = +64

Figure 1.23-B: The numbers whose negative part in the NAF representation is zero.
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An algorithm to compute a representation of a number z as

x = Zsk 2% where s, € {—1,0, +1} (1.23-1)
k=0

such that two consecutive digits sy, sx+1 are never simultaneously nonzero is given in [275]. Figure[1.23-A
gives the representation of several small numbers. It is the output of [FXT: bits/bin2naf-demo.cc|.

We can convert the binary representation of x into a pair of binary numbers that correspond to the
positive and negative digits [FXT: bits/bin2naf.h):

1  static inline void bin2naf(ulong x, ulong &np, ulong &nm)

2 // Compute (nonadjacent form, NAF) signed binary representation of x:
3 // the unique representation of x as

4 // x=\sum_{k}{d_k*2°k} where d_j \in {-1,0,+1}

5 // and no two adjacent digits d_j, d_{j+1} are both nonzero.
6 // np has bits j set where d_j==+1

7 // nm has bits j set where d_j==-1

8 // We have: x = np - nm

9 A

10 ulong xh = x > 1; // x/2

11 ulong x3 = x + xh; // 3*x/2

12 ulong ¢ = xh ~ x3;

13 np = x3 & c;

14 nm = xh & c;

15 2

1

© O~ DOUT = W —

10

12
13

Converting back to binary is trivial:
static inline ulong naf2bin(ulong np, ulong nm) { return ( np - nm ); }
The representation is one example of a nonadjacent form (NAF). A method for the computation of certain

nonadjacent forms (w-NAF) is given in [255]. A Gray code for the signed binary words is described in
section [14.7 on page 315}

If a binary word contains no consecutive ones, then the negative part of the NAF representation is zero.
The sequence of values is [0, 1, 2, 4, 5, 8, 9, 10, 16, ...], entry A003714 in [312], see figure [1.23-Bl The
numbers are called the Fibbinary numbers.

1.24 Generating bit combinations

1.24.1 Co-lexicographic (colex) order

Given a binary word with k bits set the following routine computes the binary word that is the next
combination of k bits in co-lexicographic order. In the co-lexicographic order the reversed sets are sorted,
see figure The method to determine the successor is to determine the lowest block of ones and
move its highest bit one position up. Then the rest of the block is moved to the low end of the word
[FXT: bits/bitcombcolex.h]:

static inline ulong next_colex_comb(ulong x)
{
ulong r = x & -Xx; // lowest set bit
X += r; // replace lowest block by a one left to it
if ( 0==x ) return O; // input was last combination
ulong z = x & -Xx; // first zero beyond lowest block
zZ -=rT; // lowest block (cf. lowest_block())
while ( 0==(z&1) ) { z >>=1; } // move block to low end of word
return x | (z>>1); // need one bit less of low block
}

One could replace the while-loop by a bit scan and shift combination. The combinations (gg) are generated
at a rate of about 142 million per second. The rate is about 120 M/s for the combinations (32), the rate

12
with (%) is 70 M/s, and with (59) it is 160 M/s.
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word = set = set (reversed)
1: 111 = {0, 1, 2} = {2,1, 0%}
2: ..1.11 = {0, 1, 3} = {3,1, 0%}
3: ..11.1 = {0, 2, 3% = {3,2, 0%
4:  ..111. = {1,2,33} = {3,2,11}
5: 1..11 = {0, 1, 4} = {4, 1, 0%}
6: .1.1.1 = {0, 2,41} = {4, 2, 0%}
7: 1.1, = {1, 2, 4% = {4, 2, 1%
8: .11..1 = {0,3,4%} = {4,3,0}
9: 11.1 = {1, 3, 4% = {4, 3, 1%}
10: A1, = {2, 3, 4} = {4, 3, 2%}
11: 1...11 = {0, 1, 5% = {5,1, 0%}
12: 1..1.1 = {0, 2,573} = {5,2,0%}
13: 1..112. = {1, 2, 5% = {5,2,1%}
14: 1.1..1 = {0, 3, 567% = {5,3, 0%}
15: 1.1.1. = {1, 3, 5% = {5,3, 1%}
16: 1.11.. = {2, 3,573} = {5,3,2}
17: 11...1 = {0, 4, 5%} = {5,4, 0%
18: 11..1. = {1, 4, 5% = {5,4, 1%
19: 11.1.. = {2, 4, 5%} = {5, 4, 2%
20 111 = {3, 4,517 = {5, 4, 3%}

Figure 1.24-A: Combinations (g) in co-lexicographic order. The reversed sets are sorted.

A variant of the method which involves a division appears in [39] item 175]. The routine given here is
due to Doug Moore and Glenn Rhoads.

The following routine computes the predecessor of a combination:

static inline ulong prev_colex_comb(ulong x)
// Inverse of next_colex_comb()

x = next_colex_comb( “x );
if ( 0!l=x ) x = "x;
return Xx;

NOOUTRWN

The first and last combination can be computed via

static inline ulong first_comb(ulong k)
// Return the first combination of (i.e. smallest word with) k bits,
// i.e. 00..001111..1 (k low bits set)
{/ Must have: O <= k <= BITS_PER_LONG

ulong t = “OUL >> ( BITS_PER_LONG - k );
if (k==0 ) t = 0; // shift with BITS_PER_LONG is undefined
return t;

OO HUTHEWN —

}
and

static inline ulong last_comb(ulong k, ulong n=BITS_PER_LONG)

// return the last combination of (biggest n-bit word with) k bits
// i.e. 1111..100..00 (k high bits set)

{/ Must have: 0 <= k <= n <= BITS_PER_LONG

return first_comb(k) << (n - k);

OO W N~

The if-statement in first_comb() is needed because a shift by more than BITS_PER_LONG—1 is undefined
by the C-standard, see section [1.1.5 on page 4
The listing in figure [1.24-A| can be created with the program [FXT: bits/bitcombcolex-demo.cc]:

// visit combination given as word g
gg = &;

1 ulong n = 6, k = 3;

2 ulong last = last_comb(k, n);
3 ulong g = first_comb(k);

4 ulong gg = 0;

5 do

6

7

8
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9 g = next_colex_comb(g);
10 }
11 while ( gg!=last );

1.24.2 Lexicographic (lex) order

lex (5, 3) colex (5, 2)

word = set word = set
1: ..111 = {0, 1, 2} .11 = {0, 1}
2: .1.11 = {0, 1, 3% 1.1 0= {0, 2%}
3: 1..11 = {0, 1, 4%} a1, = {1, 2}
4: .11.1 = {0, 2,3} 1..1 = {0, 3}%}
5: 1.1.1 = {0, 2,41} 1.1, = {1, 3}
6: 11..1 = {0, 3, 417 1., = {2, 3%}
7: 111. = {1, 2, 3} 1...1 = {0, 4}
8: 1.11. = {1, 2,41} 1..1. = {1, 4}
9: 11.1. = {1, 3,41} 1.1.. = {2,471}
10:  111. = {2,3,4% 11... = {3,41}

Figure 1.24-B: Combinations (g) in lexicographic order (left). The sets are sorted. The binary words

with lex order are the bit-reversed complements of the words with colex order (right).

The binary words corresponding to combinations (Z) in lexicographic order are the bit-reversed com-
plements of the words for the combinations (nf k) in co-lexicographic order, see figure A more
precise term for the order is subset-lex (for sets written with elements in increasing order). e sequence
is identical to the delta-set-colex order backwards.

The program [FXT: bits/bitcomblex-demo.cc| shows how to compute the subset-lex sequence efficiently:

y = revbin("x, n) & m; // lex order
// visit combination given as word y
X = next_colex_comb(x);

1 ulong n = 5, k = 3;

2 ulong x = first_comb(n-k); // first colex (n-k choose n)
3 const ulong m = first_comb(n); // aux mask

4 const ulong 1 = last_comb(k, n); // last colex
5 ulong ct = 0;

[§ ulong y;

7 do

8 {

9

10

11

12

13

}
while (y !=1);

The bit-reversal routine revbin() is shown in section [1.14 on page 33l Sections [6.2.1 on page 177 and
section give iterative algorithms for combinations (represented by arrays) in lex and colex order,
respectively.

1.24.3 Shifts-order

1: 1.... 1: 11... 1: 111.. 1: 1111.
2: .1... 2: .11, 2: 111, 2: .1111
3: .1, 3: ..11. 3: ..111 3: 111.1
4: R 4. ...11 4: 11.1. 4: 11.11
5: .1 5: 1.1.. 5: .11.1 5: 1.111

6: .1.1. 6: 11..1

7: ..1.1 7: 1.11.

8: 1..1. 8: .1.11

9: .1..1 9: 1.1.1

10: 1...1 10: 1..11

Figure 1.24-C: Combinations (2), for £k =1,2,3,4 in shifts-order.

Figure [1.24-C| shows combinations in shifts-order. The order for combinations (Z) is obtained from the

shifts-order for subsets (section on page [208)) by discarding all subsets whose number of elements are
# k and reversing the list order. The first combination is [1¥0"~*] and the successor is computed as

follows (see figure [1.24-D)):
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Figure 1.24-D: Updates with combinations (Z): simple split ‘S’; split second ‘S-2’, easy case unmarked.
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1. Easy case: if the rightmost one is not in position zero (least significant bit), then shift the word to
the right and return the combination.

2. Finished?: if the combination is the last one ([0"], [0"~11], [10"~*1*~1]), then return zero.

3. Shift back: shift the word to the left such that the leftmost one is in the leftmost position (this can
be a no-op).

4. Simple split: if the rightmost one is not the least significant bit, then move it one position to the
right and return the combination.

5. Split second block: move the rightmost bit of the second block (from the right) of ones one position
to the right and attach the lowest block of ones and return the combination.

An implementation is given in [FXT: |bits/bitcombshifts.h|:
class bit_comb_shifts

{

public:
ulong x_; // the combination
ulong s_; // how far shifted to the right
ulong n_, k_; // combinations (n choose k)
ulong last_; // last combination

public:
bit_comb_shifts(ulong n, ulong k)
{
n_ =mn; k_ = k;
first();

ulong first(ulong n, ulong k)

s 0

X_

last_comb(k, n);

irst_comb(k-1) | (1UL<<(n_-1)); // [10000111]

if ( k>1 ) 1last_ = f
k; // [000001] or [000000]

else last_

return x_;

}
ulong first() { return first(n_, k_); }

ulong next()
{

if ( 0==(x_&1) ) // easy case:
{

++s_;
X_ >>=1;
return x_;

else // splitting cases:
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38 {

ig if ( x_ == last_ ) return O; // combination was last
41 X_ <<= s_; s_ = 0; // shift back to the left

42 ulong b = x_ & -x_; // lowest bit

45 if ( b!=1UL ) // simple split

46 {

47 x_ —= (b>>1); // move rightmost bit to the right
48 return x_;

49 }

50 else // split second block and attach first

51 {

52 ulong t = low_ones(x_); // block of ones at lower end
53 X_ "= t; // remove block

54 ulong b2 = x_ & -x_; // (second) lowest bit

gg b2 >>= 1;

57 X_ -= b2; // move bit to the right

58

59 // attach block:

60 do { t<<=1; } while ( 0==(t&x_) );

61 x_ |= (>>1);

62 return x_;

63 }

64 }

65 }

66 };

==
RWNFE OO0 U W~

O© 0T Ul W

1
2

66

The combinations (gg) are generated at a rate of about 150 M/s, for the combinations (
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32

12) the rate is

about 220 M/s [FXT: |bits/bitcombshifts-demo.cc|. The rate with the combinations (670) is 415 M/s and

with (gg) it is 110 M/s. The generation is very fast for the sparse case.

1.24.4 Minimal-change order I

The following routine is due to Doug Moore [FXT: bits/bitcombminchange.h]:

static inline ulong igc_next_minchange_comb(ulong x)
// Return the inverse Gray code of the next combination in minimal-change order.
// Input must be the inverse Gray code of the current combination.
{
ulong g = rev_gray_code(x);
ulong i = 2;
ulong cb; // ==candidate bits;
do
{
ulong y = (x & ~(i-1)) + i;
ulong j = lowest_one(y) << 1;
ulong h = !'!'(y & j);
cb = ((j-h) ~g) & (§-1);
i=j;
while ( O==cb );
) return x + lowest_one(cb);

It can be used as suggested by the routine

static inline ulong next_minchange_comb(ulong x, ulong last)
// Not efficient, just to explain the usage of igc_next_minchange_comb()
// Must have: last==igc_last_comb(k, n)
{
x = inverse_gray_code(x) ;
if ( x==last ) return O;
x = igc_next_minchange_comb(x) ;
return gray_code(x);
}

The auxiliary function igc_last_comb() is (32-bit version only)

static inline ulong igc_last_comb(ulong k, ulong n)
// Return the (inverse Gray code of the) last combination
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// as in igc_next_minchange_comb()
if ( 0==k ) return O;

const ulong f = OxaaaaaaaaUL >> (BITS_PER_LONG-k); // == first_sequency(k);
const ulong ¢ = ~OUL >> (BITS_PER_LONG-n); // == first_comb(n);
return ¢ ~ (£>>1);
// ="= (by Doug Moore)
{/ return ((1UL<<n) - 1) ~ (((1UL<<k) - 1) / 3);

Successive combinations differ in exactly two positions. For example, with n =5 and k = 3:

X inverse_gray_code (x)

L.111 ..1.1 == first_sequency(k)
L11.1 .1..1

111, .1.11

.1.11 (11.1

11..1 1...1

11.1. 1..11

111.. 1.111

1.1.1 11..1

1.11. 11.11

1..11 111.1 == igc_last_comb(k, n)

The same run of bit combinations would be generated by going through the Gray codes and omitting all
words where the bit-count is not equal to k. The algorithm shown here is much more efficient.

For greater efficiency one may prefer code which avoids the repeated computation of the inverse Gray
code, for example:

ulong last = igc_last_comb(k, n);
ulong c, nc = first_sequency(k);
do
{
c = nc;
nc = igc_next_minchange_comb(c);
ulong g = gray_code(c);
// Here g contains the bit-combination
while ( c!=last );
n=6 k=2 n=6 k=3 n=6 k=4
B S A Lo0111 00011 R L.1111 o101 L1,
B I O L1101 0011 R 11,11 1.1, .1
PR s R A I o111, o111 R I L1111, 1.1, R I
B O O [ ..1.11 o111 R 11101 01011, R
e A L11..1 1.1 R I .1.111 11,1, L.1...
B A I L11.1.0 .1..11 R 11..11 1...1. o1
e L1111, .1.111 R 11.11. 1..1.. o1
s A R .1.1.1 11,1 R 11.1.1 1..11. R
e A .1.11. 11,11 R 1111.. 1.1... 1.
.1.0.0.1 0 1111 L, L0, .1..11 1111 R 111.1. 1.11.. R I
11.... 1..... ... 11...1 1....1 R I 111..1 1.111. R
1.1... 11.. R 11..1. 1...11 R 1.1.11 11..1. o1
1..1.. 111, R 11.1.. 1..111 ..1... 1.111. 11.1.. R
1...1. 1111 R 111... 1.1111 R I 1.11.1 11.11. L1
1....1 11111 1. 1.1..1 11...1 .. 1. 1..111 111.1. 1.
1.1.1. 11..11 R
1.11.. 11.111 .1
1..1.1 111..1 .1
1..11. 111.11 .1
1...11 1111.1 1.

Figure 1.24-E: Minimal-change combinations, their inverse Gray codes, and the differences of the inverse
Gray codes. The differences are powers of 2.

The difference of the inverse Gray codes of two successive combinations is always a power of 2, see
figure [1.24-F]| (the listings were created with the program [FXT: bits/bitcombminchange-demo.cc]). With
this observation we can derive a different version that checks the pattern of the change:

static inline ulong igc_next_minchange_comb(ulong x)
// Alternative version.

ulong gx = gray_code( x );
ulong i = 2;

do

{

N O W
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ulong y = x + 1i;
i<=1;
ulong gy = gray_code( y );
ulong r = gx " gy;
// Check that change consists of exactly one bit
// of the new and one bit of the old pattern:
if ( is_pow_of_2( r & gy ) && is_pow_of_2( r & gx ) ) Dbreak;
// is_pow_of_2(x):=((x & -x) == x) returns 1 also for x==0.
// But this cannot happen for both tests at the same time

}

while ( 1 );

return y;

}

This version is the fastest: the combinations (i’g) are generated at a rate of about 96 million per second,

the combinations (

32

20) at a rate of about 83 million per second.

Here is another version which needs the number of set bits as a second parameter:

static inline ulong igc_next_minchange_comb(ulong x, ulong k)
// Alternative version, uses the fact that the difference
// of two successive x is the smallest possible power of 2.

{
ulong y, i = 2;
do
{ .
y = x + i
i <= 1;
}
while ( bit_count( gray_code(y) ) !=k );
return y;
}

The routine will be fast if the CPU has a bit-count instruction. The necessary modification for the
generation of the previous combination is trivial:

static inline ulong igc_prev_minchange_comb(ulong x, ulong k)

// Returns the inverse graycode of the previous combination in minimal-change order.
// Input must be the inverse graycode of the current combination.

// With input==first the output is the last for n=BITS_PER_LONG

{
ulong y, i = 2;
do
{ .
y =x - i;
i<k=1;
}
while ( bit_count( gray_code(y) ) !=k );
return y;
}

1.25 Generating bit subsets of a given word

1.25.1 Counting order

To generate all subsets of the set of ones of a binary word we use the sparse counting idea shown in
section on page The implementation is [FXT: class bit_subset in bits/bitsubset.h]:

class bit_subset

public:
ulong u_; // current subset
ulong v_; // the full set

public:
bit_subset(ulong v) : u_(0), v_(v) { ; %}
“bit_subset() { ; 2}
ulong current() const { return u_; }
ulong next() { u_ (u_ - v_) & v_; return u_; }
ulong prev() {u_ = (u_ - 1) & v_; return u_; }
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ulong first(ulong v) { v_=v; u_=0; return u_; }
ulong first() { first(v_); return u_; }
ulong last(ulong v) { v_=v; wu_=v; return u_; }
ulong last() { last(v_); return u_; }
1
With the word [...11.1.] the following sequence of words is produced by subsequent next ()-calls:
...... 1.
N
L. 1l1.
R
o101,
11,
1101,

A block of ones at the right will result in the binary counting sequence. About 1.1 billion subsets per
second are generated with both next () and prev() [FXT: bits/bitsubset-demo.cc].

1.25.2 Minimal-change order

We use a method to isolate the changing bit from counting order that does not depend on shifting:

*xkkk*kx0111 = 1

*kxk*k%xx1000 = u+l

00000001111 = (u+l) ~u

00000001000 = ((u+1) ~ uw) & (utl) <--= bit to change

The method still works if the set bits are separated by any amount of zeros. In fact, we want to find
the single bit that changed from 0 to 1. The bits that switched from 0 to 1 in the transition from the
word A to B can also be isolated via X=B&~A. The implementation is [FXT: class bit_subset_gray in
bits/bitsubset-gray.h):

class bit_subset_gray
{
public:
bit_subset S_;
ulong g_; // subsets in Gray code order

ulong h_; // highest bit in S_.v_; needed for the prev() method

public:
bit_subset_gray(ulong v) : S_(v), g_(0), h_(highest_one(v)) { ; }
“bit_subset_gray() { ; }

ulong current() const { return g_; }
ulong next()
{
ulong u0 = S_.current();
if (u0 == S_.v_ ) return first();
ulong ul = S_.next();
ulong x = "u0 & ul;
g- "= x5
return g_;
}

ulong first(ulong v) { S_.first(v); h_=highest_one(v); g_=0; return g_; }
ulong first() { S_.first(); g_=0; return g_; }
[--snip--]

With the word [...11.1.] the following sequence of words is produced by subsequent next ()-calls:

A block of ones at the right will result in the binary Gray code sequence, see [FXT: bits/bitsubset-gray-
demo.cc]. The method prev() computes the previous word in the sequence, note the swapped roles of
the variables u0 and ul:
[--snip--]
ulong prev()
{
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4 ulong ul = S_.current();

5 if (ul == 0 ) return last();

6 ulong u0 = S_.prev();

7 ulong x = "u0 & ul;

8 g_ "= Xx;

9 return g_;

11 ’

12 ulong last(ulong v) { S_.last(v); h_=highest_one(v); g_=h_; return g_; }
13 ulong last() { S_.last(); g_=h_; return g_; }

14 3}

About 365 million subsets per second are generated with both next () and prev().

1.26 Binary words in lexicographic order for subsets

1.26.1 Next and previous word in lexicographic order

1: 1... = 8 {0}

2: 11.. =12 {0, 1%}

3: 111. = 14 {0, 1, 2}
4. 1111 = 15 {0, 1, 2, 3}
5: 11.1 = 13 {0, 1, 3}
6: 1.1. =10 {0, 2}

7: 1.11 = 11 {0, 2, 3}
8: 1..1 = 9 {0, 3%}

9: .1.. = 4 {1}

10: .11. = 6 {1, 2%}
11: 111 = 7 {1, 2, 3}
12: 1.1 = 5 {1, 3%}
13: ..1. = 2 {2}

14: ..11 = 3 {2, 3%}
15: .1 =1 {3}

Figure 1.26-A: Binary words corresponding to nonempty subsets of the 4-element set in lexicographic
order with respect to subsets. Note the first element of the subsets corresponds to the highest set bit.

[0: ...... = 0 %] 16: .1...1 =17 32: 1....1 =33 48: 11..11 =561
1: ..., 1 = 1% 17: .1..11 =19 33: 1...11 = 35 49: 11..1. =50
2: ....11 = 3 18: .1..1. = 18 * 34: 1...1. = 34 % 50: 11.1.1 = 53
3: ....1. = 2 19: .1.1.1 =21 35: 1..1.1 =37 51: 11.111 = 55
4: ...1.1 = 5 20: .1.111 = 23 36: 1..111 = 39 52: 11.11. =154
5: ...111 = 7 21: .1.11. = 22 37: 1..11. = 38 53: 11.1.. =52
6: ...11. = 6 * 22: .1.1.. = 38: 1..1.. =36 54: 111..1 = 57
7: ...1.. = 4 23: .11..1 =25 39: 1.1..1 =41 55: 111.11 = 59
g: ..1..1 = 9 24: .11.11 = 27 40: 1.1.11 = 43 56: 111.1. = 58
9: ..1.11 =11 26: .11.1. = 26 41: 1.1.1. = 42 57: 1111.1 = 61
10: ..1.1. = 10 =* 26: .111.1 = 29 42: 1.11.1 = 45 58: 111111 = 63
11: ..11.1 = 13 27: 11111 = 31 43: 1.1111 = 47 59: 11111. = 62
12: ..1111 = 15 28: .1111. = 30 44: 1.111. = 46 60: 1111. = 60 *
13: ..111. = 14 29: .111.. = 28 45: 1.11.. = 44 61: 111.. = 56
14: ..11.. = 12 30: .11.. = 24 46: 1.1... =40 62: 11.. = 48
15: ..1.. = 8 31: .1.. = 16 47: 11...1 = 49 63: 1..... = 32

Figure 1.26-B: Binary words corresponding to the subsets of the 6-element set, as generated by
prev_lexrev(). Fixed points are marked with asterisk.

The (bit-reversed) binary words in lexicographic order with respect to the subsets shown in figure [1.26-A]
can be generated by successive calls to the following function [FXT: bits/bitlex.h]:

static inline ulong next_lexrev(ulong x)
// Return next word in subset-lex order.

ulong x0 = x & -x; // lowest bit
if ( 1!'=x0 ) // easy case: set bit right of lowest bit
{

x0 >>= 1;

x "= x0;

return x;

OO UL WN —
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else // lowest bit at word end
x "= x0; // clear lowest bit
x0 = x & -x; // new lowest bit ...
x0 >>=1; x -=x0; // ... is moved one to the right
return Xx;
}
}

The bit-reversed representation was chosen because the isolation of the lowest bit is often cheaper than

the same operation on the highest bit. Starting with a one-bit word at position n — 1, we generate the
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2™ subsets of the word of n ones. The function is used as follows [FXT: bits/bitlex-demo.cc]:

ulong n = 4; // n-bit binary words
ulong x = 1UL<<(n-1); // first subset
do

// visit word x
while ( (x=next_lexrev(x)) );

The following function goes backward:

static inline ulong prev_lexrev(ulong x)
// Return previous word in subset-lex order.
{
ulong x0 = x & -x; // lowest bit
if ( x & (x0<<1) ) // easy case: next higher bit is set
{
x "= x0; // clear lowest bit
return X;
else
x += x0; // move lowest bit to the left
x |=1; // set rightmost bit
return x;
}
}

The sequence of all n-bit words is generated by 2™ calls to prev_lexrev(), starting with zero. The words
corresponding to subsets of the 6-element set are shown in figure [1.26-B| The sequence [1, 3, 2, 5, 7, 6,
4,9, ...] in the right column is entry A108918|in [312].

The rate of generation using next () is about 274 million per second and about 253 million per second
with prev(). An equivalent routine for arrays is given in section [8.1.2 on page 203} The routines are
useful for a special version of fast Walsh transforms described in section [23.5.3| on page

1.26.2 Conversion between binary and lex-ordered words

A little contemplation on the structure of the binary words in lexicographic order leads to the routine
that allows random access to the k-th lex-rev word (unrank algorithm) [FXT: bits/bitlex.h|:

static inline ulong negidx2lexrev(ulong k)
{
ulong z = 0;
ulong h = highest_one(k);
::zhile(k)
while ( 0==(h&k) ) h >>= 1;
z "= h;
++k;
k &= h - 1;
}
return z;
}

Let the inverse function be T'(z), then we have T(0) = 0 and, with h(x) being the highest power of 2 not
greater than x,

T(z—h(z)) ifz—h(z)#0

otherwise (1.26-1)
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The ranking algorithm starts with the lowest bit:

static inline ulong lexrev2negidx(ulong x)
{
if ( 0==x ) return O;
ulong h = x & -x; // lowest bit
ulong r = (h-1);
yhile ( x”=h )

r += (h-1);
h = x & -x; // next higher bit

}
r += h; // highest bit

return r;

}

1.26.3 Minimal decompositions into terms 2¥ — 1

... 1 o1 =01 = 1

o011 2 1= 2 = 1 +1

o101 ...11 = 3 = 3

..1.1 2 1., = 4 = 3+1

..111 3 ..1.1 =5 = 3+1+1
1102 .11, = 6 = 3+ 3

10001 L1111 = 7 = 7

1..1 2 d1... =8 = 7+1

.1.11 3 1.1 =9 = 7+1+1
1.1, 2 .1.1. =10 = 7+ 3

.11.1 3 1,11 =11 = 7+3+1
L1111 4 A1, =12 = 7+3+1+1
111, 3 .11.1 =13 = 7+3+3
1.0 2 11, =14 = 7+7

10001 .1111 = 15 = 15

1...1 2 1.... =16 = 15 + 1

1..11 3 1...1 =17 = 15+ 1+ 1
1..1. 2 1..1. =18 = 15+ 3

1.1.1 3 1..11 = 19 = 15+ 3 +1
1.111 4 1.1.. =20 = 15 +3+1+1
1.11. 3 1.1.1 =21 = 15+ 3 + 3
1.1.. 2 1.11. = 22 = 156 +7

11..1 3 1.111 = 23 = 156 +7 + 1
11.11 4 11... =24 = 15 +7+1+1
11.1. 3 11..1 = 25 = 15 +7 + 3
111.1 4 11.1. = 26 = 15 +7+3+1
11111 5 11.11 = 27 = 15+7+3+1+1
1111. 4 111.. = 28 = 15 +7+3+ 3
111.. 3 111.1 = 29 = 15+ 7 +7
11... 2 1111. = 30 = 15 + 15
1....1 11111 = 31 = 31

OO UTHRWN —

Figure 1.26-C: Binary words in subset-lex order and their bit counts (left columns). The least number
of terms of the form 2% — 1 needed in the sum = = Y, (2" — 1) (right columns) equals the bit count.

The least number of terms needed in the sum # =", (2% — 1) equals the number of bits of the lex-word
as shown in figure The number can be computed as

¢ = bit_count( negidx2lexrev( x ) );

Alternatively, we can subtract the greatest integer of the form 2¥ — 1 until z is zero and count the number
of subtractions. The sequence of these numbers is entry | A100661| in [312]:

1,2,1,2,3,2,1,2,3,2,3,4,3,2,1,2,3,2,3,4,3,2,3,4,3,4,5,4,3,2,1,2,3,2,3, ...
The following function can be used to compute the sequence:

void S(ulong f, ulong n) // A100661
{
static int s = 0O;
++s;
cout << s << " ",
for (ulong m=1; m<n; m<<=1) S(f+m, m);
—--s;
cout << s << """,
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If called with arguments f = 0 and n = 2%, it prints the first 2**! — 1 numbers of the sequence followed
by a zero. A generating function of the sequence is given by
—14+2(1—=) [0, (1+2*71)
Z = n= = 1.26-2
(x) = (126:2)
142z + 2% +22° + 3% + 22° + 2% + 227 + 32% + 22° + 320 + 42! + 322 + 221 ...

1.26.4 The sequence of fixed points §

0: .. .. 514: doooo. 1

1 . 1 540: 0000111

6: ........ 11. 556: d.0001011
10: ..., 1.1. [--snip--]

18: ..., 1..1. 1556: 10000101
34: ..... 1...1. 1572: 1000101
60: ..... 1111.. 1604 : 10010001
66: PR R I 1668: B I R A |
92: SR R I I 1796: JA11... ..
108 L0111 2040: 11111111
116: oL 11101. . 2050: ..., 1
130: T 1. 2076: 1...... 111..
156: o111t 2092: 1..... 1.11..
172: .1.1011.. 2100: 1..... 11.1..
180: .1.1101.. 2124: 1. 1..11..
204: PR A s P 2132: 1. 1.1.1..
212: L1101 2148: 1. 11..1..
228: ...111..1.. [--snip--]
268: ..1...... 1 4644: 1..1...1..1..
284: ..1...111 4676: 1..1..1...1..
300: ..1..1.11 4740: 1..1.1....1..
308: ..1..11.1 4868: 1..11..... 1..
332: ..1.1..11 5112: 1..1111111...
340: ..1.1.1.1 5132: 1.1...... 11..
356: ..1.11..1 5140: 1.1..... 1.1..
396: ..11...11 5166: 1.1....1..1..
404: ..11..1.1 5188: 1.1...1...1..
420: ..11.1..1 5262: 1.1..1....1..
452: ..111...1 5380: 1.1.1..... 1..

Figure 1.26-D: Fixed points of the binary to lex-rev conversion.

The sequence of fixed points of the conversion to and from indices starts as

o, 1, 6, 10, 18, 34, 60, 66, 92, 108, 116, 130, 156, 172, 180, 204, 212,
228 258, 284 300 308, 332 340 356 396 404 420 452 514 540 556

This sequence is entry A079471|in [312]. The values as bit patterns are shown in figure [1.26-D} The
crucial observation is that a word is a fixed point if it equals zero or its bit-count equals 2/ where j is
the index of the lowest set bit.

Now we can find out whether x is a fixed point of the sequence by the following function:

static inline bool is_lexrev_fixed_point(ulong x)
// Return whether x is a fixed point in the prev_lexrev() - sequence

if (x & 1)

if ( 1==x ) return true;
else return false;

}

else
{

ulong w = bit_count(x);
if (w!= (w & -w) ) return false;
if ( 0==x ) return true;
return 0 !'= ( (x & -x) & w );
}
}

Alternatively, use either of the following tests:

x == negidx2lexrev(x)
x == lexrev2negidx(x)
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1.26.5 Recursive generation and relation to a power series §

Start: 1
Rules:

(#=8)
1101100
: #=16
1101100%1011000
‘1101100&10110001101100110110000
"110110011011000110110011011000011011001101100011011001101100000

Figure 1.26-E: String substitution with rules {0 — 0,1 — 110}.

The following function generates the bit-reversed binary words in reversed lexicographic order:

void C(ulong f, ulong n, ulong w)

for (ulong m=1; m<n; m<<=1) C(f+m, m, w'm);
print_bin(" ", w, 10); // visit

Uk W =

}

By calling C(0, 64, 0) we generate the list of words shown in figure [1.26-B| with the all-zeros word
moved to the last position. A slight modification of the function

void A(ulong f, ulong n)
{
cout << "1,";

1
2
3
4 for (ulong m=1; m<n; m<<=1) A(f+m, m);
5 cout << "0,";

6

generates the power series (sequence A079559 in [312])

o0
11 (1 +x2"‘1) = 1+a+at+at +2"+a8+ 20 4 2P 4204 (1.26-3)
n=1
By calling A(0, 32) we generate the sequence
1,1,0,1,1,0,0,1,1,0,1,1,0,0,0,1,1,0,1,1,0,0,1,1,0,1,1,0,0,0,0,

Indeed, the lowest bit of the k-th word of the bit-reversed sequence in reversed lexicographic order equals
the (k—1)-st coefficient in the power series. The sequence can also be generated by the string substitution

shown in figure

The sequence of sums, prepended by 1,

> (14221
1+an_1(1 ) = 14+1ac+222+223+32* +42° +42°+ ... (1.26-4)
-z

has series coefficients
1, 1, 2, 2, 3, 4, 4, 4, 5, 6, 6, 7, 8, 8, 8, 8, 9, 10, 10, 11, 12, 12, 12, 13,

This sequence is entry A046699 in [312]. We have a(1) = a(2) = 1 and the sequence satisfies the peculiar
recurrence

a(n) = an—an—-1))+an—1-—a(n—2)) for n>2 (1.26-5)

1.27 Fibonacci words §

A Fibonacci word is a word that does not contain two successive ones. Whether a given binary word is
a Fibonacci word can be tested with the function [FXT: bits/fibrep.h]


http://oeis.org/A079559
http://oeis.org/A046699
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static inline bool is_fibrep(ulong f)

{
return ( 0==(£&(£>>1)) );

N =

The following functions convert between the binary and the Fibonacci representation:

static inline ulong bin2fibrep(ulong b)

// Return Fibonacci representation of b

// Limitation: the first Fibonacci number greater

// than b must be representable as ulong.

// 32 bit: b < 2971215073=F(47) [F(48)=4807526976 > 2732]
// 64 bit: b < 12200160415121876738=F(93) [F(94) > 2764]

{
ulong £f0=1, fi1=1, s=1;
while ( f1<=b ) { ulong t = fO+f1; f£0=f1; fi=t; s<<=1; }
ulong £ = O;
while ( b )
s >>= 1;
if (b>=f0 ) { b -=£0; £f"=s; }
{ ulong t = £1-f0; £1=f0; £fO0=t; }
return f;
}

static inline ulong fibrep2bin(ulong f)
// Return binary representation of f
// Inverse of bin2fibrep().

{
ulong £0=1, fi1=1;
ulong b = 0;
while ( £ )
if ( f&1 ) b += f1;
{ ulong t=fO0+f1; f0=f1; fi=t; }
f >>=1;

return b;

= = e
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}

1.27.1 Lexicographic order

O: ........ 11: ...1.1. 22: .1..... 1 33: .1.1.1.1 44: 1..1..1.
1: ..., 1 12: .1.1.1 23: .1....1 34: 1....... 45: 1..1.1..
2: ..., 1. 13: 1..... 24: .1...1. 35: 1...... 1 46: 1..1.1.1
3: ..., 1.. 14: 1....1 25: .1...1.1 36: 1..... 1 a7: 1.1.....
4. ... 1.1 15: 1...1 26: .1..1.. 37: 1....1 48: 1.1....1
5: N 16: 1..1 27: .1..1..1 38: 1....1.1 49: 1.1...1.
6: R | 17: 1..1.1 28: .1..1.1 39: 1...1.. 50: 1.1..1..
7: ....1.1. 18: 1.1. 29: .1.1... 40: 1...1..1 561: 1.1..1.1
8: ...1.... 19: 1.1..1 30: .1.1...1 41: 1...1.1 52: 1.1.1...
9: ...1...1 20: 1.1.1 31: .1.1..1 42: 1..1.. 53: 1.1.1..1
10: 1001, 21: 1., 32: .1.1.1 43: 1..1 1 54: 1.1.1.1.

Figure 1.27-A: All 55 Fibonacci words with 8 bits in lexicographic order.

The 8-bit Fibonacci words are shown in figure To generate all Fibonacci words in lexicographic
order, use the function [FXT: bits/fibrep.h]

1 static inline ulong next_fibrep(ulong x)

2 // With x the Fibonacci representation of n

3 // return Fibonacci representation of n+l.

4 A

5 // 2 examples: // ex. 1 // ex.2

6 // // x == [x]0 010101 // x == [*]0 01010
7 ulong y = x | (x>>1); // y == [¥17 011111 // y == [*]1? 01111
8 ulong z = y + 1; // z == [*]? 100000 // z == [x]?7 10000
9 z=2z& -z; // z == [0]0 100000 // z == [0]0 10000
10 x "= z; // x == [¥]0 110101 // x == [*]0 11010
11 x &= “(z-1); // x == [*]0 100000 // x == [*x]0 10000
%% return x;


file:.fxtdir/src/bits/fibrep.h
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The routine can be used to generate all n-bit words as shown in [FXT: bits/fibrep2-demo.cc]:

const ulong f = 1UL << n;
ulong t = 0;
do
{
// visit(t)
t = next_fibrep(t);

}
while ( t!=f );

The reversed order can be generated via
ulong f = 1UL << n;

%o

f = prev_fibrep(f);
} // visit(f)
while ( £ );

which uses the function (64-bit version)

static inline ulong prev_fibrep(ulong x)

// With x the Fibonacci representation of n

// return Fibonacci representation of n-1.

{
// 2 examples: // ex. 1
// // x == [*]0 100000
ulong y = x & -x; // y == [0]0 100000
x "= y; // x == [*]0 000000
ulong m = 0x5555555556565655UL ;
if (m&y) m>=1; // m==...01010101
m &= (y-1); // m == [0]0 010101
X "= m; // x == [*]0 010101

3 return Xx;

// m ==

// ex.2

// x == [*]0 10000
// y == [0]0 10000
// x == [*]0 00000

...01010101

// m == ...0101010
// m == [0]O 01010
// x == [¥]0 01010

The forward version generates about 180 million words per second, the backward version about 170

million words per second.

1.27.2 Gray code order i}

A Gray code for the binary Fibonacci words (shown in figure [1.27-B)) can be derived from the Gray code

of the radix —2 representations (see section [1.22 on page 58)) of binary words whose difference is of the

form

O~
W~NLO~OOUIW
e . e

R R R

N—=
[are
e
[

The algorithm is to try these values as increments starting from the least, same as for the minimal-change

combination described in section [1.24.4 on page 66 The next valid word is encountered if it is a valid

Fibonacci word, that is, if it does not contain two consecutive set bits. The implementation is [FXT:

class bit_fibgray in bits/bitfibgray.h]:

class bit_fibgray
// Fibonacci Gray code with binary words.

{
public:
ulong x_; // current Fibonacci word
ulong k_; // aux
ulong fw_, lw_;
ulong mw_; // max(fw_, lw_)
ulong n_; // Number of bits
public:
bit_fibgray(ulong n)
{
n_ = n;
fw_ = 0;

// first and last Fibonacci word in Gray code


file:.fxtdir/demo/bits/fibrep2-demo.cc
file:.fxtdir/src/bits/bitfibgray.h
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j: k(3> k(j)-k(j-1)  x=bin2neg(k) gray (x)
1: B I A | SRR I B A | LoW1o01001 =027
2: B R B I R AP 1,100 = 26
3: .1.1111 B I e A I ..1..1.1. = 28
4: o111, B I e A T I
5: ..1.1.11 1111111 Gl = 21
6: .1.1.1. B I e e B I 1= 22
7: L1011 B I e I P ..1...1.1 = 25
8: S R I B I I A 100100 = 24
9: J AP I | G110 111 10101, = 32
10: B AP B I A s ..1.1.1.1 = 33
11: J: A | 11 .1 ..1.1...1 = 30
12: R A B L1100 = 29
13: ..., 11111 11,011 1.1..1. = 31
14:  ...... 1., .....1..0110 L. 111.. ..., 1..1. = 10
15: ..., 1.11  ......o001 L. 11111 ..., 1.... = 8
16: ...... S e A 0 1...1 = 9
17: ..., 1..1 ....o0001 L. 11..1 ..., 1.1.1 = 12
18: ...... 1... .......01 L 11... ..., 1.1.. = 11
19: ..., 0 e 111 ..., 1.. = 3
20: ..., e 1. ..., 1.1 = 4
21: ... e 1 .. 1= 1
220 e e L L e = 0
23: 0 e e e s A 1 1. = 2
24 : 0 1 e e P I A 11.. ..., 1.1. = 7
25: 0 e e e 1111 ..., 1... = 5
26: 0 e e 1111, ..., 1..1 = 6
27: 111111...1 11...1 1.1..1 = 19
28: 111111, ... 11.... ..1.1... = 18
29: 11111.1111 11..11 ..1.1.1. = 20
30: 11111.11.. 1111.. ..1...1. = 15
31: 11111.1.11 111111 N = 13
32: 11111.1.1. 11111, d....1 = 14
33: 11111.1..1 111..1 1..1.1 = 17
34: 11111.1. .. 111... 1..1.. = 16
Figure 1.27-B: Gray code for the binary Fibonacci words (rightmost column).

16 for (ulong m=(1UL<<(n-1)); m!=0; m>>=3) fw_ |= m;

17 lw_ = fw_ >> 1;

18 if ( 0==(n&1) ) { ulong t=fw_; fw_=lw_; lw_=t; } // swap first/last

19 mv_ = ( lw_>fw_ ? 1lw_ : fw_ );

20 x_ = fw_;

21 k_ = inverse_gray_code(fw_);

22 k_ = neg2bin(k_);

23 }

24

25 “bit_fibgray() {;3}

26

27 ulong next()

28 // Return next word in Gray code.

%8 // Return ~0 if current word is the last one.

31 if ( x_ == 1lw_ ) return ~OUL;

32 ulong s = n_; // shift

33 while ( 1)

34 {

35 --s;

36 ulong ¢ = 1 | (mw_ >> s); // possible difference for negbin word

37 ulong i = k_ - c;

38 ulong x = bin2neg(i);

39 x "= (x>>1);

40

41 if ( 0==(x&(x>>1)) ) // is_fibrep(x)

42 {

43 k_ = i;

44 X_ = X;

45 return x;

46

47 }

48 }

49 3},

About 130 million words per second are generated. The program [FXT: bits/bitfibgray-demo.cc] shows
how to use the class, figure [1.27-B| was created with it. Section on page gives a recursive
algorithm for Fibonacci words in Gray code order.
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0 .. P
1 ...1P
2 1.

3 .11 P
4 ..

5 .1.1 P

6 11,

7 111 P

8 1...

9 1..1
10 1.1.
11 1.11 P
12 11..
13 11.1 P
14 111.
15 1111 P

[empty string]

O
0D
00
O

OO

OO
CCOIM

.11
o111
1011
L1101
L1111
1..11
1.1.1
1.111
11.11
111.1
11111

mpty string]

AN AT AT AN
NN N N A
ANANAAAAANT I
NN AN AN AN A AN AN

OO0 UL W

HFOOOO = WN —

1
2
3

Figure 1.28-A: Left: some of the 4-bit binary words can be interpreted as a string parentheses (marked
with ‘P’). Right: all 5-bit words that correspond to well-formed parentheses strings.

A subset of the binary words can be interpreted as a (well formed) string of
binary words that have this property are marked with a ‘P’ in figure [1.28-Al

parentheses. The 4-bit

(left) [FXT: bits/parenword-

demo.cc]. The strings are constructed by scanning the word from the low end and printing a ‘(" with
each one and a ‘)’ with each zero. To find out when to terminate, one adds up +1 for each opening
parenthesis and —1 for a closing parenthesis. After the ones in the binary word have been scanned, the
s closing parentheses have to be added where s is the value of the sum [FXT: |bits/parenwords.h]:

static inline void parenword2str(ulong x, char *str)

{
int s = 0;
ulong j = 0;
for (j=0; x!=0; ++j
{

)

s += (x%1 7 +1 : -1)
strljl = ") ("[x&1];

x >>= 1;

}
while ( s-— > 0 )

strj++]

= ’)’; // finish string

str[jl = 0; // terminate string

}

in figure

(right). Note that the lower bits in the word (right end) correspond to the beginning of

The 5-bit binary words that are valid ‘paren words’ together with the corresponding strings are shown
1.28-A

the string (left end

not a paren word. A function to determine whether a word is a paren word is

static inline bool is_parenword(ulong x)

{

int s = 0;

for (ulong j=0; x!=0; ++j)

s += ( x%1 7 +1 : -1 );

if ( s<0 ) break;

x >>= 1;
}
return (s>=0);

}
The sequence
1, 3, 5, 7, 11, 13, 15,

// invalid word

). If a negative value for the sums occurs at any time of the computation, the word is

19, 21, 23, 27, 29, 31, 39, 43, 45, 47, 51, 53, 55, 59, 61, 63, ...

of nonzero integers x so that is_parenword(x) returns true is entry A036991| in [312]. If we fix the
number of paren pairs, then the following functions generate the least and biggest valid paren words.
The first paren word is a block of n ones at the low end:

static inline ulong first_parenword(ulong n)

// Return least binary word corresponding to n pairs of parens

// Example, n=5: .....

11111

CCCCOMNN
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{

return first_comb(n);

O Ut

The last paren word is the word with a sequence of n blocks ‘01’ at the low end:

1 static inline ulong last_parenword(ulong n)
2 // Return biggest binary word corresponding to n pairs of parens.
3 // Must have: 1 <= n <= BITS_PER_LONG/2.
4 // Example, n=5: .1.1.1.1.1 QOQOO0OOO
5 A
6 return 0x5555555555555555UL >> (BITS_PER_LONG-2*n) ;
7
...... 11111 = (CCCOMDM 101111 = CCCOMN O o1llou1111 = CCCON O
..... 1.1111 = (CCOO))) 1111 = CCOOYO) o111 = (COONO
..... 11.111 = (COCO))) 111011 = (COOYO) loa11.11 = (OO0
..... 111.11 = (OO 111101 = OO)YO) o111 = OONO
..... 1111.1 = O CCO))) 1100111 = (COYOO) lotoi111 = CCOYO) O
1..1111 = ((COYO)N) 110111 = COO000) 10101011 = OO0
1.1.111 = (COOQO)) 10101101 = OO0 0) 10010111 = QOO0
1.11.11 = (OO O Sl = (OO 0) Sloa1too1 = COYAO O
1.111.1 = QOO 10110101 = O000) 10011011 = OO0 0O
11..111 = (CO)YCO)) L1111 = CCON ) Sl 111 = CCON OO
11.1.11 = COOCON L1111 = COO)AO) 11001011 = COOYOO
11.11.1 = QOO O)) L1111 = O CO)O) 1100111 = OO0 0
111..11 = (OO L1011 = (OO ) 1110011 = (OO0
111.1.1 = QOO O 110111 = OO0 0 0) ..1.1.1.1.1 = O0000

Figure 1.28-B: The 42 binary words corresponding to all valid pairings of 5 parentheses, in colex order.

The sequence of all binary words corresponding to n pairs of parens in colex order can be generated with
the following (slightly cryptic) function:

1 static inline ulong next_parenword(ulong x)

2 // Next (colex order) binary word that is a paren word.
3 A

4 if ( x & 2 ) // Easy case, move highest bit of lowest block to the left:
5 {

6 ulong b = lowest_zero(x);

7 X "= b;

8 x "= (b>>1);

9 return x;

10 }

11 else // Gather all low "O1"s and split lowest nontrivial block:
12 {

13 if ( 0==(x & (x>>1)) ) return O;

14 ulong w = 0; // word where the bits are assembled
15 ulong s = 0; // shift for lowest block

16 ulong i = 1; // == lowest_one(x)

17 do // collect low "O1'"s:

18 {

19 x "= 1i;

20 w <<= 1;

21 w |=1;
22 ++s;

23 i <<= 2; // == lowest_one(x);

24 }
%g while ( 0==(x&(i<<1)) );

27 ulong z = x ~ (x+i); // lowest block
28 X "= z;
29 z &= (z>>1);
30 z &= (z>>1);
31 w "= (2>>s);
32 x |= w;
33 return x;
34 }
35 )

The program [FXT: bits/parenword-colex-demo.cc] shows how to create a list of binary words corre-
sponding to n pairs of parens (code slightly shortened):

1 ulong n = 4; // Number of paren pairs


file:.fxtdir/demo/bits/parenword-colex-demo.cc

— ==
N —OO00IOU R WN

O OO W

10

12
13
14

80 Chapter 1: Bit wizardry

ulong pn = 2*n+1;
char *str = new char[n+1]; str[n] = 0;
ulong x = first_parenword(n);
while ( x )
{
print_bin(" ", x, pn);
parenword2str(x, str);
cout << " = " << str << endl;

X = next_parenword(x);
}
Its output with n = 5 is shown in figure [1.28-B] The 1,767,263,190 paren words for n = 19 are generated
at a rate of about 169 million words per second. Chapter [15 on page 323| gives a different formulation of
the algorithm.

Knuth [2T5] ex.23, sect.7.1.3] gives a very elegant routine for generating the next paren word, the com-
ments are MMIX instructions:

static inline ulong next_parenword(ulong x)

{
const ulong m0 = -1UL/3;
ulong t = x ~ mO; // XOR t, x, mO;
if ( (t&x)==0 ) return O; // current is last
ulong u = (t-1) ~ t; // SUBU u, t, 1; XOR u, t, u;
ulong v = x | u; // OR v, x, u;
ulong y = bit_count( u & mO ); // SADD y, u, mO;
ulong w = v + 1; // ADDU w, v, 1;
t=v & “w; // ANDN t, v, w;
y =1t > y; // SRU y, t, y;
y +=w; // ADDU y, w, y;
return y;

}

The routine is slower, however, about 81 million words per second are generated. A bit-count instruction
in hardware would speed it up significantly. Treating the case of easy update separately as in the other
version, we get a rate of about 137 million words per second.

1.29 Permutations via primitives I
We give two methods to specify permutations of the bits of a binary word via one or more control words.
The methods are suggestions for machine instructions that can serve as primitives for permutations of

the bits of a word.

1.29.1 A restricted method

................ 1111111111111111

........ 11111111, ..., ... 11111111

PR 0 e s I e A A I e

11,011,011, .11, 011,011,110 .1

1.1.1.1.1.1.1.1.1.1.1.1.1.1.10

................ 1o bits 15 ...

........ e bits 7 ...

R 1....... 1....... 1... bits 3 11 ...

B e e T A bits 1 5 9 13 ...
.1.1.1.10101010010101.01010101010 bits 0 2 4 6 8 10 12 14 ...

Figure 1.29-A: Mask with primitives for permuting bits with 32-bit words (top), and words with ones
at the highest bit of each block (bottom).

We can specify a subset of all permutations by selecting bit-blocks of the masks as shown for 32-bit words
in figure (top). Subsets of the blocks of the masks can be determined with the bits of a word by
considering the highest bit of each block (bottom of the figure). We use all bits of a word (except for
the highest bit) to select the blocks where the bits defined by the block and those left to it should be
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swapped. An implementation of the implied algorithm is given in [FXT: bits/bitperm1-demo.cc|. Arrays
are used to give more readable code:

void perml(uchar *a, ulong ldn, const uchar *x)
// Permute a[] according to the ’control word’ x[].
// The length of a[] must be 2%*1dn.

{
long n = 1L<<1dn;
for (long s=n/2; s>0; s/=2)
for (long k=0; k<n; k+=s+s)
if ( x[k+s-1]1'=0’ )
// swap regions [a+k,...,atk+s-1], [a+tk+s,...,a+k+2*xs-1]:
swap(a+tk, atk+s, s);
}
}
}
}

The routine for the inverse permutation differs in a single line:

for (long s=1; s<n; s+=s)
No attempt has been made to optimize or parallelize the algorithm. We just explore how useful a machine
instruction for the permutation of bits would be.

The program uses a fixed size of 16 bits, an ‘x’ is printed whenever the corresponding bit is set:

a=0123456789ABCDEF  bits of the input word
x¥=0010011000110110 control word

4: 3 1ix

2: 1 5x 9 13x

1: 0 2x_ 4 6x 8 10x 12 14x
a=01326754CDFEAB98 result

This control word leads to the Gray permutation (see [2.12 on page 128]). Assume we use words with N
bits. We cannot (for N > 2) specify all N! permutations as we can choose between only 2V~ control
words. Now set the word length to N := 2". The reachable permutations are those where the intervals
[k-27, ..., (k+1)-2/ —1] contain all numbers [p-27, ..., (p+1)-29 —1] forall j <nmand 0 < k < 2",
choosing p for each interval arbitrarily (0 < p < 2"77). For example, the lower half of the permuted array
must contain a permutation of either the lower or the upper half (j = n — 1) and each pair asy, agy+1
must contain two elements 2z, 2z+1 (j = 1). The bit-reversal is computed with a control word where all

bits are set. Alas, the (important!) zip permutation (bit-zip, see section |1.15 on page 38|) is unreachable.

A machine instruction could choose between the two routines via the highest bit in the control word.

1.29.2 A general method
All permutations of N = 2" elements can be specified with n control words of N bits. Assume we have
a machine instruction that collects bits according to a control word. An eight bit example:

a
X

abcdefgh  input data

..1.11.1  control word (dots for zeros)
cefh bits of a where x has a one
abdg bits of a where x has a zero

abdgcefh  result, bits separated according to x

We need n such instructions that work on all length-2* sub-words for 1 < k < n. For example, the
instruction working on half words of a 16-bit word would work as

a = abcdefgh ABCDEFGH input data
x = ..1.11.1 1111.... control word (dots for zeros)
cefh ABCD bits of a where x has a one
abdg EFGH bits of a where x has a zero

abdgcefh EFGHABCD result, bits separated according to x

Note the bits of the different sub-words are not mixed. Now all permutations can be reached if the control
word for the 2F-bit sub-words have exactly 25! bits set in all ranges [j - 2%, ..., ( + 1) - 2*].


file:.fxtdir/demo/bits/bitperm1-demo.cc
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A control word together with the specification of the instruction used defines the action taken. The
following leads to a swap of adjacent bit pairs

1.1.1.1.1.1.1.1.10.1.1.1.1.1.1.1. k=1 (2-bit sub-words)
while this
1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.1. k= 5 (32 bit sub-words)

results in gathering the even and odd indexed bits in the halfwords.

A complete set of permutation primitives for 16-bit words and their effect on a symbolic array of bits
(split into groups of four elements for readability) is

0123 4567 89ab cdef

3 =4 ==> 89ab cdef 0123 4567
1111, ...1111., ... = 3 ==> cdef 89ab 4567 0123
11..11..11. .11, . = 2 ==> efcd ab89 6745 2301
1.1.1.1.1.1.1.1. =1 ==> fedc ba98 7654 3210

The top primitive leads to a swap of the left and right half of the bits, the next to a swap of the halves of
the half words and so on. The computed permutation is array reversal. Note that we use array notation
(least index left) here.

The resulting permutation depends on the order in which the primitives are used. When starting with
full words we get:

0123 4567 89ab cdef

1.1. 1.1, 1.1, 1.1. =4 == 1357 9bdf 0246 8ace
1.1. 1.1, 1.1, 1.1. =3 == 37bf 159d 26ae 048c
1.1. 1.1, 1.1, 1.1. =2 == 7£3b 5d19 6e2a 4c08
1.1, 1.1, 1.1, 1.1, =1 == £f7b3 d591 eba2 c480

The result is different when starting with 2-bit sub-words:

0123 4567 89ab cdef
== 1032 5476 98ba dcfe
== 0213 4657 8a9b cedf
== 2367 0145 abef 89cd
== 3715 bf9d 2604 ae8c

(S e =

P
]

BN

[
[ T

10110 1.
10110 1.
10110 1.
101010 1.

There are (2;) possibilities to have z bits set in a 2z-bit word. There are 2"~ * length-2* sub-words in a
2"-bit word so the number of valid control words for that step is

(.

The product of the number of valid words in all steps gives the number of permutations:
n 2k; 271.7k:
e = ]I szlﬂ (1.29-1)
k=1

1.30 CPU instructions often missed

1.30.1 Essential

e Bit-shift and bit-rotate instructions that work properly for shifts greater than or equal to the word
length: the shift instruction should zero the word, the rotate instruction should take the shift
modulo word length. The C-language standards leave the results for these operations undefined
and compilers simply emit the corresponding assembler instructions. The resulting CPU dependent
behavior is both a source of errors and makes certain optimizations impossible.

e A bit-reverse instruction. A fast byte-swap mitigates the problem, see section [I.14 on page
e Instructions that return the index of highest or lowest set bit in a word. They must execute fast.

e Fast conversion from integer to float and double (both directions).
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A fused multiply-add instruction for floats.

Instructions for the multiplication of complex floating-point numbers, computing A-C — B - D and
A-D+ B-C from A, B, C, and D.

A sum-diff instruction, computing A + B and A — B from A and B. This can serve as a primitive
for fast orthogonal transforms.

An instruction to swap registers. Even better, a conditional version of that.

1.30.2 Nice to have

A parity bit for the complete machine word. The parity of a word is the number of bits modulo 2,

not the complement of it. Even better, an instruction for the inverse Gray code, see section [1.16
Dag 4

A bit-count instruction, see section This would also give the parity at bit zero.

An instruction for computing the index of the i-th set bit of a word, see section [1.10] on page
This would be useful even if execution takes a dozen cycles.

A random number generator, LHCAs (see section [41.8 on page 878) may be candidates. At the
very least: a decent entropy source.

A conditional version of more than just the move instruction, possibly as an instruction prefix.

A bit-zip and a bit-unzip instruction, see section [L.15 on page 38| Note this is polynomial squaring
over GF(2).

Primitives for permutations of bits, see section [1.29.2 on page 81] A bit-gather and a bit-scatter
instruction for sub-words of all sizes a power of 2 would allow for arbitrary permutations (see [FXT:
bits/bitgather.h] and [FXT: |bits/bitseparate.h| for versions working on complete words).

Multiplication corresponding to XOR as addition. This is the multiplication without carries used
for polynomials over GF(2), see section [40.1 on page 822|

1.31 Some space filling curves I

1.31.1 The Hilbert curve

A rendering of the Hilbert curve (named after David Hilbert [I82]) is shown in figure[1.31-A] An efficient

algorithm to compute the direction of the n-th move of the Hilbert curve is based on the parity of the

number of threes in the radix-4 representation of n (see section [38.9.1 on page 748)).

Let d, and d, correspond to the moves at step n in the Hilbert curve. Then d,,d, € {—1,0,+1} and
exactly one of them is zero. So for both p := d, + d, and m := d, — d,, we have p,m € {—1,+1}.

The following function computes p and returns 0,1 if p = —1, 41, respectively [FXT: |bits/hilbert.h]:

static inline ulong hilbert_p(ulong t)

// Let dx,dy be the horizontal,vertical move

// with step t of the Hilbert curve.

// Return zero if (dx+dy)==-1, else one (then: (dx+dy)==+1).
// Algorithm: count number of threes in radix 4

{

}

ulong d = (t & 0x5555555555556555UL) & ((t & OxaaaaaaaaaaaaaaaaUL) >> 1);
return parity( d );

If 1 is returned the step is to the right or upwards. The function can be slightly optimized as follows

(64-bit version only):

static inline ulong hilbert_p(ulong t)

t &= ((t & Oxaaaaaaaaaaaaaaaall) >> 1);


file:.fxtdir/src/bits/bitgather.h
file:.fxtdir/src/bits/bitseparate.h
file:.fxtdir/src/bits/hilbert.h
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Figure 1.31-A: The first 255 segments of the Hilbert curve.
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Figure 1.31-B: Moves and turns of the Hilbert curve.

4 t "= t>>2;

5 t "= t>>4;

6 t "= t>>8;

7 t "= t>>16;

8 t "= t>>32;

9 return t & 1;
0

The corresponding value for m can be computed as:

1 static inline ulong hilbert_m(ulong t)

2 // Let dx,dy be the horizontal,vertical move

3 // with step t of the Hilbert curve.

4 // Return zero if (dx-dy)==-1, else one (then: (dx-dy)==+1).
5 o

6 return hilbert_p( -t );

7 %

If the values for p and m are equal the step is in horizontal direction. It remains to merge the values of
p and m into a 2-bit value d that encodes the direction of the move:

1 static inline ulong hilbert_dir(ulong t)

2 // Return d encoding the following move with the Hilbert curve.
3 //

4 // d \in {0,1,2,3} as follows:

5 // d : direction

6 // 0 : right (+x: dx=+1, dy= 0)

7 // 1 : down (-y: dx= 0, dy=-1)

8 // 2:up  (+y: dx= 0, dy=+1)

9 // 3 :left (-x: dx=-1, dy= 0)

0 {
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11 ulong p = hilbert_p(t);
12 ulong m = hilbert_m(t);
13 ulong d = p = (m<<1);
14 return d;

15 %

_

To print the value of d symbolically, we can print the value of (">v~<") [d]. The sequence of moves can
also be generated by the string substitution process shown in figure

A"D>DvB>D>A"A<C"D>A"A<C<BvC<C~A
(#=127)

0
1
2: (#=31)
3:
D>A~A<C~A~D>DvB>A"~D>DvBvC<BvB>D>A"D>DvB>D>A~A<C~D>A~A<C<BvC<C~A~A"D>DvB>D>A~A<C"D> ...

OO AU WN —

OO0 IO Ut W N

Figure 1.31-C: Moves of the Hilbert curve by a string substitution process, the symbols ‘A’, ‘B’, ‘C’, and
‘D’, are ignored when drawing the curve.

The turn u between steps can be computed as

static inline int hilbert_turn(ulong t)
// Return the turn (left or right) with the steps

// t and t-1 of the Hilbert curve.
// Returned value is

// 0 for no turn

// +1 for right turn

{/ -1 for left turn

ulong d1 = hilbert_dir(t);

ulong d2 = hilbert_dir(t-1);

di "= (d1>>1);

d2 "= (d2>>1);

ulong u = d1 - d2;

// at this point, symbolically: cout << ("+.-0+.-")[ u + 3 ];
if ( O==u ) return O;

if ( (longlu<0 ) u += 4;

return (1==u ? +1 : -1);

}
To print the value of u symbolically, we can print ("-0+") [u+1];.

The values of p and m, followed by the direction and turn of the Hilbert curve are shown in figure [1.31-B]|
The list was created with the program [FXT: bits/hilbert-moves-demo.cc]. Figurewas created with
the program [FXT: bits/hilbert-texpic-demo.cc]. The computation of a function whose series coefficients
are =1 and +¢ according to the Hilbert curve is described in section [38.9 on page 747]

A finite state machine (FSM) for the conversion from a 1-dimensional coordinate (linear coordinate of
the curve) to the pair of coordinates x and y of the Hilbert curve is described in [39) item 115]. At each
step two bits of input are processed. The array htab[] serves as lookup table for the next state and two
bits of the result. The FSM has an internal state of two bits [FXT: |bits/lin2hilbert.cc|:

void
lin2hilbert(ulong t, ulong &x, ulong &y)
// Transform linear coordinate t to Hilbert x and y
{
ulong xv = 0, yv = 0;
ulong c01 = (0<<2); // (2<<2) for transposed output (swapped x, y)
for (ulong i=0; i<(BITS_PER_LONG/2); ++i)
{

ulong abi = t >> (BITS_PER_LONG-2);
t <<= 2;



file:.fxtdir/demo/bits/hilbert-moves-demo.cc
file:.fxtdir/demo/bits/hilbert-texpic-demo.cc
file:.fxtdir/src/bits/lin2hilbert.cc
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11

12 ulong st = htab[ (c01<<2) | abi ];

13 c0l = st & 3;

%% yv <<= 1;

16 yv |= ((st>>2) & 1);

17 xXv <<= 1;

18 xv |= (st>>3);

19 }

20 X = XV; Y = yV;

21}
OLD NEW NEW OLD
c C A B X Y cC C cC C XY A B cC C

1 I I 1 I I I

0 0 0 O 0 0 1 0 0 0 0 0 0 O 1 0
0 O 0 1 0 1 0 O 0 O 0 1 0 1 0 O
0 O 1 0 1 1 0 O 0 O 1 0 1 1 0 1
0 O 1 1 1 0 0 1 0 O 1 1 1 0 0 O
0 1 0 O 1 1 1 1 0 1 0 O 1 0 0 1
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
0 1 1 0 0 O 0 1 0 1 1 0 1 1 0 O
0 1 1 1 1 0 0 O 0 1 1 1 0 0 1 1
1 0 0 O 0 O 0 O 1 0 0 0 0 O 0 O
1 0 0 1 1 0 1 0 1 0 0 1 1 1 1 1
1 0 1 0 1 1 1 0 1 0 1 0 0 1 1 0
1 0 1 1 0 1 1 1 1 0 1 1 1 0 1 0
1 1 0 O 1 1 0 1 1 1 0 O 1 0 1 1
1 1 0 1 1 0 1 1 1 1 0 1 1 1 1 0
1 1 1 0 0 O 1 1 1 1 1 0 0 1 1 1
1 1 1 1 0 1 1 0 1 1 1 1 0 O 0 1

HFOO OO U WN —

— =

HFOO OO U W —

— =

AU W N~

Figure 1.31-D: The original table from [39] for the finite state machine for the 2-dimensional Hilbert
curve (left). All sixteen 4-bit words appear in both the ‘OLD’ and the ‘NEW’ column. So the algorithm is
invertible. Swap the columns and sort numerically to obtain the two columns at the right, the table for
the inverse function.

The table used is defined (see figure [L.31-DJ) as

static const ulong htab[] = {
#define HT(xi,yi,c0,cl) ((xi<<3)+(yi<<2)+(c0<<1)+(c1))
// index == HT(cO,cl,ai,bi)
HT( 0, O, 1, 0),
HT( 0, 1, 0, 0),
HT( 1, 1, 0, 0),
HT( 1, 0, 0, 1),
[--snip--]
HT( 0, O, 1, 1),
HT( 0, 1, 1, 0)

};

As indicated in the code, the table maps every four bits c0,cl,ai,bi to four bits xi,yi,c0,cl. The
table for the inverse function (again, see figure|1.31-D)) is

static const ulong ihtab[] = {

#define IHT(ai,bi,c0,cl) ((ai<<3)+(bi<<2)+(c0<<1)+(c1))
// index == HT(cO,cl,xi,yi)
IHT(C 0, O, 1, 0 ),
IHT( 0, 1, 0, O
IHT( 1, 1, O
IHT( 1, 0, O

[--snip--]

IHTC 0, 1, 1,
IHT(C 0, O,

>

(AN

>
>
3

1
0

>
3

[

))
)

o

3

};
The words have to be processed backwards:

ulong
hilbert2lin(ulong x, ulong y)
// Transform Hilbert x and y to linear coordinate t

{
ulong t

= 0;
ulong cO01 =

0;
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for (ulong i=0; i<(BITS_PER_LONG/2); ++i)
{
t <<= 2;
ulong xi = x >> (BITS_PER_LONG/2-1);
xi &= 1;
ulong yi = y >> (BITS_PER_LONG/2-1);
yi &= 1;
ulong xyi = (xi<<1) | yi;
x <<= 1;
y <<= 1;
ulong st = ihtab[ (c01<<2) | xyi 1;
c0l = st & 3;
t |= (st>>2);
return t;

}

1.31.2 The Z-order

o

1
2

Figure 1.31-E: The first 255 segments of the Z-order curve.

next. Figure|l.31-E|shows a rendering of the Z-order curve, created with the program [FXT: |bits/zorder-
texpic-demo.cc|. The conversion between a linear parameter to a pair of coordinates is done by separating
the bits at the even and odd indices [FXT: bits/zorder.h]:

static inline void lin2zorder(ulong t, ulong &x, ulong &y) { bit_unzip2(t, x, y); }

The routine bit_unzip2() is described in section The inverse is

static inline ulong zorder2lin(ulong x, ulong y) { return bit_zip2(x, y); }

A 2-dimensional S?ace—ﬁlling curve in Z-order traverses all points in each quadrant before it enters the

The next pair can be computed with the following (constant amortized time) routine:

static inline void zorder_next(ulong &x, ulong &y)

{



file:.fxtdir/demo/bits/zorder-texpic-demo.cc
file:.fxtdir/demo/bits/zorder-texpic-demo.cc
file:.fxtdir/src/bits/zorder.h
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3 ulong b = 1;

4 do

5 {

6 x "= b; b &= "x;
7 y "=Db; b & "y;
8 b <<= 1;

9 }

10 while ( b );

11

The previous pair is computed similarly:

1 static inline void zorder_prev(ulong &x, ulong &y)
2 A

3 ulong b = 1;

4 do

5 {

6 X "=Db; b &= x;
7 y "=b; b &= y;
8 b <<= 1;

9

10 while ( b );

11

The routines are written in a way that generalizes easily to more dimensions:

static inline void zorder3d_next(ulong &x, ulong &y, ulong &z)

{

ulong b = 1;

do

{
X "= b; Db &= 7"x;
y "=b; b &= "y;
z "=b; Db &= "z;
b <<= 1;

}

while ( b );

static inline void zorder3d_prev(ulong &x, ulong &y, ulong &z)

{
ulong b = 1;
do
{
X "= b; Db &= x;
y "=Db; b&=y;
z "= b; Db &= z;
b <<= 1;
10
11 while ( b );
12 }

DO WON —

Unlike with the Hilbert curve there are steps where the curve advances more than one unit.

1.31.3 Curves via paper-folding sequences

The paper-folding sequence, entry A014577 in [312], starts as [FXT: bits/bit-paper-fold-demo.cc]:
11011001110010011101100011001001110110011100100011011000110010011

The k-th element (k > 0) is one if k = 2° - (4u + 1), entry A091072| in [312]:

1, 2, 4, 5, 8, 9, 10, 13, 16, 17, 18, 20, 21, 25, 26, 29, 32, 33,

The k-th element of the paper-folding sequence can be computed by testing the value of the bit left to
the lowest (that is, rightmost) one in the binary expansion of k [FXT: bits/bit-paper-fold.h|:

static inline bool bit_paper_fold(ulong k)
{
ulong h = k & -k; // == lowest_one(k)
k &= (h<<1);
return ( k==0 );

About 550 million values per second are generated. We use bool as return type to indicate that only
zero or one is returned. The value can be used as an integer of arbitrary type, there is no need for a cast.


http://oeis.org/A014577
file:.fxtdir/demo/bits/bit-paper-fold-demo.cc
http://oeis.org/A091072
file:.fxtdir/src/bits/bit-paper-fold.h
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Figure 1.31-F: The first 1024 segments of the dragon curve (two different renderings).
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1.31.3.1 The dragon curve

Another name for the sequence is dragon curve sequence, because a space filling curve known as dragon
curve (or Heighway dragon) can be generated if we interpret a one as ‘turn left’ and a zero as ‘turn right’.
The top of figure [1.31-F| shows the first 1024 segments of the curve (created with [FXT: bits/dragon-
curve-texpic-demo.cc|). As some points are visited twice we draw the turns with cut off corners, for the
(left) tun A - B — C:

[
I drawn as
A-—B

The code is given in [FXT: aux0/tex-line.cc]. The first few moves of the curve can be found by repeatedly
folding a strip of paper. Always pick up the right side and fold to the left. Unfold the paper and adjust
all corners to be 90 degrees. This gives the first few segments of the dragon curve.

When all angles are replaced by diagonals between the midpoints of the lines
C

|
| drawn as /
I /
A --- B A /B
then the curve appears as shown at the bottom of figure [1.31-F]

Start: 0O
Rules:
0 --> 01
1 -—> 21
2 ——> 23
3 -—> 03
0: 0
1: 01
2: 0121
3: 01212321
4: 0121232123032321
5: 0121232123032321230301032303232
6: 0121232123032321230301032303232123030103012101032303010323032321
+7="=y="=v+tv-v-"-v+v+ T +v-v+v-v-T-vHv+ T v+ T =T+ Ty -vHv+ Ty -viv-v-T

Figure 1.31-G: Moves of the dragon curve generated by a string substitution process.

The net rotation of the dragon-curve after k steps, as multiple of the right angle, can be computed by
counting the ones in the Gray code of k. Take the result modulo 4 to ignore multiples of 360 degree
[FXT: bits/bit-paper-fold.h]:

1 static inline bool bit_dragon_rot(ulong k) { return bit_count( k ~ (k>>1) ) & 3; }

The sequence of rotations is entry |A005811 in [312]:

seq =0121232123432321234345432343232123.
md4=0121232123032321230301032303232123.
mve =+~ -"-v-"-v+v-v-_"-v+v+ +v-v+v-v-"-v.

The sequence of moves (as symbols, last row) can be computed with [FXT: bits/dragon-curve-moves-

demo.cc]. A function related to the paper-folding sequence is described in section |38.8.3| on page [744

1.31.3.2 The alternate paper-folding sequence

If the strip of paper is folded alternately from the left and right, then another paper-folding sequence is

obtained. It is entry A106665 in [312] and it starts as [FXT: bits/bit-paper-fold-alt-demo.cc]:
10011100100011011001110110001100100111001000110010011101100011011

Compute the sequence via [FXT: bits/bit-paper-fold.h]

1  static inline bool bit_paper_fold_alt(ulong k)

2 A
3 ulong h = k & -k; // == lowest_one(k)


file:.fxtdir/demo/bits/dragon-curve-texpic-demo.cc
file:.fxtdir/demo/bits/dragon-curve-texpic-demo.cc
file:.fxtdir/src/aux0/tex-line.cc
file:.fxtdir/src/bits/bit-paper-fold.h
http://oeis.org/A005811
file:.fxtdir/demo/bits/dragon-curve-moves-demo.cc
file:.fxtdir/demo/bits/dragon-curve-moves-demo.cc
http://oeis.org/A106665
file:.fxtdir/demo/bits/bit-paper-fold-alt-demo.cc
file:.fxtdir/src/bits/bit-paper-fold.h

1.31: Some space filling curves I

91

©

Figure 1.31-H: The first 512 segments of the curve from the alternate paper-folding sequence.

1032303

10323030103012123210121
1032303010301212321012101030121010323032321230301032303
VAR VA VA S o VA SRRl VAREE SRR S 18 VA AR e VA VA S VAR VAR R VA i VA SE S VAR VA V4

OUIPWNRO
QOO OOO
o s
QOO0

+OO0O0O
Yy
1 NNNN
PG
+ OO0

Figure 1.31-1: Moves of the alternate curve generated by a string substitution process.
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Start: L

Rules:
L --> L+R+L-R
R --> L+R-L-R

+ -=> +
- __> -
0: (#=1)
L
1: (#=7)
L+R+L-R
2: (#=31)
3 L+RE§—?;%;R—L—R+L+R+L—R—L+R—L—R
'L+R+L-R+L+R-L-R+L+R+L-R-L+R-L-R+L+R+L-R+L+R-L-R-L+R+L-R-L+R-L-R+L+R+L-R+L+R-L-R+L+ ...
Start: L
Rule
L --> R+L+R-L
R --> R+L-R-
+ -=> +
- __> p—
0 #=1)
1 #=7)
R+L+R-L
2: (#=31
R+L-R-L+R+L+R-L+R+L-R-L-R+L+R-L
3: (#=127)

'R+L-R-L+R+L+R-L-R+L-R-L-R+L+R-L+R+L-R-L+R+L+R-L+R+L-R-L-R+L+R-L+R+L-R-L+R+L+R-L-R+ ...
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Figure 1.31-J: Moves and turns of the dragon curve (top) and alternate dragon curve (bottom).

h <<= 1;
ulong t

= h & (k -~ OxaaaaaaaaUL); // 32-bit version
return ( t!=

0 );

About 413 million values per second are generated. By interpreting the sequence of zeros and ones as
turns we again obtain triangular space-filling curves shown in figure The orientations can be
computed as

static inline ulong bit_paper_fold_alt_rot(ulong k)

// Return total rotation (as multiple of the right angle)
// after k steps in the alternate paper-folding curve.
// k= 0,1, 2,3, 4,5, ...

// seqx)=0, 1,0, 3, 0,1, 2,1,0,1,0, 3,2, 3,0,
// move = + T 4+ v + ~ - ~ + " + v - v +
// (+==right, -==left, ~==up, v==down).

// Algorithm: count the ones in (w ~ gray_code(k)).

{

const ulong w = OxaaaaaaaaUL; // 32-bit version
return bit_count( w = (k = (k>>1)) ) & 3; // modulo 4
}

Figure |1.31-J| shows a different string substitution process for the generation of the rotations (symbols
‘+” and ‘-’) for the paper-folding sequences, both symbols ‘L’ and ‘R’ are interpreted as a unit move in
the current direction.

If the constant in the routine is replaced by a parameter w, then its bits determine whether a left or a
right fold was made at each step:

static inline bool bit_paper_fold_general(ulong k, ulong w)
{

ulong h = k & -k; // == lowest_one(k)

h <<= 1;

ulong t = h & (k"w);

return ( t!=0 );
}

1.31.4 Terdragon and hexdragon

The terdragon curve turns to the left or right by 120 degrees depending to the sequence
o, 1, 0, 0, 1, 1, 0, 1, 0,0, 1,0,0,1,1,0, 1,1, 0,1, 0,0,1,1, 0, 1,
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Figure 1.31-K: The first 729 segments of the terdragon (two different renderings).
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Figure 1.31-L: The first 729 segments of the hexdragon.

010011011010011010

QOONO
farGuirgarey fard\s
ON~ON~O

010011011010011010010011010010011011010011011010011010010011011010011010

F+F-F+F+F-F-F+F-F
(#=53)

F+F-F+F+F-F-F+F-F+F+F-F+F+F-F-F+F-F-F+F-F+F+F-F-F+F-F

(#=161)

F+F-F+F+F-F-F+F-F+F+F-F+F+F-F-F+F-F-F+F-F+F+F-F-F+F-F+F+F-F+F+F-F-F+F-F+F+F-F+F+F- ...

Figure 1.31-M: Turns of the terdragon curve, generated by string substitution (top), alternative process

for the moves and turns (bottom, identify ‘+” with ‘0’ and ‘=’ with ‘1’).
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Start: F
Rules:
-=> E+L+F—L-F

4T
[0}

: =33)
F+LJE§—I£(—)E‘;L+F+L+F—L—F—L—F+L+F—L—F
F+L+F-L-F4+L+F+L+F-L-F-L-F+L+F-L-F+L+F+L+F-L-F+L+F+L+F-L-F-L-F+L+F-L-F-L-F+L+F-L-F+ ...

Figure 1.31-N: String substitution process for the hexdragon.

The sequence is entry A080846 in [312], it can be generated via the string substitution with rules 0 — 101
and 1 — 011, see figure A fast method to compute the sequence is based on radix-3 counting:
let Cy(k) be the number of ones in the radix-3 expansion of k, the sequence is one if Cy(k + 1) < Cy(k)
[FXT: bits/bit-dragon3.h]:

static inline bool bit_dragon3_turn(ulong &x)
// Increment the radix-3 word x and
// return whether the number of ones in x is decreased.
ulong s = 0;
while ( (x & 3) == 2 ) { x >=2; ++s; } // scan over nines
// if ( (x & 3) == 0 ) ==> incremented word will have one more 1
// if ( (x & 3) == 1 ) ==> incremented word will have one less 1
bool tr = ( (x & 3) !'=0 ); // incremented word will have one less 1

++x; // increment next digit
x <<= (8<<1); // shift back
return tr;

—
W OO0 UHERWN —

}

About 220 million values per second are generated. Two renderings of the first 729 segments of the curve
are shown in figure [1.31-K] (created with [FXT: bits/dragon3-texpic-demo.cc]).

If we replace each turn by 120 degrees (followed by a line) by two turns by 60 degrees (each followed by a
line) we obtain what may be called a hezdragon, shown in figure[1.31-L| (created with [FXT: bits/dragon-
hex-texpic-demo.cc]). A string substitution process for the hexdragon is shown in figure [1.31-N

1.31.5 Dragon curves based on radix-R counting

Another dragon curve can be generated on radix-5 counting (we will call the curve R5-dragon) [FXT:
bits/bit-dragon-r5.hj:

static inline bool bit_dragon_r5_turn(ulong &x)
// Increment the radix-5 word x and
// return (tr) whether the lowest nonzero digit
// of the incremented word is > 2.
ulong s = 0;
while ( (x & 7) == 4 ) { x >>=3; ++s; } // scan over nines

bool tr = ( (x & 7) >= 2 ); // whether digit will be > 2
++x; // increment next digit

x <<= (3%s); // shift back

return tr;

— ==
O O] UHER W —

}

About 310 million values per second are generated. The turns are by 90 degrees. Two renderings of the
R5-dragon are shown in figure[1.31-O| (created with [FXT: bits/dragon-r5-texpic-demo.cc|). The sequence
of returned values (entry A175337 in [312]) can be computed via the string substitution shown in figure

(top).

Based on radix-7 counting we can generate a curve that will be called the R7-dragon, the turns are be
120 degrees [FXT: bits/bit-dragon-r7.h|:

1  static inline bool bit_dragon_r7_turn(ulong &x)
2 // Increment the radix-7 word x and


http://oeis.org/A080846
file:.fxtdir/src/bits/bit-dragon3.h
file:.fxtdir/demo/bits/dragon3-texpic-demo.cc
file:.fxtdir/demo/bits/dragon-hex-texpic-demo.cc
file:.fxtdir/demo/bits/dragon-hex-texpic-demo.cc
file:.fxtdir/src/bits/bit-dragon-r5.h
file:.fxtdir/demo/bits/dragon-r5-texpic-demo.cc
http://oeis.org/A175337
file:.fxtdir/src/bits/bit-dragon-r7.h
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gure 1.31-0: The first 625 segments of the R5-dragon (two different renderings).
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Figure 1.31-P: The first 2401 segments of the R7-dragon (two different renderings).

// return (tr) whether the lowest nonzero digit
// of the incremented word is either 2, 3, or 6.
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Figure 1.31-Q: The first 2401 segments of the second R7-dragon (two different renderings).
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Start: O
ules:

00110001100011100111001100011000110001110011100110001100011000111001110011100 \
110001100011100111001110011000110001110011100110

: =49)
01001102%1011001001100100110011011001101100100110
.010011001101100100110010011001101100110110010011001001100110110011011001001 R

Rules:
0 --> 0++--00
+ —=> Q++--0+

- —=> 0++--0-
0:  (#=1)
0
1. (#=D)
0++--00
2:  (#=49)
0++--000++--0+0++-=0+0++--0-0++--0-0++--000++--00
3:  (#=343)

"0++=-000++=-0+0++--0+0++=-0=0++--0=0++--000++--000++--000++--0+0++--0+0++-~ . ..

Figure 1.31-R: Turns of the R5-dragon (top), the R7-dragon (middle), and the second R7-dragon
(bottom), generated by string substitution.

{ ulong s = 0;
wvhile ( (x & 7) == 6 ) { x >>=3; ++s; } // scan over nines
++x; // increment next digit
bool tr = ( x & 2 ); // whether digit is either 2, 3, or 6
x <<= (3*s); // shift back
3 return tr;

Two renderings of the R7-dragon are shown in figure [1.31-P| (created with [FXT: bits/dragon-r7-texpic-
demo.cc]). The sequence of returned values (entry A176405| in [312]) can be computed via the string
substitution shown in figure [1.31-R] (middle). Turns for another curve based on radix-7 counting (shown
in figure created with [FXT: bits/dragon-r7-2-texpic-demo.cc]) can be computed as follows:

OO UUR WN

static inline int bit_dragon_r7_2_turn(ulong &x)

// Increment the radix-7 word x and

// return (tr) according to the lowest nonzero digit d
// of the incremented word:

// d==[1,2,3,4,5,6] ==> rt:=[0,+1,+1,-1,-1,0]

// (tr * 120deg) is the turn with the second R7-dragon.

{
ulong s = 0;
while ( (x & 7) == 6 ) { x >>=3; ++s; } // scan over nines
++x; // increment next digit
int tr = 2 - ( (0x2f58 >> (2%(x&7)) ) & 3 );
x <<= (3*s); // shift back
return tr;
}

The sequence of turns can be generated by the string substitution shown in figure [1.31-R] (bottom), it is



file:.fxtdir/demo/bits/dragon-r7-texpic-demo.cc
file:.fxtdir/demo/bits/dragon-r7-texpic-demo.cc
http://oeis.org/A176405
file:.fxtdir/demo/bits/dragon-r7-2-texpic-demo.cc
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Start: F
Rules: F --> F+F+F-F-F + -=> + - -=> -

: 9)
F+FEF—g;g;F+F+F—F—F+F+F+F—F—F—F+F+F—F—F—F+F+F—F—F

#=
F+F+F-F-F+F+F+F-F-F+F+F+F-F-F-F+F+F-F-F-F+F+F-F-F+F+F+F-F-F+F+F+F-F-F+F+F+F-F-F-F+ ...

Start: F
Rules: F --> F+F-F-F+F+F-F + -=> + - -=> -

F
1: (#=13)
5 F+F-F-F+F+F-F

: #=97
F+F-F-F+F+F-F+F+F-F-F+F+F-F-F+F-F-F+F+F-F-F+F-F-F+F+F-F+F+F-F-F+F+F-F+F+F-F-F+F+F- ...

Start: F
Rules: F --> FOF+F+F-F-FOF + -=> + - —> - 0-->0

1

: (#=13)
5 FOF+F+F-F-FOF

: =97
FOF+F+F-F-FOFOFOF+F+F-F-FOF+FOF+F+F-F-FOF+FOF+F+F-F-FOF-FOF+F+F-F-FOF-FOF+F+F-F-FO ...

Figure 1.31-S: String substitution processes for the turns (symbols ‘+’ and ‘-’) and moves (symbol ‘F’
is a unit move in the current direction) of the R5-dragon (top), the R7-dragon (middle), and the second
R7-dragon (bottom).

O 00O Uk WN —

N e e e e e e e
QO UTR=WN —O

= =
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entry A176416|in [312].

Two curves respectively based on radix-9 and radix-13 counting are shown in figure [1.31-T] The corre-
sponding routines are given in [FXT: bits/bit-dragon-r9.h]

static inline bool bit_dragon_r9_turn(ulong &x)
// Increment the radix-9 word x and
// return (tr) whether the lowest nonzero digit
// of the incremented word is either 2, 3, 5, or 8.
// tr determines whether to turn left or right (by 120 degrees)
// with the R9-dragon fractal.
// The sequence tr is the fixed point
// of the morphism O |--> 011010010, 1 |--> 011010011.
// Also fixed point of morphism (identify + with O and - with 1)
// F |-=> F+F-F-F+F-F+F+F-F, + |--> +, - |--> -
// Also fixed point of morphism
{/ F |--> G+G-G, G |--> F-F+F, + [->+, - [-—> -
ulong s = 0;
while ( (x & 15) == 8 ) { x >>= 4; ++s; } // scan over nines

++x; // increment next digit

bool tr = ( (0x12c >> (x&15)) & 1 ); // whether digit is either 2, 3, 5, or 8
x <<= (4*s); // shift back

return tr;

}
and [FXT: bits/bit-dragon-r13.h]

static inline bool bit_dragon_r13_turn(ulong &x)

// Increment the radix-13 word x and

// return (tr) whether the lowest nonzero digit

// of the incremented word is either 3, 6, 8, 9, 11, or 12.

// tr determines whether to turn left or right (by 90 degrees)
// with the R13-dragon fractal.

// The sequence tr is the fixed point

// of the morphism O |--> 0010010110110, 1 |--> 0010010110111.
// Also fixed point of morphism (identify + with O and - with 1)
é/ F |--> F+F+F-F+F+F-F+F-F-F+F-F-F, + |--> +, - |--> -

ulong s = 0;



http://oeis.org/A176416
file:.fxtdir/src/bits/bit-dragon-r9.h
file:.fxtdir/src/bits/bit-dragon-r13.h
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while (
++X;
bool tr =
x <<= (4xs);
return tr;

1.31: Some space filling curves I

(x & 16) == 12 )
// increment next digit

( (0x1b48 >> (x&15)) & 1 );
// shift back

{ x >>= 4;

++s; } // scan over nines

101

// whether digit is either 3, 6, 8, 9, 11, or 12
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Figure 1.31-T: The R9-dragon (top) and the R13-dragon (bottom).
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Chapter 2

Permutations and their operations

We study permutations together with the operations on them, like composition and inversion. We
further discuss the decomposition of permutations into cycles and give methods for generating random
permutations, cyclic permutations, involutions, and derangements. In-place algorithms for applying
several special permutations like the revbin permutation, the Gray permutation, and matrix transposition
are given.

Algorithms for the generation of all permutations of a given number of objects and bijections between
permutations and mixed radix numbers in factorial base are given in chapter

2.1 Basic definitions and operations

A permutation of n elements can be represented by an array X = [z, x1, ..., Tp—1]. When the permu-
tation X is applied to F = [fo, f1, --., fn—1], then the element at position k is moved to position 5. A
routine for the operation is [FXT: |perm/permapply.h]:

template <typename Type>

void apply_permutation(const ulong *x, const Type *f, Type * restrict g, ulong n)
// Apply the permutation x[] to the array f[],

// i.e. set glx[k]] <-- f[k] for all k

{

}

Routines to test various properties of permutations are given in [FXT: perm/permq.cc]. The length-
n sequence [0, 1, 2, ..., n — 1] represents the identical permutation which leaves all elements in their
position. To check whether a given permutation is the identity is trivial:

for (ulong k=0; k<n; ++k) glx[k]] = £[k];

N OUU R W N

bool is_identity(const ulong *f, ulong n)
// Return whether f[] is the identical permutation,
// i.e. whether f[k]l==k for all k= 0...n-1

for (ulong k=0; k<n; ++k) if ( f[k] != k ) return false;
return true;

NSO W N~

A fixed point of a permutation is an index where the element is not moved:

ulong count_fixed_points(const ulong *f, ulong n)
// Return number of fixed points in f[]
{
ulong ct = 0;
for (ulong k=0; k<n; ++k) ct += ( f[k] == k );
return ct;

N OURW N

A derangement is a permutation that has no fixed points. A routine to check whether a permutation is
a derangement is

bool is_derangement(const ulong *f, ulong n)
// Return whether f[] is a derangement of identity,
{/ i.e. whether f[k]!=k for all k

TR W N =

for (ulong k=0; k<n; ++k) if ( f[k] == k ) return false;


file:.fxtdir/src/perm/permapply.h
file:.fxtdir/src/perm/permq.cc
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return true;

Whether two arrays are mutual derangements (that is, fi # gx for all k) can be determined by:

NSO W N~

bool is_derangement(const ulong *f, const ulong *g, ulong n)

// Return whether f[] is a derangement of g[],

// i.e. whether f[k]!=g[k] for all k

{
for (ulong k=0; k<n; ++k) if ( f[k] == g[k] ) return false;
return true;

}

A connected (or indecomposable) permutation contains no proper prefix mapped to itself. We test whether
max(fo, f1, ..., fx) >kforall k <n-—1:

© OO ULixW N

bool
is_connected(const ulong *f, ulong n)
{
if ( n<=1 ) return true;
ulong m = 0; // maximum
for (ulong k=0; k<n-1; ++k) // for all proper prefixes
{

const ulong fk = f[k];
if ( fk>m ) m = fk;
if ( m<=k ) return false;

}

return true;

}

To check whether an array is a valid permutation, we need to verify that each index in the valid range
appears exactly once. The bit-array described in section [4.6 on page 164

allows doing the job without

modifying the input:

DD = b = e
QOO T RWN — OO0 U = W N

SOt W N+~

O Ul W N~

bool
is_valid_permutation(const ulong *f, ulong n, bitarray *bp/*=0%/)

// Return whether all values O...n-1 appear exactly once,
// i.e. whether f represents a permutation of [0,1,...,n-1].

{

// check whether any element is out of range:

for (ulong k=0; k<n; ++k) if ( f[k]>=n ) return false;
// check whether values are unique:

bitarray *tp = bp;

if ( 0==bp ) tp = new bitarray(n); // tags
tp->clear_all();

ulong k;
for (k=0; k<n; ++k) if ( tp->test_set(f[k]) ) break;

if ( 0==bp ) delete tp;

return (k==n);

}

The complement of a permutation is computed by replacing every element v by n — 1 — v [FXT:
perm/permcomplement.h|:

inline void make_complement(const ulong *f, ulong *g, ulong n)
// Set (as permutation) g to the complement of f.
// Can have f==g.

for (ulong k=0; k<n; ++k) glk] =n - 1 - f[k];
}

The reversal of a permutation is simply the reversed array [FXT: perm/reverse.hl:

template <typename Type>
inline void reverse(Type *f, ulong n)
// Reverse order of array f.

{
}

for (ulong k=0, i=n-1; k<i; ++k, --i) swap2(f[k], f[il);


file:.fxtdir/src/perm/permcomplement.h
file:.fxtdir/src/perm/reverse.h
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2.2 Representation as disjoint cycles

Every permutation consists entirely of disjoint cycles. A cycle of a permutation is a subset of the indices
that is rotated (by one position) by the permutation. The term disjoint means that the cycles do not
‘cross’ each other. While this observation may appear trivial it gives a recipe for many operations: follow
the cycles of the permutation, one by one, and do the necessary operation on each of them.

Consider the following permutation of length 8:
[0,2,4,6,1,3,5,7]
There are two fixed points (0 and 7, which we omit) and these cycles:

(1 -->2-->4)
(3->6-->5)

The cycles do ‘wrap around’, for example, the final 4 of the fist cycle goes to position 1, the first element
of the cycle. The inverse permutation is found by reversing every arrow in each cycle:

(1<—-2<x-—-4)
(3 <-—-6<--5)

Equivalently, we can reverse the order of the elements in each cycle:

(4 -->2-->1)
(5 -->6-->3)

If we begin each cycle with its smallest element, the inverse permutation is written as

(1 ->4-->2)
(3-->5-->6)

This form is obtained by reversing all elements except the first in each cycle of the (forward) permutation.
The last three sets of cycles all describe the same permutation, it is

[0,4,1,5,2,6,3,7]

Permutation:
[02461357]
Inverse:
[04152637]1]
Cycles:

(0) #=1

(1, 2, 4) #=3

(3, 6, 5) #=3

(7) #=1

ggggiate <typename Type>

inline void foo_perm_8(Type *f)

{
{ Type t=£[1]; £[1]=£[4]; £[4]=£[2]; f£[2]=t; }
{ Type t=£[3]; £[3]=f([5]; £[6]=f[6]; £f[6]=t; }

Figure 2.2-A: A permutation of 8 elements, its inverse, its cycles, and code for the permutation.

The cycles form of a permutation can be printed with [FXT: perm/printcycles.cc]:

1 void

2  print_cycles(const ulong *f, ulong n, bitarray *tb/*=0%/)
3 // Print cycle form of the permutation in f[].

4 // Examples (first permutations of 4 elements in lex order):
5 // array form cycle form

6 // 0: [0123] (0) (1) (2) (3

7T // 1: [0132] (0) (1) (2, 3)

8 // 2: [0213] o) 1, 2) 3

9 // 3: [0231] (0) (1, 2, 3)

10 // 4: [0312] (0) (1, 3, 2)

11 // 56: [0321] 0y (1, 3) (2

12 // 6: [1023] (0, 1) (2) (3)

13 // 7: [1032] (0, 1) (2, 3)

14 // 8 [1203] (0, 1, 2) (3)

15 A

16 bitarray *b = tb;



file:.fxtdir/src/perm/printcycles.cc
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17 if ( tb==0 ) b = new bitarray(n);
18 b->clear_all();
20 for (ulong k=0; k<n; ++k)

{
22 if ( b->test(k) ) continue; // already processed
24 cout << "(";
25 ulong i = k; // next in cycle
26 const char *cm = "";
27 do
28 {
29 cout << cm << ij;
30 cm =", ",
31 b->set(i);

}

33 while ( (i=f[i]) != k ); // until we meet cycle leader again
34 cout << ") ";
35 }
37 if ( tb==0 ) delete b;
38 }

The bit-array (see section [4.6 on page 164] for the implementation) is used to keep track of the elements
already processed. The routine can be modified to generate code for applying a given permutation to

an array. The program [FXT: perm/cycles-demo.cc| prints cycles and code for a permutation, see figure

22-A

2.2.1 Cyclic permutations

A permutation consisting of exactly one cycle is called cyclic. Whether a given permutation has this
property can be tested with [FXT: perm/permq.cc]:

bool
is_cyclic(const ulong *f, ulong n)

// Return whether permutation is exactly one cycle.

if ( n<=1 ) return true;

ulong k = 0, e = 0;

do { e=fl[e]; ++k; } while ( e!=0 );
return (k==n);

OO0~ DO W N

The method used is to follow the cycle starting at position zero and counting how long it is. If the length
found equals the array length, then the permutation is cyclic. There are (n — 1)! cyclic permutations of
n elements.

2.2.2 Sign and parity of a permutation

Every permutation can be written as a composition of transpositions (cycles of length 2). This number
of transpositions is not unique, but modulo 2 it is unique. The sign of a permutation is defined to be
+1 if the number is even and —1 if the number is odd. The minimal number of transpositions whose
composition give a cycle of length [ is [ — 1. So the minimal number of transpositions for a permutation
consisting of k cycles where the length of the j-th cycle is ; equals Z?:l (-1 = (Z?:l l;) — k. The
transposition count modulo 2 is called the parity of a permutation.

2.3 Compositions of permutations

We can apply several permutations to an array, one by one. The resulting permutation is called the
composition of the applied permutations. The operation of composition is not commutative: in general
f-g#g-ffor f#g. We note that the permutations of n elements form a group (of n! elements), the
group operation is composition.


file:.fxtdir/demo/perm/cycles-demo.cc
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2.3.1 The inverse of a permutation

A permutation f is the inverse of the permutation g if it undoes its effect: f-g = id. A test whether
two permutations f and g are mutual inverses is

bool is_inverse(const ulong *f, const ulong *g, ulong n)
// Return whether f[] is the inverse of g[]

for (ulong k=0; k<n; ++k) if ( f[g[k]l] != k ) return false;
return true;

AU WN —

We have g - f = f - g =1id, in a group the left-inverse is equal to the right-inverse, so we can simply call
g ‘the inverse’ of f.
A permutation which is its own inverse is called an involution. Checking for this is easy:

bool is_involution(const ulong *f, ulong n)
// Return whether max cycle length is <= 2,
// i.e. whether f * f = id.

for (ulong k=0; k<n; ++k) if ( f[f[k]] != k ) return false;
return true;

N OIRW N

The following routine computes the inverse of a given permutation [FXT: perm/perminvert.cc|:

1  void make_inverse(const ulong *f, ulong * restrict g, ulong n)
2 // Set (as permutation) g to the inverse of f

3 A

4 for (ulong k=0; k<n; ++k) gl[f[k]] = k;

5 }

For the in-place computation of the inverse we have to reverse each cycle [FXT: perm/perminvert.cc|:

1  void make_inverse(ulong *f, ulong n, bitarray *bp/*=0%/)
2 // Set (as permutation) f to its own inverse.

3

4 { bitarray *tp = bp;

5 if ( O==bp ) tp = new bitarray(n); // tags
6 tp->clear_all();

7

8 for (ulong k=0; k<n; ++k)

9 {

10 if ( tp—>test_clear(k) ) continue; // already processed
11 tp->set(k);

12

13 // invert a cycle:

14 ulong i = k;

15 ulong g = f[il; // next index

16 while ( 0==(tp->test_set(g)) )

17 {

18 ulong t = flgl;

19 flgl = 1i;

20 i=g;

21 g =t;

22 }

23 flgl = i;

24 }

25

26 if ( O==bp ) delete tp;

27}

The extra array of tag-bits can be avoided by using the highest bit of each word as a tag-bit. The scheme
would fail if any word of the permutation array had the highest bit set. However, on byte-addressable
machines such an array will not fit into memory (for word sizes of 16 or more bits). To keep the code
similar to the version using the bit-array, we define

1UL << (BITS_PER_LONG - 1); // highest bit is tag-bit
“sl; // all bits but tag-bit

static const ulong sl
static const ulong s0O

static inline void SET(ulong *f, ulong k) { f[k&sO] |= s1; }
static inline void CLEAR(ulong *f, ulong k) { f[k&sO] &= sO; }
static inline bool TEST(ulong *f, ulong k) { return (0!=(f[k&s0]&s1)); }

O T W N
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We have to mask out the tag-bit when using the index variable k. The routine can be implemented as

void
make_inverse(ulong *f, ulong n)
// Set (as permutation) f to its own inverse.
// In-place version using highest bits of array as tag-bits.
for (ulong k=0; k<n; ++k)
{
if ( TEST(f, k) ) { CLEAR(f, k); continue; } // already processed
SET(f, k);
// invert a cycle:
ulong i = k;
ulong g = f[i]; // next index
while ( 0==TEST(f, g) )
{
ulong t = flgl;
flgl = 1i;
SET(f, g);
i=g;
g =1t
}
flgl = i;

CLEAR(f, k); // leave no tag-bits set

The extra CLEAR() statement at the end removes the tag-bit of the cycle minima. Its effect is that
no tag-bits are set after the routine has finished. This routine has about the same performance as the
bit-array version.

2.3.2 The square of a permutation

The square of a permutation is the composition with itself. The routine for squaring is [FXT:
perm/permcompose.cc]

void make_square(const ulong *f, ulong * restrict g, ulong n)
// Set (as permutation) g = f * f

for (ulong k=0; k<n; ++k) gl[k] = f[f[k]];
}

The in-place version is

void make_square(ulong *f, ulong n, bitarray *bp/*=0%/)
// Set (as permutation) f = f * f
// In-place version.
{ bitarray *tp = bp;
if ( O==bp ) tp = new bitarray(n); // tags
tp->clear_all();

for (ulong k=0; k<n; ++k)

{
if ( tp—>test_clear(k) ) continue; // already processed

tp->set(k);

// square a cycle:
ulong i H
ulong t = f£[i]; // save

ulong g = f[i]; // next index
while ( 0==(tp->test_set(g)) )

{

[i] = f[gl;
g;
flgl;

nnH

£
i
g
}
£li] = t;
}
if ( O==bp ) delete tp;
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28 }

2.3.3 Composing and powering permutations

The composition of two permutations can be computed as
void
compose(const ulong *f, const ulong *g, ulong * restrict h, ulong n)
// Set (as permutation) h = f * g

for (ulong k=0; k<n; ++k) h[k] = flglkl]l;

S Ut W N

}
The following version will be used in the powering routine for permutations:
void
compose(const ulong *f, ulong * restrict g, ulong n)
// Set (as permutation) g =f * g

for (ulong k=0; k<n; ++k) glk] = flglkl]l; // yes, this works

O Ut W N

}

The e-th power of a permutation f is computed (and returned in g) by a version of the binary exponen-
tiation algorithm described in section [28.5 on page 563| [FXT: perm/permcompose.cc):

1 void

2  power(const ulong *f, ulong * restrict g, ulong n, long e,
3 ulong * restrict t/*=0%/)

4 // Set (as permutation) g = f ** e

5

g if ( e==0 )

8 for (ulong k=0; k<n; ++k) glk] = k;
9 return;

10

11

12 if (e==1)

13 {

14 acopy(f, g, n);

15 return;

16

17

18 if ( e==-1)

19 {
20 make_inverse(f, g, n);

21 return;
22 }
23
24 // here: abs(e) > 1

25 ulong x = e>0 7 e : -e;
26
27 if ( is_pow_of_2(x) ) // special case x==2"n
28 {
29 make_square(f, g, n);
30 while ( x>2 ) { make_square(g, n); x /= 2; }
31 }
32 else
33 {
34 ulong *tt = t;
35 if ( 0==t ) { tt = new ulong[n]; }
36 acopy(f, tt, n);
%g int firstq = 1;
39 while ( 1)
40
Z% if ( x&1 ) // odd
43 if ( firstq ) // avoid multiplication by 1
44 {
45 acopy(tt, g, n);
46 firstq = 0;
47 }
48 else compose(tt, g, n);
49

50 if ( x==1 ) goto dort;
51 }
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53 make_square(tt, n);
54 x /= 2;
}

g? dort

58 if ( 0==t ) delete [] tt;
59 }

61 if ( e<0 ) make_inverse(g, n);

The routine involves O (n log(n)) operations. By extracting the cycles of the permutation, computing
their e-th powers, and copying them back, we could reduce the complexity to only O(n). The e-th power
of a cycle is a cyclic shift by e positions, as described in section 2.9 on page [123]

2.4 In-place methods to apply permutations to data

We repeat the routine for applying a permutation [FXT: perm/permapply.h]:

template <typename Type>

void apply_permutation(const ulong *x, const Type *f, Type * restrict g, ulong n)
// Apply the permutation x[] to the array f[],

// i.e. set glx[k]] <-- f[k] for all k

N OOUT R W N~

for (ulong k=0; k<n; ++k) glx[k]] = £[k];
}

The in-place version follows the cycles of the permutation:

1 template <typename Type>

2 void apply_permutation(const ulong *x, Type * restrict f, ulong n, bitarray *bp=0)
3

4 bitarray *tp = bp;

5 if ( 0==bp ) tp = new bitarray(n); // tags

6 tp->clear_all();

g for (ulong k=0; k<n; ++k)

9 {

10 if ( tp—>test_clear(k) ) continue; // already processed
11 tp->set (k) ;

12

13 // --- do cycle: ---

14 ulong i = k; // start of cycle

15 Type t = f[il;

16 ulong g = x[i];

17 while ( O==(tp->test_set(g)) ) // cf. gray_permute()
18 {

19 Type tt = flgl;

20 flgl = t;

21 t = tt;

22 g = x[gl;

23 }

24 flgl = t;

25 // --- end (do cycle) ---

26 }

27

28 if ( O==bp ) delete tp;

29}

To apply the inverse of a permutation without inverting the permutation itself, use

template <typename Type>
void apply_inverse_permutation(const ulong *x, const Type *f, Type * restrict g, ulong n)

for (ulong k=0; k<n; ++k) glk] = f[x[k]];

The in-place version is

template <typename Type>
void apply_inverse_permutation(const ulong *x, Type * restrict f, ulong n, bitarray *bp=0)

bitarray *tp = bp;
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5 if ( 0==bp ) tp = new bitarray(n); // tags
6 tp->clear_all();

7

8 for (ulong k=0; k<n; ++k)

9 {

10 if ( tp—>test_clear(k) ) continue; // already processed
11 tp->set (k) ;

12

13 // --- do cycle: —---

14 ulong i = k; // start of cycle

15 Type t = f[il;

16 ulong g = x[i]l;

17 while ( O==(tp->test_set(g)) ) // cf. inverse_gray_permute()
18 {

19 fli] = flgl;

20 i=g;

21 = x[i];

22 }

23 f[i] = t;

24 // --- end (do cycle) ---

25

26

27 if ( 0==bp ) delete tp;

28

A permutation of n elements can be given as a function X (k) (where 0 < X (k) <=n for 0 < k < n, and
X (i) # X(j) for i # j). The permutation given as function X can be applied to an array f via [FXT:
perm/permapplyfunc.hj:

template <typename Type>
void apply_permutation(ulong (*x)(ulong), const Type *f, Type * restrict g, ulong n)
// Set glx(k)] <-- f[k] for all k

1
2
3
4
5 for (ulong k=0; k<n; ++k) glx(k)] = f[k];
6

For example, the following statements are equivalent:

apply_permutation(gray_code, f, g, n);
gray_permute(f, g, n);
The inverse routine is
template <typename Type>
void apply_inverse_permutation(ulong (*x)(ulong), const Type *f, Type * restrict g, ulong n)

1
2
3
4 for (ulong k=0; k<n; ++k) glk] = f[x(k)];
5

}

The in-place versions of these routines are almost identical to the routines that apply permutations given
as arrays. Only a tiny change must be made in the processing of the cycles. For example, the fragment

1  void apply_permutation(const ulong *x, Type * restrict f, ulong n, bitarray *bp=0)
2 [--snip--]

3 ulong i = k; // start of cycle

4 Type t = f[il;

5 ulong g = x[i];

6 while ( O==(tp->test_set(g)) ) // cf. gray_permute()
7 {

8 Type tt = flgl;

9 flgl = t;

10 t = tt;

11 g = x[gl;

12 }

13 flgl = t;

14 [--snip--]

must be modified by replacing all occurrences of ‘x[i]’ with ‘x(i)’:

1  void apply_permutation(ulong (*x)(ulong), Type *f, ulong n, bitarray *bp=0)
2 [--snip--]

3 ulong i = k; // start of cycle

4 Type t = £[il;

5 ulong g = x(i); // <--=

6 while ( O==(tp->test_set(g)) ) // cf. gray_permute()
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8 Type tt = flgl;
9 flgl = t;
t .

10 tt;

11 g =x(@; // <=
12 }

13 flgl = t;

14 [--snip--]

2.5 Random permutations

The following routine randomly permutes an array with arbitrary elements [FXT: perm/permrand.h|:

template <typename Type>
void random_permute(Type *f, ulong n)

for (ulong k=n; k>1; --k)
{

const ulong i = rand_idx(k);
swap2(f [k-1], £[il);

OO DU EWN

}
An alternative version for the loop is:

for (ulong k=1; k<n; ++k)
{

const ulong i = rand_idx(k+1);
swap2(£f[k], £[il);

Uk W —

The method is given in [I32], it is sometimes called Knuth shuffle or Fisher-Yates shuffle, see [213] alg.P,
sect.3.4.2]. We use the auxiliary routine [FXT: |aux0/rand-idx.h]

inline ulong rand_idx(ulong m)
// Return random number in the range [0, 1, ..., m-1].
{/ Must have m>0.

if ( m==1 ) return O; // could also use % 1

ulong x = (ulong)rand();

x "= x>>16; // avoid using low bits of rand() alone
return x % m;

OO WN -

}
A random permutation is computed by applying the function to the identical permutation:

1  void random_permutation(ulong *f, ulong n)
2 // Create a random permutation

3 A

4 for (ulong k=0; k<n; ++k) f[k] = k;

5 random_permute(f, n);

6 I

A slight modification of the underlying idea can be used for a routine for random selection from a list
with only one linear read. Let L be a list of n items Ly, ..., L,.

1. Set t = Ly, set k = 1.

2. Set k=k+ 1. If £ > n return ¢.
3. With probability 1/k set t = Ly.
4. Go to step 2.

Note that one does not need to know n, the number of elements in the list, in advance: replace the second
statement in step 2 by “If there are no more elements, return ¢”.
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2.5.1 Random cyclic permutation

A routine to apply a random cyclic permutation (as defined in section [2.2.1 on page 105)) to an array is
[FXT: perm/permrand-cyclic.h]

1 template <typename Type>

2 void random_permute_cyclic(Type *f, ulong n)

3 // Permute the elements of f by a random cyclic permutation.
4

5 for (ulong k=n-1; k>0; --k)

6 {

7 const ulong i = rand_idx(k);

8 swap2(f[k], £[il);

9

0 ¥

The method is called Sattolo’s algorithm, see [296], and also [I71] and [362]. It can be described as a
method to arrange people in a cycle: Assume there are n people in a room. Let the first person choose
a successor out of the remaining persons not yet chosen. Then let the person just chosen make the next
choice of a successor. Repeat until everyone has been chosen. Finally, let the first person be the successor
of the last person chosen.

The cycle representation of a random cyclic permutation can be computed by applying a random per-
mutation to all elements (of the identical permutation) except for the first element.
2.5.2 Random prefix of a permutation

A length-m prefix of a random permutation of n elements is computed by the following routine that uses
just O(m) operations [FXT: perm/permrand-pref.h]:

1 template <typename Type>
2 void random_permute_pref (Type *f, ulong n, ulong m)
3 // Set the first m elements to a prefix of a random permutation.
4 // Same as: set the first m elements of f to a random permutation
5 // of a random selection of all n elements.
6 // Must have m<=n-1.
7 // Same as random_permute() if m>=n-1.
8
9 if (m>n-1 ) m = n-1; // m>n is not admissable
0 for (ulong k=0, j=n; k<m; ++k,--j)
1 {
2 const ulong i = k + rand_idx(j); // k<=i<n
3 swap2(f[k], £[il);
4
5 }
The first element is randomly selected from all n elements, the second from the remaining n — 1 elements,
and so on. Thus there are n(n—1) ... (n —m + 1) = n!/(n —m)! length-m prefixes of permutations of
n elements.

2.5.3 Random permutation with prescribed parity

To compute a random permutation with prescribed parity (as defined in section on page [105]) we
keep track of the parity of the generated permutation and change it via a single transposition if necessary
[FXT: perm/permrand-parity.h|:

template <typename Type>

void random_permute_parity(Type *f, ulong n, bool par)
// Randomly permute the elements of f, such that the
// parity of the permutation equals par.

// I.e. the minimal number of transpositions of the
// permutation is even if par==0, else odd.

// Note: with n<=1 there is no odd permutation.

if ( (par==1) && (n<2) ) return; // not admissable

bool pr = 0; // identity has even parity
for (ulong k=1; k<n; ++k)

N OO0 O Utk WN —
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13 {

14 const ulong i = rand_idx(k+1);

15 swap2(f[k], £[il);

16 pr "= (k !=1i); // parity changes with swap

1

19 if ( par!=pr ) swap2(£f[0], £[1]); // need to change parity
20}

2.5.4 Random permutation with m smallest elements in prescribed order

In the last algorithm we conditionally changed the positions 0 and 1. Now we conditionally change the
elements 0 and 1 to preserve their relative order [FXT: perm/permrand-ord.h]:

template <typename Type>
void random_ordO1_permutation(Type *f, ulong n)
// Random permutation such that elements O and 1 are in order.

random_permutation(f, n);

ulong t = O;

while ( f[t]>1 ) ++t;

if ( £[t]==0 ) return; // already in correct order
f[t]l = 0;

do { ++t; } while ( £[t]!=0 );

f[t] = 1;

==
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}

The routine generates half of all the permutations but not their reversals. The following routine fixes the
relative order of the m smallest elements:

template <typename Type>

void random_ordm_permutation(Type *f, ulong n, ulong m)

// Random permutation such that the m smallest elements are in order.
// Must have m<=n.

random_permutation(f, n);
for (ulong t=0,3j=0; j<m; ++t) if ( £f[tl<m ) { £[tl=j; ++j; }

OJOOU W N~

}
A random permutation where 0 appears as the last of the m smallest elements is computed by:

1 template <typename Type>

2 void random_lastm_permutation(Type *f, ulong n, ulong m)

3 // Random permutation such that O appears as last of the m smallest elements.
% // Must have m<=n.

6 random_permutation(f, n);

g if ( m<=1 ) return;

9 ulong p0=0, pl=0; // position of 0, and last (in m smallest elements)
10 for (ulong t=0, j=0; j<m; ++t)

11 {

12 if ( £[t]<m )

13 {

14 pl = t; // update position of last

15 if ( £[t]==0 ) { p0 = t; } // record position of 0

16 ++j; // j out of m smallest found

17

18 }

19 // here t is the position of the last of the m smallest elements

20 swap2( f[p0l, flpll );

21}

2.5.5 Random permutation with prescribed cycle type

To create a random permutation with given cycle type (see section on page we first give a
routine for permuting by one cycle of prescribed length. We need to keep track of the set of unprocessed
elements. The positions of those (available) elements are stored in an array r[]. After an element is
processed its index is swapped with the last available index [FXT: perm/permrand-cycle-type.h|:

1  template <typename Type>
2  inline ulong random_cycle(Type *f, ulong cl, ulong *r, ulong nr)
3 // Permute a random set of elements (whose positions are given in
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4 // r[0]l, ..., rlnr-1]) by a random cycle of length cl.

g // Must have nr >= cl and cl != 0.

7 if ( c1==1) // just remove a random position from r[]

8 {

9 const ulong i = rand_idx(nr);

10 --nr; swap2( rlnr], r[i] ); // remove position from set
11 }

12 else // cl >= 2

13 {

14 const ulong i0 = rand_idx(nr);

15 const ulong kO = r[i0]; // position of cycle leader

16 const Type fO = £[k0]; // cycle leader

17 --cl;

18 --nr; swap2( rlnr], r[i0] ); // remove position from set
19

20 ulong kp = k0O; // position of predecessor in cycle

21 do // create cycle

22 {

23 const ulong i = rand_idx(anr);

24 const ulong k = r[i]; // random available position
25 flkpl = £[kl; // move element

26 --nr; swap2( rlnr], r[i] ); // remove position from set
27 kp = k; // update predecessor

28 }

29 while ( --cl );

30

31 flkp]l = £0; // close cycle

32 }

gi return nr;

35

To permute according to a cycle type, we call the routine according to the elements of an array c[] that
specifies how many cycles of each length are required:

1  template <typename Type>

2 inline void random_permute_cycle_type(Type *f, ulong n, const ulong *c, ulong *tr=0)
3 // Permute the elements of f by a random permutation of prescribed cycle type.

4 // The permutation will have c[k] cycles of length k+1.

5 // Must have s <= n where s := sum(k=0, n-1, c[k]).

6 // If s < n then the permutation will have n-s fixed points.

7

8

9

{ ulong *r = tr;
if ( tr==0 ) r = new ulong[n];

10 for (ulong k=0; k<n; ++k) r[k] = k; // initialize set
11 ulong nr = n; // number of elements available
12 // available positions are r[0], ..., r[nr-1]
13
14 for (ulong k=0; k<n; ++k)
15 {
16 ulong nc = c[k]; // number of cycles of length k+1;
17 if ( nc==0 ) continue; // no cycles of this length
18 const ulong cl = k+1; // cycle length
19 do
20 {
21 nr = random_cycle(f, cl, r, nr);
22 }
23 while ( --nc );
24 }
25
26 if ( tr==0 ) delete [] r;
27 %}

2.5.6 Random self-inverse permutation

For the self-inverse permutations (involutions) we need to compute certain branch probabilities. At each
step either a 2-cycle or a fixed point is generated. The probability that the next step generates a fixed
point is R(n) = I(n — 1)/I(n) where I(n) is the number of involutions of n elements. This can be seen

by dividing relation [11.1-6{ on page by I(n):

1 — I(n—1)+(n—1)l(n—2) (25-1)
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At each step we generate a random number ¢ where 0 < ¢ < 1, if ¢ > R(n) then a 2-cycle is created, else
a fixed point. The quantities I(n) cannot be used with fixed precision arithmetic because an overflow

would occur for large n. Instead, we update R(n) via
o
1+nR(n)

The recurrence is numerically stable [FXT: perm/permrand-self-inverse.h|:

R(n+1) =

inline void next_involution_branch_ratio(double &rat, double &n1l)

1

2

3 nl += 1.0;

4 rat = 1.0/( 1.0 + nil*rat );
5

The following routine initializes the array of values R(n):

1 inline void init_involution_branch_ratios(double *b, ulong n)

2 A

3 b[0] = 1.0;

4 double rat = 0.5, ni1 = 1.0;

5 for (ulong k=1; k<n; ++k)

6

7 b[k] = rat;

8 N next_involution_branch_ratio(rat, nl);

9

10 3}

1 template <typename Type>

2 inline void random_permute_self_inverse(Type *f, ulong n,

3 ulong *tr=0, double *tb=0, bool bi=false)
4 // Permute the elements of f by a random self-inverse permutation (an involution).
5 // Set bi:=true to signal that the branch probabilities in tb[]

6 // have been precomputed (via init_involution_branch_ratios()).
7

8 { ulong *r = tr;

9 if ( tr==0 ) r = new ulong[n];

10 for (ulong k=0; k<n; ++k) r[k] = k;

11 ulong nr = n; // number of elements available

12 // available positions are r[0], ..., r[nr-1]

%2 double *b = tb;

15 if ( tb==0 ) { b = new double[n]; bi=false; }

%g if ( 'bi ) init_involution_branch_ratios(b, n);

18 while ( nr>=2 )

19 {

20 const ulong x1 = nr-1;
21 const ulong rl = r[x1]; // available position
22 --nr; // no swap needed if xl1==last
23
24 const double rat = blnr]; // probability to choose fixed point
25

26 const double t = rnd01(); // 0 <=1t < 1
27 if ( t >rat ) // 2-cycle
28 {
29 const ulong x2 = rand_idx(nr);
30 const ulong r2 = r[x2]; // random available position != ri
31 --nr; swap2(zx[x2], rlnrl);
32 swap2( f[r1]l, £[r2] );
33 }
34 // else // fixed point, nothing to do
35 }
36
37 if ( tr==0 ) delete [] r;
38 if ( tb==0 ) delete [] b;
39 1}

(2.5-2)

The auxiliary function rand01() returns a random number ¢ where 0 < ¢ < 1 [FXT: aux0/randf.cc|.

2.5.7 Random derangement

In each step of the routine for a random permutation without fixed points (a derangement) we join two
cycles and decide whether to close the resulting cycle. The probability of closing is B(n) = (n—1) D(n —
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2)/D(n) where D(n) is the number of derangements of n elements. This can be seen by dividing relation

[11.1-12a] on page [280] by D(n):
(n—1)D(n—1) (n—1)D(n—2)

1 = ) + D) (2.5-3)

The probability B(n) is close to 1/n for large n. Already for n > 30 the relative error (for B(n) versus
1/n) is less than 10732, so B(n) is indistinguishable from 1/n with floating-point types where the mantissa
has at most 106 bits. We compute a table of just 32 values B(n) [FXT: perm/permrand-derange.h]:

1 // number of precomputed branch ratios:

2  #define NUM_PBR 32 // OK for up to 106-bit mantissa
3

4 inline void init_derange_branch_ratios(double *b)

5

6 b[0] = 0.0; ©b[1] = 1.0;

7 double dn0 = 1.0, dnl = 0.0, nl1 =1.0;

8 for (ulong k=2; k<NUM_PBR; ++k)

9 {

10 const double dn2 = dni;

11 next_num_derangements(dnO, dni, ni);

12 const double rat = (nl) * dn2/dn0O; // == (n-1) * D(n-2) / D(n)
13 b[k] = rat;

14 }

15}

The D(n) are updated using D(n) = (n — 1) [D(n — 1) + D(n — 2)]:

1 inline void next_num_derangements(double &dn0, double &dni, double &nl)
2 A

3 const double dn2 = dnl; dnl = dnO; nl += 1.0;

4 dn0 = ni1*(dnl + dn2);

5 }

Now the B(n) are computed as

inline double derange_branch_ratio(const double *b, ulong n)

if ( n<NUM_PBR ) return b[n];
else return 1.0/(double)n; // relative error < 1.0e-32

G W

}
The routine for a random derangement is

1 template <typename Type>

2 inline void random_derange(Type *f, ulong n,

3 ulong *tr=0,

4 double *tb=0, bool bi=false)

5 // Permute the elements of f by a random derangement.

6 // Set bi:=true to signal that the branch probabilities in tb[]
7 // have been precomputed (via init_derange_branch_ratios()).
8 // Must have n > 1.

9 A

10 ulong *r = tr;

11 if ( tr==0 ) r = new ulong[n];

12 for (ulong k=0; k<n; ++k) r[k] = k;

13 ulong nr = n; // number of elements available

14 // available positions are =r[0], ..., r[nr-1]

%g double *b = tb;

17 if ( tb==0 ) { b = new double[NUM_PBR]; bi=false; }

18 if ( !'bi ) init_derange_branch_ratios(b);

20 zhile ( nr>=2 )
22 const ulong x1 = nr-1; // last element
23 const ulong rl = r[xi1];
25 const ulong x2 = rand_idx(nr-1); // random element !=last
26 const ulong r2 = r[x2];
28 swap2( f[r1], £[r2] ); // join cycles containing f[r1] and f[r2]
30 // remove r[xl1]=rl from set:

31 --nr; // swap2(r(x1], rlnr]); // swap not needed if xl1==last
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32

33 const double rat = derange_branch_ratio(b, nr);
34 const double t = rnd01(); // 0 <=1t < 1
35 if ( t < rat ) // close cycle

36 {

37 // remove r[x2]=r2 from set:

38 --nr; swap2(r[x2], rlnrl);

39 }

40 // else cycle stays open

41 }

42

43 if ( tr==0 ) delete [] r;

44 if ( tb==0 ) delete [] b;

45 }

The method is (essentially) given in [245]. A generalization for permutations with all cycles of length
> m is given in [24].

2.5.8 Random connected permutation

A random connected (indecomposable) permutation can be computed via the rejection method: create
a random permutation, if it is not connected, repeat. An implementation is [FXT: perm/permrand-
connected.h]

1 inline void random_connected_permutation(ulong *f, ulong n)

2 A

3 for (ulong k=0; k<n; ++k) f[k] = k;

4 do { random_permute(f, n); } while ( ! is_connected(f, n) );
5 %

The method is efficient because the number of connected permutations is (asymptotically) given by

Cn) = nl <1 _ % _0 <nl2>> (2.5-4)

That is, the test for connectedness is expected to fail with a probability of about 2/n for large n. The
probability of failure can be reduced to about 2/n? by avoiding the permutations that fix either the first
or the last element. The small cases (n < 3) are treated separately:

% %f ( n<=3 )

3 for (ulong k=0; k<n; ++k) f[k] = k;

4 if ( n<2 ) return; // [1 or [0]

5 swap2(£[0], f[n-1]);

6 if ( n==2 ) return; // [1,0]

7 // here: [2,1,0]

8 const ulong i = rand_idx(3);

9 swap2(f[1], £[il);

10 //1i=0 ==> [1,2,0]

11 //i=1 ==> [2,1,0]

12 // i=2 ==> [2,0,1]

13 return;

14 }

%g do

17 {

18 for (ulong k=0; k<n; ++k) f[k] = k;

19

20 while ( 1)

21 {

22 const ulong i0 = 1 + rand_idx(n-1); // first element must move
23 const ulong il = 1 + rand_idx(n-1); // £[1] will be last element
24 swap2( £[0], £[i0] );

25 swap2( f[1], f£[i1] );

26 if ( £[1]==n-1 ) // undo swap and repeat (here: £f[0]!=0)
27 {

28 swap2( f[1], £[i1] );

29 swap2( £[0], £[i0] );

30 continue; // probability 1/n but work only 0(1)

31

32 llse break;
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34

35 swap2(f[1], £[n-11); // move f[1] to last

36 // here: f£[0] != 0 and f£f[n-1] != n-1

37 random_permute(f+1, n-2); // permute 2nd ... 2nd last element
38 }

39 while ( ! is_connected(f, n) );

2.6 The revbin permutation

0 ~NOoO P WN - O

~No o W N+ O

W N = O

Figure 2.6-A: Permutation matrices of the revbin permutation for sizes 16, 8 and 4. The permutation
is self-inverse.

The permutation that swaps elements whose binary indices are mutual reversals is called revbin permu-
tation (sometimes also bit-reversal or bitrev permutation). For example, for length n = 256 the element
with index x = 4319 = 001010115 is swapped with the element whose index is & = 110101005 = 21245.
Note that Z depends on both z and on n. Pseudocode for a naive implementation is

1 procedure revbin_permute(all, n)

2 // al0..n-1] input,result

3 A

4 for x:=0 to n-1

5 {

6 r := revbin(x, n)

7 if r>x then swap(alx], alrl)
8 }

9 }

The condition r>x before the swap() statement makes sure that the swapping is not undone later when
the loop variable x has the value of the present r.

2.6.1 Computation using revbin-update

The key ingredient for a fast permutation routine is the observation that we only need to update the

bit-reversed values: given & we can compute z+1 efficiently as described in section |1.14.3| on page
A faster routine will be of the form

1  procedure revbin_permute(al], n)

2 // al0..n-1] input,result

3

4 if n<=2 return

5 r := 0 // the reversed 0

g for x:=1 to n-1

8 r := revbin_upd(r, n/2)

9 if r>x then swap(alx], alr])
10 }

11 }

About (n — /n)/2 swap() statements are executed with the revbin permutation of n elements. That is,
almost every element is moved for large n, as there are only a few numbers with symmetric bit patterns:



e
OO RO O O~ U RWN —

=
© 00~ Ut

2.6: The revbin permutation 119

n: | 2 # swaps # symm. pairs
2 0 2
4: 2 2
8: 4 4
16: 12 4
32: 24 8
64: 56 8
210. 992 32
220 | 0.999 . 220 210
00 : n—+n vn

The sequence is entry A045687|in [312]:
0, 2, 4, 12, 24, 56, 112, 238, 480, 992, 1980, 4032, 8064, 16242, 32512, 65280,

2.6.2 Exploiting the symmetries of the permutation

n

Symmetry can be used for further optimization: if for even x < % there is a swap for the pair (z, Z),
then there is also a swap for the pair (n —1 -2, n—1-2). Asx < Fand < §,onehasn—1-z> %
and n —1—2 > 5. That is, the swaps are independent. A routine that uses these observations is

procedure revbin_permute(al]l, n)
{
if n<=2 return
nh := n/2
r := 0 // the reversed 0
=1
%hile x<nh
// x odd:
r :=r + nh
swap(alx], alrl)
x :=x +1
// x even:
r := revbin_upd(r, n/2)
%f r>x then
swap(alx], alrl)
swap(aln-1-x], aln-1-r])
}
x :=x +1
}
}

The code above can be used to derive an optimized version for zero padded data (used with linear

convolution, see section [22.1.4{ on page [443)):

procedure revbin_permuteO(al[], n)
{
if n<=2 return
nh := n/2
r := 0 // the reversed 0
=1
while x<nh
// x odd:
r :=r + nh
alr] := alx]
alx] := 0
x :=x + 1
// x even:
r := revbin_upd(r, n)
if r>x then swap(alx], alrl)
// Omit swap of a[n-1-x] and a[n-1-r] as both are zero
x :=x + 1
}
}

We can carry the scheme further, distinguishing whether x mod 4 = 0, 1, 2, or 3, as done in the implemen-
tation [FXT: perm/revbinpermute.h]. The following parameters determine how much of the symmetry
is used and which version of the revbin-update routine is chosen:
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1 #define RBP_SYMM 4 // amount of symmetry used: 1, 2, 4 (default is 4)
2  #define FAST_REVBIN // define if using revbin(x, ldn) is faster than updating

We further define a macro to swap elements:
1 #define idx_swap(k, r) { ulong kx=(k), rx=(r); swap2(f[kx], flrx]); }

The main routine uses unrolled versions of the revbin permutation for small values of n. These are given
in [FXT: perm/shortrevbinpermute.h|. For example, the unrolled routine for n = 16 is

1 template <typename Type>

2 inline void revbin_permute_16(Type *f)
3 A

4 swap2(f[1], £[81);

5 swap2(£[2], £[4]);

6 swap2(£[3], £[12]);

7 swap2(f[5], £[10]);

8 swap2(£[7]1, £[14]1);

9 swap2(f[11], £[13]);

10 3}

The code was generated with the program [FXT: perm/cycles-demo.cc|, see section 2.2 on page 104} The
routine revbin_permute_leq_64(f,n), which is called for n < 64, selects the correct routine for the
parameter n:

1 template <typename Type>

2 void revbin_permute(Type *f, ulong n)
3

4 if ( n<=64 )

5 {

6 revbin_permute_leq_64(f, n);
7 return;

8 }

9 [--snip--]

In what follows we set RBP_SYMM to 4, define FAST_REVBIN, and omit the corresponding preprocessor
statements. Some auxiliary constants have to be computed:

1 const ulong ldn = 1d(n);

2 const ulong nh = (n>>1);

3 const ulong n1 =n - 1; // = 11111111

4 const ulong nxl1 = nh - 2; // = 01111110

5 const ulong nx2 = n1 - nxl; // = 10111101

The main loop is

1 ulong k = 0, r = 0;

2 while ( k < (n/RBP_SYMM) ) // n>=16, n/2>=8, n/4>=4
3 {

4 /] —-———= k%4 ==

5 if ( >k )

6 {

7 idx_swap(k, r); // <nh, <nh 11

8 idx_swap(nl~k, nl1°r); // >nh, >nh 00
9 idx_swap(nx1~k, nx1°r); // <nh, <nh 11
10 idx_swap(nx2°k, nx2°r); // >nh, >nh 00
11 }
%% ++k;
14 r "= nh;
15
16 /] === k%4 ==
17 if ( r>k )
18 {
19 idx_swap(k, r); // <nh, >nh 10
20 idx_swap(nil“k, ni"r); // >nh, <nh 01
21 }
%g ++k;
%% r = revbin(k, 1ldn);
26 /] ===== k4 == 2:
27 if ( >k )
28 {
29 idx_swap(k, r); // <nh, <nh 11

30 idx_swap(nl~k, nl1°r); // >nh, >nh 00
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31 }

43 4k

34 r "= nh;

35

36 /] ——=—= k%4 == 3:

37 if ( >k )

38 {

39 idx_swap(k, r); // <nh, >nh 10
40 idx_swap(nx1“k, nxl°r); // <nh, >nh 10
41 }

%% ++k;

44 r = revbin(k, 1ldn);

45

——

O OO oUW —

}
46 } // end of the routine

For large n the routine takes about six times longer than a simple array reversal. Much of the time
is spent waiting for memory which suggests that further optimizations would best be attempted with
special machine instructions to bypass the cache or with non-temporal writes.

A specialized implementation optimized for zero padded data is given in [FXT: perm/revbinpermute0.h].
Some memory accesses can be avoided for that case. For example, revbin-pairs with both indices greater
than n/2 need no processing at all.

2.6.3 A pitfall

When working with separate arrays for the real and imaginary parts of complex data, one could remove
half of the bookkeeping as follows:

1 procedure revbin_permute(all, b[]l, n)
2 o

3 if n<=2 return

4 r := 0 // the reversed 0

g for x:=1 to n-1

7 r := revbin_upd(r, n/2) // inline me
g if r>x then

10 swap(al[x], alrl)

11 swap(b[x], blr])

12 }

13 }

14 }

If both the real and the imaginary part fit into level-1 cache the method can lead to a speedup. However,
for large arrays the routine can be much slower than two separate calls of the simple method: with FFTs
the real and imaginary element for the same index typically lie apart in memory by a power of 2, leading
to a high percentage of cache misses with large arrays.

2.7 The radix permutation

The radix permutation is the generalization of the revbin permutation to arbitrary radices. Pairs of
elements are swapped when their indices, written in radix r, are reversed. For example, in radix 10 and
n = 1000 the elements with indices 123 and 321 will be swapped. The radix permutation is self-inverse.

Code for the radix r permutation of the array £[1] is given in [FXT: perm/radixpermute.h]. The routine
must be called with n a perfect power of the radix r. Radix r = 2 gives the revbin permutation.

extern ulong radix_permute_nt[]; // == 9, 90, 900, ... for r=10
extern ulong radix_permute_kt[]; // == 1, 10, 100, ... for r=10
#define NT radix_permute_nt
#define KT radix_permute_kt

template <typename Type>

void radix_permute(Type *f, ulong n, ulong r)

{
ulong
NT[0]
KT[0] ;

™
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while ( 1)
{

ulong z = KT[x] * r;
if ( z>n ) break;
++x;
KT[x] = z;
NT[x] = NT[x-1] * r;
// here: n == p*xx
for (ulong i=0, j=0; i < n-1; i++)
{
if ( i<j ) swap2(£[il, £[jD);
ulong t = x - 1;
ulong k = NT[t]; // ="= k = (r-1) * n / r;
while ( k<=j )
{
j =k
k = NT[--t]; // ="= k /=r;
}
j +=KT[tl; // ="= j += (k/(x-1));
}

2.8 In-place matrix transposition

Transposing a matrix is easy when it is not done in-place. The following routine does the job [FXT:
aux2 /transpose.h]:

template <typename Type>
void transpose(const Type * restrict f, Type * restrict g, ulong nr, ulong nc)
// Transpose nr x nc matrix f[] into an nc x nr matrix g[].
{
for (ulong r=0; r<anr; r++)
ulong isrc = r * nc;
ulong idst = r;
for (ulong c=0; c<nc; c++)
{
glidst] = flisrc];
isrc += 1;
idst += nr;
3
}
}

Matters get more complicated for the in-place equivalent. We have to find the cycles (see section on
page [104) of the underlying permutation. To transpose a n, X n. matrix first identify the position 4 of
the entry in row r and column c:

i = T-ne+c (2.8-1)
After the transposition the element will be at position ¢’ in the transposed n. x n/ matrix

i = ' enl 4+ (2.8-2)
We have ' = ¢, ¢ =r, n] = n. and n, = n,, so

i = cn.+r (2.8-3)
Multiplying the last equation by n. gives

i ne = cnpNet+Treone (2.8-4)
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With n:=n, -n. and r - n, =7 — ¢ we find

i'"“ne. = cn+i—c (2.8-5)

i = i ne—c-(n—1) 2.8-

Take the equation modulo n — 1 to obtain
i = i n.modn—1 (2.8-7)
That is, the transposition moves the element i = i’ - n. to position ¢’. Multiply by n, to find the inverse:
in., = i nen, =74 -n—-14+1) =4 (2.8-8)

That is, element ¢ will be moved to ¢ =i - n,, mod n — 1. The following routine uses a bit-array to keep
track of the elements processed so far [FXT: aux2/transpose.h]:

1 #define SRC(k) (((unsigned long long) (k)*nc)%nl)
% template <typename Type>
4  void transpose(Type *f, ulong nr, ulong nc, bitarray *ba=0)
5 // In-place transposition of an nr X nc array
6 // that lies in contiguous memory.
7 A
8 if ( 1>=nr ) return;
9 if ( 1>=nc ) return;
11 if ( nr==nc ) transpose_square(f, nr);
12 %lse
14 const ulong nl = nr * nc - 1;
%g bitarray *tba = 0;
17 if ( O==ba ) tba = new bitarray(nl);
18 else tba = ba;
19 tba->clear_all();
21 for (ulong k=1; k<nl; k=tba->next_clear(++k) ) // O and nl are fixed points
23 // do a cycle:
24 ulong ks = SRC(k);
25 ulong kd = k;
26 tba->set (kd) ;
27 Type t = f[kd];
28 ghile (ks !'=k)
30 flkd] = flks];

kd = ks;
32 tba->set (kd) ;
33 ks = SRC(ks);

}
35 flkd] = t;
36 }
38 if ( O==ba ) delete tba;
}

40 }

One should take care of possible overflows in the calculation of i - n.. In case that n is a power of
2 (and so are both n, and n.) the multiplications modulo n — 1 are cyclic shifts. Thus any overflow
can be avoided and the computation is also significantly cheaper. An implementation is given in [FXT:
aux2/transpose2.h].

2.9 Rotation by triple reversal

To rotate a length-n array by s positions without using any temporary memory, reverse three times as
in the following routine [FXT: |perm/rotate.h]:

1 template <typename Type>
2 void rotate_left(Type *f, ulong n, ulong s)
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Rotate left by 3 positions:
[1234567 8] original array
[ 32145678 ] reverse first 3 elements
[ 32187654 ] reverse last 8-3=5 elements
[456781231] reverse whole array

Rotate right by 3 positions:
[1 234567 8] original array
[ 543216738] reverse first 8-3=5 elements
[ 564321876 ] reverse last 3 elements
[ 67812345 ] reverse whole array

Figure 2.9-A: Rotation of a length-8 array by 3 positions to the left (top) and right (bottom).

3 // Rotate towards element #0
% {/ Shift is taken modulo n
6 if ( s>=n )

7

8 if (n<2) return;

9 s %= n;

10 }

11 if ( s==0 ) return;
12

13 reverse(f, s);

14 reverse (f+s, n-s);

15 reverse (£, n);

16 3}

We will call this trick the triple reversal technique. For example, left-rotating an 8-element array by
3 positions is achieved by the steps shown in figure (top). A right rotation of an n-element array
by s positions is identical to a left rotation by n — s positions (bottom of figure [2.9-A):

1  template <typename Type>

2 void rotate_right(Type *f, ulong n, ulong s)

3 // Rotate away from element #O

g // Shift is taken modulo n

6 if ( s>=n )

7

8 if (n<2) return;

9 s %= n;

10 }

%% if ( s==0 ) return;

13 reverse(f, n-s);

14 reverse (f+n-s, s);

15 reverse(f, n);

16}

We could also execute the (self-inverse) steps of the left-shift routine in reversed order:
reverse (f, n);
reverse(f+s, n-s);
reverse(f, s);
VVVVYV VVVYV <--= want to swap these blocks
[01234 abcde78wxyz NNJ] original array
[01234 edcba78wxyz NNJ] reverse first block
[01234 edcba87wxyz NNIJ] reverse range between blocks
[01234 edcba87zyxw NNIJ reverse second block
[01234 wxyz78abcde NNIJ reverse whole range
-~ s m s <--= the swapped blocks

Figure 2.9-B: Swapping the blocks [a b ¢ d e] and [w x y z] via 4 reversals.

The triple reversal trick can also be used to swap two blocks in an array: first reverse the three ranges (first
blocks, range between blocks, last block), then reverse the range that consists of all three. We will call this
trick the quadruple reversal technigque. The corresponding code is given in [FXT: perm/swapblocks.h]:
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template <typename Type>
void swap_blocks(Type *f, ulong x1, ulong nl, ulong x2, ulong n2)
// Swap the blocks starting at indices x1 and x2
// nl and n2 are the block lengths
{
if ( x1>x2 ) { swap2(x1,x2); swap2(nl,n2); }
f += x1;
x2 -= x1;
ulong n = x2 + n2;
reverse(f, nl);
reverse(f+nl, n-ni-n2);
reverse (f+x2, n2);
) reverse(f, n);

The elements before x1 and after x2+n2 are not accessed. An example is shown in figure [2.9-B] The
listing was created with the program [FXT: perm/swap-blocks-demo.cc].

A routine to undo the effect of swap_blocks(f, x1, nl, x2, n2) can be obtained by reversing the
order of the steps:

template <typename Type>
void inverse_swap_blocks(Type *f, ulong x1, ulong nl, ulong x2, ulong n2)
{
if ( x1>x2 ) { swap2(x1,x2); swap2(nl,n2); }
f += x1;
x2 -= x1;
ulong n = x2 + n2;
reverse(f, n);
reverse (f+x2, n2);
reverse(f+nl, n-ni1-n2);
reverse(f, nl);

}

An alternative method is to call swap_blocks(f, x1, n2, x2+n2-ni, nl).

2.10 The zip permutation

0: [ * ] 0: [ * ]
1: [ * ] 1: [ * ]
2: [ = ] 2: [ * 1
3: [ * ] 3: [ * ]
a: [ * ] 4: [ * 1
5: [ * ] 5: [ * 1
6: [ * ] 6: [ * 1
7: [ * ] 7: [ * ]
8: [ * ] 8: [ * ]
9: [ * ] 9: [ * 1
10: [ * ] 10: [ * ]
11: [ * ] 11: [ * ]
12: [ * ] 12: [ * ]
13: [ * ] 13: [ * ]
14: [ * ] 14: [ * ]
15: [ * ] 15: [ * ]

UL W N~

Figure 2.10-A: Permutation matrices of the zip permutation (left) and its inverse (right).
The zip permutation moves the elements from the lower half to the even indices and the elements from
the upper half to the odd indices. Symbolically,
labcdABCD] |[->[aAbBcCdD]
The size of the array must be even. A routine for the permutation is [FXT: perm/zip.h]

template <typename Type>
void zip(const Type * restrict f, Type * restrict g, ulong n)

ulong nh = n/2;
for (ulong k=0, k2=0; k<nh; ++k, k2+=2) g[k2] = f[k];
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6 for (ulong k=nh, k2=1; k<n; ++k, k2+=2) g[k2] = f[k];
7 3}

The inverse of the zip permutation is the unzip permutation, it moves the even indices to the lower half
and the odd indices to the upper half:

1 template <typename Type>

2 void unzip(const Type * restrict f, Type * restrict g, ulong n)

3

4 ulong nh = n/2;

5 for (ulong k=0, k2=0; k<nh; ++k, k2+=2) gl[k] = f[k2];

6 for (ulong k=nh, k2=1; k<n; ++k, k2+=2) g[k] = f[k2];

7}
0: [ * ] 0: [ * ]
1: [ * ] 1: [ * ]
2: [ * ] 2: [ * ]
3: [ * ] 3: [ * ]
4: [ =* ] 4: [ * ]
5: [ * ] 5: [ * ]
6: [ * ] 6: [ * ]
7: [ * ] 7: [ * ]
8: [ * ] 8: [ = ]
9: [ * ] 9: [ * ]
10: [ * ] 10: [ * ]
11: [ * ] 11: [ * ]
12: [ * ] 12: [ * ]
13: [ * ] 13: [ * ]
14: [ * ] 14: [ * ]
15: [ * ] 15: [ * ]

Figure 2.10-B: Revbin permutation matrices that, when multiplied together, give the zip permutation
and its inverse. Let L. and R be the permutations given on the left and right side, respectively. Then
Z=RLand Z7' = LR.

If the array size n is a power of 2, we can compute the zip permutation as a transposition of a 2 x n/2-
matrix:

template <typename Type>
void zip(Type *f, ulong n)
{

ulong nh = n/2;
revbin_permute(f, nh); revbin_permute(f+nh, nh);
revbin_permute(f, n);

O U RWN

}
The in-place version for the unzip permutation for arrays whose size is a power of 2 is

1 template <typename Type>

2 void unzip(Type *f, ulong n)

3 o

4 ulong nh = n/2;

5 revbin_permute(f, n);

6 revbin_permute(f, nh); revbin_permute(f+nh, nh);
7 %}

If the type Complex consists of two doubles lying contiguous in memory, then we can optimize the
procedures as follows:

void zip(double *f, long n)
{
revbin_permute(f, n);
revbin_permute((Complex *)f, n/2);
}

void unzip(double *f, long n)

revbin_permute((Complex *)f, n/2);
revbin_permute(f, n);

U WN = O WO =
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For arrays whose size n is not a power of 2 the in-place zip permutation can be computed by transposing
the data as a 2 X n/2 matrix:

transpose(f, 2, n/2); // ="= zip(f, n)

The routines for in-place transposition are given in section [2.8| on page The inverse is computed by
transposing the data as an n/2 x 2 matrix:

transpose(f, n/2, 2); // ="= unzip(f, n)

While the above mentioned technique is usually not a gain for doing a transposition it may be used to
speed up the revbin permutation itself.

2.11 The XOR permutation

0: [ = ] [ = ] [ * ] [ * ]
1: [ =% ] [ = 1 [ * 1 [ * ]
2: [ * ] [ * ] [ = ] [ = ]
3: [ * ] [ * ] [ = ] [ = ]
4: [ * ] [ * ] [ * ] [ * ]
5: [ * ] [ * ] [ * ] [ * ]
6: [ * ] [ * ] [ * ] [ * ]
7: [ * ] [ * ] [ * ] [ * ]
x=0 x =1 x =2 x =3
0: [ * ] [ * ] [ * ] [ * ]
1: [ * ] [ * ] [ * ] [ * ]
2: [ * ] [ * ] [ * ] [ * ]
3: [ * ] [ * ] [ * ] [ * ]
4: [ % 1 [ = 1 [ * 1 [ * ]
5: [ = ] [ = ] [ * ] [ * ]
6: [ * ] [ * 1 [ = 1 [ = ]
7: [ * ] [ * ] [ = ] [ = ]
x =4 x =5 x =6 x =7

Figure 2.11-A: Permutation matrices of the XOR permutation for length 8 with parameter z =0...7.
Compare to the table for the dyadic convolution shown in figure on page [481

The XOR permutation (with parameter x) swaps the element at index k with the element at index
x XOR k (see figure [2.11-A)). The implementation is easy [FXT: perm/xorpermute.h]:

template <typename Type>
void xor_permute(Type *f, ulong n, ulong x)

if ( 0==x ) return;
for (ulong k=0; k<n; ++k)
{

ulong r = k7x;
if ( r>k ) swap2(f[r], £[k]);

QO 00O UL W N =

}

The XOR permutation is clearly self-inverse. The array length n must be divisible by the smallest power
of 2 that is greater than x. For example, n must be even if x = 1 and n must be divisible by 4 if z = 2
or x = 3. With n a power of 2 and = < n one is on the safe side.

The XOR permutation contains a few other permutations as important special cases (for simplicity
assume that the array length n is a power of 2): If the third argument = equals n — 1, the permutation
is the reversal. With = 1 neighboring even and odd indexed elements are swapped. With 2 = n/2 the
upper and the lower half of the array are swapped.

We have

X, Xy, = XpX, = X. where c=aXORD (2.11-1)
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For the special case a = b the relation does express the self-inverse property as X is the identity. The
XOR permutation occurs in relations between other permutations where we will use the symbol X, the
subscript a denoting the third argument in the given routine.

2.12 The Gray permutation

0: [ * ] 0: [ = 1
1: [ =* ] 1: [ % ]
2: [ * ] 2: [ * ]
3: [ * ] 3: [ * 1
4: [ * ] 4: [ * ]
5: [ * ] 5: [ * 1
6: [ * ] 6: [ * ]
7: [ * ] 7: [ * 1
8: [ * ] 8: [ * ]
9: [ * ] 9: [ * ]
10: [ * ] 10: [ * ]
11: [ * ] 11: [ * ]
12: [ * ] 12: [ * ]
13: [ * ] 13: [ * ]
14: [ * ] 14: [ * 1
15: [ * ] 15: [ * 1

Figure 2.12-A: Permutation matrices of the Gray permutation (left) and its inverse (right).

The Gray permutation reorders (length-2") arrays according to the binary Gray code described in sec-
tion on page A routine for the permutation is [FXT: |perm/graypermute.h|:

for (ulong k=0; k<n; ++k) glgray_code(k)] = f[k];

1  template <typename Type>

2 inline void gray_permute(const Type *f, Type * restrict g, ulong n)
3 // Put Gray permutation of f[] to gl[l, i.e. glgray_code(k)] == f[k]
4 A

5

6

}

Its inverse is
template <typename Type>
inline void inverse_gray_permute(const Type *f, Type * restrict g, ulong n)
// Put inverse Gray permutation of f[] to gl[l, i.e. glkl == f[gray_code(k)]
// (same as: glinverse_gray_code(k)] == f[k])

for (ulong k=0; k<n; ++k) glk] = flgray_code(k)];

N OO W~

}

We again use calls to the routine to compute the Gray code because they are cheaper than the compu-
tations of the inverse Gray code.

2.12.1 Cycles of the permutation

We want to create in-place versions of the Gray permutation routines. It is necessary to identify the cycle
leaders of the permutation (see section [2.2 on page 104)) and find an efficient way to generate them.

It is instructive to study the complementary masks that occur for cycles of different lengths. The cy-
cles of the Gray permutation for length 128 are shown in figure [2:12-B] No structure is immediately
visible. However, we can generate the cycle maxima as follows: for each range 2¥...2%+1 — 1 gener-
ate a bit-mask z that consists of the k& + 1 leftmost bits of the infinite word that has ones at positions
0,1,2,4,8,...,2% ...:

[111010001000000010000000000000001000 . . . ]

An example: for k = 6 we have z =[1110100]. Then take v to be k + 1 leftmost bits of the complement,
v =[0001011] in our example. Now the set of words ¢ = z + s where s is a subset of v contains exactly

one element of each cycle in the range 2% ... 21 — 1 = 64...127, indeed the maximum of the cycle:
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cycle #=length cycle-min cycle-max

0: ( 2, 3) #=2 2 3
1: ( 4, 7, 5, 6) #=4 4 7
2: ( 8, 15, 10, 12 ) #=4 8 15
3: (9, 14, 11, 13 ) #=4 9 14
4: (16, 31, 21, 25, 17, 30, 20, 24 ) #=8 16 31
5: (18, 28, 23, 26, 19, 29, 22, 27 ) #=8 18 29
6: ( 32, 63, 42, 51, 34, 60, 40, 48 ) #=8 32 63
7: (33, 62, 43, 50, 35, 61, 41, 49 ) #=8 33 62
8: ( 36, 56, 47, 53, 38, 59, 45, 54 ) #=8 36 59
9: (37, 57, 46, 52, 39, 58, 44, 55 ) #=8 37 58
10: ( 64,127, 85,102, 68,120, 80, 96 ) #=8 64 127
11: ( 65,126, 84,103, 69,121, 81, 97 ) #=8 65 126
12: ( 66,124, 87,101, 70,123, 82, 99 ) #=8 66 124
13: ( 67,125, 86,100, 71,122, 83, 98 ) #=8 67 125
14: ( 72,112, 95,106, 76,119, 90,108 ) #=8 72 119
15: (73,113, 94,107, 77,118, 91,109 ) #=8 73 118
16: ( 74,115, 93,105, 78,116, 88,111 ) #=8 74 116
17: (75,114, 92,104, 79,117, 89,110 ) #=8 75 117
126 elements in 18 nontrivial cycles.
cycle lengths: 2 ... 8; 2 fixed points: [0. 1]

Figure 2.12-B: Cycles of the Gray permutation of length 128.

111.1.. = 116
111.1.1 = 117
111.11. = 118
111.111 = 119
11111.., = 124
11111.1 = 125
111111, = 126
1111111 = 127
maxima := z XOR subsets(v) where =z = .111.1.. and v = ....1.11

The sequence of cycle maxima is entry A175339|in [312]. The minima (entry A175338)) of the cycles can
be computed similarly:

~N~NNNOOYOD
SOLWN~OOUS

5
:= z XOR subsets(v)

The list can be generated with the program [FXT: perm/permgray-leaders-demo.cc] which uses the
routine [FXT: class gray.cycle_leaders in comb/gray-cycle-leaders.h|:

where z = .1...... and v = ....1.11

class gray_cycle_leaders
// Generate cycle leaders for Gray permutation
// where highest bit is at position 1ldn.
éublic:
bit_subset b_;
ulong za_; // mask for cycle maxima
ulong zi_; // mask for cycle minima

ulong len_; // cycle length
ulong num_; // number of cycles

public:

=
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gray_cycle_leaders(ulong ldn) // 0<=1dn<BITS_PER_LONG

: b_(0)
{ init(ldn); }
“gray_cycle_leaders() {;}

void init(ulong 1dn)

{
za_ = 1;
ulong cz = 0; // "z
len_ = 1;
num_ = 1;

for (ulong ldm=1; ldm<=ldn; ++1ldm)


http://oeis.org/A175339
http://oeis.org/A175338
file:.fxtdir/demo/perm/permgray-leaders-demo.cc
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26 {

27 za_ <<= 1;

28 cz <<= 1;

29 if ( is_pow_of_2(1dm) )

30 {

31 ++za_;

32 len_ <<= 1;

33 }

34 else

35 {

36 ++Ccz;

37 num_ <<= 1;

38 }

39 }

3? zi_ = 1UL << 1ldn;

42

43 b_.first(cz);

44 }

45

46 ulong current_max() const { return b_.current() | za_; }
47 ulong current_min() const { return b_.current() | zi_; }
48

49 bool next() { return ( O'=b_.next() ); }

50

51 ulong num_cycles() const { return num_; }
52 ulong cycle_length() const { return len_; }
53  };

The implementation uses the class for subsets of a bitset described in section [1.25 on page 68

2.12.2 In-place routines

The in-place versions of the permutation routines are obtained by inlining the generation of the cycle
leaders. The forward version is [FXT: perm/graypermute.h)|:

1 template <typename Type>

2 void gray_permute(Type *f, ulong n)

3 A

4 ulong z = 1; // mask for cycle maxima

5 ulong v = 0; // "z

6 ulong cl = 1; // cycle length

7 for (ulong ldm=1, m=2; m<n; ++ldm, m<<=1)
8 {

z <<= 1;

10 v <<= 1;

11 if ( is_pow_of_2(1dm) )

12 {

13 ++z;

14 cl <<= 1;

15

16 else ++v;

17

18 bit_subset b(v);

19 do
20 {
21 // --- do cycle: ---

22 ulong i = z | b.next(); // start of cycle
23 Type t = £[i]; // save start value
24 ulong g = gray_code(i); // next in cycle
25 for (ulong k=cl-1; k!=0; --k)
26 {
27 Type tt = flgl;

28 flgl = t;
29 t = tt;
30 g = gray_code(g) ;
31 }
32 flgl = t;
33 // --- end (do cycle) ---
34 }
35 while ( b.current() );
36 }
37}

The function is_pow_of_2() is described in section [1.7 on page 17 The inverse routine differs only in
the block that processes the cycles:
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template <typename Type>
void inverse_gray_permute(Type *f, ulong n)

e el e el e
CONDAUHRE WNHFOOOTID UL RWN —

{
[--snip--]
// --- do cycle: ---
ulong i = z | b.next(); // start of cycle
Type t = £[i]; // save start value
ulong g = gray_code(i); // mnext in cycle
for (ulong k=cl-1; k!=0; --k)
{
f[i] = £lgl;
i=g;
g = gray_code(i);
}
flil = ¢t;
// —--- end (do cycle) ---
[--snip--]
}

The Gray permutation is used with certain Walsh transforms, see section [23.7] on page [474

2.12.3 Performance of the routines

We use the convention that the time for an array reversal is 1.0. The operation is completely cache-friendly
and therefore fast. A simple benchmark gives for 16 MB arrays:

arg 1: 21 == 1ldn [Using 2**1ldn elements] default=21
arg 2: 10 == rep [Number of repetitions] default=10

Memsize = 16384 kiloByte == 2097152 doubles
reverse(f,n); dt= 0.0103524 MB/s= 1546 rel= 1
revbin_permute(f,n); dt= 0.0674235 MB/s= 237 rel= 6.51282
revbin_permuteO(f,n); dt=  0.061507 MB/s= 260 rel= 5.94131
gray_permute (f,n) ; dt= 0.0155019 MB/s= 1032 rel= 1.49742
inverse_gray_permute(f,n); dt= 0.0150641 MB/s= 1062 rel= 1.45512

The revbin permutation takes about 6.5 units, due to its memory access pattern that is very problematic
with respect to cache usage. The Gray permutation needs only 1.50 units. The difference gets bigger for
machines with relatively slow memory with respect to the CPU.

The relative speeds are quite different for small arrays. With 16 kB (2048 doubles) we obtain

arg 1: 11 == 1ldn [Using 2**1ldn elements] default=21
arg 2: 100000 == rep [Number of repetitions] default=512

Memsize = 16 kiloByte == 2048 doubles
reverse(f,n); dt=1.88726e-06 MB/s= 8279 rel= 1
revbin_permute(f,n); dt=3.22166e-06 MB/s= 4850 rel= 1.70706
revbin_permuteO(f,n); dt=2.69212e-06 MB/s= 5804 rel= 1.42647
gray_permute(f,n); dt=4.75155e-06 MB/s= 3288 rel= 2.51769
inverse_gray_permute(f,n) ; dt=3.69237e-06 MB/s= 4232 rel= 1.95647

Due to the small size, the cache problems are gone.

2.13 The reversed Gray permutation

The reversed Gray permutation of a length-n array is computed by permuting the elements in the way
that the Gray permutation would permute the upper half of an array of length 2n. The array size n must
be a power of 2. An implementation is [FXT: perm/grayrevpermute.hl|:

template <typename Type>

inline void gray_rev_permute(const Type *f, Type * restrict g, ulong n)
// gray_rev_permute() ="=

// { reverse(); gray_permute(); }

for (ulong k=0, m=n-1; k<n; ++k, --m) glgray_code(m)] = f[k];
}

All cycles have the same length, the cycles with n = 64 elements are
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Figure 2.13-A: Permutation matrices

of the reversed Gray permutation (left) and its inverse (right).
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cycles.

If 64 is added to the indices, the cycles in the upper half of the array as in gray_permute(f, 128) are
reproduced. The in-place version of the permutation routine is

maxima

template <typename Type>
void gray_rev_permute(Type *f, ulong n)
// n must be a power of 2, n<=2x*(BITS_PER_LONG-2)
{
f -=n; // note!
ulong z = 1; // mask for cycle
ulong v = 0; // "z

ulong cl = 1;
ulong ldm, m;

// cycle length

for (ldm=1, m=2; m<=n; ++1dm
{
z <K=1; v K=1;
if ( is_pow_of_2(1ldm) ) {
else ++v;
ulong tv = v, tu = 0;

do
{

tu = (tu-tv) & tv;

ulong i = z | tu;

// --- do cycle: ---
ulong g = gray_code(i);
Type t = f[il;

, m<<=1)

++z; cl<<=1; }

// cf. bitsubset.h

// start of cycle

for (ulong k=cl-1; k!=0; --k)
{

Type tt = flgl;
flgl = t;

t = tt;
gray_code(g) ;

g

}
flgl = t;
// --- end (do cycle) ---

}
while ( tu );
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38 }
The routine for the inverse permutation again differs only in the way the cycles are processed:

1 template <typename Type>

2  void inverse_gray_rev_permute(Type *f, ulong n)

3

4 [--snip--]

5 // --- do cycle: —---

6 Type t = £[il; // save start value
7 ulong g = gray_code(i); // next in cycle
8 for (ulong k=cl-1; k!=0; --k)

9 {

10 f[i] = flgl;

11 i=g;

12 g = gray_code(i);

13 }

14 f[i] = t;

15 // -—- end (do cycle) ---

16 [--snip--]

17 2

Let G denote the Gray permutation, G the reversed Gray permutation, » be the reversal, h the swap
of the upper and lower halves, and X, the XOR permutation (with parameter a) from section

We have

G = Gr = hG (2.13-1a)
Gt = rGg™t (2.13-1b)
G'G = G'G=7r=X,,4 (2.13-1c)
GG™' = GG'=h =X, (2.13-1d)
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Chapter 3

Sorting and searching

We give various sorting algorithms and some practical variants of them, like sorting index arrays and
pointer sorting. Searching methods both for sorted and for unsorted arrays are described. Finally we
give methods for the determination of equivalence classes.

3.1 Sorting algorithms
We give sorting algorithms like selection sort, quicksort, merge sort, counting sort and radix sort. A
massive amount of literature exists about the topic so we will not explore the details. Very readable texts

are [I15] and [306], while in-depth information can be found in [214].

3.1.1 Selection sort

o B
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Figure 3.1-A: Sorting the string ‘nowsortme’ with the selection sort algorithm.

There are a several algorithms for sorting that have complexity O (n2) where n is the size of the array
to be sorted. Here we use selection sort, where the idea is to find the minimum of the array, swap it
with the first element, and repeat for all elements but the first. A demonstration of the algorithm is
shown in figure this is the output of [FXT: sort/selection-sort-demo.cc]. The implementation is
straightforward [FXT: |sort/sort.h]:

1 template <typename Type>
2 void selection_sort(Type *f, ulong n)
3 // Sort f[] (ascending order).
4 // Algorithm is O(n*n), use for short arrays only.
5 o
6 for (ulong i=0; i<n; ++i)
7 {
8 Type v = f[i];
9 ulong m = i; // position of minimum
10 ulong j = n;
11 while ( --j > i ) // search (index of) minimum
{
13 if ( £[jl<v )
{
15 m = j;
16 v = fm];
17 }
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19
20 swap2(£f[i], f[ml);

21 }
22}

A verification routine is always handy:

template <typename Type>

bool is_sorted(const Type *f, ulong n)

// Return whether the sequence f[0], f[1], ..., f[n-1] is ascending.
{

for (ulong k=1; k<n; ++k) if ( f[k-1] > f[k] ) return false;
return true;

N U W N

A test for descending order is

template <typename Type>

bool is_falling(const Type *f, ulong n)

// Return whether the sequence f[0], f[1], ..., f[n-1] is descending.
{

for (ulong k=1; k<n; ++k) if ( f[k-1] < f[k] ) return false;
return true;

N U W N

3.1.2 Quicksort

The quicksort algorithm is given in [I83], it has complexity O (nlog(n)) (in the average case). It does
not obsolete the simpler schemes, because for small arrays the simpler algorithms are usually faster, due
to their minimal bookkeeping overhead.

The main activity of quicksort is partitioning the array. The corresponding routine reorders the array
and returns a pivot index p so that max(fo,..., fp—1) < min(fp,..., fn—1) [FXT: sort/sort.h:

1 template <typename Type>

2 ulong partition(Type *f, ulong n)

3

4 // Avoid worst case with already sorted input:
5 const Type v = median3(£[0], f[n/2], fln-1]);
? ulong i = OUL - 1;

8 ulong j = n;

9 while ( 1)

10 {

11 do { ++i; } while ( f[il<v );

12 do { --j; } while ( £[jl>v );

13

14 if ( i<j ) swap2(£[il, £[jD);

15 else return j;

16 }

17 3

The function median3() is defined in [FXT: sort/minmaxmed23.h]:

1  template <typename Type>

2  static inline Type median3(const Type &x, const Type &y, const Type &z)
3 // Return median of the input values

4 {return x<y ? (y<z 7y : (x<2 72 : %)) : (z<y 7?7y : (z<x 7z :x)); }

The function does 2 or 3 comparisons, depending on the input. One could simply use the element f [0]
as pivot. However, the algorithm will need O(n?) operations when the array is already sorted.
Quicksort calls partition on the whole array, then on the two parts left and right from the partition

index, then for the four, eight, etc. parts, until the parts are of length one. Note that the sub-arrays are
usually of different lengths.

template <typename Type>
void quick_sort(Type *f, ulong n)

if ( n<=1 ) return;
ulong p = partition(f, n);

ulong 1n = p + 1;
ulong rn = n - 1n;

O ~JOUTHEW N —
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quick_sort(f, 1n); // £[0] ... f[ln-1] left
quick_sort(f+ln, rn); // £[1n] ... f[n-1] right
}

The actual implementation uses two optimizations: Firstly, if the number of elements to be sorted is less
than a certain threshold, selection sort is used. Secondly, the recursive calls are made for the smaller of
the two sub-arrays, thereby the stack size is bounded by [log,(n)].

template <typename Type>
void quick_sort(Type *f, ulong n)

{
start:
if ( n<8 ) // parameter: threshold for nonrecursive algorithm

{
selection_sort(f, n);
return;

}

ulong p = partition(f, n);
ulong 1n = p + 1;
ulong rn = n - 1n;

if ( In>rn ) // recursion for shorter sub-array

{
quick_sort(f+ln, rn); // f[ln] ... f[n-1] right
n = 1ln;

else

quick_sort(f, 1n); // £[0] ... f[1n-1] 1left
n = rn;
f += 1n;

}

goto start;
}

The quicksort algorithm will be quadratic with certain inputs. A clever method to construct such inputs
is described in [247]. The heapsort algorithm is in-place and O (n log(n)) (also in the worst case). It is
described in section [3.1.5 on page 141l Inputs that lead to quadratic time for the quicksort algorithm
with median-of-3 partitioning are described in [257]. The paper suggests to use quicksort, but to detect
problematic behavior during runtime and switch to heapsort if needed. The corresponding algorithm is
called introsort (for introspective sorting).

3.1.3 Counting sort and radix sort

We want to sort an n-element array F of (unsigned) 8-bit values. A sorting algorithm which involves
only 2 passes through the data proceeds as follows:

1. Allocate an array C' of 256 integers and set all its elements to zero.

2. Count: for k =0, 1, ..., n— 1 increment C[F[k]].
Now C'z] contains the number of bytes in F' with the value .

3. Setr=0. For j=0,1,...,255
set k = C[j], then set the elements F[r], F[r+1], ..., Flr + k — 1] to j, and add k to r.

For large values of n this method is significantly faster than any other sorting algorithm. Note that no
comparisons are made between the elements of F'. Instead they are counted, the algorithm is the counting
sort algorithm.

It might seem that the idea applies only to very special cases but with a little care it can be used in more
general situations. We modify the method so that we are able to sort also (unsigned) integer variables
whose range of values would make the method impractical with respect to a subrange of the bits in each
word. We need an array G that has as many elements as F":

1. Choose any consecutive run of b bits, these will be represented by a bit mask m. Allocate an array
C of 2° integers and set all its elements to zero.
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2. Let M be a function that maps the (2°) values of interest (the bits masked out by m) to the range

0,1,...,20—1.

Count: for k=0, 1, ..., n — 1 increment C[M (F[k])].
Now C|[z] contains how many values of M (F[.]) equal .

Cumulate: for j =1, 2, ..., 2 — 1 (second to last) add C[j — 1] to C[j].
Now C'[z] contains the number of values M (F[.]) less than or equal to z.

Copy: for k=n—1,...,2,1, 0 (last to first), do as follows:
set « := M (F'[k]), decrement Clx], set i := C[z], and set G[i] := F[z].

A crucial property of the algorithm is that it is stable: if two (or more) elements compare equal (with

respect to a certain bit-mask m), then the relative order between these elements is preserved.

The relative order of the three words ending with two set bits (marked with ‘<’) is preserved.

Input

—=O

OO0~ U LINI

Counting sort wrt. two lowest bits

m= ....,. 11
11111.11< 0: R
R 1: 1111
.11 2: 11
R i 3: ..1.101
Lo1.1111< 4: 21,1001
L1111, 5: R O
1001001 6: .1.1.11.
.1.1.11, 7: 11111.11<
11,0011 8: L.1.1111<
L1100, 9: L11.0011<

A routine that verifies whether an array is sorted with respect to a bit range specified by the variable b0
and m is [FXT: sort/radixsort.cc]:

bool

is_counting_sorted(const ulong *f, ulong n, ulong b0, ulong m)

// Whether f[] is sorted wrt. bits b0,...,b0+z-1
// where z is the number of bits set in m.

// m must contain a single run of bits starting at bit zero.

{

3

m <<= b0;
for (ulong k=1; k<n; ++k)
{

ulong xm = (f[k-1] & m ) >> bO;
ulong xp = (f[k] & m ) >> bO;
if ( xm>xp ) return false;

return true;

The function M is the combination of a mask-out and a shift operation. A routine that sorts according

to b0 and m is:
void
counting_sort_core(const ulong * restrict f, ulong n, ulong * restrict g, ulong b0, ulong m)

// Write to g[] the array f[] sorted wrt. bits bO,...,b0+z-1

// where z is the number of bits set in m.

// m must contain a single run of bits starting at bit zero.

{

ulong nb = m + 1;

m <<= b0;

ALLOCA(ulong, cv, nb);

for (ulong k=0; k<nb; ++k) cv[k] = 0;

// --- count:
for (ulong k=0; k<n; ++k)
{

ulong x = (f[k] & m ) >> bO;
++cvl x 1;

}

// --- cumulative sums:

for (ulong k=1; k<nb; ++k) cv[k] += cv[k-1];

// --- reorder:
ulong k = n;
zhile ( k== ) // backwards ==> stable sort
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26 ulong fk = f[k];
27 ulong x = (fk & m) >> bO;
28 --cv[x];
29 ulong i = cv[x];
30 glil =
31 }
32 3}
Input Stage 1 Stage 2 Stage 3
m = 11 m=..11 m=11....
vV vv Vv
111.11 A 11.. R
R 1111.. 1...1 .11
.1.1.1 11.... 1...11 .1.1.1
i...1. .1.1.1 .1.1.1 .1.11.
1,111 ..1..1 .1.11. 1...1.
1111 1...1. R 1...11
1.1 .1.11. ..1..1 1.1111
1.1, 111.11 111.11 11.
i 11 1.1111 1111.. 111, 11
11, 1...11 1.1111 1111,

Figure 3.1-B: Radix sort of 10 six-bit values when using two-bit masks.

Now we can apply counting sort to a set of bit masks that cover the whole range. Figure shows an
example with 10 six-bit values and 3 two-bit masks, starting from the least significant bits. This is the
output of the program [FXT: sort/radixsort-demo.cc].

The following routine uses 8-bit masks to sort unsigned integers [FXT: |sort/radixsort.cc|:

1 void

2  radix_sort(ulong *f, ulong n)

3 A

4 ulong nb = 8; // Number of bits sorted with each step
5 ulong tnb = BITS_PER_LONG; // Total number of bits
? ulong *fi = f;

8 ulong *g = new ulong[n];

9

10 ulong m = (1UL<<nb) - 1;

11 for (ulong k=1, b0=0; bO<tnb; ++k, bO+=nb)
12 {

13 counting_sort_core(f, n, g, b0, m);

14 swap2(f, g);

15

16

17 if ( £f!=fi ) // result is actually in gl[]
18

19 swap2(f, g);

20 for (ulong k=0; k<n; ++k) f[k] = gl[k];
21 }
22

23 delete [] g;
24}

SO WN

There is room for optimization. Combining copying with counting for the next pass (where possible)
would reduce the number of passes almost by a factor of 2.

A version of radix sort that starts from the most significant bits is given in [306].

3.1.4 Merge sort

The merge sort algorithm is a method for sorting with complexity O (n log(n)). We need a routine
that copies two sorted arrays A and B into an array 1" such that T is in sorted order. The following
implementation requires that A and B are adjacent in memory [FXT: |sort/merge-sort.h]:

template <typename Type>

void merge(Type * const restrict f, ulong na, ulong nb, Type * const restrict t)
// Merge the (sorted) arrays

// A[l := f£[0], £f[1], ..., f[na-1] and B[] := f[nal, f[na+1], ..., f[na+nb-1]
// into t[] := t[0], t[1], ..., t[na+nb-1] such that t[] is sorted.

// Must have: na>0 and nb>0
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Figure 3.1-C: Sorting with the merge sort algorithm.
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f.

const Type * const A ;
f + na;

const Type * const B
ulong nt = na + nb;
Type ta = A[--na], tb = B[--nb];

ghile ( true )

if ( ta> tb ) // copy ta

{
t[--nt] = ta;
if ( na==0 ) // A[] empty?

for (ulong j=0; j<=nb; ++j) t[j]l = B[jl; // copy rest of B[]

return;

}
ta = A[--nal]; // read next element of A[]

}
else // copy tb

{
t[--nt] = tb;
if ( nb==0 ) // B[] empty?
for (ulong j=0; j<=na; ++j) t[jl = A[jl; // copy rest of A[l
return;
}
tb = B[--nb]; // read next element of B[]
}

Two branches are involved, the unavoidable branch with the comparison of the elements, and the test
for empty array where an element has been removed.

We could sort by merging adjacent blocks of growing size as follows:

[hgfedcbal // input

[ghefcdabl] // merge pairs
[efghabcd]l // merge adjacent runs of two
[abcdefghl] // merge adjacent runs of four

For a more localized memory access, we use a depth first recursion (compare with the binsplit recursion
in section [34.1.1.1) on page [651):

template <typename Type>
void merge_sort_rec(Type *f, ulong n, Type *t)

{

if ( n<8 )
{
selection_sort(f, n);
return;
}
const ulong na = n>>1;
const ulong nb = n - na;
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// PRINT £[0], £[1], ., f[na-1]
merge_sort_rec(f, na, t);
// PRINT f[nal], fl[na+1],
merge_sort_rec(f+na, nb, t);

., f[na+nb-1]

merge(f, na, nb, t);
for (ulong j=0; j<n; ++j)
// PRINT £[01, £[1],

£[3]1 = t[j1;
) ., flna+nb-1]

// copy back

Chapter 3: Sorting and searching

The comments PRINT indicate the print statements in the program [FXT: |sort/merge-sort-demo.cc| that
was used to generate figure The method is (obviously) not in-place. The routine called by the user

1S
template <typename Type>

void merge_sort(Type *f, ulong n, Type *tmp=0)
{
Type *t = tmp;
if ( tmp==0 ) t = new Typel[n];
merge_sort_rec(f, n, t);
if ( tmp==0 ) delete [] t;
}

Optimized algorithm

[noosw
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Figure 3.1-D: Sorting with the 4-way merge sort algorithm.

The copying from T to I in the recursive routine can be avoided by a 4-way splitting scheme. We sort
the left two quarters and merge them into 7', then we sort the right two quarters and merge them into
T 4+ ng. Then we merge T' and T + n, into F'. Figure shows an example where only one recursive
step is involved. It was generated with the program [FXT: sort/merge-sort4-demo.cc|]. The recursive

routine is [FXT: sort/merge-sort.h]

template <typename Type>
void merge_sort_rec4(Type *f, ulong n, Type *t)

{

%f ( n<8 ) // threshold must be at least 8
selection_sort(f, n);
return;

}

// left and right half:
const ulong na = n>>1;
const ulong nb = n - na;

// left quarters:

const ulong nal = na>>1;

const ulong na2 = na - nal;
merge_sort_rec4(f, nal, t);
merge_sort_rec4(f+nal, na2, t);

// right quarters:

const ulong nbl = nb>>1;

const ulong nb2 = nb - nbi;
merge_sort_rec4(f+na, nbl, t);
merge_sort_rec4(f+na+nbl, nb2, t);

// merge quarters (F-->T):
merge(f, nal, na2, t);
merge (f+na, nbl, nb2, t+na);
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The heapsort algorithm has complexity O (n log(n)).
section on page A heap can be sorted by swapping the first (and biggest) element with the
last and restoring the heap property for the array of size n — 1. Repeat until there is nothing more to
sort [FXT: sort/heapsort.h|:

3.2: Binary search

// merge halves (T-->F):
merge(t, na, nb, £f);

}

The routine called by the user is merge_sort4 ().

3.1.5 Heapsort

template <typename Type>
void heap_sort(Type *x, ulong n)

{
build_heap(x, n);
Type *p = x - 1;
for (ulong k=n; k>1; --k)
{
swap2(p[1], pl[k]l]); // move largest to end of array
--n; // remaining array has one element less
heapify(p, n, 1); // restore heap-property
}
}

Sorting into descending order is not any harder:

template <typename Type>
void heap_sort_descending(Type *x, ulong n)
// Sort x[] into descending order.

{
build_heap(x, n);
Type *p = x - 1;
for (ulong k=n; k>1; --k)
{
++p; --n; // remaining array has one element less
heapify(p, n, 1); // restore heap-property
}

A program that demonstrates the algorithm is [FXT: sort/heapsort-demo.cc].

3.2 Binary search

Searching for an element in a sorted array can be done in O (log(n)) operations.
algorithm uses repeated subdivision of the data [FXT: |sort/bsearch.h|:

template <typename Type>

ulong bsearch(const Type *f, ulong n, const Type v)
// Return index of first element in f[] that equals v
// Return n if there is no such element.

// £[] must be sorted in ascending order.

é/ Must have n!=0

ulong nlo=0, nhi=n-1;
ghile ( nlo !'= nhi )

ulong t = (nhi+nlo)/2;

if ( f[t] < v ) nlo
else nhi

t + 1;
t;

if ( f[nhil==v ) return nhi;
else return n;

}

to a given value:

141

It uses the heap data structure introduced in

The binary search

Only simple modifications are needed to search, for example, for the first element greater than or equal
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template <typename Type>
ulong bsearch_geq(const Type *f, ulong n, const Type v)
{
ulong nlo=0, nhi=n-1;
ghile ( nlo != nhi )
ulong t = (nhi+nlo)/2;
if ( f[t] < v ) nlo =t + 1;
else nhi = t;
13 if ( f[nhil>=v ) return nhi;
14 else return n;
5 3

For very large arrays the algorithm can be improved by selecting the new index t different from the
midpoint (nhi+nlo)/2, depending on the value sought and the distribution of the values in the array. As
a simple example consider an array of floating-point numbers that are equally distributed in the interval
[min(v), max(v)]. If the sought value equals v, one starts with the relation

n — min(n) v — min(v)

max(n) — min(n) - max(v) — min(v) (3.2-1)

where n denotes an index and min(n), max(n) denote the minimal and maximal index of the current
interval. Solving for n gives the linear interpolation formula

max(n) — min(n)

n = min(n)+ (v —min(v)) (3.2-2)

max(v) — min(v)

The corresponding interpolation binary search algorithm would select the new subdivision index t ac-
cording to the given relation. One could even use quadratic interpolation schemes for the selection of t.
For the majority of practical applications the midpoint version of the binary search will be good enough.

Approximate matches are found by the following routine [FXT: sort/bsearchapprox.h|:

1  template <typename Type>

2  ulong bsearch_approx(const Type *f, ulong n, const Type v, Type da)
3 // Return index of first element x in f[] for which |[(x-v)| <= da
4 // Return n if there is no such element.

5 // f[] must be sorted in ascending order.

6 // da must be positive.

T/

8 // Makes sense only with inexact types (float or double).

9 é/ Must have n!=0

11 ulong k = bsearch_geq(f, n, v-da);

12 if ( k<n ) k = bsearch_leq(f+k, n-k, v+da);

13 return k;

14 }

3.3 Variants of sorting methods

Some practical variants of sorting algorithms are described, like sorting index arrays, pointer sorting, and
sorting with a supplied comparison function.

3.3.1 Index sorting

With normal sorting we order the elements of an array f so that f[k] < f[k 4+ 1]. The index-sort
routines order the indices in an array z so that the sequence f[x[k]] is in ascending order, we have
flz[k]] < flz[k + 1]]. The implementation for the selection sort algorithm is [FXT: sort/sortidx.h]:

1 template <typename Type>

2  void idx_selection_sort(const Type *f, ulong n, ulong *x)

3 // Sort x[] so that the sequence f[x[0]], f[x[1]], ... f[x[n-1]] is ascending.
4 // Algorithm is O(n#*n), use for short arrays only.


file:.fxtdir/src/sort/bsearchapprox.h
file:.fxtdir/src/sort/sortidx.h

N O W

DO == = b e e
QOO TOUTHR W OO TODOUU = W N —

DN DN
N —

DORORD b= = = et e et
OO T DNUT R WO O] U W N =

3.3: Variants of sorting methods

}

for

}

(ulong i=0; i<n; ++i)

Type v = f[x[il];

ulong m = i; // position-ptr of minimum
ulong j = n;
while ( -=j > i ) // search (index of) minimum

}f ( £0x[§11<v )

m
v

Js
flx[ml];
}

swap2(x[i], x[ml);

The verification code is

template
bool is_idx_sorted(const Type *f, ulong n, const ulong *X)

// Return whether the sequence f[x[0]], f[x[1]],

{

The transformation of the partition() routine is straightforward:

for

<typename Type>

(ulong k=1; k<n; ++k) if ( £[x[k-111 > f[x[k1]l )

return true;

template <typename Type>
ulong idx_partition(const Type *f, ulong n, ulong *x)
// rearrange index array, so that for some index p

// max(£[x[0]] ... £[x[pl]) <= min(£f[x[p+1]] ... flx[n-111)

{

}

The index-quicksort itself deserves a minute of contemplation comparing it to the plain version:

// Avoid worst case with already sorted input:

const Type v = median3(*x[0], *x[n/2], *x[n-1], cmp);
ulong i = OUL - 1;
ulong j = n;
while ( 1)
{
do ++i;

}

while ( flx[ill<v );
do --j;
while ( f[x[j11>v );

if ( i<j ) swap2(x[il, x[jD);
else return j;

template <typename Type>
void idx_quick_sort(const Type *f, ulong n, ulong *x)

// Sort x[] so that the sequence f[x[0]], f[x[1]],

{

sta

. f[x[n-1]] is ascending order.

return false;

. f[x[n-1]1] is ascending.

rt:
if ( n<8 ) // parameter: threshold for nonrecursive algorithm

idx_selection_sort(f, n, x);

return;
}
ulong p = idx_partition(f, n, x);
ulong 1n = p + 1;
ulong rn = n - 1n;
if ( ln>rn ) // recursion for shorter sub-array
{
idx_quick_sort(f, rn, x+ln); // f[x[1n]] ... f[x[n-1]] right
n = 1ln;
}
else

143
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23 idx_quick_sort(f, 1n, x); // f[x[0]1] ... flx[1n-1]1]1 1left
%% n = rn;

26 X += 1n;

27 }

%g goto start;

30

Note that the index-sort routines work perfectly for non-contiguous data. The index-analogues of the
binary search algorithms are again straightforward, they are given in [FXT: sort/bsearchidx.h].

The sorting routines do not change the array f, the actual data is not modified. To bring f into sorted
order, apply the inverse permutation of = to f (see section on page [109)):

apply_inverse_permutation(x, f, n);
To copy f in sorted order into g, use:

apply_inverse_permutation(x, f, n, g);

Input: After sort_by_key(f, n, key, 1):
f[1 keyl] f[1 keyl]
A A

QETmMoQW
~NWWR WO
QETowAQm
~NWWWHH—~O

Figure 3.3-A: Sorting an array according to an array of keys.

The array x can be used for sorting by keys, see figure The routine is [FXT: sort/sortbykey.h]:

1  template <typename Typel, typename Type2>

2 void sort_by_key(Typel *f, ulong n, Type2 *key, bool skg=true)
3 // Sort f[] according to key[] in ascending order:

4 // flkx] precedes f[j] if key[kl<key[j].

5 // If skq is true then key[] is also sorted.

6 {

7 ALLOCA(ulong, x, n);

8 for (ulong k=0; k<n; ++k) x[k] = k;

9 idx_quick_sort(key, n, x);

10 apply_inverse_permutation(x, f, n);

11 if ( skq ) apply_inverse_permutation(x, key, n);
12}

3.3.2 Pointer sorting

Pointer sorting is similar to index sorting. The array of indices is replaced by an array of pointers [FXT:
sort /sortptr.hj:

template <typename Type>

void ptr_selection_sort(/*const Type *f,*/ ulong n, const Type **x)

// Sort x[] so that the sequence *x[0], *x[1], ..., *x[n-1] is ascending.
for (ulong i=0; i<n; ++i)

Type v = *x[i];

ulong m = i; // position-ptr of minimum
ulong j = n;
while ( --j > i ) // search (index of) minimum

if ( *x[jl<v )
{
m
A%

Js
*x [m] ;

}
}
swap2(x[i], x[m]l);

el e e e
CONDNUTERWNF O OO0 0 Utk W N —
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19 }
20 }

The first argument (const Type *f) is not necessary with pointer sorting, it is indicated as a comment
to make the argument structure uniform. The verification routine is

template <typename Type>
bool is_ptr_sorted(/*const Type *f,*/ ulong n, Type const*const*x)
// Return whether the sequence *x[0], *x[1], ..., *x[n-1] is ascending.

for (ulong k=1; k<n; ++k) if ( *x[k-1] > *x[k] ) return false;
return true;

N O W N~

The pointer versions of the search routines are given in [FXT: |sort/bsearchptr.h].

3.3.3 Sorting by a supplied comparison function

The routines in [FXT: sort/sortfunc.h] are similar to the C-quicksort gsort that is part of the standard
library. A comparison function cmp has to be supplied by the caller. This allows, for example, sorting
compound data types with respect to some key contained within them. Citing the manual page for gsort:

The comparison function must return an integer less than, equal to, or greater than
zero if the first argument is considered to be respectively less than, equal to, or
greater than the second. If two members compare as equal, their order in the
sorted array is undefined.

As a prototypical example we give the selection sort routine:

1  template <typename Type>

2 void selection_sort(Type *f, ulong n, int (*cmp) (const Type &, const Type &))
3 // Sort f[] (ascending order) with respect to comparison function cmp().
4

5 for (ulong i=0; i<n; ++i)

6

7 Type v = £[il;

8 ulong m = i; // position of minimum

9 ulong j = n;

10 while ( --j > 1 ) // search (index of) minimum
11

12 if ( ecmp(£[jl,v) < 0)

13 {

14 m= j;

15 v = f[m];

16 }

17 }

18

19 swap2(£[il, f[m]);

20 }

21}

The other routines are rather straightforward translations of the (plain) sort analogues. Replace the
comparison operations involving elements of the array as follows:

(a < b) cmp(a,b) < 0
(a > Db) cmp(a,b) > 0
(a == b) cmp(a,b) == 0
(a <= b) cmp(a,b) <= 0
(a >= b) cmp(a,b) >= 0

The verification routine is
template <typename Type>
bool is_sorted(const Type *f, ulong n, int (*cmp)(const Type &, const Type &))
// Return whether the sequence £[0], f[1], ..., f[n-1]
// is sorted in ascending order with respect to comparison function cmp().

for (ulong k=1; k<n; ++k) if ( cmp(f[k-1], £[k]) > O ) return false;
return true;

OO W

The numerous calls to cmp () do have a negative impact on the performance. With C++ you can provide
a comparison ‘function’ for a class by overloading the comparison operators <, <, <=, >=, and == and use
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the plain sort version. That is, the comparisons are inlined and the performance should be fine.

3.3.3.1 Sorting complex numbers

You want to sort complex numbers? Fine with me, but don’t tell your local mathematician. To see the
mathematical problem, we ask whether i is less than or greater than zero. Assuming ¢ > 0 it follows that
i-i > 0 (we multiplied with a positive value) which is —1 > 0 and that is false. So, is 4 < 0?7 Theni-i > 0
(multiplication with a negative value, as assumed), thereby —1 > 0. Oops! The lesson is that there is no
way to impose an order on the complex numbers that would justify the usage of the symbols ‘<’ and ‘>’
consistent with the rules to manipulate inequalities.

Nevertheless we can invent a relation for sorting: arranging (sorting) the complex numbers according to
their absolute value (modulus) leaves infinitely many numbers in one ‘bucket’, namely all those that have
the same distance from zero. However, one could use the modulus as the major ordering parameter, the
argument (angle) as the minor. Or the real part as the major and the imaginary part as the minor. The
latter is realized in

1  static inline int

2  cmp_complex(const Complex &f, const Complex &g)
3

4 const double fr = f.real(), gr = g.real();
5 if ( fr!=gr ) return (fr>gr 7 +1 : -1);

6

7 const double fi = f.imag(), gi = g.imag(Q);
8 if ( fil=gi ) return (fi>gi 7 +1 : -1);

8 return O;

1 3}

This function, when used as comparison with the following routine, can indeed be the practical tool you
had in mind:

void complex_sort(Complex *f, ulong n)
// major order wrt. real part
// minor order wrt. imag part

{
}

quick_sort(f, n, cmp_complex) ;

SO W N+~

3.3.3.2 Index and pointer sorting

The index sorting routines that use a supplied comparison function are given in [FXT: sort/sortidxfunc.h|:

1  template <typename Type>

2 void idx_selection_sort(const Type *f, ulong n, ulong *x,
3 int (*cmp) (const Type &, const Type &))
4 // Sort x[] so that the sequence f[x[0]], f[x[1]11, ... flx[n-1]]
5 // is ascending with respect to comparison function cmp().
6

7 for (ulong i=0; i<n; ++i)

8 {

9 Type v = f[x[il];

10 ulong m = i; // position-ptr of minimum

11 ulong j = n;

12 while ( --j > i ) // search (index of) minimum
13

14 if ( cmp(£f[x[jl], v) < 0)

15 {

16 m=j;

17 v = flx[ml];

18 }

19 }

20
21 swap2(x[i], x[m]);
22 }
23}

The verification routine is:

template <typename Type>
bool is_idx_sorted(const Type *f, ulong n, const ulong *x,
int (*cmp) (const Type &, const Type &))
// Return whether the sequence f[x[0]], f[x[1]], ... flx[n-1]] is ascending

=W N =
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// with respect to comparison function cmp().

for (ulong k=1; k<n; ++k) if ( cmp(f[x[k-1]], f[x[k]]) > 0 ) return false;
return true;

NeNo N fe)ié)]

The pointer sorting versions are given in [FXT: sort/sortptrfunc.h]

1 template <typename Type>

2  void ptr_selection_sort(/*const Type *f,*/ ulong n, const Type **x,
3 int (*cmp) (const Type &, const Type &))
4 // Sort x[] so that the sequence *x[0], *x[1], ..., *x[n-1]
5 // is ascending with respect to comparison function cmp().
6 {

7 for (ulong i=0; i<m; ++i)

8

9 Type v = *x[i];

10 ulong m = i; // position-ptr of minimum

11 ulong j = n;

12 while ( -=j > i ) // search (index of) minimum

13 {

14 if ( cmp(*x[j]1,v)<0 )

15 {

16 m = j;

17 v = *x[m];

18 }

19 }

20

21 swap2(x[il, x[m]);
22 }
23}

The verification routine is:

template <typename Type>

bool is_ptr_sorted(/*const Type *f,*/ ulong n, Type const*const*x,
int (*cmp) (const Type &, const Type &))

// Return whether the sequence *x[0], *x[1], ..., *x[n-1]

// is ascending with respect to comparison function cmp().

for (ulong k=1; k<n; ++k) if ( cmp(*x[k-1],*x[k]) > 0 ) return false;
return true;

OO UT R W N~

The corresponding versions of the binary search algorithm are given in [FXT: [sort/bsearchidxfunc.h] and
[FXT: lsort/bsearchptrfunc.h].

3.4 Searching in unsorted arrays

To find the first occurrence of a certain value in an unsorted array use the routine [FXT: sort/usearch.h]

template <typename Type>

inline ulong first_geq_idx(const Type *f, ulong n, Type v)
// Return index of first element ==

é/ Return n if all !=v

ulong k = 0;
while ( (k<n) && (£[k]!'=v) ) k++;
return k;

OO~ HUTHEW N —

}

The functions first_neq_idx(), first_geg_idx() and first_leq_idx() find the first occurrence of
an element unequal (to v), greater than or equal and less than or equal, respectively.

If the last bit of speed matters, one could use a sentinel, as suggested in [210, p.267]:

1 template <typename Type>

2 inline ulong first_eq_idx(/* NOT const */ Type *f, ulong n, Type V)
3 A

4 Type s = f[n-1];

5 f[n-1] = v; // sentinel to guarantee that the search stops

6 ulong k = 0;

7 while ( f[k]!=v ) ++k;
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f[n-1] = s; // restore value
if ( (k==n-1) && (v!=s) ) ++k;
return k;

}

There is only one branch in the inner loop, this can give a significant speedup. However, the technique
is only applicable if writing to the array ‘f[1’ is allowed.

Another way to optimize the search is partial unrolling of the loop:

template <typename Type>
inline ulong first_eq_idx_large(const Type *f, ulong n, Type v)
{
ulong k;
for (k=0; k<(n&3); ++k) if ( fl[kl==v ) return k;
¥hile ( k!'=n ) // 4-fold unrolled
Type t0 = £[k], t1 = fl[k+1], t2 = f[k+2], t3 = £[k+3];
bool gqa = ( (t0==v) | (tl==v) ); // note bit-wise OR to avoid branch
bool gb = ( (t2==v) | (t3==v) );
if (qa | gb ) // element v found
{
while (1) { if ( flkl==v ) return k; else ++k; }
}
k += 4;
}
return n;
}

The search requires only two branches with every four elements. By using two variables qa and gb better
usage of the CPU internal parallelism is attempted. Depending on the data type and CPU architecture
8-fold unrolling may give a speedup.

3.5 Determination of equivalence classes
Let S be a set and C' := S x S the set of all ordered pairs (x,y) with z,y € S. A binary relation R on S
is a subset of C. An equivalence relation is a binary relation with the following properties:
o reflerive: x = x V.
o symmetric: x =y < y =z V1,y.
e transitive: =y, y=2z — = =z V1,Y, 2.
Here we wrote =y for (x,y) € R where z,y € S.

We want to determine the equivalence classes: an equivalence relation partitions a set into 1 < ¢ < n
subsets E1, Es, ..., E; so that £ =y whenever both x and y are in the same subset but z # y if  and
y are in different subsets.

For example, the usual equality relation is an equivalence relation, with a set of (different) numbers each
number is in its own class. With the equivalence relation that x = y whenever x — y is a multiple of some
fixed integer m > 0 and the set Z of all natural numbers we obtain m subsets and = = y if and only if
r =y mod m.

3.5.1 Algorithm for decomposition into equivalence classes

Let S be a set of n elements, represented as a vector. On termination of the following algorithm Qy = j
if j is the least index such that S; = Si (note that we consider the elements of S to be in a fixed but
arbitrary order here):

1. Put each element in its own equivalence class: Q :=k forall 0 <k <n

2. Set k :=1 (index of the second element).
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3. (Search for an equivalent element:)
(a) Set j:=0.
(b) If S = 5; set Qr = Q; and goto step
(c) Set j :=j+ 1 and goto step
4. Set k:=k+ 1 and if k£ < n goto step |3| else terminate.

The algorithm needs n — 1 equivalence tests when all elements are in the same equivalence class and
n (n — 1)/2 equivalence tests when each element is alone in its own equivalence class.

In the following implementation the equivalence relation must be supplied as a function equiv_q() that
returns true when its arguments are equivalent [FXT: sort/equivclasses.h]:

1 template <typename Type>

2  void equivalence_classes(const Type *s, ulong n, bool (*equiv_q) (Type,Type), ulong *q)
3 // Given an equivalence relation ’==’ (as function equiv_q())

4 // and a set s[] with n elements,

5 // write to qlk] the index j of the first element s[j] such that s[k]==s[j].
6

7 for (ulong k=0; k<n; ++k) ql[k] = k; // each in own class

8 for (ulong k=1; k<n; ++k)

9

10 ¢ ulong j = O;

11 while ( ! equiv_q(s[jl, slk]) ) ++j;

12 qlk] = qljl;

13 }

14 }

3.5.2 Examples of equivalence classes

3.5.2.1 Integers modulo m

Choose an integer m > 1 and let any two integers a and b be equivalent if @ — b is an integer multiple
of m (with m = 1 all integers are in the same class). We can choose the numbers 0,1 ..., m — 1
as representatives of the m classes obtained. Now we can do computations with those classes via the
modular arithmetic as described in section [39.1 on page 764l This is easily the most important example
of all equivalence relations.

The concept also make sense for a real (non-integral) modulus m > 0. We still put two numbers a and
b into the same class if a — b is an integer multiple of m. Finally, the modulus m = 0 leads to the
equivalence relation ‘equality’.

3.5.2.2 Binary necklaces

Consider the set S of n-bit binary words with the equivalence relation in which two words x and y are
equivalent if and only if there is a cyclic shift hg(x) by 0 < k < n positions such that hi(z) = y. The
equivalence relation is supplied as the function [FXT: sort/equivclass-necklaces-demo.cc):

static ulong nb; // number of bits
bool n_equiv_q(ulong x, ulong y) // necklaces

{
ulong d = bit_cyclic_dist(x, y, nb);

return (0==d);

DO ERWN —

The function bit_cyclic_dist() is given in section [I.13.4] on page For n = 4 we find the following
list of equivalence classes:

cee. [#=1]
1... 1., ...1 .1, [#=4]
1..1 11.. ..11 .11, [#=4]

~NOTWwr— O

1.1 1.1, [#=2]

11.1 111, 1.11 111 [#=4]
15: 1111 [#=1]

# of equivalence classes = 6
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These correspond to the binary necklaces of length 4. One usually chooses the cyclic minima (or maxima)
among equivalent words as representatives of the classes.

3.5.2.3 Unlabeled binary necklaces

Same set but the equivalence relation is defined to identify two words x and y when there is a cyclic shift
hi(z) by 0 < k < n positions so that either hy(x) =y or hy(x) =7 where 7 is the complement of y:

1 static ulong mm; // mask to complement
2 bool nu_equiv_q(ulong x, ulong y) // unlabeled necklaces
3 A
4 ulong d = bit_cyclic_dist(x, y, nb);
5 if ( 0!'=d ) d = bit_cyclic_dist(mm"x, y, nb);
6 return (0==d);
7}
With n = 4 we find
0: 1111 ... [#=2]
1+ 111, 11.1 t.11 1... 111 ...t ..1. .1.. [#=8]
3: .11, 1.1 11.. .11 [#=4]
5:  .1.1 1.1. [#=2]

# of equivalence classes = 4
These correspond to the unlabeled binary necklaces of length 4.

3.5.2.4 Binary bracelets

The binary bracelets are obtained by identifying two words that are identical up to rotation and possible
reversal. The corresponding comparison function is

1  bool b_equiv_q(ulong x, ulong y) // bracelets
2 A
3 ulong d = bit_cyclic_dist(x, y, b);
4 if ( 0!'=d ) d = bit_cyclic_dist(revbin(x,b), y, b);
5 return (0==d);
6
There are six binary bracelets of length 4:
0: cee. [#=1]
1: 1... 1.0 .01 L1 [#=4]
3: 1..1 11.. .11 .11, [#=4]
5:  .1.1 1.1, [#=2]

7: 11.1 111, 1.11 .111 [#=4]
15: 1111 [#=1]

The unlabeled binary bracelets are obtained by additionally allowing for bit-wise complementation:

—
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bool bu_equiv_q(ulong x, ulong y) // unlabeled bracelets
{
ulong d = bit_cyclic_dist(x, y, b);
X 7= mm;
if ( 0!'=d ) d = bit_cyclic_dist(x, y, b);
x = revbin(x,b);
if (0!=d ) d = bit_cyclic_dist(x, y, b);
X "= mm;
if ( 0!=d ) d = bit_cyclic_dist(x, y, b);
return (0==d);
}
There are four unlabeled binary bracelets of length 4:
0: 1111 ... [#=2]
1: 111, 11,1 1.11 1... 111 ...1 0 .1, 1., [#=8]
3: 11, 1.1 11.. .11 [#=4]
5:  .1.1 1.1. [#=2]

The shown functions are given in [FXT: sort/equivclass-bracelets-demo.cc] which can be used to produce
listings of the equivalence classes.

The sequences of numbers of labeled and unlabeled necklaces and bracelets are shown in figure
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n: N B N/U B/U
[312]# | /A000031 | /A000029 | [A000013 [ [A000011
1: 2| 21 1] 1|
2: 3 3 2 2
3: 4 4 2 2
4: 6 6 4 4
5: 8 8 4 4
6: 14 13 8 8
7 20 18 10 9
8: 36 30 20 18
9: 60 46 30 23
10: 108 78 56 44
11: 188 126 94 63
12: 352 224 180 122
13: 632 380 316 190
14: 1182 687 596 362
15: 2192 1224 1096 612

Figure 3.5-A: The number of binary necklaces ‘N’, bracelets ‘B’, unlabeled necklaces ‘N/U’, and unlabeled
bracelets ‘B/U’. The second row gives the sequence number in [312].

3.5.2.5 Binary words with reversal and complement

The set S of n-bit binary words and the equivalence relation identifying two words = and y whenever
they are mutual complements or bit-wise reversals.

3 classes with 3-bit words: 10 classes with 5-bit words
0: 111 0: 11111 ...,
1: Sl i1 1., 11, 1: 1111, 1.... .1111 .1
2: i1 1. 2: 1.111 111.1 .1.. ... 1.
3: 111.. ...11 ..111 11...
4. .10 1111
6 classes with 4-bit words: 5: 11.1. 1.1.. 1.1 .1.11
0: 1111 ..., 6: o110 11, 11001 1011
1: 111, 1... .111 ...1 9: 11,1 1,11, 1..1 1..1.
2: .10 1. 1.11 11.1 10: 1.1, 1.1.1
3: 11.. i 14: 1...1 .111.
5 101, i1
6 S ]

Figure 3.5-B: Equivalence classes of binary words where words are identified if either their reversals or
complements are equal.

For example, the equivalence classes with 3-, 4- and 5-bit words are shown in figure The sequence
of numbers of equivalence classes for word-sizes n is (entry |A005418 in [312])

n: 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16,
#: 1, 2, 3, 6, 10, 20, 36, 72, 136, 272, 528, 1056, 2080, 4160, 8256, 16512,

The equivalence classes can be computed with the program [FXT: [sort/equivclass-bitstring-demo.cc|.

We have chosen examples where the resulting equivalence classes can be verified by inspection. For
example, we could create the subsets of equivalent necklaces by simply rotating a given word and marking
the words visited so far. Such an approach, however, is not possible if the equivalence relation does not
have an obvious structure.

3.5.3 The number of equivalence relations for a set of n elements

We write B(n) for the number of possible partitionings (and thereby equivalence relations) of the set
{1, 2, ..., n}. These are called Bell numbers. The sequence of Bell numbers is entry A000110 in [312],
it starts as (n > 1):
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1, 2, 5, 15, 62, 203, 877, 4140, 21147, 115975, 678570, 4213597,

The can be computed easily as indicated in the following table:

BOobLhWNRO

[ 1]
L1, 2]
[2, 3, 5]

[5, 7,10, 15]

[15, 20, 27, 37, 52]
(62, 67, 87, 114, 151, 203]
(B, ... ]

The first element in each row is the last element of the previous row, the remaining elements are the sum
of their left and upper left neighbors. As GP code:

N=7;

v=w=b=vector(N); v[1]=1;

{ for(n=1,N-1,

bln] = v[1];

print(n-1, ": ", v); \\ print row
w[1] = v([n];

for (k=2,n+1, wlkl=wlk-1]+v[k-1]);
v=W;

) X

An implementation in C++ is given in [FXT:|comb/bell-number-demo.cc|. An alternative way to compute
the Bell numbers is shown in section [17.2 on page 358
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Data structures

We give implementations of selected data structures like stack, ring buffer, queue, double-ended queue
(deque), bit-array, heap and priority queue.

4.1 Stack (LIFO)

push( 1)
push( 2)
push( 3)
push( 4)
push( 5)
push( 6)
push( 7)
pop== 7
pop== 6
push( 8)
pop== 8
pop== 5
push( 9)
pop== 9
pop== 4
push(10)
pop==10
pop==

push(11)
pop==11
pop== 2
push(12)
pop==12
pop== 1
push(13)
pop==13 - - - - -
pop== - - - - - - - -

(stack was empty)
push(14) 14 - - -
pop==14 -
pop== - - - -
(stack was empty)

push(15) 156 - - - - - - - #=1

1001 OO |
|
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Figure 4.1-A: Inserting and retrieving elements with a stack.

A stack (or LIFO, for last-in, first-out) is a data structure that supports the operations: push() to
save an entry, pop() to retrieve and remove the entry that was entered last, and peek() to retrieve
the element that was entered last without removing it. The method poke () modifies the last entry. An
implementation with the option to let the stack grow when necessary is [FXT: class stack in|ds/stack.h]:

template <typename Type>
class stack

public:
Type *x_; // data
ulong s_; // size
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Insertion and retrieval from the top of the stack are implemented as follows:
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ulong p_; // stack pointer (position of next write), top entry @ p-1
ulong gq_; // grow gq elements if necessary, 0 for "never grow"
public:
stack(ulong n, ulong growg=0)
S_ =n;
x_ = new Typels_];
p_ = 0; // stack is empty
gq- = growq;
“stack() { delete [] x_; }
ulong num() const { return p_; } // Return number of entries.

ulong push(Type z)

// Add element z on top of stack.

// Return size of stack, zero on stack overflow.
// If gq_ is nonzero the stack grows if needed.

if (p_>=s_)

if ( 0==gq_ ) return 0; // overflow

grow();
x_[p_]1 = z;
++p_;
return s_;

}

ulong pop(Type &z)
// Retrieve top entry and remove it.

// Return number of entries before removing element.

// If empty return zero and leave z is undefined.

ulong ret = p_;
if (Oot=p_) { --p_; z=x_[p.1; }
return ret;

}

ulong poke(Type z)

// Modify top entry.

// Return number of entries.

// 1f empty return zero and do nothing.

if ( O'=p_ ) =x_[p_-1] = z;
return p_;

}

ulong peek(Type &z)

// Read top entry, without removing it.

// Return number of entries.

// If empty return zero and leave z undefined.

if (0'=p_ ) =z =x_[p_-1];
return p_;

}

The growth routine is implemented as

private:

here we use the function ReAlloc () that imports the C function realloc().

void grow()

ulong ns = s_ + gq_; // new size
x_ = ReAlloc<Type>(x_, ns, s_);
S_ = ns;

}

% man realloc



4.2: Ring buffer

#include <stdlib.h>
void *realloc(void *ptr, size_t size);

realloc() changes the size of the memory block pointed to by ptr to size
bytes. The contents will be unchanged to the minimum of the old and new
sizes; newly allocated memory will be uninitialized. If ptr is NULL, the
call is equivalent to malloc(size); if size is equal to zero, the call is
equivalent to free(ptr). Unless ptr is NULL, it must have been returned by
an earlier call to malloc(), calloc() or realloc().

4.2 Ring buffer
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A program that shows the working of the stack is [FXT: ds/stack-demo.cc|]. An example output where
the initial size is 4 and the growth-feature enabled (in increments of 4 elements) is shown in figure

A ring buffer is an array together with read and write operations that wrap around. That is, when the
last position of the array is reached, writing continues at the begin of the array, thereby erasing the oldest
entries. The read operation starts at the oldest entry in the array.

array x[] x[] ordered n wpos fpos
insert(A) A A 1 1 0
insert(B) A B A B 2 2 0
insert (C) A B C A B C 3 3 0
insert (D) A B C D A B C D 4 0 0
insert (E) E B C D B C D E 4 1 1
insert (F) E F C D C D E F 4 2 2
insert (G) E F G D D E F G 4 3 3
insert (H) E F G H E F G H 4 0 0
insert (I) I F G H F G H I 4 1 1
insert (J) I J G H G H I J 4 2 2

ORI UTHRWN

Figure 4.2-A: Writing to a ring buffer.

Figure shows the contents of a length-4 ring buffer after insertion of the symbols ‘A’, ‘B, ...
The listing was created with the program [FXT: |ds/ringbuffer-demo.cc|]. The implementation used is
[FXT: class ringbuffer in ds/ringbuffer.h]:

template <typename Type>
class ringbuffer

{
public:
Type *x_; // data (ring buffer)
ulong s_; // allocated size (# of elements)
ulong n_; // current number of entries in buffer
ulong wpos_; // next position to write in buffer
ulong fpos_; // first position to read in buffer
public:

ringbuffer (ulong n)
{

S

n;
x_ = new Typels_];
n_ 0;

Wpos_

fpos_

0;
0;

}
“ringbuffer() { delete [] x_; }

ulong num() const { return n_; }

If an entry is inserted, it is written to index wpos:

Uk W~

void insert(const Type &z)

{
x_[wpos_] = z;
if ( ++wpos_>=s_ ) wpos_ = O;
if (n_ < s_ ) ++n_;

[ &
.
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ulong read(ulong k, Type &z)
// Read entry k (that is, [(fpos_ + k)%s_]1).
// Return 0 if k>=n, else return k+1.

= wpos_;

ulong j = fpos_ + k;
i = a_;
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else fpos_

}
if ( k>=n_ )
if (j>=s_) j -
z = x_[j1;
return k + 1;

}

};

return O;

const
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Ring buffers are, for example, useful for logging purposes, if only a certain number of lines can be saved.
To do so, enhance the ringbuffer class so that it uses an additional array of (fixed width) strings. The
message to log is copied into the array and the pointer set accordingly. A read returns the pointer to the

string.

4.3 Queue (FIFO)

A queue (or FIFO for first-in, first-out) is a data structure that supports the following operations: push()
saves an entry, pop() retrieves (and removes) the entry that was entered least recently, and peek()
retrieves the least recently entered element without removing it.

push( 1)
push( 2)
push( 3)
push( 4)
push( 5)
push( 6)
push( 7)
pop== 1
pop== 2
push( 8)
pop== 3
pop== 4
push( 9)
pop== 5
pop== 6
push(10)
pop== 7
pop==

push(11)
pop==

pop==10
push(12)
pop==11
pop==12
push(13)
pop==13
pop==
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Figure 4.3-A: Inserting and retrieving elements with a queue.

We describe a queue with an optional feature of growing when necessary. Figure shows the data
for a queue where the initial size is four and the growth-feature enabled (in steps of four elements). The

listing was created with the program [FXT: ds/queue-demo.cc|.
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The implementation is [FXT: class queue in ds/queue.h|:

1 template <typename Type>

2 class queue

3 A

4  public:

5 Type *x_; // pointer to data

6 ulong s_; // allocated size (# of elements)

7 ulong n_; // current number of entries in buffer
8 ulong wpos_; // next position to write in buffer
9 ulong rpos_; // next position to read in buffer
10 ulong gq_; // grow gq elements if necessary, 0 for "never grow"
%% public:

13 explicit queue(ulong n, ulong growq=0)

14 {

15 S_ =n;

16 x_ = new Typels_];

17 n_ = 0;

18 wpos_ = 0;

19 rpos_ = 0;

20 gq- = growq;
21 }

22

23 “queue() { delete [] x_; }
24
25 ulong num() const { return n_; }

The method push() writes to x[wpos], peek() and pop() read from x[rpos]:

1 ulong push(const Type &z)

2 // Return number of entries.

3 // Zero is returned on failure

4 //  (i.e. space exhausted and O==gq_)

5 {

g if (n_ >=s_)

8 if ( 0==gq_ ) return 0; // growing disabled
9 grow();

10

11

12 x_[wpos_] = z;

13 ++wpos_;

14 if ( wpos_>=s_ ) wpos_ = 0;

i +n_;

17 return n_;

18 }

19

20 ulong peek(Type &z)

21 // Return number of entries.

%% // if zero is returned the value of z is undefined.
24 z = x_[rpos_];

25 return n_;

26

27

28 ulong pop(Type &z)

29 // Return number of entries before pop

30 // i.e. zero is returned if queue was empty.
g% // 1f zero is returned the value of z is undefined.
33 ulong ret = n_;

34 if ( O!=n_)

35 {

36 z = x_[rpos_];

37 ++rpos_;

38 if ( rpos_ >= s_ ) rpos_ = 0;

39 --n_;

40 }

3% return ret;

43 }

The growing feature is implemented as follows:

1 private:
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void grow()
ulong ns = s_ + gq_; // new size
// move read-position to zero:
rotate_left(x_, s_, rpos_);
x_ = ReAlloc<Type>(x_, ns, s_);
WpoS_ = s_;
rpos_ = 0;
S_ = ns;

}
};

4.4 Deque (double-ended queue)

A deque (for double-ended queue) combines the data structures stack and queue: insertion and deletion
in time O(1) is possible both at the first and the last position. An implementation with the option to let
the deque grow when necessary is [FXT: class deque in |ds/deque.h]

template <typename Type>
class deque
{
public:
Type *x_; // data (ring buffer)
ulong s_; // allocated size (# of elements)
ulong n_; // current number of entries in buffer
ulong fpos_; // position of first element in buffer
// insert_first() will write to (fpos-1)%n
ulong lpos_; // position of last element in buffer plus one
// insert_last() will write to 1lpos, n==(lpos-fpos) (mod s)
// entries are at [fpos, ..., lpos-1] (range may be empty)

ulong gq_; // grow gq elements if necessary, O for "never grow"

public:
explicit deque(ulong n, ulong growq=0)
{
S_ =n;
x_ = new Typels_];
n_ = 0;
fpos_ = 0;
lpos_ = 0;
gdq- = growq;
}

“deque() { delete [] x_; }
ulong num() const { return n_; }

The insertion at the front and end are implemented as

ulong insert_first(const Type &z)
// Return number of entries after insertion.
// Zero is returned on failure
//  (i.e. space exhausted and 0==gq_)
{
if (n_ >=s_)
if ( O==gq_ ) return 0; // growing disabled
grow();
--fpos_;
if ( fpos_ == -1UL ) fpos_ = s_ - 1;
x_[fpos_] = z;
++n_;
return n_;
}

ulong insert_last(const Type &z)

// Return number of entries after insertion.
// Zero is returned on failure

//  (i.e. space exhausted and O==gq_)
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24 {

25 if (n_ >=s_)

26 {

27 if ( O==gq_ ) return 0; // growing disabled
28 grow();

29 }

30

31 x_[1lpos_] = z;

32 ++1pos_;

33 if ( lpos_>=s_ ) 1lpos_ = 0;
34 ++n_;

35 return n_;

36 }

The extraction methods are

1 ulong extract_first(Type & z)

2 // Return number of elements before extract.
3 // Return O if extract on empty deque was attempted.
4 {

5 if ( O==n_ ) return O;

6 z = x_[fpos_];

7 ++fpos_;

8 if ( fpos_ >= s_ ) fpos_ = 0;

9 -Tn_;

10 return n_ + 1;

11 }

12

13 ulong extract_last(Type & z)

14 // Return number of elements before extract.
15 // Return O if extract on empty deque was attempted.
16 {

17 if ( O==n_ ) return 0;

18 --1lpos_;

19 if ( lpos_ == -1UL ) 1lpos_ = s_ - 1;

20 z = x_[1pos_];

21 --n_;

22 return n_ + 1;

23 }

We can read at the front, end, or an arbitrary index, without changing any data:

1 ulong read_first(Type & z) const

2 // Read (but don’t remove) first entry.

i // Return number of elements (i.e. on error return zero).
5 if ( O==n_ ) return O;

6 z = x_[fpos_];

7 return n_;

8

9

10 ulong read_last(Type & z) const

11 // Read (but don’t remove) last entry.

%% // Return number of elements (i.e. on error return zero).
14 return read(n_-1, z); // ok for n_==
15

16

17 ulong read(ulong k, Type & z) const

18 // Read entry k (that is, [(fpos_ + k)%s_1).
%8 {/ Return 0 if k>=n_ else return k+1

21 if ( k>=n_ ) return O;

22 ulong j = fpos_ + k;

23 if ( j>=s_ ) j -= s_;

24 z = x_[j1;

25 return k + 1;

26 }

1 private:
void grow()

3

4 ulong ns = s_ + gq_; // new size
5 // Move read-position to zero:

6 rotate_left(x_, s_, fpos_);

7 x_ = ReAlloc<Type>(x_, ns, s_);

8 fpos_ = 0;

159
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9 lpos_ = n_;

10 S_ = ns;

11 }

12}
insert_first( 1) 1
insert_last(51) 1 51
insert_first( 2) 2 151
insert_last(52) 2 1 5152
insert_first( 3) 3 2 15152
insert_last(53) 3 2 1515253
extract_first()= 3 2 1 51 52 53
extract_last()= 53 2 15152
insert_first( 4) 4 2 15152
insert_last(54) 4 2 1515254
extract_first()= 4 2 1 51 52 54
extract_last()= 54 2 1 5152
extract_first()= 2 1 51 52
extract_last()= 52 1 51
extract_first()= 1 51
extract_last()= 51
insert_first( 5) 5
insert_last(55) 5 55
extract_first()= 5 55
extract_last()= 55
extract_first()= (deque is empty)
extract_last()= (deque is empty)
insert_first( 7) 7
insert_last (57) 7 57

Figure 4.4-A: Inserting and retrieving elements with a queue.

Its working is shown in figure which was created with the program [FXT: |ds/deque-demo.cc].

4.5 Heap and priority queue

4.5.1 Indexing scheme for binary trees

1:[...1]
2:[..1.] 3:[..11]
4:[0.1..] 5:[.1.1] 6:[.11.] 7:0.111]

8:[1...1 9:[1..1]

Figure 4.5-A: Indexing a binary tree: the left child of node k is node 2k, the right child is node 2k + 1.

A one-based index array with n elements can be identified with a binary tree as shown in figure
Node 1 is the root node. The left child of node k is node 2k and the right child is node 2k + 1. The
parent of node k is node |k/2].

We require that consecutive array indices 1, 2, ..., n are used. Therefore all nodes k where k < |n/2]
have at least one child.

4.5.2 The binary heap

A binary heap is a binary tree of the form just described, where both children are less than or equal to
their parent. Figure shows an example of a heap with nine elements.
The following function determines whether a given array is a heap [FXT: |ds/heap.h]:

1 template <typename Type>
2 ulong test_heap(const Type *x, ulong n)


file:.fxtdir/demo/ds/deque-demo.cc
file:.fxtdir/src/ds/heap.h

4.5: Heap and priority queue 161

95
91 84
79 91 80 78

76 71

as array: [ 95, 91, 84, 79, 91, 80, 78, 76, T1]

Figure 4.5-B: A heap with nine elements, the left or right child is never greater than the parent.

3 // Return O if x[] has heap property

4 // else index of node found to be greater than its parent.
5 A

6 const Type *p = x - 1; // make one-based

7 for (ulong k=n; k>1; --k)

8 {

9 ulong t = (k>>1); // parent(k)

10 if ( pltl<plk] ) return k-1; // in {1, 2, ..., n}
11

12 return 0; // has heap property

3 3

Let L = 2k and R = 2k + 1 be the left and right children of node k, respectively. Now assume that the
subtrees whose roots are L and R already have the heap property, but node k is less than either L or R.
We can restore the heap property between k, L, and R by swapping element & downwards (with L or R,
as needed). The process is repeated if necessary until the bottom of the tree is reached:

1 template <typename Type>

2 void heapify(Type *z, ulong n, ulong k)

3 // Data expected in z[1,2,...,n].

4

5 ulong m = k; // index of max of k, left(k), and right(k)

6

7 const ulong 1 = (k<<1); // left(k);

8 if ( (1 <=n) && (z[1] > z[k]) ) m =1; // left child (exists and) greater than k
9

10 const ulong r = (k<<1) + 1; // right(k);

11 if ( (r <= n) && (z[r] > z[m]l) ) m =r; // right child (ex. and) greater than max(k,1)
12

13 if (m !'=k ) // need to swap

14 {

15 swap2(z[k], z[m]);

16 heapify(z, n, m);

17 }

18}

To reorder an array into a heap, we restore the heap property from the bottom up:

1 template <typename Type>

2 void build_heap(Type *x, ulong n)

3 // Reorder data to a heap.

4 // Data expected in x[0,1,...,n-1].
5 o
6

7

8

9

Type *z = x - 1; // make one-based
ulong j = (n>>1); // max index such that node has at least one child
while ( j > 0 )
{
10 heapify(z, n, j);
11 -3
12 }

13 2

The routine has complexity O (n). Let the height of node k be the maximal number of swaps that can
happen with heapify (k). There are less than n/2 elements of height 1, n/4 of height 2, n/8 of height 3,
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and so on. Let W (n) be the maximal number of swaps with n elements, we have

W(n) < 1n/24+2n/44+3n/8+4+...+logy(n)]l < 2n (4.5-1)

So the complexity is indeed linear.

A new element can be inserted into a heap in O(logn) time by appending it and moving it towards the

root as necessary:

template <typename Type>

bool heap_insert(Type *x, ulong n, ulong s, Type t)

// With x[] a heap of current size n

// and max size s (i.e. space for s elements allocated),
// insert t and restore heap-property.

// Return true if successful, else (i.e. if space exhausted) false.

{
if (n > s ) return false;
++n;
Type *x1 = x - 1; // make one-based
ulong j = n;
while ( j > 1 ) // move towards root as needed
{
ulong k = (j>>1); // k==parent(j)
if ( x1[k] >= t ) break;
x1[j]1 = x1[k];
j=k
x1[3] = t;
} return true;

Similarly, the maximal element can be removed in time O(logn):

template <typename Type>
Type heap_extract_max(Type *x, ulong n)

// Return maximal element of heap and restore heap structure.

// Return value is undefined for O==n.

= x[0];
l=n )

Type m
if (0
{
Type *x1 = x - 1;
x1[1] = x1[n];
--n;
heapify(x1l, n, 1);
}

return m;

}

4.5.3 Priority queue

A priority queue is a data structure that supports insertion of an element and extraction of its maximal
element, both in time O (log(n)). A priority queue can be used to schedule an event for a certain time

and return the next pending event.

We use a binary heap to implement a priority queue. Two modifications seem appropriate: Firstly, replace
extract_max () by extract_next (), leaving it as a compile time option whether to extract the minimal
or the maximal element. We need to change the comparison operators at a few strategic places so that
the heap is built either with its maximal or its minimal element first [FXT: class priority_queue in

ds/priorityqueue.h|:

#if 1

// next() is the one with the smallest key
// i.e. extract_next() is extract_min()
#define _CMP_ <

#define _CMPEQ_ <=

#else

// next() is the one with the biggest key
// i.e. extract_next() is extract_max()
#define _CMP_ >

#define _CMPEQ_ >=

#endif
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Secondly, augment the elements by an event description that can be freely defined:

OO ULEREWN -

template <typename Typel, typename Type2>

class priority_queue

{

public:
Typel *ti1_; // time:  ti[1..s]
Type2 *el_; // events: el[l..s]

ulong s_; // allocated size (# of elements)

ulong n_; // current number of events

ulong gq_; // grow gq elements if necessary, O for "never grow"
public:

one-based array!
one-based array!

priority_queue(ulong n, ulong growqg=0)

s_ = n;
tl_ = new Typells_] - 1;
el_ = new Type2[s_] - 1;
n_ = 0;

g9- = growq;

}

“priority_queue()

delete [] (ti1_+1);
delete [1 (el_+1);

}
[--snip--]

The extraction and insertion operations are

17

bool extract_next(Typel &t, Type2 &e)

{

if ( n_ == 0 ) return false;

t1_[1];
e el_[1];
t1_[1] = t1_[n_];
el_[1] el_[n_];

t

“cn;
heapify(1);

return true;

}

bool insert(const Typel &t, const Type2 &e)

// Insert event e at time t.

// Return true if successful, else false (space exhausted and growth disabled).

{

if (n_ >=s_)

if ( 0==gq_ ) return false; // growing disabled

grow();

++n_;
ulong j =
while ( j
{

n_;
>1)

ulong k = (j>>1); // k==parent(j)

if ( t1_[k] _CMPEQ_ t )
t1_[j1 = t1_[k1; e1_[j]
j=k;
}
t1_[j]
el_[j]

return true;

t;
€;

}
void reschedule_next(Typel t)

t1_[1] = t;
heapify(1);

b

reak;
el_[k];

163
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The member function reschedule_next() is more efficient than the sequence extract_next();
insert();, as it calls heapify() only once. The heapify() function is tail-recursive, so we make it

(k<<1); // left(k);
1+ 1; // right(k);

) && (t1_[1]1 _CMP_ t1_[k]1) ) m
) && (t1_[r] _CMP_ t1_[m]) ) m

iterative:
private:
void heapify(ulong k)
{
ulong m = k;
hstart:
ulong 1 =
ulong r =
if ( (1 <= n_
if ( (r <= n_
%f (m!=k)
swap2(t1_[k], t1_[m]);
// heapify(m);
k = m;
}
}

r;

swap2(el_[k], el_[m]);

m;
goto hstart; // tail recursion

The second argument of the constructor determines the number of elements added in case of growth, it
is disabled (equals zero) by default.

private:
void grow()

ulong ns = s_ + gq_;

S_ = ns;
}
};

// new size
t1_ = ReAlloc<Typel>(tl_+1, ns, s_) - 1;
el_ = ReAlloc<Type2>(el_+1, ns, s_) - 1;

The ReAlloc() routine is described in section 4.1 on page 153

Inserting into piority_queue:

Extracting from piority_queue:

and several operations on permutations (see section

1

# : event @ time # : event @ time
0: @ 0.840188 9: F @ 0.197551
1: Q 0.394383 8 I @ 0.277775
2: C @ 0.783099 7 G @ 0.335223
3: D @ 0.79844 6 B @ 0.394383
4. E @ 0.911647 5 J @ 0.55397
5: F @ 0.197551 4 H @ 0.7682
6: G @ 0.335223 3 C @ 0.783099
7: H @ 0.76823 2 D @ 0.79844
8: I @ 0.277775 1 A Q@ 0.840188
9: J @ 0.55397 0 E @ 0.911647

Figure 4.5-C: Insertion of events labeled ‘A’, ‘B’, ..., ‘J’ scheduled for random times into a priority

queue (left) and subsequent extraction (right).

The program [FXT: |ds/priorityqueue-demo.cc] inserts events at random times 0 < ¢ < 1, then extracts
all of them. It gives the output shown in figure A more typical usage would intermix the insertions

and extractions.

4.6 Bit-array

The use of bit-arrays should be obvious: an array of tag values (like ‘seen’ versus ‘unseen’) where all
standard data types would be a waste of space. Besides reading and writing individual bits one should
implement a convenient search for the next set (or cleared) bit.

The class [FXT: class bitarray in [ds/bitarray.h| is used, for example, for lists of sm

all primes [FXT:
mod/primes.cc|, for in-place transposition routines [FXT: aux2/transpose.h| (see section|2.8 on page 122)
2.4 on page 109)

class bitarray
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// Bit-array class mostly for use as memory saving array of Boolean values.
// Valid index is 0...nb_-1 (as usual in C arrays).
{
public:
ulong *f_; // bit bucket
ulong n_; // number of bits
ulong nfw_; // number of words where all bits are used, may be zero
ulong mp_; // mask for partially used word if there is one, else zero

// (ones are at the positions of the _unused_ bits)
bool myfq_; // whether f[] was allocated by class
[--snip--]

The constructor allocates memory by default. If the second argument is nonzero, it must point to an
accessible memory range:

bitarray(ulong nbits, ulong *£f=0)
// nbits must be nonzero

ulong nw = ctor_core(nbits);
if ( £!=0 )
{

f_ = (ulong *)f;
myfq_ = false;

else
{

f_ = new ulong[nw];
myfq_ = true;

}
The public methods are

// operations on bit n:
ulong test(ulong n) const // Test whether n-th bit set
void set(ulong n) // Set n-th bit
void clear(ulong n) // Clear n-th bit
void change(ulong n) // Toggle n-th bit
ulong test_set(ulong n) // Test whether n-th bit is set and set it
ulong test_clear(ulong n) // Test whether n-th bit is set and clear it
ulong test_change(ulong n) // Test whether n-th bit is set and toggle it
// Operations on all bits:
void clear_all() // Clear all bits
void set_all() // Set all bits
int all_set_q() const; // Return whether all bits are set

int all_clear_q() const; // Return whether all bits are clear

// Scanning the array:
// Note: the given index n is included in the search
ulong next_set_idx(ulong n) const // Return index of next set or value beyond end
ulong next_clear_idx(ulong n) const // Return index of next clear or value beyond end

Combined operations like ‘test-and-set-bit’, ‘test-and-clear-bit’, ‘test-and-change-bit’ are often needed in
applications that use bit-arrays. This is why modern CPUs often have instructions implementing these
operations.

The class does not supply overloading of the array-index operator [] because the writing variant
would cause a performance penalty. One might want to add ‘sparse’-versions of the scan functions
(next_set_idx() and next_clear_idx()) for large bit-arrays with only few bits set or unset.

On the AMDG64 architecture the corresponding CPU instructions are used [FXT: bits/bitasm-amd64.h|:

static inline ulong asm_bts(ulong *f, ulong i)
{/ Bit Test and Set

ulong ret;
asm ( "btsq %2, %1 \n"
"sbbq %0, %0"
"=r" (ret)
llmll (*f), llrll (i) ) ;
return ret;
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If no specialized CPU instructions are available, the following two macros are used:

#define DIVMOD(n, d, bm) \
ulong d = n / BITS_PER_LONG; \
ulong bm = 1UL << (n % BITS_PER_LONG);

#define DIVMOD_TEST(n, d, bm) \

ulong d = n / BITS_PER_LONG; \

ulong bm = 1UL << (n % BITS_PER_LONG); \
ulong t = bm & £_[d];

The macro BITS_USE_ASM determines whether the CPU instruction is available:

B W W

1 ulong test_set(ulong n) // Test whether n-th bit is set and set it.
2 {

3 #ifdef BITS_USE_ASM

4 return asm_bts(f_, n);

5  i#else

6 DIVMOD_TEST(n, d, bm);

7 £f_[d] |= bm;

8 return t;

9  #endif

0 }

Performance is still good in that case as the modulo operation and division by BITS_PER_LONG (a power
of 2) are replaced with cheap (bit-and and shift) operations. On the machine described in appendix
on page both versions give practically identical performance.

The way that out of bounds are handled can be defined at the beginning of the header file:

#define CHECK 0O // define to disable check of out of bounds access

//#define CHECK 1 // define to handle out of bounds access
//#define CHECK 2 // define to fail with out of bounds access

4.7 Left-right array

The left-right array (or LR-array) keeps track of a range of indices 0,..., n — 1. Every index can have
two states, free or set. The LR-array implements the following operations in time O (logn): marking the
k-th free index as set; marking the k-th set index as free; for the i-th (absolute) index, finding how many
indices of the same type (free or set) are left (or right) to it (including or excluding 7).

The implementation is given as [FXT: class left_right_array in ds/left-right-array.h):

1 class left_right_array
2 A
3  public:
4 ulong *fl_; // Free indices Left (including current element) in bsearch interval
5 bool *tg_; // tags: tglil==true if and only if index i is free
6 ulong n_; // total number of indices
7 ulong f_; // number of free indices
The arrays used have n elements:
1  public:
2 left_right_array(ulong n)
3
4 n_ = n;
5 f1_ = new ulong[n_];
6 tg_ = new bool[n_];
7 free_all();
8 }
9
0 “left_right_array()
1 {
2 delete [] f1_;
3 delete [] tg_;
4 }
5
6 ulong num_free() const { return f_; }
7 ulong num_set() const { return n_ - f_; }

The initialization routine free_all() of the array £1[] uses a variation of the binary search algorithm
described in section [3.2 on page [141
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1  private:

2 void init_rec(ulong iO, ulong il)

3 // Set elements of f1[0,...,n-2] according to empty array all.
4 // The element fl[n-1] needs to be set to 1 afterwards.
g // Work is 0(n).

7 if ( (i1-i0)!'=0 )

8 {

9 ulong t = (i1+i0)/2;

10 init_rec(iO, t);

11 init_rec(t+1, il);

12 }

13 £f1_[i1] = i1-i0+1;

14 }

%8 public:

17 void free_all()

18 // Mark all indices as free.

19 {
20 f_ = n_;

21 for (ulong j=0; j<n_; ++j) tg_[j]l = true;
22 init_rec(0, n_-1);
23 fl_[n_-1] = 1;

24 }

The crucial observation is that the set of all intervals occurring with binary search is fixed if the size of
the searched array is fixed. For any interval [ig,i;] the element £1[t] where ¢t = |(ip + i1)/2] contains
the number of free positions in [ig, ¢]. The following method returns the k-th free index:

1 ulong get_free_idx(ulong k) const

2 // Return the k-th ( 0 <= k < num_free() ) free index.
3 // Return ~“OUL if k is out of bounds.

4 // Work is 0(log(n)).

5 {

6 if ( k >= num_free() ) return ~OUL;
g ulong i0 = 0, il = n_-1;

9 while ( 1)

10 {

11 ulong t = (i1+i0)/2;

12 if ( (£1_[t] == k+1) && (tg_[t]) ) return t;
13

14 if ( f1_[t] > k) // left:

15 {

16 il = t;

17 }

18 else // right:

19 {
20 i0 = t+1; k-=f1_[t];

21 }
22 }
23 }

Usually one would have an extra array where one actually does write to the position returned above.
Then the data of the LR~array has to be modified accordingly. The following method does this:

ulong get_free_idx_chg(ulong k)

// Return the k-th ( 0 <= k < num_free() ) free index.
// Return ~“OUL if k is out of bounds.

// Change the arrays and f1[] and tgl[] reflecting

//  that index i will be set afterwards.

// Work is 0(log(n)).

if ( k >= num_free() ) return ~OUL;
__f_;

ulong i0 = 0, il =n_-1;
¥hi1e (1)

ulong t = (i1+i0)/2;
if ( (£1_[t] == k+1) && (tg_[t]) )
—-—f1_[t];

tg_[t] = false;
return t;
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22 }
23
24 if ( f1_[t] > k) // left:
25
26 --f1_[t];
27 il = t;
28 }
29 else // right:
30 {
31 i0 = t+1; k-=f1_[t];
32 }
33 }
34 }
fl[]J=1 23151211
all= * * * * * % *x x % (continued)
——————— first: -———-—- —--——--= last: -—————=
fi[]J=012141211 f1[]=0 0 12 100
all=1 % % % *% % * % * allJ=135 % %x x6 4 2
——————— last: ——————- ——=———- first: —-—-————-
fl1[]J=012141210 fi1[]J=000011100
all= 1 % % * x * x *x 2 al[l]J=1357x* %642
——————— first: ——————- —-=—-—--= last: —-—————-
f1[]J=001131210 fi1[]J=000010000
all=1 3 * x * * * % 2 a[l=1357 %8642
——————— last: ——————- -—=———- first: - —————-
fi1[]J=001131200 fiI[]J=000000000
al[lJ=13 * % % x x 4 2 a[]J=135798642
——————— first: ——————-
f1[]J=000121200
al[lJ=1 35 % x x x 4 2

Figure 4.7-A: Alternately setting the first and last free position in an LR-array. Asterisks denote free
positions, indices ¢ where tg[i] is true.

For example, the following program sets alternately the first and last free position until no free position
is left [FXT: ds/left-right-array-demo.cc]:

1 ulong n = 9;

2 ulong *A = new ulong[n];

3 left_right_array LR(n);

4 LR.free_all();

5

6 // PRINT

7 for (ulong e=0; e<n; ++e)

8 {

9 ulong s = 0; // first free

10 if ( 0!'=(e&1) ) s = LR.num_free()-1; // last free
11

12 ulong idx2 = LR.get_free_idx_chg(s);
13 Alidx2] = e+1;

14 // PRINT

15 }

Its output is shown in figure For large n the method get_free_idx_chg() runs at a rate of (very
roughly) 2 million per second. The method to free the k-th set position is

ulong get_set_idx_chg(ulong k)
// Return the k-th ( 0 <= k < num_set() ) set index.
// Return ~“OUL if k is out of bounds.
// Change the arrays and f1l[] and tg[] reflecting
//  that index i will be freed afterwards.
// Work is 0(log(n)).
{
if ( k >= num_set() ) return ~OUL;

++f_;

—

ulong i0 = 0, il =n_-1;
while ( 1)
{

=
WSO DNU RWN —
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15 ulong t = (i1+i0)/2;

16 // how many elements to the left are set:
17 ulong slt = t-i0+1 - f1_[t];

18

19 if ( (slt == k+1) && (tg_[tl==false) )
20 {

21 ++£1_[t];
22 tg_[t] = true;

23 return t;

24 }
25
%g if ( slt > k) // left:

28 ++f1_[t];
29 il = t;
30 }
31 else // right:
32 {
33 i0 = t+1; k-=slt;
34 }
35 }
36 }

The following method returns the number of free indices left of i (and excluding 4):
1 ulong num_FLE(ulong i) const

2 // Return number of Free indices Left of (absolute) index i (Excluding 1i).
3 // Work is 0(log(n)).

4 {

5 if (i > n_ ) { return "OUL; } // out of bounds
? ulong i0 = 0, il = n_-1;

8 ulong ns = i; // number of set element left to i (including i)
9 while ( 1)

10 {

%% if ( i0==i1 ) break;

13 ulong t = (i1+i0)/2;

14 if (i<=t ) // left:

15 {

16 il = t;

17 }

18 else // right:

19 {
20 ns -= f1_[t];
21 i0 = t+1;
22 }
23 }
%% return i-ns;
26

Based on it are methods to determine the number of free/set indices to the left /right, including/excluding
the given index. We omit the out-of-bounds clauses in the following:

1 ulong num_FLI(ulong i) const

2 // Return number of Free indices Left of (absolute) index i (Including i).
3 { return num_FLE(i) + tg_[il; }

4

5 ulong num_FRE(ulong i) const

6 // Return number of Free indices Right of (absolute) index i (Excluding 1i).
7 { return num_free() - num_FLI(i); }

8

9 ulong num_FRI(ulong i) const

10 // Return number of Free indices Right of (absolute) index i (Including i).
11 { return num_free() - num_FLE(i); }

12

13 ulong num_SLE(ulong i) const

14 // Return number of Set indices Left of (absolute) index i (Excluding i).
15 { return i - num_FLE(i); }

16

17 ulong num_SLI(ulong i) const

18 // Return number of Set indices Left of (absolute) index i (Including 1i).
19 { return i - num_FLE(i) + !tg_[i]; }
20
21 ulong num_SRE(ulong i) const

22 // Return number of Set indices Right of (absolute) index i (Excluding i).
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{ return num_set() - num_SLI(i); }

ulong num_SRI(ulong i) const
// Return number of Set indices Right of (absolute) index i (Including i).
{ return num_set() - i + num_FLE(i); }

These can be used for the fast conversion between permutations and inversion tables, see section [10.1.1.1

on page [235]
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Chapter 5

Conventions and considerations

We give algorithms for the generation of all combinatorial objects of certain types such as combinations,
compositions, subsets, permutations, integer partitions, set partitions, restricted growth strings and neck-
laces. Finally, we give some constructions for Hadamard and conference matrices. Several (more esoteric)
combinatorial objects that are found via searching in directed graphs are presented in chapter

These routines are useful in situations where an exhaustive search over all configurations of a certain kind
is needed. Combinatorial algorithms are also fundamental to many programming problems and they can
simply be fun!

5.1 Representations and orders

For a set of n elements we will take either {0,1,...,n — 1} or {1,2,...,n}. Our convention for the set
notation is to start with the smallest element. Often there is more than one useful way to represent a
combinatorial object. For example the subset {1,4,6} of the set {0,1,2,3,4,5,6} can also be written
as a delta set [0100101]. Some sources use the term bit string. We often write dots instead of zeros
for readability: [.1..1.1]. Note that in the delta set we put the first element to the left side (array
notation), this is in contrast to the usual way of printing binary numbers, where the least significant bit
(bit number zero) is shown on the right side.

For most objects we will give an algorithm for generation in lexicographic (or simply lex) order. In
lexicographic order a string X = [z, 1, ...] precedes the string Y = [yo, 91, . ..] if for the smallest index
k where the strings differ we have zj < yi. Further, the string X precedes X.W (the concatenation of X
with W) for any nonempty string W. The co-lezicographic (or simply colex) order is obtained by sorting
with respect to the reversed strings. The order sometimes depends on the representation that is used,
for an example see figure on page [202

In a minimal-change order the amount of change between successive objects is the least possible. Such
an order is also called a (combinatorial) Gray code. There is in general more than one such order. Often
we can impose even stricter conditions, like that (with permutations) the changes are between adjacent
positions. The corresponding order is a strong minimal-change order. A very readable survey of Gray
codes is given in [343], see also [298].

5.2 Ranking, unranking, and counting

For a particular ordering of combinatorial objects (say, lexicographic order for permutations) we can ask
which position in the list a given object has. An algorithm for finding the position is called a ranking
algorithm. A method to determine the object, given its position, is called an unranking algorithm.

Given both ranking and unranking methods, one can compute the successor of a given object by computing
its rank r and unranking r + 1. While this method is usually slow the idea can be used to find more
efficient algorithms for computing the successor. In addition the idea often suggests interesting orderings
for combinatorial objects.
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We sometimes give ranking or unranking methods for numbers in special forms such as factorial represen-
tations for permutations. Ranking and unranking methods are implicit in generation algorithms based
on mixed radix counting given in section [10.9 on page 258

A simple but surprisingly powerful way to discover isomorphisms (one-to-one correspondences) between
combinatorial objects is counting them. If the sequences of numbers of two kinds of objects are identical,
chances are good of finding a conversion routine between the corresponding objects. For example, there
are 2" permutations of n elements such that no element lies more than one position to the right of
its original position. With this observation an algorithm for generating these permutations via binary
counting can be found, see section [11.2 on page 282]

The representation of combinatorial objects as restricted growth strings (as shown in section
page 325) follows from the same idea. The resulting generation methods can be very fast and flexible.

The number of objects of a given size can often be given by an explicit expression (for example, the
number of parentheses strings of n pairs is the Catalan number C,, = (2") /(n+ 1), see section |15.4] on

n

page [331)). The ordinary generating function (OGF) for a combinatorial object has a power series whose
coeflicients count the objects: for the Catalan numbers we have the OGF

Clz) = Y Cpa" = Iovizdr '2193_4% (5.2-1)
n=0

Generating functions can often be given even though no explicit expression for the number of the objects
is known. The generating functions sometimes can be used to observe nontrivial identities, for example,
that the number of partitions into distinct parts equals the number of partitions into odd parts, given as
relation on page An exponential generating function (EGF) for a type of object where there
are F, objects of size n has the power series of the form (see, for example, relation on page

(o ] xn
> E, — (5.2-2)
n=0 ’

An excellent introduction to generating functions is given in [I66], for in-depth information see [167
vol.2, chap.21, p.1021], [143], and [319].

5.3 Characteristics of the algorithms

In almost all cases we produce the combinatorial objects one by one. Let n be the size of the object. The
successor (with respect to the specified order) is computed from the object itself and additional data of
a size less than a constant multiple of n.

Let B be the total number of combinatorial objects under consideration. Sometimes the cost of a successor
computation is O(n). Then the total cost for generating all objects is O(n - B).

If the successor computation takes a fixed number of operations (independent of the object size), then
we say the algorithm is O(1). If so, there can be no loop in the implementation, we say the algorithm is
loopless. Then the total cost for all objects is ¢ - B for some constant ¢, independent of the object size.
A loopless algorithm can only exist if the amount of change between successive objects is bounded by a
constant that does not depend on the object size. Natural candidates for loopless algorithms are Gray
codes.

In many cases the cost of computing all objects is also ¢ - B while the computation of the successor does
involve a loop. As an example consider incrementing in binary using arrays: in half of the cases just
the lowest bit changes, for half of the remaining cases just two bits change, and so on. The total cost
is B-(1+ %1+ 3(--+))) = 2 B, independent of the number of bits used. So the total cost is as in
the loopless case while the successor computation can be expensive in some cases. Algorithms with this
characteristic are said to be constant amortized time (or CAT). Often CAT algorithms are faster than
loopless algorithms, typically if their structure is simpler.
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5.4 Optimization techniques

Let x be an array of n elements. The loop

ulong k = 0;
while ( (k<n) && (x[k]'=0) ) ++k; // find first zero

can be replaced by
ulong k = 0;
while ( x[k]!=0 ) ++k; // find first zero
if a single sentinel element x[n]=0 is appended to the end of the array. The latter version will often be
faster as less branches occur.
The test for equality as in

ulong k = 0;
while ( k!=n ) { /*...x/ ++k; }

is more expensive than the test for equality with zero as in
ulong k = n;
while ( —=k!=0 ) { /*...x/}
Therefore the latter version should be used when applicable.
To reduce the number of branches, replace the two tests
if ( (x<0) || G>m) ) { /*...%/ }
by the following single test where unsigned integers are used:
if (x>m) { /*...%x/}
Use a do-while construct instead of a while-do loop whenever possible because the latter also tests the

loop condition at entry. Even if the do-while version causes some additional work, the gain from avoiding
a branch may outweigh it. Note that in the C language the for-loop also tests the condition at loop entry.

When computing the next object there may be special cases where the update is easy. If the percentage
of these ‘easy cases’ is not too small, an extra branch in the update routine should be created. The
performance gain is very visible in most cases (section|10.4 on page 245)) and can be dramatic (section

on page 248)).

Recursive routines can be quite elegant and versatile, see, for example, section [6.4 on page 182 and
section [13.2.1 on page 297l However, expect only about half the speed of a good iterative implementation
of the same algorithm. The notation for list recursions is given in section [I4.1] on page [304]

Address generation can be simpler if arrays are used instead of pointers. This technique is useful for
many permutation generators, see chapter %@ on page [232] Change the pointer declarations to array
declarations in the corresponding class as follows:

//ulong *p_; // permutation data (pointer version)
ulong p_[32]; // permutation data (array version)

Here we assume that nobody would attempt to compute all permutations of 31 or more elements (31! ~

8.22-1033, taking about 1.3-10'® years to finish). To use arrays uncomment (in the corresponding header
files) a line like

#define PERM_REV2_FIXARRAYS // use arrays instead of pointers (speedup)

This will also disable the statements to allocate and free memory with the pointers. Whether the use of
arrays tends to give a speedup is noted in the comment. The performance gain can be spectacular, see

section [7.1] on page [194]
5.5 Implementations, demo-programs, and timings

Most combinatorial generators are implemented as C++ classes. The first object in the given order is
created by the method first (). The method to compute the successor is usually next (). If a method
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for the computation of the predecessor is given, then it is called prev() and a method last () to compute
the last element in the list is given.

The current combinatorial object can be accessed through the method data(). To make all data of a
class accessible the data is declared public. This way the need for various get_something() methods
is avoided. To minimize the danger of accidental modification of class data the variable names end with
an underscore. For example, the class for the generation of combinations in lexicographic order starts as
class combination_lex

public:
ulong *x_; // combination: k elements 0<=x[jl<k in increasing order
ulong n_, k_; // Combination (n choose k)

The methods for the user of the class are public, the internal methods (which can leave the data in an
inconsistent state) are declared private.

Timings for the routines are given with most demo-programs. For example, the timings for the generation
of subsets in minimal-change order (as delta sets, implemented in [FXT: class subset_gray_delta in
comb /subset-gray-delta.h|) are given near the end of [FXT: comb /subset-gray-delta-demo.cc|, together
with the parameters used:

Timing:

time ./bin 30

arg 1: 30 == n [Size of the set] default=5

arg 2: 0 == cq [Whether to start with full set] default=0
./bin 30 5.90s user 0.02s system 100% cpu 5.912 total

==> 2730/5.90 == 181,990,139 per second

// with SUBSET_GRAY_DELTA_MAX_ARRAY_LEN defined:

time ./bin 30

arg 1: 30 == [Size of the set] default=5

arg 2: 0 == cq [Whether to start with full set] default=0
./bin 30 5.84s user 0.01s system 99% cpu 5.853 total

==> 2730/5.84 == 183,859,901 per second

For your own measurements simply uncomment the line
//#define TIMING // uncomment to disable printing

near the top of the demo-program. The rate of generation for a certain object is occasionally given as
123 M/s, meaning that 123 million objects are generated per second.

If a generator routine is used in an application, one must do the benchmarking with the application.
Choosing the optimal ordering and type of representation (for example, delta sets versus sets) for the
given task is crucial for good performance. Further optimization will very likely involve the surrounding
code rather than the generator alone.
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Chapter 6

Combinations

We give algorithms to generate all subsets of the n-element set that contain & elements. For brevity we

n ”

sometimes refer to the (}) combinations of k out of n elements as “the combinations (})”.

6.1 Binomial coefficients

8 \ k ? 1 2 3 4 5 6 7 8 9 10 11 12 13 14
1: 1 1

2: 1 2 1

3: 1 3 3 1

4. 1 4 6 4 1

5: 1 5 10 10 1

6: 1 6 15 20 15 6 1

7: 1 7 21 35 35 21 7 1

8: 1 8 28 56 56 28 1

9: 1 9 36 84 126 126 84 36 9 1

10: 1 10 45 120 210 252 210 120 45 10 1

11: 1 11 55 165 330 462 462 330 165 55 11 1

12: 1 12 66 220 495 792 924 792 495 220 66 12 1

13: 1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1

14: 1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1
15: 1 15 105 455 1365 3003 5005 6435 6435 5005 3003 1365 455 105 15

15

O© 0~ U W~

Figure 6.1-A: The binomial coefficients (2) for 0 < n, k <15.

The number of ways to choose k elements from a set of n elements equals the binomial coefficient (‘n

choose k’, or ‘k out of n’):

n\ n! ~nn—-1)Mn-2)...(n—k+1) Hle(n—j—kl) nk
() T ok(n—k)! k(k—1)(k—2)...1 - k! Kk

L —

(6.1-1)

The last equality uses the falling factorial notation a® :=a(a—1)(a—2) ... (a — b+ 1). Equivalently, a
set of n elements has (}) subsets of exactly k elements. These subsets are called the k-subsets (where k

is fixed) or k-combinations of an n-set (a set with n elements).

To avoid overflow during the computation of the binomial coefficient, use the form

AN (n—k+1)F n—k+1 n—k+2 n—k+3 n
1* 1 2 3 k

L) =
An implementation is given in [FXT: aux0/binomial.h]:

inline ulong binomial(ulong n, ulong k)
{
if ( k>n ) return O;
if ( (k==0) || (k==n) ) return 1;
if ( 2#*k > n ) k = n-k; // use symmetry

ulong b =n - k + 1;
ulong f = b;
for (ulong j=2; j<=k; ++j)

(6.1-2)
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f;
Js
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14 ¥
15 return b;

16 %}

The table of the first binomial coefficients is shown in figure This table is called Pascal’s triangle,
it was generated with the program [FXT:|comb/binomial-demo.cc]. Observe that

() - (o) o

That is, each entry is the sum of its upper and left upper neighbor. The generating function for the
k-combinations of an n-set is

1+2)" = i: <Z) o (6.1-4)

k=0

6.2 Lexicographic and co-lexicographic order

lexicographic co-lexicographic
set delta set set delta set set reversed
1: {0, 1, 2} 111... 1: {0, 1, 2} 111... {2,1, 0}
2: {0,1, 3%} 11.1.. 2: {0,1, 3%} 11.1.. {3, 1, 0}
3: {0,1, 4% 11..1. 3: {0,2, 3% 1.11.. {3, 2,0}
4: {0, 1,51} 11...1 4: {1, 2, 3%} 111, {3, 2,1}
5: {0, 2, 3%} 1.11.. 5: {0, 1, 4% 11..1. {4, 1, 0}
6: {0, 2, 4% 1.1.1. 6: {0, 2, 4% 1.1.1. {4, 2, 0}
7: {0, 2, 5% 1.1..1 7: {1, 2, 4% L1101, {4, 2, 1}
8: {0, 3, 4% 1..11. 8: {0, 3, 4% 1..11. {4, 3, 0}
9: {0, 3,517 1..1.1 9: {1, 3, 4% L1011, {4, 3, 1}
10: {0, 4, 5%} 1...11 10: {2, 3, 4%} L 111, {4, 3, 2}
11: {1, 2, 3%} 111, 11: {0, 1, 5} 11...1 {5, 1, 0}
12: {1, 2, 4} 1101, 12: {0, 2, 5} 1.1..1 {5, 2,0}
13: {1, 2, 5% 1.1 13: {1, 2, 5% 1.1 {5, 2,1}
14: {1, 3, 4 %} L1011, 14: {0, 3, 5%} 1..1.1 {5,3,01}
15: {1, 3, 5} 1.1.1 15: {1, 3,5} 1.1.1 {5, 3, 1}
16: {1, 4, 5%} 10011 16: {2, 3, 51} G111 {5, 3, 2}
17 {2, 3, 4} R 17: {0, 4, 5%} 1...11 {5, 4, 0}
18: {2, 3, 5%} .11 18: {1, 4, 5 1%} 10011 {5, 4, 1}
19: {2, 4, 51}% G101 19: {2, 4, 5} .11 {5, 4, 2}
20: {3, 4, 5% o111 20: {3, 4, 5% 111 {5, 4, 3%}

Figure 6.2-A: All combinations (g) in lexicographic order (left) and co-lexicographic order (right).

The combinations of three elements out of six in lexicographic (or simply lex) order are shown in ﬁgure
(left). The sequence is such that the sets are ordered lexicographically. Note that for the delta sets the

element zero is printed first whereas with binary words (section [1.24 on page 62)) the least significant bit
(bit zero) is printed last. The sequence for co-lexicographic (or colex) order is such that the sets, when

written reversed, are ordered lexicographically.

6.2.1 Lexicographic order

The following implementation generates the combinations in lexicographic order as sets [FXT: class
combination_lex in comb/combination-lex.h]:

class combination_lex

1
2
3  public:
4 ulong *x_; // combination: k elements 0<=x[j]l<k in increasing order
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ulong n_, k_; // Combination (n choose k)
public:
combination_lex(ulong n, ulong k)
{
n_ =n; k_ = k;
x_ = new ulonglk_];
first();
“combination_lex() { delete [] x_; }
void first()
for (ulong k=0; k<k_; ++k) =x_[k] = k;
}
zoid last()
for (ulong i=0; i<k_; ++i) =x_[i] = n_ - k_ + 1i;

}

Computation of the successor and predecessor:

ulong next()
// Return smallest position that changed, return k with last combination
{
if ( x_[0] == n_ - k_ ) // current combination is the last
{ first(); return k_; }
ulong j = k_ - 1;
// easy case: highest element != highest possible value:
if ( x_[j] < (@_-1) ) { ++x_[j]; return j; }
// find highest falling edge:
while ( 1 == (x_[j] - =_[j-11) > { --j; }
// move lowest element of highest block up:
ulong ret = j - 1;
ulong z = ++x_[j-1];
// ... and attach rest of block:
while ( j < k_ ) { x_[j] = ++z; ++j; 3}
return ret;
}

ulong prev()
// Return smallest position that changed, return k with last combination
{
if ( x_[k_-1] == k_-1 ) // current combination is the first
{ last(); return k_; }
// find highest falling edge:
ulong j = k_ - 1;
while ( 1 == (x_[3] - x_[3j-11D ) { --j; }
ulong ret = j;
--x_[jl; // move down edge element
// ... and move rest of block to high end:
while ( ++j < k_ ) x_[j]l =n_ - k_ + j;
return ret;
}

The listing in figure was created with the program [FXT: comb/combination-lex-demo.cc|. The
routine generates the combinations (3(2)) at a rate of about 104 million per second. The combinations G’g)
are generated at a rate of 166 million per second.

6.2.2 Co-lexicographic order

The combinations of three elements out of six in co-lexicographic (or colex) order are shown in fig-
ure (right). Algorithms to compute the successor and predecessor are implemented in [FXT: class
combination_colex in comb/combination-colex.h|:


file:.fxtdir/demo/comb/combination-lex-demo.cc
file:.fxtdir/src/comb/combination-colex.h
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class combination_colex
public:
ulong *x_; // combination: k elements 0<=x[jl<k in increasing order
ulong n_, k_; // Combination (n choose k)
combination_colex(ulong n, ulong k)
{
n_ =n; k_ =Kk;
x_ = new ulonglk_+1];
x_[k_] =n_ + 2; // sentinel
first();
[--snip--]

ulong next()

// Return greatest position that changed, return k with last combination
{
if ( x_[0] == n_ - k_ ) // current combination is the last
{ first(); return k_; 7}
ulong j = 0;
// until lowest rising edge: attach block at low end
while ( 1 == (x_[j+1] - x_[j1) ) { x_[j] = j; ++j; } // can touch sentinel
++x_[j1; // move edge element up
return j;
}

ulong prev()
// Return greatest position that changed, return k with last combination
if ( x_[k_-1] == k_-1 ) // current combination is the first
{ last(); return k_; }
// find lowest falling edge:
ulong j = O;
while ( j == x_[j] ) ++j; // can touch sentinel

--x_[j]; // move edge element down
ulong ret = j;

// attach rest of low block:
while ( O'=j-- ) =x_[j] = x_[j+1] - 1;

return ret;
}
[--snip--]

The listing in figure was created with the program [FXT: comb/combination-colex-demo.cc|. The
combinations are generated (gg) at a rate of about 140 million objects per second, the combinations (g)

are generated at a rate of 190 million objects per second.

As a toy application of the combinations in co-lexicographic order we compute the products of k of
the n smallest primes. We maintain an array of k products shown at the right of figure If the
return value of the method next () is j, then j + 1 elements have to be updated from right to left [FXT:
comb /kproducts-colex-demo.cc]:

combination_colex C(n, k);
const ulong *c = C.data(); // combinations as sets

ulong *tf = new ulong[n]; // table of Factors (primes)
// £ill in small primes:
for (ulong j=0,f=2; j<n; ++j) { tf[j] = f; f=next_small_prime(f+1); }

ulong *tp = new ulong[k+1]; // table of Products
tplk] = 1; // one appended (sentinel)

ulong j = k-1;
do
{

// update products from right:
ulong x = tp[j+1];
{ ulong i = j;


file:.fxtdir/demo/comb/combination-colex-demo.cc
file:.fxtdir/demo/comb/kproducts-colex-demo.cc
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combination j delta-set products
1: {0,1,2} 2 111.... [ 30 15 5 1]
2: {0,1,3} 2 11.1... [ 42 21 7 1]
3: {0,2,3} 1 1.11... [ 70 35 7 1]
4: {1,2,3} 0 L1110 [ 105 35 7 1]
5: {0,1,4} 2 11..1.. [ 66 33 11 1]
6: {0,2,4} 1 1.1.1.. [ 110 55 11 1]
7: {1,2,4} 0 L1101, [ 165 55 11 1]
8: {0,3,41} 1 1..11.. [ 1564 77 11 1]
9: {1,3,4} 0 .1.11.. [ 231 77 11 1]
10: {2,3,4} 0 G111, [ 385 77 11 1]
11: {0,1,5} 2 11...1. [ 78 39 13 1]
12: {0,2,5} 1 1.1..1. [ 130 65 13 1]
13: {1, 2,5} 0 L11..1. [ 195 65 13 1]
14: {0,3,5} 1 1..1.1. [ 182 91 13 1]
15: {1,3,5} 0 1.1.1. [ 273 91 13 1]
16: {2,3,5} 0 ..11.1. [ 455 91 13 1]
17: {0,4,5} 1 1...11. [ 286 143 13 1]
18: {1, 4,5} 0 .1..11. [ 429 143 13 1]
19: {2,4,5} 0 ..1.11. [ 715 143 13 1]
20: {3,4,5} 0 ..o0111. [ 1001 143 13 1]
21: {0,1,61} 2 11....1 [ 102 51 17 1]
22: {0,2,6} 1 1.1...1 [ 170 85 17 1]
23: {1, 2,6} 0 10001 [ 2565 85 17 1]
24: {0,3,6} 1 1..1..1 [ 238 119 17 1]
25: {1, 3,61} 0 .1.1..1 [ 357 119 17 1]
26: {2,3,6} 0 L0110 [ 595 119 17 1]
27: {0,4,61} 1 1...1.1 [ 374 187 17 1]
28: {1,4,61} 0 .1..1.1 [ 561 187 17 1]
29: {2,4,6} 0 ..1.1.1 [ 935 187 17 1]
30: {3,4,61} 0 ..11.1 [ 1309 187 17 1]
31: {0,5,61} 1 1....11 [ 442 221 17 1]
32: {1,5,61} 0 1...11 [ 663 221 17 1]
33: {2,5,6} 0 1..11 [ 1105 221 17 1]
34: {3,5,6} 0 1.11 [ 1547 221 17 1]
35: {4,5,6%} 0 111 [ 2431 221 17 1]

Figure 6.2-B: All products of k = 3 of the n = 7 smallest primes (2,3,5,...,17). The products are the

leftmost elements of the array on the right side.
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%o
ulong £ = tf[ c[i] J;
x *= f;
tpli] = x;

}
while ( i-- );
} // here: final product is

// visit the product x here
j = C.next();

}
while ( j <k );

x == tp[0]

The leftmost element of this array is the desired product. A sentinel element at the end of the array is
used to avoid an extra branch with the loop variable. With lexicographic order the update would go from
left to right.

6.3 Order by prefix shifts (cool-lex)

An algorithm for generating combinations by prefix shifts is given in [291]. The ordering is called cool-lex
in the paper. Figureshows some orders for (Z), figure(6.3-B|shows the combinations (3) The listings
were created with the program [FXT: comb/combination-pref-demo.cc] which uses the implementation
in [FXT: class combination pref in comb/combination-pref.h]:


file:.fxtdir/demo/comb/combination-pref-demo.cc
file:.fxtdir/src/comb/combination-pref.h
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1: 1: 11... 1: 111.. 1: 1111,
2: 2. .11.. 2: 111, 2: .1111
3: 3: 1.1.. 3: 1.11. 3: 1.111
4: 4. .1.1. 4: 11.1. 4: 11.11
5: 5: ..11. 5: .11.1 5: 111.1

6: 1..1. 6: 1.1.1

7: .1..1 7: .1.11

8: ..1.1 8: ..111

9: ...11 9: 1..11

10: 1...1 10: 11..1

Figure 6.3-A: Combinations (Z), for k =1,2,3,4 in an ordering generated by prefix shifts.

................................... I 0 e e e e 5 5 P |
.................... 0 e e 5 0 s e e 5 s R AP
.......... 0 e e e e s e I s I B A i 1...........1 P P
SR 1 5 5 e 1111, 3 A A B 1 B 1...

0 1 R PR s P AP s A A 111 1. 1...... 111. 1 1..... 1.....
111.11.1..11,1..1...11.1. 0100010000100 1....1..... 11.1..1 1 1..... 1......
11.11.1..11.10..10. 0011010000010 0001100000 1....1..... 11.1..1 1 1..... 1...... 1
1,111,111, 001101001000 11.1..1 1 1..... 11.1..1 1 1..... 1...... 11

9

Figure 6.3-B: Combinations ( ) via prefix shifts.
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class combination_pref

{
public:

ulong *b_; // data as delta set

ulong s_, t_, n_; // combination (n choose k) where n=s+t, k=t.
private:

ulong x, y; // aux

public:
combination_pref (ulong n, ulong k)
// Must have: n>=2, k>=1 (i.e. s!=0 and t!=0)
{

n - k;
k;
s_ + t_;

_ = new ulongln_];
irst();

}
[--snip--]
¥oid first ()
for (ulong j=0; j<n_; ++j) b_[j]

for (ulong j=0; j<t_; ++j) b_[j]
x=0; y=0;

[y

}
bool next()

if ( x==0 ) { x=1; b_[t_]=1; b_[0]=0; return true; }
else

if ( x>=n_-1 ) return false;

%lse
b_[x] = 0; ++x; b_[yl = 1; ++y; // X(s,t)
%f ( b_[x]==0)

b_[x] = 1; b_[0] = 0; // Y(s,t)
if (y>1) x=1; // Z(s,t)
y =0;
return true;
}
}
}
[--snip--]

32

20) and (‘33) are generated at a rate of about 200 M/s.
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6.4 Minimal-change order

Gray code complemented Gray code

1: {0,1, 2% 111. .. 1: {3,4,517 o111
2: {0,2,3%} 1.11.. 2: {1, 4,517} .1..11
3: {1, 2, 3% L1111, 3: {0, 4,517 1...11
4: {0,1, 3% 11.1.. 4: {2, 4,517 L1011
5: {0, 3,417 1..11. 5: {1, 2,567 1101
6: {1,3,41} 1.11. 6: {0,2,51% 1.1..1
7: {2, 3,417 .111. 7: {0,1, 5% 11...1
8: {0, 2, 4% 1.1.1. 8: {1, 3,517 .1.1.1
9: {1, 2, 4% 11.1. 9: {0, 3,57 1..1.1
10: {0,1, 4%} 11..1. 10: {2,3,51% .11
11: {0, 4, 5% 1...11 11: {1, 2, 3% L1111,
12: {1, 4, 5}% .1..11 12: {0, 2, 3% 1.11.
13: {2, 4,51}% ..1.11 13: {0,1, 3% 11.1..
14: {3,4, 5% L.o0111 14: {0,1, 2% 111..
15: {0, 3, 5% 1..1.1 15: {1, 2, 4} .11.1.
16: {1, 3,51}% .1.1.1 16: {0, 2,47 1.1.1.
17: {2, 3,51}% ..11.1 17: {0,1, 47 11..1.
18: {0, 2, 5% 1.1..1 18: {1, 3,417 .1.11.
19: {1, 2, 5% L1101 19: {0,3, 47} 1..11.
20: {0,1, 5% 11...1 20: {2, 3,417 111.
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Figure 6.4-A: Combinations (g) in Gray order (left) and complemented Gray order (right).

The combinations of three elements out of six in a minimal-change order (a Gray code) are shown in
figure (left). With each transition exactly one element changes its position. We use a recursion for
the list C(n, k) of combinations (}) (notation as in relation [14.1-1 on page 304):

[C(n—1, k) ] _[0.C(n—1,k) ]
Comk) = 1) CRin—1,k=1)] = [1.CRn—1, k1) (6-4-1)

The first equality is for the set representation, the second for the delta-set representation. An implemen-
tation is given in [FXT: comb/combination-gray-rec-demo.cc|:

ulong *x; // elements in combination at x[1] ... x[k]
void comb_gray(ulong n, ulong k, bool z)
{
if ( k==n )
for (ulong j=1; j<=k; ++j) x[jl = j;
visit();
return;
}
}f (z) // forward:
comb_gray(n-1, k, z);
if ( k¥»0 ) { x[k] = n; comb_gray(n-1, k-1, !'z); }
}
else // backward:
if ( k¥0 ) { x[k] = n; comb_gray(n-1, k-1, !'z); }
comb_gray(n-1, k, z);
}
}

The recursion can be partly unfolded as follows

[C(n—2, k) ] [00.C(n—2,k) ]
Clnk) = [n—1).CBn—-2,k—1)] = [01.CR(n—-2,k—1)] (6.4-2)
[(n).CBR(n—1,k-1) | [1.CB®n-1,k-1) ]



file:.fxtdir/demo/comb/combination-gray-rec-demo.cc
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A recursion for the complemented order is

(n).C'n—1,k-1)] [1.C(n—1,k—1)

C'(n, k) = = 6.4-3
(n, k) [C"®(n—1,k) ]~ [0.C"”n—-1,k) ] (6.4-3)
1 void comb_gray_compl(ulong n, ulong k, bool z)
2
3 [--snip--]
% if ( z ) // forward:
6 if ( k¥»0 ) { x[k] = n; comb_gray_compl(n-1, k-1, z); }
7 comb_gray_compl(n-1, k, !'z);
8
9 else // backward:
10 {
11 comb_gray_compl(n-1, k, !'z);
12 if ( k¥»0 ) { x[k] = n; comb_gray_compl(n-1, k-1, z); }
13 }
14
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A very efficient (revolving door) algorithm to generate the sets for the Gray code is given in
[269]. An implementation following [215] alg.R, sect.7.2.1.3] is [FXT: class combination_revdoor in
comb/combination-revdoor.h|. Usage of the class is shown in [FXT: comb/combination-revdoor-demo.cc].
The routine generates the combinations (gg) at a rate of about 115 M/s, the combinations (‘f;) are gen-
erated at a rate of 181 M/s. An implementation geared for good performance for small values of k is
given in [223], a C++ adaptation is [FXT: comb/combination-lam-demo.cc|]. The combinations (‘i’g) are
generated at a rate of 190 M/s and the combinations (674 ) at a rate of 250 M/s. The routine is limited to
values k > 2.

6.5 The Eades-McKay strong minimal-change order

In any Gray code order for combinations just one element is moved between successive combinations.
When an element is moved across any other, there is more than one change on the set representation. If
1 elements are crossed, then ¢ + 1 entries in the set change:
set delta set

{0, 1 1111..

1, 2 1111,
A strong minimal-change order is a Gray code where only one entry in the set representation is changed
per step. That is, only zeros in the delta set representation are crossed, the moves are called homogeneous.
One such order is the Fades-McKay sequence described in [134]. The Eades-McKay sequence for the
combinations (;) is shown in figure (left).

6.5.1 Recursive generation

The Eades-McKay order can be generated with the program [FXT: comb/combination-emk-rec-demo.cc|:
ulong *rv; // elements in combination at rv[1] ... rv([k]
oid
comb_emk (ulong n, ulong k, bool z)
{
if ( k==n )
for (ulong j=1; j<=k; ++j) zrv[jl = j;
visit();
return;
%f (z) // forward:
if ( (@>=2) && (k>=2) ) { rvl[k] = n; zrvlk-1] = n-1; comb_emk(n-2, k-2, z); }
if ( (n>=2) & (k>=1) ) { rv[k] = n; comb_emk(n-2, k-1, !'z); }
if ( (n>=1) ) { comb_emk(n-1, k, z); }

}
else // backward:


file:.fxtdir/src/comb/combination-revdoor.h
file:.fxtdir/demo/comb/combination-revdoor-demo.cc
file:.fxtdir/demo/comb/combination-lam-demo.cc
file:.fxtdir/demo/comb/combination-emk-rec-demo.cc
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Eades-McKay complemented Eades-McKay

1: {4,5,67} ....111 1: {4,5,67} ....111
2: {3,5,6} ...1.11 2: {3,5,6} ...1.11
3: {2,5,6} ..1..11 3: {2,5,67} ..1..11
4: {1,5,67 .1...11 4: {1,5,67} .1...11
5: {0,5,67} 1....11 5: {0,5,6} 1....11
6: {0,1,6 7} 11....1 6: {0,4,67} 1...1.1
7: {0,2,67} 1.1...1 7: {1,4,67} .1..1.1
8: {1,2,67} .11...1 8: {2,4,67} ..1.1.1
9: {1,3,6} .1.1..1 9: {3,4,6} ...11.1
10: {0, 3,67} 1..1..1 10: {2, 3,6} ..11..1
11: {2, 3,6} ..11..1 11: {1, 3,6} .1.1..1
12: {2, 4,6} ..1.1.1 12: {0, 3,6} 1..1..1
13: {1,4,6} .1..1.1 13: {0,2,6} 1.1...1
14: {0, 4,6} 1...1.1 14: {1, 2,6} .11...1
15: {3, 4,6} ...11.1 15: {0, 1,6} 11....1
16: {3, 4, 56} ...111. 16: {0, 1,5} 11...1.
17: {2, 4,5} ..1.11. 17: {0, 2,5} 1.1..1.
18: {1, 4,5} .1..11. 18: {1, 2,56} .11..1.
19: {0, 4,5} 1...11. 19: {2, 3,57 L1101,
20: {0, 1,5} 11...1. 20: {1,3,5} .1.1.1.
21: {0, 2,57} 1.1..1. 21: {0, 3,57} 1..1.1.
22: {1, 2,5} .11..1. 22: {0, 4, 5} 1...11.
23: {1,3,5} .1.1.1. 23: {1, 4,5} .1..11.
24: {0, 3,5} 1..1.1. 24: {2, 4,5} ..1.11.
25: {2, 3,517 L1101 25: {3, 4, 5} ...111.
26: {2,3,41}% 111.. 26: {2,3,4%} ..111..
27: {1, 3,4} .1.11.. 27: {1, 3,4} .1.11.
28: {0, 3,4} 1..11.. 28: {0,3,47} 1..11.
29: {0, 1,47} 11..1.. 29: {0,2,47} 1.1.1.
30: {0,2,4} 1.1.1.. 30: {1,2,4} .11.1
31: {1, 2,4} .11.1.. 31: {0,1,47%} 11..1
32: {1, 2,3} .111... 32: {0,1,3} 11.1
33: {0,2,3} 1.11... 33: {0,2,3} 1.11
34: {0, 1,3} 11.1... 34: {1,2,3} .111...
36: {0,1, 2%} 111.... 3: {0,1, 2%} 111....

Figure 6.5-A: Combinations in Eades-McKay order (left) and complemented Eades-Mckay order (right).
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{

if ( (n>=1) ) { comb_emk(n-1, k, z); }

if ( (n>=2) & (k>=1) ) { rv[k] = n; comb_emk(n-2, k-1, 'z); }

if ( (@>=2) && (k>=2) ) { rvl[k] = n; zrv[k-1] = n-1; comb_emk(n-2, k-2, z); }
}

}

The combinations (gg) are generated at a rate of about 44 million per second, the combinations (g) at
a rate of 34 million per second.

The underlying recursion for the list E(n,k) of combinations (}) is (notation as in relation [14.1-1f on

page

[(n).(n—1). E(n—2, k—2)] 11.En—2,k—2) ]
E(n,k) = [(n). E®Rn-2k-1) ] = [10. E®R(n—2, k—1)] (6.5-1)
[E(n—1,k) ] 0.E(n-—1,k) ]

Again, the first equality is for the set representation, the second for the delta-set representation. Counting
the elements on both sides gives the relation

(o) = GG+ (%) 059

which is an easy consequence of relation [6.1-3 on page 177} A recursion for the complemented sequence
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6.5: The Eades-McKay strong minimal-change order

(with respect to the delta sets) is

[(n).E'(n—1,k—1) ] [Q.Em-1,k-1) ]
E'(nk) = [(n—1).E®n—-2,k-1)] = [01.E®n—-2,k-1)]
[E'(n— 2, k) ] [00.E(n—2k) ]

Counting on both sides gives

() = ()66

The condition for the recursion end has to be modified:

void
comb_emk_compl (ulong n, ulong k, bool z)
%f ( (k==0) || (k==n) )
for (ulong j=1; j<=k; ++j) =rv[jl = j;
++ct;
visit();
return;
¥
%f (z) // forward:
if ( (n>=1) && (k>=1) ) { rv[k] = n; comb_emk_compl(n-1, k-1, z); }
if ( (n>=2) && (k>=1) ) { rv[k] = n-1; comb_emk_compl(n-2, k-1, !z); }
if ( (n>=2) ) { comb_emk_compl(n-2, k-0, z); }
}
?lse // backward:
if ( (n>=2) ) { comb_emk_compl(n-2, k-0, z); }
if ( (n>=2) && (k>=1) ) { rv[k] = n-1; comb_emk_compl(n-2, k-1, !z); }
if ( (n>=1) && (k>=1) ) { rv[k] = n; comb_emk_compl(n-1, k-1, z); }
}
}

The complemented sequence is not a strong Gray code.

6.5.2 Iterative generation via modulo moves

// 1
// 01
// 00

// 00
// 01
// 1

185

(6.5-3)

(6.5-4)

An iterative algorithm for the Eades-McKay sequence is given in [FXT: class combination_emk in

comb /combination-emk.h]:

class combination_emk
public:
ulong *x_; // combination: k elements 0<=x[j]l<k in increasing order
ulong *s_; // aux: start of range for moves
ulong *a_; // aux: actual start position of moves
ulong n_, k_; // Combination (n choose k)
public:
combination_emk(ulong n, ulong k)
{
n_ = n;
k_ = k;
x_ = new ulong[k_+1]; // incl. high sentinel
s_ = new ulongl[k_+1]; // incl. high sentinel
a_ = new ulonglk_];
x_[k_] = n_;
first();
}
[--snip--]

¥oid first()

for (ulong j=0; j<k_; ++j) =x_[j]
for (ulong j=0; j<k_; ++j) s_[j]
for (ulong j=0; j<k_; ++j) a_[jl = x_[j1;

nwonn
(SR


file:.fxtdir/src/comb/combination-emk.h
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The computation of the successor uses modulo steps:

ulong next()
// Return position where track changed, return k with last combination

ulong j = k_;
while ( j—— ) // loop over tracks
{

const ulong sj = s_[j];
const ulong m = x_[j+1] - sj - 1;

if ( O!'=m ) // unless range empty

=
UHRW N OO0 O LW N —

{

ulong u = x_[j] - sj;

// modulo moves:

if ( 0==(j&1) )
16 {
17 ++u;
18 if (wm ) u = 0;
19 }
20 else

{
22 --u;
23 if (wm ) u = m;
24 }
25 u += sj;
27 if (u != a_[j] ) // next position != start position
29 x_[j]1 = u;
30 s_[j+1] = ut1;
31 return j;
32 }

}

34 a_[jl1 = x_[j]1;
35 }
37 Y return k_; // current combination is last
38
39 };

2) are generated at a rate of about 60 million per second, the combinations (32) at

. . 3
The combinations ( 12

20
a rate of 85 million per second [FXT: comb/combination-emk-demo.cc].

6.5.3 Alternative order via modulo moves

A slight modification of the successor computation gives an ordering where the first and last combination
differ by a single transposition (though not a homogeneous one), see figure The generator is given
in [FXT: class combination mod in comb/combination-mod.h]:

% class combination_mod

3 [--snip--]

4 ulong next()

5 {

6 [--snip--]

7 // modulo moves:

8 // if ( 0==(j&1) ) // gives EMK
9 if ( 0!'=(j&1) ) // mod

0 [--snip--]

The rate of generation is identical with the EMK order [FXT: comb/combination-mod-demo.cc].

6.6 Two-close orderings via endo/enup moves

6.6.1 The endo and enup orderings for numbers

The endo order of the set {0,1,2,...,m} is obtained by writing all odd numbers of the set in increasing
order followed by all even numbers in decreasing order: {1,3,5,...,6,4,2,0}. The term endo stands


file:.fxtdir/demo/comb/combination-emk-demo.cc
file:.fxtdir/src/comb/combination-mod.h
file:.fxtdir/demo/comb/combination-mod-demo.cc
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mod EMK mod EMK

1: 111.... 111.... 1: 1111... 1111. ..
2: 11....1 11.1... 2: 111.1.. 111...1
3: 11...1. 11..1.. 3: 111..1. 111..1.
4: 11..1.. 11...1. 4: 111...1 111.1..
5: 11.1... 11....1 5: 11...11 11.11..
6: 1.11... 1....11 6: 11..1.1 11.1..1
7: 1.1...1 1...1.1 7: 11..11. 11.1.1.
8: 1.1..1. 1...11. 8: 11.1.1. 11..11.
9: 1.1.1.. 1..1.1. 9: 11.1..1 11..1.1
10: 1..11.. 1..1..1 10: 11.11.. 11...11
11: 1..1..1 1..11.. 11: 1.111.. 1...111
12: 1..1.1. 1.1.1.. 12: 1.11.1. 1..1.11
13: 1...11. 1.1..1. 13: 1.11..1 1..11.1
14: 1...1.1 1.1...1 14: 1.1..11 1..111.
15: 1....11 1.11... 15: 1.1.1.1 1.1.11.
16: o111 111, .. 16: 1.1.11. 1.1.1.1
17: 111 1.1, 17: 1..111. 1.1..11
18: S A | 1001, 18: 1..11.1 1.11..1
19: S 10001 19: 1..1.11 1.11.1.
20: .1.11. 100011 20: 1...111 1.111..
21: ..1.1.1 1..1.1 21: o111 1111,
22: ..1..11 .1..11. 22: o111 11001
23: 11001 1.1.1. 23: .11.11 L111.1.
24: o110, 1.1..1 24: L.11101 11011,
25: 111 1011, 25: L1111, 11,101
26: 1011, G111, 26: .1.111. 110011
27: 1.1..1 1101, 27: .1.11.1 10,111
28: .1.1.1. 11001 28: 1.1.11 .1.1.11
29: 10011, o101 29: 1,011 .1.11.1
30: 1..1.1 ..1.1.1 30: 11,0011 L1.111.
31: 1..0.11 .1.11. 31: J11.1.1 o1111,
32: 10001 o111, 32: L11.11. 11101
33: L1001, 1101 33: L1111, 11011
34: 1.1, 01011 34: 111,01 01,111
35: 111, o111 35: L1111, 01111
Figure 6.5-B: All combinations (;) (left) and (Z) (right) in mod order and EMK order.

m endo sequence m enup sequence

1: 10 1: 01

2: 120 2: 021

3: 1320 3: 0231

4: 13420 4: 02431

5: 135420 5: 024531

6: 1356420 6: 0246531

7: 13576420 7: 02467531

8: 135786420 8: 024687531

9: 1357986420 9: 0246897531

Figure 6.6-A: The endo (left) and enup (right) orderings with maximal value m.
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for ‘Even Numbers DOwn, odd numbers up’. A routine for generating the successor in endo order with
maximal value m is [FXT: comb/endo-enup.h]:

inline ulong next_endo(ulong x, ulong m)

// Return next number in endo order

}

if (
{

x& 1) // x odd

X += 2;

if ( x;m ) x=m- (m&l1);

else // x even
x=((x==071:x

}

return x;

-2 );

// == max even <= m

The sequences for the first few m are shown in figure The routine computes one for the input zero.

An ordering starting with the even numbers in increasing order will be called enup (for ‘Even Numbers
UP, odd numbers down’). The computation of the successor can be implemented as

static inline ulong next_enup(ulong x, ulong m)

{
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// x odd
x-2 );

if (x&1)

{
x=((x==170:

else // x even

X += 2;
if (x>m ) x=m - '(m&l1);

return x;

}

The orderings are reversals of each other, so we define:

static inline ulong prev_endo(ulong x, ulong m)
static inline ulong prev_enup(ulong x, ulong m)

Chapter 6: Combinations

// max odd <=m

{ return next_enup(x, m); }
{ return next_endo(x, m); }

A function that returns the x-th number in enup order with maximal digit m is

OO LN —

static inline ulong enup_num(ulong x, ulong m)
{

ulong r = 2*x;

if (r>m) r = 2xm+l - r;

return r;

X: 012345
r: 024531

The inverse function is

OO WON =

static inline ulong enup_idx(ulong x, ulong m)

const ulong b = x & 1;
x >>= 1;
return

(b ?mx: x);

The function to map into endo order is

O~ Ul Wb~

static inline ulong endo_num(ulong x, ulong m)
{

// return enup_num(m-x, m);

X =m - X;

ulong r = 2*x;

if (r>m) r = 2xm+l - r;

return r;

}

For example,

X: 01
r: 135420

Its inverse is

OO WO —

static inline ulong endo_idx(ulong x, ulong m)
{
const ulong b = x & 1;
x >>= 1;
return

(b ?x:mx);

}

The function will only work if x < m. For example, with m = 5:

6.6.2 The endo and enup orderings for combinations

Two strong minimal-change orderings for combinations can be obtained via moves in enup and endo
order. Figure shows an ordering where the moves to the right are on even positions (enup order,
left). If the moves to the right are on odd positions (endo order), then Chase’s sequence is obtained

(right). Both have the property of being two-close: an element in the delta set moves by at most two

positions (and the move is homogeneous, no other element is crossed). An implementation of an iterative
algorithm for the computation of the combinations in enup order is [FXT: class combination_enup in
comb/combination-enup.h].

1
2

class combination_enup

{
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enup moves
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) via enup moves (left) and via endo moves (Chase’s sequence, right).
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Figure 6.6-B: Combinations (
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3  public:

4 ulong *x_; // combination: k elements 0<=x[j]l<k in increasing order
5 ulong *s_; // aux: start of range for enup moves
6 ulong *a_; // aux: actual start position of enup moves
7 ulong n_, k_; // Combination (n choose k)

1  public:

2 combination_enup(ulong n, ulong k)

3 {

4 n_ = n;

5 k_ =k;

6 x_ = new ulong[k_+1]; // incl. padding x_[k]
7 s_ = new ulongl[k_+1]; // incl. padding x_[k]
8 a_ = new ulonglk_];

9 x_[k_] = n_;

10 first(Q);

11 }

12

13 [--snip--]

14

15 void first()

16 {

17 for (ulong j=0; j<k_; ++j) =x_[jl = j;

18 for (ulong j=0; j<k_; ++j) s_[j] = j;

19 for (ulong j=0; j<k_; ++j) a_[jl = x_[j];
a7

The ‘padding’ elements x [k] and s [k] allow omitting a branch, similar to sentinel elements. The successor
of the current combination is computed by finding the range of possible movements (variable m) and, unless
the range is empty, move until we are back at the start position:

1 ulong next()

2 // Return position where track changed, return k with last combination
3 {

4 ulong j = k_;

5 while ( j-- ) // loop over tracks

6 {

7 const ulong sj = s_[j];

8 const ulong m = x_[j+1] - sj - 1;

9

10 if ( 0!'=m ) // unless range empty

11 {

12 ulong u = x_[j] - sj;

13

14 // move right on even positions:

15 if ( 0==(sj&1) ) u = next_enup(u, m);
16 else u = next_endo(u, m);
%g u += sj;

19
20 if C(u !'=a_[jl ) // next pos != start position
21 {
22 x_[3] = u;
23 s_[j+1] = u+1;

24 return j;
25 }
26 }

27

28 a_[jl = x_[j1;
29 }
30
31 return k_; // current combination is last
32 }
33

The combinations (3.) are generated at a rate of 45 million objects per second, the combinations (73) at
a rate of 55 million per second. The only change in the implementation for computing the endo ordering

is (at the obvious place in the code) [FXT: |comb/combination-endo.h]:

1 // move right on odd positions:
2 if ( 0==(sj&1l) ) u = next_endo(u, m);
3 else u = next_enup(u, m);

The ordering with endo moves is called Chase’s sequence. Figure was created with the programs
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[FXT: [comb/combination-enup-demo.cc] and [FXT: |comb/combination-endo-demo.cc|.
The underlying recursion for the list U(n, k) of combinations (}) in enup order is
[(m).(n—=1).U(n—2, k—2)] 11.U(n-2,k—2)]

Un,k) = [(n).Umn—2,k—1) ] = [10.U(n -2, k—1)] (6.6-1)
[UR(n -1, k) 1 [0.URMm-1L k&) |

The recursion is very similar to relation [6.5-1 on page 184] The crucial part of the recursive routine is
[FXT: lcomb/combination-enup-rec-demo.cc|:

1 void

2 comb_enup(ulong n, ulong k, bool z)

3

451 if ( k==n ) { visit(); return; }

g %f (z) // forward:

8 if ( (n>=2) && (k>=2) ) { rv[k] = n; =rv[k-1] = n-1; comb_enup(n-2, k-2, z); }
9 if ( (n>=2) && (k>=1) ) { rv[k] = n; comb_enup(n-2, k-1, z); }

10 if ( (m>=1) ) { comb_enup(n-1, k, 'z); }

11 }

12 else // backward:

13 {

14 if ( (n>=1) ) { comb_enup(n-1, k, 'z); }

15 if ( (n>=2) && (k>=1) ) { rv[k] = n; comb_enup(n-2, k-1, z); }

16 if ( (n>=2) && (k>=2) ) { rv[k] = n; rv[k-1] = n-1; comb_enup(n-2, k-2, z); }
17 }

18 3}

A recursion for the complemented sequence (with respect to the delta sets) is

() . URn-1,k-1) ] [1.URn-1,k-1)]
Ulnk) = [(n=1).U(m—-2k=1)] = [01.0'(n—2,k—1)] (6.6-2)
[U'(n—2, k) | [00.U'(n—2,k) |

The condition for the recursion end has to be modified:
void

1

2  comb_enup_compl(ulong n, ulong k, bool z)

3 o

4 if ( (k==0) || (k==n) ) { visit(); return; }

5

g }f (z) // forward:

8 if ( (n>=1) && (k>=1) ) { rv[k] = n; comb_enup_compl(n-1, k-1, !z); } // 1
9 if ( (n>=2) && (k>=1) ) { rv[k] = n-1; comb_enup_compl(n-2, k-1, z); } // 01
10 if ( (n>=2) ) { comb_enup_compl(n-2, k-0, z); } // 00
11 }

12 else // backward:

13 {

14 if ( (n>=2) ) { comb_enup_compl(n-2, k-0, z); } // 00
15 if ( (n>=2) && (k>=1) ) { rv[k] = n-1; comb_enup_compl(n-2, k-1, z); } // 01
16 if ( (n>=1) && (k>=1) ) { rvlk] = n; comb_enup_compl(n-1, k-1, 'z); } // 1
17 }

18 3}

An algorithm for Chase’s sequence that generates delta sets is described in [215] alg.C, sect.7.2.1.3], an
implementation is given in [FXT: class combination_chase in comb/combination-chase.h|. The routine
generates about 80 million combinations per second for both (57) and (J5) [FXT: comb/combination-
chase-demo.cc].

6.7 Recursive generation of certain orderings

We give a simple recursive routine to generate the orders shown in figure The combinations are
generated as sets [FXT: class comb_rec in comb/combination-rec.h|:

1 class comb_rec
2
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lexicographic

1: 111....
2: 11.1...
3: 11..1..
4: 11...1.
5: 11....1
6: 1.11...
7: 1.1.1..
8: 1.1..1.
9: 1.1...1
10: 1..11..
11: 1..1.1.
12: 1..1..1
13: 1...11.
14: 1...1.1
15: 1....11
16: L1t
17: L1101,
18: L11..1.
19: .11...1
20: L1011,
21: .1.1.1.
22: .1.1..1
23: .1.0011.
24 : .1..1.1
25: .1...11
26: .11,
27: ..11.1.
28: . 11,1
29: S
30: ..1.1.1
31: ..1..11
32: ..111.
33: ..11.1
34: ..1.11
35: .11

Gray code

1....11
11,
1.1
1..
.1,
.1

s 1
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Figure 6.7-A: All combinations (7) in lexicographic, minimal-change, complemented enup, and comple-

3

mented Eades-McKay order (from left to right).

© 00U WD —

public:
ulong n_, k_; // (n choose

The recursion function is given in [FXT: comb/combination-rec.cc]:

ulong

/] =

// 0
// 1
// 2
// 3
ulon
[--sni

void (*visit_) (const comb_rec &);

[--sni

k)

= Record of Visits in graph
ulong rq_; // condition that determines the order:
==> lexicographic order

==> Gray code
==> complemented enup

order

==> complemented Eades-McKay sequence

g nq_; // whether to
p—-1

p—1]

reverse order

void generate(void (*visit) (const comb_rec &), ulong rq, ulong ng=0)

{

}

visit_ = visit;
rq_ = rq;
nq_ = nq;
ct_ = 0;

rct_ = 0;
next_rec(0);

void comb_rec::next_rec(ulong d)

{

g r =k_ -d; // number of elements remaining
==r )

visit_(*this);

ulong rvl = rv_[d-1];
bool q;
switch ( rq_ )

// left neighbor

*rv_; // combination: k elements 0<=x[jl<k in increasing order

// function to call with each combination



file:.fxtdir/src/comb/combination-rec.cc

10
11
12
13
14
15
16
17

18
19

20
21
22
23
24
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{

case 0 q = 1; break;

case 1 q = !(d&1); break;
case 2: q = rvl&l; break;
case 3: q = (d"rvl)&l; break;
default: q = 1;

q "= nq_; // reversed order if

if ( q ) // forward:

// 0
// 1
// 2
// 3
nq ==

for (ulong x=rvi+l; x<=n_-r; ++x)

else // backward:

193

> lexicographic order

> Gray code

==> complemented enup order

==> complemented Eades-McKay sequence

true

{ rv_[d] = x; next_rec(d+1); }

for (ulong x=n_-r; (long)x>=(long)rvi+l; --x) { rv_[d] = x; next_rec(d+1l); }

}

Figure was created with the program [FXT: comb/combination-rec-demo.cc|. The routine generates
the combinations (3(2)) at a rate of about 35 million objects per second. The combinations (?3) are
generated at a rate of 64 million objects per second.
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Chapter 7

Compositions

The compositions of n into at most k parts are the ordered tuples (xq, 1, ..., x—1) where zo + 1 +
.o +xp—1 =n and 0 < z; < n. Order matters: one 4-composition of 7 is (0, 1,5, 1), different ones are
(5,0,1,1) and (0,5,1,1). The compositions of n into at most k parts are also called ‘k-compositions of
n’. To obtain the compositions of n into exactly k parts (where k < n) generate the compositions of n—k
into k parts and add one to each position.

7.1 Co-lexicographic order

composition chg combination composition chg combination

1: (3. .. .] 4 111.... 1: [ 7. .1 2 1111111..

2: (21 .. .1 1 11.1... 2: [61 . ] 1 111111.1.

3: [12. . .] 1 1.11... 3: [52 . ] 1 11111.11.

4: [ .3 .. .1 1 R 4: [ 43 .] 1 1111.111.

5: [2 .1 . .] 2 11..1.. 5: [ 34 .] 1 111.1111.

6: [111 . .] 1 1.1.1.. 6: [ 25 . ] 1 11.11111.

7: [ .21 . .] 1 J11.1.. 7: [16 .] 1 1.111111.

8: [1 .2 . .] 2 1..11.. 8: [ .7 .1 1 .1111111.

9: [ .12 . .] 1 L1011, 9: [6 . 1] 2 111111. .1

10: [ . .3 . .1 2 R s 10: [511] 1 11111.1.1
11: [2 . .1 .1 3 11...1. 11: [421] 1 1111.11.1
12: [11 .1 .] 1 1.1..1. 12: [331] 1 111.111.1
13: [ . 2.1 .1 1 L11..1. 13: [241] 1 11.1111.1
14: [1 .11 . ] 2 1..1.1. 14: [151] 1 1.11111.1
15: [ . 111 .] 1 .1.1.1. 15: [ .61] 1 .111111.1
16: [ . .21 .] 2 o111, 16: [ 5 .2] 2 11111. .11
17: [1. .2 .1 3 1...11. 17: [ 412 ] 1 1111.1.11
18: [ .1 .2 .] 1 10011, 18: [322] 1 111.11.11
19: [ . .12 .] 2 L.1.11. 19: [232] 1 11.111.11
20: [ .. .3.1 3 R 20: [142] 1 1.1111.11
21: [2 .. .1] 4 11....1 21: [ .52] 1 .11111.11
22: [11 . .1] 1 1.1...1 22: [ 4 . 3] 2 1111..111
23: [ . 2. .1] 1 11,001 23: [313] 1 111.1.111
24: [1 .1 .1] 2 1..1..1 24: [223] 1 11.11.111
25: [ .11 .1] 1 1.1 25: [133] 1 1.111.111
26: [ . .2 .1] 2 1101 26: [ . 43] 1 .1111.111
27: [1 . .11] 3 1...1.1 27: [ 3 . 4] 2 111..1111
28: [ .1 .11] 1 1..1.1 28: [214] 1 11.1.1111
29: [ . .111] 2 .1.1.1 29: [124] 1 1.11.1111
30: [ .. .21] 3 .11 30: [ .34] 1 .111.1111
31: [1 . . .2] 4 1....11 31: [ 2 .5] 2 11..11111
32: [ . 1. .2] 1 P i 32: [115] 1 1.1.11111
33: [ .12 ] 2 1011 33: [ .25 ] 1 .11.11111
34: [ .12] 3 S R i 34: [1 .6] 2 1..111111
35: [ .31 4 o111 35: [ .16] 1 .1.111111
36: L .71 2 L.o1111111

Figure 7.1-A: The compositions of 3 into 5 parts in co-lexicographic order, positions of the rightmost
change, and delta sets of the corresponding combinations (left); and the corresponding data for compo-
sitions of 7 into 3 parts (right). Dots denote zeros.
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The compositions in co-lexicographic (colex) order are shown in figure [7.1-A]l The generator is imple-
mented as [FXT: class composition_colex in comb/composition-colex.h|:

1 class composition_colex

2

3 éublic:

4 ulong n_, k_; // composition of n into k parts
5 ulong *x_; // data (k elements)

6 [--snip--]

7

8 void first()

9 {

10 x_[0] = n_; // all in first position
11 for (ulong k=1; k<k_; ++k) =x_[k] = 0;
12 }

13

%% void last()

16 for (ulong k=0; k<k_; ++k) =x_[k] = 0;
17 x_[k_-1] = n_; // all in last position
18 }

19 [--snip--]

The methods to compute the successor and predecessor are:

ulong next()
// Return position of rightmost change, return k with last composition.

1

2

3

4 ulong j = 0;

5 while ( 0==x_[j] ) ++j; // find first nonzero

6

7 if ( j==k_-1 ) return k_; // current composition is last
8

9 ulong v = x_[jl; // value of first nonzero

10 x_[j] = 0; // set to zero

11 x_[0] = v - 1; // value-1 to first position

12 ++3;

13 ++x_[31; // increment next position

%% return j;

16 }

17

18 ulong prev()

19 // Return position of rightmost change, return k with last composition.
20 {

21 const ulong v = x_[0]; // value at first position
22
23 if ( n_==v ) return k_; // current composition is first
24
25 x_[0] = 0; // set first position to zero
26 ulong j = 1;

27 while ( 0==x_[j]l ) ++j; // find next nonzero
28 --x_[j1; // decrement value

29 x_[j-11 =1 + v; // set previous position
g? return j;
32 ¥

With each transition at most 3 entries are changed. The compositions of 10 into 30 parts (sparse case)
are generated at a rate of about 110 million per second, the compositions of 30 into 10 parts (dense
case) at about 200 million per second [FXT: comb/composition-colex-demo.cc|]. With the dense case
(corresponding to the right of figure the computation is faster as the position to change is found
earlier.

Optimized implementation

An implementation that is efficient also for the sparse case (that is, k much greater than n) is [FXT: class
composition_colex2 in |comb/composition-colex2.h|. One additional variable p0 records the position of
the first nonzero entry. The method to compute the successor is:

1 class composition_colex2
2
3 [--snip--]


file:.fxtdir/src/comb/composition-colex.h
file:.fxtdir/demo/comb/composition-colex-demo.cc
file:.fxtdir/src/comb/composition-colex2.h
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4 ulong next()

5 // Return position of rightmost change, return k with last composition.
6

7 ulong j = pO_; // position of first nonzero

8

9 if ( j==k_-1 ) return k_; // current composition is last
10

11 ulong v = x_[jl; // value of first nonzero

12 x_[31 = 0; // set to zero

13 --v;

14 x_[0] = v; // value-1 to first position

15

16 ++p0_; // first nonzero one more right except ...
17 if ( 0'=v ) pO_=0; // ... if value v was not one

%g ++j;

20 ++x_[j]; // increment next position

%% return j;

23 }

24 };

About 270 million compositions are generated per second, independent of either n and k [FXT:
comb/composition-colex2-demo.cc]. With the line

#define COMP_COLEX2_MAX_ARRAY_LEN 128

just before the class definition an array is used instead of a pointer. The fixed array length limits the
value of k so by default the line is commented out. Using an array gives a significant speedup, the rate
is about 365 million per second (about 6 CPU cycles per update).

7.2 Co-lexicographic order for compositions into exactly k£ parts

The compositions of n into exactly k parts (where k > n) can be obtained from the compositions of
n — k into at most k parts as shown in figure The listing was created with the program [FXT:
comb /composition-ex-colex-demo.cc|. The compositions can be generated in co-lexicographic order using
[FXT: class composition_ex_colex in comb/composition-ex-colex.h]:

1 class composition_ex_colex

2 A

3  public:

4 ulong n_, k_; // composition of n into exactly k parts
5 ulong *x_; // data (k elements)

6 ulong nkl_; // ==n-k+1

g public:

9 composition_ex_colex(ulong n, ulong k)

10 // Must have n>=k

11 {

12 n_ = n;

13 k_ = k;

14 nkl_=n -k + 1; // must be >=1

15 if ( (long)nkl_ < 1) =nkil_=1; // avoid hang with invalid pair n,k
16 x_ = new ulong[k_ + 1];

17 x_[k] = 0; // not one

18 first();

19

20 [--snip--]

The variable nk1_ is the maximal entry in the compositions:

1 zoid first()

2

3 x_[0] = nki_; // all in first position
4 for (ulong k=1; k<k_; ++k) =x_[k] = 1;
5 }

6

7 void last()

8

9 for (ulong k=0; k<k_; ++k) x_[k] = 1;
10 x_[k_-1] = nk1_; // all in last position
11 }


file:.fxtdir/demo/comb/composition-colex2-demo.cc
file:.fxtdir/demo/comb/composition-ex-colex-demo.cc
file:.fxtdir/src/comb/composition-ex-colex.h
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Figure 7.2-A: The compositions of n = 8 into exactly k = 5 parts (left) are obtained from the compo-

sitions of n — k = 3 into at most k = 5 parts (right). Co-lexicographic order. Dots denote zeros.
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The methods for computing the successor and predecessor are adaptations from the routines from the

compositions into at most k parts:

ulong next()
// Return position of rightmost change, return k with last composition.

{
ulong j = 0;
while ( 1==x_[j]l ) ++j; // find first greater than one
if ( j==k_ ) return k_; // current composition is last
ulong v = x_[jl; // value of first greater one
x_[3] = 1; // set to 1
x_[0] = v - 1; // value-1 to first position
++j;
++x_[j1; // increment next position
return j;
}

ulong prev()

// Return position of rightmost change, return k with last composition.
{ const ulong v = x_[0]; // value at first position

if ( nkl_==v ) return k_; // current composition is first

x_[0] = 1; // set first position to 1

ulong j = 1;

while ( 1==x_[j] ) ++j; // find next greater than one
--x_[j1; // decrement value




2
]
3

3

[
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9 x_[j-11 =1 + v; // set previous position
? return j;
2 }
3 0}
The routines are as fast as the generation into at most k& parts with the corresponding parameters: the
compositions of 40 into 10 parts are generated at a rate of about 200 million per second.
7.3 Compositions and combinations
combination delta set composition
1: [0 1 2] 111. .. [3 . . . ]
2: [ 02 3] 1.11.. [12 . . ]
3: [ 123 ] 11, [ . 3. . ]
4: [ 01 3] 11.1.. [21 . . ]
5: [ 034 ] 1..11. [1. 2. ]
6: [ 134 ] .11, [ .12 . ]
7: [ 234 ] 111, [ . . 3. ]
8: [ 024 ] 1.1.1. [111. ]
9: [124 ] 1.1, [ .21 . ]
10: [0 14 ] 11..1. [2 . 1. ]
11: [ 045 ] 1...11 [1. . 2]
12: [ 145 ] 1..11 [ . 1. 2]
13: [ 245 ] 1.11 [ . . 12]
14: [ 345 ] 111 [ . . . 3]
15: [ 035 ] 1..1.1 [1 .11 ]
16: [ 135 ] 1.1.1 [ . 111 ]
17: [ 235 ] 1.1 [ . .21 ]
18: [ 025 ] 1.1..1 [11 . 1]
19: [125 ] 1.1 [ . 2. 1]
20: L 015 ] 11...1 L2 . . 1]
Figure 7.3-A: Combinations 6 choose 3 (left) and the corresponding compositions of 3 into 4 parts
(right). The sequence of combinations is a Gray code but the sequence of compositions is not.
Figure shows the correspondence between compositions and combinations. The listing was gener-
ated using the program [FXT: comb/comb2comp-demo.cc|. Entries in the left column are combinations
of 3 parts out of 6. The middle column is the representation of the combinations as delta sets. It also is
a binary representation of a composition: A run of r consecutive ones corresponds to an entry r in the
composition at the right.
Now write P(n, k) for the compositions of n into (at most) k parts and B(N, K) for the combination (}):
A composition of n into at most k parts corresponds to a combination of K = n parts from N =n+k—1
elements, symbolically:
P(n, k) + B(N,K) = Bn+k—1,n) (7.3-1a)
A combination of K elements out of N corresponds to a composition of n into at most k parts where
n=Kandk=N-K+1:
B(N,K) < P(n, k) = P(K, N-K-+1) (7.3-1b)
We give routines for the conversion between combinations and compositions. The following routine
converts a composition into the corresponding combination [FXT: |comb/comp2comb.h:
1 inline void comp2comb(const ulong *p, ulong k, ulong *b)
2 // Convert composition P(*, k) in p[] to combination in b[]
3 A
4 for (ulong j=0,i=0,z=0; j<k; ++j)
5 {
6 ulong pj = pljl;
7 for (ulong w=0; w<pj; ++w)  b[i++] = z++;
8 ++z;
9 }
0 2
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7.4: Minimal-change orders

The conversion of a combination into the corresponding composition can be implemented as

inline void comb2comp(const ulong *b, ulong N, ulong K, ulong *p)

// Convert combination B(N, K) in b[] to composition P(*,k) in p[]

{/ Must have: K>0

ulong k = N-K+1;

for (ulong z=0; z<k; ++z)

__k;

ulong cl
zhile CK--)

N;

ulong c0 = b[K];
ulong d = cl1 - cO0;

plz] = 0;

199

k -= (d-1);
++plkl;
cl = cO;
}
}
7.4 Minimal-change orders
composition combination composition combination
1: [ ..3.1 ...111. [345] 1: [3 ... .71 111.... [012]
2: [ .1.2.] .1..11. [145] 2: [21...] 11.1... [013]
3: [1..2.] t...11. [0 4 5] 3: [12 .. .1 t.11... [0 23]
4: [ . .12 .] ..1.11. [ 245 ] 4: [ .3 .. .71 .111... [123
5: [ . .21 .] ..11.1. [235] 5: [ .21 . .] .11.1.. [124]
6: [.111.] .1.1.1. [135] 6: [111. .] 1.1.1.. [0 24]
7: [1.11.] 1..1.1. [035] 7: [2.1..] 11..1.. [014]
8: [2 . .1 .] 11...1. [015] 8: [1 .2 . .1 t1..11.. [0 3 4]
9: [11.1.] 1.1..1 [ 025 ] 9: [ .12 . .1 .1.11.. [134]
10: [.2.1.] .11..1. [125] 10: [ . .3. .1 ..111.. [234]
1i1: [ .3 .. .1 .111... [123] 11: [ . .21 .1 ..11.1. [235]
12: [12 .. .] t.11... [0 23] 12: [1.11.] 1..1.1. [0 3 5]
13: [21. . .] 11.1... [O013] 13: [.111.] .1.1.1. [135]
14: [3 ... .1 111.... [01 2] 14: [ .2 .1 .71 .11..1. [125]
15: [2 .1 . .1 11..1.. [0 1 4] 15: [11.1.] 1.1..1. [025]
16: [111..] 1.1.1.. [024] 16: [2. .1 .71 11...1. [0 15]
17 [ .21 . .] 11.1.. [ 12 4] i7: [1 . .2 .] 1...11. [0 4 5]
18: [ .12 . .] 1.11.. [ 1 3 4] 18: [.1.2 .1 .1..11. [145]
199: [1 .2 . .] t1..11.. [0 3 4] 19: [ . .12 .] ..1.11. [245]
20: [ . .3..] ..111.. [234] 20: [...3.]1 ...111. [3465
21 [ . .2.1] ..11..1 [23 6] 21: [ .. .21] ...11.1 [346
22: [ .11 .1] .1.1..1 [136] 22: [1..11] 1...1.1 [046]
23: [1.1.1] 1..1..1 [036] 23: [.1.11] .1..1.1 [146
24: [2. . .1] 11....1 [016] 24: [ . .111] ..1.1.1 [246]
25: [11..1] 1.1...1 [026] 26: [ . .2.1] ..11..1 [236
26: [ .2..1] .11...1 [126] 26: [1.1.1] 1..1..1 [036
27: [ .1 .11] .1..1.1 [146] 27r: [ .11.1] .1.1..1 [136
28: [1..11] 1...1.1 [0 4 6] 28: [.2..1] .11...1 [126]
29: [ . . 111] 111 [ 246 ] 29: [11..1] t1.1...1 [0 26
30: [ .. .21] ..11.1 [ 346 ] 30: [2...1] 11....1 [0 16]
31: [ .. . 12] .1.11 [ 356 ] 31: [1...2] 1....11 [05 6
32: [ . 1. .2] 1...11 [ 156 ] 32: [.1..2] .1...11 [156]
33: [1 .. 2] 1 .11 [ 05 6 ] 33: [ .1 .21 ..1..11 [25 6]
34: [ . 1. 2] 1..11 [ 256 ] 34: [ .1 2] 1.11 [ 35 6 ]
35: [ .. 3] 111 [ 4 5 6 ] 35: [ . 3] .111 [ 4 5 6 ]

Figure 7.4-A: Compositions of 3 into 5 parts and the corresponding combinations as delta sets and sets
in two minimal-change orders: order with enup moves (left) and order with modulo moves (right). The

ordering by enup moves is a two-close Gray code. Dots denote zeros.

A minimal-change order (Gray code) for compositions is such that with each transition one entry is
increased by 1 and another is decreased by 1. A recursion for the compositions P(n, k) of n into k parts
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combination composition combination composition
1: [056] t1....11 [1 . . . 2] 1: [012] 111.... [3 . . . .]
2: [046] 1...1.10 [1 . .11] 2: [013] 11.1... [21 . . .]
3: [045] t...11. [1 . .2 .] 3: [014] 11..0.. [2 .1 . .]
4: [034] t..11.. [1 .2 . .] 4: [015] 11...1. [2 . .1 .]
5: [035] 1..1.1 [1 .11 . ] 5: [016] 11....1 [2 . . . 1]
6: [036] 1..1..1 [1 .1 . 1] 6: [026] 1.1...1 [11 .1 ]
7: [026] t1t.1...1 [11 . . 1] 7: [025] t1.1..1. [11 1. ]
8: [025] t.1..1. [11 .1 .] 8: [024] 1.1.1.. [111 . .]
9: [024] 1.1.1.. [1 11 . . ] 9: [023] t.11... [12. . .]
10: [023] 1.11... [12 . . .] 10: [034] 1..11.. [1 .2 . .]
11: [012] 111.... [3 . . . . ] 11: [035] 1..1.1. [1 .11 .]
12: [013] 11.1... [21 . . . ] 12: [036] 1..1..1 [1 .1 . 1]
13: [014] 11..1.. [2 .1 . .] 13: [046] 1...1.1 [1 . .11]
14: [015] 11...1. [2 . .1 . ] 14: [045] 1...11. [1 . .2 .]
16: [016] 11....1 [2 . . . 1] 16: [056] 1....11 [1 . . . 2]
16: [126] .11...1 [ .2 . . 1] 16: [156] .1...11 [ .1 . . 2]
17: [125] .11..1. 2 .1 . ] 17: [146] .1..1.1 [ 1 .11]
18: [124] .11.1.. 21 . . ] 18: [1456] .1..11. [ 1.2 . ]
19: [123] .111... 3. . L] 19: [134] .1.11. [ 12 . 0]
20 [134] .1.11.. .12 0 0] 20: [135] .1.1.1 [ 111 . ]
21: [135] .1.1.1. 111 ] 21: [136] .1.1..1 [ 11 . 1]
22: [136] .1.1..1 .11 01 ] 22: [ 126 ] 1i1...1 [ .2 . .1]
23: [146] .1..1.1 .1 011 ] 23: [125] 11..1 [ .2 .1 .]
24: [145] .1..11. 102 0] 24: [ 12 4] 11.1. [ .21 . .]
25: [156] .1...11 100 2] 25: [1 23] .111.. [ .3 . . .]
26: [256] ..1..11 .10 2] 26: [ 23 4] L1111, [ .3 ]
27: [ 2 4 6] 1.1.1 111 ] 27: [ 2 3 5] 11.1. [ 21 . ]
28: [ 24 5] 1.11. .12 0] 28: [236] ..11..1 [ 2 . 1]
29: [ 23 4] 111, . 3. ] 29: [246] ..1.1.1 [ 111 ]
30: [235] 11,1, .21 ] 30: [245] ..1.11. [ .12 0]
31: [ 236 ] 11..1 .2 .1 ] 31: [256] ..1..11 [ .10 2]
32: [346] ...11.1 .o21] 32: [356] ...1.11 [ .12 ]
33: [345] ...111. 3. ] 33: [346] ...11.1 [ 2 1]
34: [356] ...1.11 12 ] 34: [345] ...111. [ 3 . ]
35: [456] ....111 . 3] 36: [4561]1 ....111 [ . 3]

Figure 7.4-B

: The (reversed) complemented enup ordering (left) and Eades-McKay sequence (right) for

combinations correspond to compositions where only two adjacent entries change with each transition,

but by more than 1 in general.

in lexicographic order is (notation as in relation [14.1-1] on page [304))
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The ordering is shown in figure (left), the corresponding combinations are in the (reversed) enup
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order from section [6.6.2 on page 188 Now we change directions at the odd elements:

o

Pn—0,k—1) ]

. PR(n— 1,k —1)]

.Pln—2,k—1) ]

.PR(n—3,k—1)] (7.4-3)
]
]

N =

o~

CP(n—4,k—1)

3

S

=

I
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We get an ordering (right of figure corresponding to the combinations are in the (reversed)
Eades-McKay order from section on page The listings were created with the program [FXT:
comb/composition-gray-rec-demo.cc|.

Gray codes for combinations correspond to Gray codes for combinations where no element in the delta
set crosses another. The standard Gray code for combinations does not lead to a Gray code for compo-
sitions as shown in figure on page If the directions in the recursions are always changed, the
compositions correspond to combinations that have the complemented delta sets of the standard Gray
code in reversed order.

Orderings where the changes involve just one pair of adjacent entries (shown in figure|7.4-B|) correspond to
the complemented strong Gray codes for combinations. The amount of change is greater than 1 in general.

The listings were created with the program [FXT:|comb/combination-rec-demo.cc], see section on page
191
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Chapter 8

Subsets

We give algorithms to generate all subsets of a set of n elements. There are 2™ subsets, including the
empty set. We further give methods to generate all subsets with k£ elements where k lies in a given range:
kmin < k < kpmae. The subsets with exactly k elements are treated in chapter @] on page [176

8.1 Lexicographic order

1: 1.... {0} 1.... {0}

2: 11. .. {0, 1} ... {1}

3: 111. . {0, 1, 2} 11... {0, 1}

4: 1111. {0, 1, 2, 3} 1. {2}

5: 11111 {0, 1, 2, 3, 4} 1.1.. {0, 23}

6: 111.1 {0, 1, 2, 4} 1., {1, 2}

7: 11.1. {0, 1, 3} 111.. {0, 1, 2}

8: 11.11 {0, 1, 3, 4} 1. {3}

9: 11..1 {0, 1, 4} 1..1. {0, 3}

10: 1.1.. {0, 2} 1.1, {1, 3}

11: 1.11. {0, 2, 3} 11.1. {0, 1, 3}
12: 1.111 {0, 2, 3, 4} 11, {2, 3}

13: 1.1.1 {0, 2, 4} 1.11. {0, 2, 3}
14; 1..1 {0, 3} 111. {1, 2, 3}
15: 1..11 {0, 3, 4} 1111. {0, 1, 2, 3}
16: 1...1 {0, 4} ! {4}

17: o {1} 1...1 {0, 4}

18 11.. {1, 23 1.1 {1, 4}

19 111. {1, 2, 3} 11..1 {0, 1, 4}
20 1111 {1, 2, 3, 4} 1.1 {2, 4}
21 11.1 {1, 2, 4} 1.1.1 {0, 2, 4}
22 1.1. {1, 3} 1.1 {1, 2, 4}
23 1.11 {1, 3, 4} 111.1 {0, 1, 2, 4}
24 1..1 {1, 4} 11 {3, 4}
25 1.. {2} 1..11 {0, 3, 4}
26 .11. {2, 3} 1011 {1, 3, 4}
27 111 {2, 3, 4} 11.11 {0, 1, 3, 4}
28: 1.1 {2, 4} ..111 {2, 3, 4}
29: 1. {3} 1.111 {0, 2, 3, 4}
30: T {3, 4} L1111 {1, 2, 3, 4}
31: oo {4} 11111 {0, 1, 2, 3, 4}

Figure 8.1-A: Nonempty subsets of a 5-element set in lexicographic order for the sets (left) and in
lexicographic order for the delta sets (right).

The (nonempty) subsets of a set of five elements in lexicographic order are shown in figure Note
that the lexicographic order with sets is different from the lexicographic order with delta sets.
8.1.1 Generation as delta sets

The listing on the right side of figure [8.1-A] is with respect to the delta sets. It was created with the
program [FXT: comb/subset-deltalex-demo.cc| which uses the generator [FXT: class subset_deltalex
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in lcomb /subset-deltalex.h]:

% Elass subset_deltalex

3  public:

4 ulong *d_; // subset as delta set

5 ulong n_; // subsets of the n-set {0,1,2,...,n-1}
9 public:

8 subset_deltalex(ulong n)

9 {

10 n_ = n;

11 d_ = new ulong[n+1];

12 d_[n] = 0; // sentinel

13 first();

14 }

15

%g ~“subset_deltalex() { delete [] d_; }

18 void first() { for (ulong k=0; k<n_; ++k) d_[k] = 0; }

The algorithm for the computation of the successor is binary counting:

1

2 bool next()

3 {

4 ulong k = 0;

5 while ( d_[k]==1 ) { d_[k]=0; ++k; }
6

7 if ( k==n_ ) return false; // current subset is last
8

9 d_[k] = 1;

10 return true;

11 }

12

13 const ulong * data() const { return d_; }
14 3}

About 176 million subsets per second are generated and 192 M/s if an array is used. A bit-level algorithm
to compute the subsets in lexicographic order is given in section
8.1.2 Generation as sets

The lexicographic order with respect to the set representation is shown at the left side of figure
The routines in [FXT: class subset_lex in comb/subset-lex.h| compute the nonempty sets:

1 class subset_lex

2

3 public:

4 ulong *x_; // subset of {0,1,2,...,n-1}
5 ulong n_; // number of elements in set
6 ulong k_; // index of last element in subset
7 // Number of elements in subset == k+1

g public:

10 subset_lex(ulong n)

11 {

12 n_ =n;

13 x_ = new ulong[n_];

14 first();

15 }

16

17 “subset_lex() { delete [] x_; }

18

19 ulong first()
20
21 k_ = 0;

22 x_[0] = 0;
23 return k_ + 1;
24

25

26 ulong last()
27 {
28 k_ = 0;

29 x_[0] =n_ - 1;
30 return k_ + 1;


file:.fxtdir/src/comb/subset-deltalex.h
file:.fxtdir/src/comb/subset-lex.h

204

32 [--snip--]

The method next () computes the successor:

1 ulong next()

2 // Generate next subset

3 // Return number of elements in subset

4 // Return zero if current == last

5

6 if ( x_[k_] == n_-1) // last element is max ?
7

8 if ( k_==0 ) { first(); return 0; }
9

10 --k_; // remove last element

11 x_[k_1++; // increase last element
12

13 else // add next element from set:

14

15 ++k_;

16 x_[k_ ] = x_[k_-1] + 1;

17 }

%g return k_ + 1;
20 }

Computation of the predecessor:

1 ulong prev()

2 // Generate previous subset

3 // Return number of elements in subset

% // Return zero if current == first

6 if ( k_ == 0) // only one element 7

7

g if ( x_[0]==0 ) { last(); return O; }
10 x_[0]1--; // decr first element

11 x_[++k_ ] = n_ - 1; // add element
12 }

13 else

14 {

15 if ( x_[k_] == x_[k_-1]+1 ) --k_; // remove last element
16 else

17 {

18 x_[k_1--; // decr last element

19 x_[++k_] = n_ - 1; // add element
20 }
21 }

%% return k_ + 1;
24 }
25
26 const ulong * data() const { return x_; }
27 };

Chapter 8: Subsets

About 270 million subsets per second are generated with next() and about 155 million with prev()
[FXT: comb/subset-lex-demo.cc|]. A generalization of this order with mixed radix numbers is described

in section [9.3 on page 224l A bit-level algorithm is given in section on page

8.2 Minimal-change order

8.2.1 Generation as delta sets

The subsets of a set with 5 elements in minimal-change order are shown in figure The implementa-
tion [FXT: class subset_gray_delta in comb/subset-gray-delta.h] uses the Gray code of binary words

and updates the position corresponding to the bit that changes in the Gray code:

1 class subset_gray_delta

2 // Subsets of the set {0,1,2,...,n-1} in minimal-change (Gray code) order.
3

4 éublic:

5 ulong *x_; // current subset as delta-set

6 ulong n_; // number of elements in set <= BITS_PER_LONG

7 ulong j_; // position of last change
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0: ... {3 0: 11111 {0, 1, 2, 3, 4 }
1: 1.... {0} 1: 1111 {1, 2, 3, 4}
2: 11... {0, 1} 2: ..111 {2, 3, 4}

3: .1 {1} 3: 1.111 {0, 2, 3, 4 }
4: .