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Preface to “Models of Delay Differential Equations”

Models of differential equations with delay have pervaded many scientific and technical fields
in the last decades. The use of delay differential equations and partial delay differential equations to
model problems with the presence of lags or hereditary effects have demonstrated a valuable balance
between realism and tractability. Of special interest in recent years is the development and analysis
of models with interactions between delay and random effects, through the use of stochastic and

random delay differential equations.

In this Special Issue we gather quite a balanced picture of mainstreams topics in the realm of
delay differential equations. Indeed, we can find contributions dealing with the construction of exact
solutions, numerical methods, dynamical properties, and applications to mathematical modeling
of phenomena and processes in biology, economics and engineering, in both deterministic and

stochastic settings.

In the paper by Arenas et al. a mathematical model is proposed, based on a set of delay
differential equations, that describes intracellular HIV infection. The model considers the time delay
between viral entry into a target cell and the production of new virions. The study includes local
stability analysis and the design of a non-standard difference scheme that preserves some relevant
properties of the continuous mathematical model. In his paper, Kashchenko studies the nonlocal
dynamics of a system of delay differential equations with large parameters using the method of
steps. This system simulates coupled generators with delayed feedback. The study shows that
the dynamics of the system are significantly different in the case of positive coupling and in the
case of negative coupling. In the paper by Debbouche and Fedorov, local unique solvability for
a class of degenerate fractional differential equations and its application to study initial-boundary
value problems for systems of equations with delays is proved. Hendy and Staelen introduce a high
order numerical approximation method for convection diffusion wave equations with a multiterm
time fractional Caputo operator and a nonlinear fixed time delay. In the paper by Matsumoto and
Szidarovszky, the dynamic behavior of n-firm oligopolies is studied, assuming the companies are able
to face both implementation and information delays. The analysis includes a classification of stability
scenarios depending on the relationship between delays. Continuing within the economical setting,
the paper by Abia et al. presents a new numerical method to obtain the solution to a size-structured
population model that describes the evolution of a consumer feeding on a dynamical resource that
reacts to the environment with a lag-time response. The model is formulated by combining a partial
and an ordinary differential equation with delay. Two papers address the numerical and theoretical
analysis of linear random delay differential equations. The first one, by Calatayud et al., proposes a
mean square convergent non-standard numerical scheme while the second one, by Cortés and Jornet,
constructs, rigorously, a solution in the important case that the source term is a stochastic process.
In the realm of applications, Majchrzak and Mochnacki, propose a second-order dual phase lag
equation to model phase changes associated with heating and cooling of thin metal films. In the paper
by Gémez-Valle et al. a partial differential equation for pricing an Asian-style option, termed a freight
option, derived from a stochastic delay differential equation is established. This partial differential
equation permits attainment of lower and upper bounds for the prime of this type of derivative.
The theoretical findings are nicely illustrated using real data from the Baltic Exchange. Zhe Ying
et al. study the stability of an age-structured susceptible—exposed—infective-recovered-susceptible
(SEIRS) model with time delay. After obtaining one disease-free equilibrium point and one endemic



equilibrium point of the model, they establish sufficient conditions in order for the local stability
to be guaranteed. In the paper by A. Ashyralyev and D. Agirseven, the initial value problem
for a semilinear delay hyperbolic equation in Hilbert spaces with a self-adjoint positive definite
operator from a theoretical standpoint is studied. This analysis is complemented with some numerical
experiments in the case of semilinear hyperbolic equations with unbounded time delay term, since,
in general, it is not possible to obtain the exact solution. The volume finishes with the study of exact
and nonstandard finite difference schemes for a class of coupled linear delay differential systems.
The study includes the analysis of consistency properties of the new nonstandard schemes and several

illustrative examples.

Francisco Rodriguez, Juan Carlos Cortés Lépez, Maria Angeles Castro
Editors
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Abstract: We propose a mathematical model based on a set of delay differential equations that
describe intracellular HIV infection. The model includes three different subpopulations of cells
and the HIV virus. The mathematical model is formulated in such a way that takes into account
the time between viral entry into a target cell and the production of new virions. We study the
local stability of the infection-free and endemic equilibrium states. Moreover, by using a suitable
Lyapunov functional and the LaSalle invariant principle, it is proved that if the basic reproduction
ratio is less than unity, the infection-free equilibrium is globally asymptotically stable. In addition, we
designed a non-standard difference scheme that preserves some relevant properties of the continuous
mathematical model.

Keywords: HIV infection; mathematical delay model; eclipse phase; NSFD; numerical simulation

1. Introduction

History has recorded that infectious diseases have caused devastation in the human
population. Despite the great advances in epidemic control, it was believed that infectious
diseases would soon be eradicated, but this has clearly not been the case. Microorgan-
isms adapt and evolve, and consequently, new infectious diseases such as AIDS, Ebola or
COVID-19 appear, which cause many deaths. In addition, the genome of some microor-
ganisms can sometimes change slightly and consequently, they can acquire resistance to
some drugs [1]. According to the World Health Organization, since its first registration
in the 1980s, Human Immunodeficiency Virus (HIV), the causative agent of Acquired Im-
munodeficiency Syndrome (AIDS), has caused more than 35 million deaths worldwide [2].
The greatest impact of deaths caused by AIDS occurs in underdeveloped or very poor
countries, especially in sub-Saharan Africa [2,3].

HIV is an RNA virus that belongs to the retroviridae family, specifically to the
lentivirus subfamily, and acts against the immune system, weakening its defense sys-
tems against infections and certain types of cancer, which is why the infected person
gradually loses its immunodeficiency [4,5]. The HIV replication process is active and
dynamic in the sense that when the virus enters the body, the cells that have the CD4+
receptor are infected, most of them are TCD4+ lymphocytes. After entering the cell, the HIV
virus can remain latent, replicate in a controlled manner, or undergo massive replication
that results in a cytopathic effect for the infected cell. In most lymphocytes the virus is
latent, and the infection gradually decreases the amount of these in both the tissues and
the blood. This leads the patient to a severe state of cellular immunosuppression, and then
a group of microorganisms causes infections. As a consequence, there is a great mortality
of people affected by HIV [6].

Mathematics 2021, 9, 257. https:/ /doi.org/10.3390/math9030257
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Epidemiologists conduct scientific experiments, sometimes in controlled settings
through self-experimentation, to analyze the spread and possible control strategies of infec-
tious diseases. However, designing such controlled experiments is sometimes impossible
due to ethical concerns and the possible collection of erroneous data [1,7,8]. These reasons
motivate the possibility of using mathematical models as tools to corroborate the perception
of disease transmission, test theories, and suggest better intervention and control strategies.

Recently, there have been a growing literature regarding mathematical models for
virus infection within-host [9-19]. These mathematical models include a variety of char-
acteristics related to the viral dynamics. For instance, some models include discrete time
delays, cell to cell viral transmissions, and the most well-known virus to cell transmis-
sion [10,15,17,19-21]. This article presents a new mathematical model, by means of a set
of differential equations with delay, to determine the effect of how to produce viruses by
target cells inside the dynamics of viruses. In this case, two types of virus-infected cells are
analyzed: the cells in the eclipse phase that are not producing the virus Ir, and the cells
that are actively producing the virus I. The cells in the eclipse phase change to the state of
virus production at a m rate, and the mortality rate of each cell type is d;, and Jy, respec-
tively. Cells in the eclipse phase may die because they could be recognized as infectious by
mediators of innate immunity or due to the accumulation of DNA intermediates in the cell
cytoplasm, see [22,23].

Numerous mathematical models represented by means of a system of differential
equations, with or without delay, have been discretized by means of the non-standard
finite difference method proposed by Ronald Mickens, see [24-34]. Their use is mainly
because they are very effective in preserving certain qualitative properties of the original
differential equations and the convergence, consistency and stability of their solutions have
been demonstrated, see [35-46].

In this study, we also design a non-standard finite difference (NSFD) scheme that
allows us to obtain numerical solutions of a set of delayed and ordinary differential equations,
which describes the dynamics of HIV infection within-host. First, we apply the techniques
designed by Mickens for the construction of the non-standard finite difference (NSFD)
scheme to our HIV mathematical model. Secondly, we prove some main properties of the
non-standard finite difference (NSFD) scheme, and that agree with qualitative properties
on the HIV mathematical model with discrete time delay. One important property that the
non-standard finite difference (NSFD) scheme has is that it allows us to guarantee accurate
and positive solutions. This is very important when solving inverse problems related to
estimation of parameters [13,47-51]. Finally, we perform some numerical simulations that
show the advantages regarding accuracy and computational cost.

This paper is organized as follows. In Section 2, we present the mathematical model of
HIV within-host with discrete time delay. Section 3 is devoted to the stability mathematical
analysis. In Section 4, we construct the NSFD numerical scheme. We include in this
section the study of some properties of this numerical scheme such as stability analysis.
In Section 5, the numerical simulation results using the constructed NSFD scheme are
shown, and the last section is devoted to the conclusions.

2. Mathematical Model of HIV Within-Host with Discrete Time Delay

We construct the mathematical model using a combination of virus facts, hypotheses,
and previous proposed mathematical models within-host [9,11,14,52-55]. Despite there
has been a growing number of studies related to viral dynamics within-host there are still
some aspects that are not well understood [8,9,18,56-58]. Moreover, mathematical models
include assumptions that make them more tractable to be able to extract useful information
and test different hypotheses [9,55,59,60]. We start noticing that it has been argued that at
least in vitro, most HIV-infected cells die before virus production begins [22,61,62]. Virus-
producing cells produce virions V at a rate of NJ;, where N is the average number of
infectious virions released by an infected cell during its lifetime. In general, it is accepted
that most virions produced by infected cells are not infectious [63-65], and since these
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virions are not contributing to the infection of new cells, non-infectious virions are not
considered in this model. On the other hand, V virions that are infectious can be removed
by the immune system from the population of virus-free cells at intrinsic clearance rate
C, or they can infect target cells (CD4+ T) at a 8 rate, with T the concentration of target
cells, where A is the generation rate of uninfected CD4+ T cells and 9 mortality rate of
uninfected cells. In the constructed mathematical model there are two classes of infected
cells. The first one is the class that includes the cells in the eclipse phase which are not
making the virus, Ig. The second class include the cells that are actively producing the
virus, I. Cells in the eclipse phase transition to the class I at a rate, m. These cells die at
rate d7,. The cells in class I then die at rate J;. Cells in the eclipse phase die due to the
immune systems. Notice that the number of targets cells T are not virus-infected and vary
depending on the parameters A and the particular death rate for target cells .

Based on the previous assumptions, we propose a model that describes the intracellular
dynamics of HIV and is given by the following system of ordinary differential equations,

dlsgt) =BT(HV(t) — (m+ 1) Ie(t)

d;i(:) = mlIg(t) — 011(t) .
d%t) = NoiI(t) = CV(t) = BT())V(£)

d%f) — A~ BT()V(t) — uoT (1)

Notice, that the transmission term BT (t)V(t) also appears in the equation for virions
because of the assumption that it takes only one virion to infect a target cell [52,66]. The pos-
sibility of multiple infected cells is excluded [66]. It also should be noted that during the
eclipse phase (the time from viral entry to the active production of viral particles) the
infected cells are not producing virions [8,9,16,67,68]. This delay affects the maximum viral
load time and the probability that a viral infection will be established [9,68-70], and there-
fore should be explicitly modeled [9,68]. For this case, let A > 0 be the duration of the
eclipse phase and ig(, T) the density of cells at a time ¢ that were infected T units of time
before of t, i.e., are infected cells of age 7. Then ig(t, A) represents the proportion of cells in
the eclipse phase that go into the state of virus production, whereby

d;—(:) =ip(t,A) — 61I(t). (2)

Since the mortality rate of eclipse cells dj, is constant, it is appropriate to assume
that ig (¢, T) satisfies the equation of McKendrick-Von Foerster age-structured population
dynamics model, see [71] that is

aiE(t,T) n aiE(t, T)
ot T

= _‘SIEiE(t/ T)/ (3)

subject to the boundary condition ig (t,0) = BT(t)V(t). Thus, the solution of the Equation (3)
is given by ig(t,7) = BT(t — 1)V (t — 7)e %", Therefore, Equation (2) is given by
dI(t)

= BT(t— A)V(t— A)e ™ — 51(t). ®

The total number of cells in the eclipse phase is given by Ig(t) = fOA ig(t, 7)dT, and by
integrating both sides of Equation (3) on the interval [0, A] we have

dlst(t) — BT(HV () — BT(t— A)V (£ — A)e " — 5, T (8). ®)
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Thus the mathematical model given in (1) takes the form

dIg(t)

EW) — BTV () — T(t— M)V(t — A)e > — 5y, Ie(0)
d;—(:) = BT(t— AV (t—A)e % — 5/1(¢) (6)
‘”275” — N&HI(E) — CV(E) — BTV (1)
dT(1)

- = A BTOV() — mT (),

where A is the duration of the eclipse phase, ¢~ 1S represents the probability that an infected
cell will survive a time A after viral entry. Notice that A is a fixed time delay, and then we
have a differential equation with a discrete time delay. For a better understanding of the
mathematical model, we can analyze it from the following flow chart shown in Figure 1 [54]:

)
©

ey

|

>0
i

Figure 1. Flow chart of model (6).

(=]

In addition, the system (6) satisfies the initial conditions given by

T(s) = ¢1(s), V(s) = &a(s),s € [-A,0], @)
with &;(s), & (s) positive continuous functions defined from the interval [—A, 0] to RZ,
and equipped with the norm || »|| = sup |('§1 2l

—A<s<

3. Properties of the Solutions of the Mathematical Model

Using the fundamental theory of functional differential equations [72,73], it follows
that the solution of the system (6) with the initial condition (7) exists for all t < 0 and
is unique.

Next, we will establish different dynamic properties of the solution of the mathematical
model described by the system of Equation (6). Since the system (6) represents a biological
model, it is important to determine the nature of the solution. Thus, if it is assumed that
all the parameters are non-negative as well as the initial conditions Ig(s), I(s), V(s), T(s),
for s € [—A,0]. Therefore, we must guarantee the positivity and boundedness of the solu-
tion (Ig(t), I(t), V(t), T(t)) of the system (6) at [0, ). The following results characterizes
these properties.

Theorem 1. If the initial conditions Ig(0) = Ig,, 1(0) = Ip, V(0) = Vo, T(0) = Ty of the
mathematical model (6) are positive, then the solutions (Ig(t), I(t), V(t), ( )) of the system (6)
are positive for all t € [0, c0).
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Proof. Let us start by noting that the solutions of the differential equations of Ir(t) and
I(t) given in (6) can be written as

Ig(t) = e 0! {IEO + /t iA ,BT(s)V(s)e‘S’Esds}, (8)
I(t) = e 0t {10 + /Ot BT(s—A)V(s — A)e“'*‘sle)sds} . )

Therefore, the positivity of the solutions T(t) and V(t) for all + > 0, allows us to
guarantee the positivity of I¢(t) and I(t) and thus of system (6). Thus, for T(t) given as
in (6) we have that T(t) > 0, for all t > 0. Indeed, suppose that the positivity does not

dT(t
holds, therefore there must be a t; > 0 such that T(ty) = 0, (fo) < 0and T(t) > 0 forall

t € [0,tp), because the initial condition Ty > 0. Thus, T(t) must be negative from some t.
However, in the interval [0, fo) the function T(t) is positive, and at point ¢, the derivative
at tg is non-positive. Thus, from the fourth equation of model (6), it follows that for £,

dT(t
d(t[’) =A—BT(t)V(to) — moT(to) = A >0,
. . dT(to)
which contradicts that Y < 0. Therefore, we must have T(t) > 0, for all t > 0. Now,
we affirm that if V(t) is given by the system (6), it follows that
V(t) >0, forall t > 0. (10)
dv(t)

Indeed, suppose that there exists a f; > 0 such that V(1) = 0, < 0 and
V(t) > 0forallt € [0,t). Then it holds that I(t) > 0 for all t € [0, ;). Otherwise, there

1
should be a t; such that 0 < t, < t1, I(t) =0, di(t) <0and I(t) > Oforall t € [0,fp).
Thus, from the second equation of system (6), if follows that for t, € (A, t1) it holds

dI(t2)

= BTt = M)V (k2 - A)e D — 511(ty) = BT(ty — AV (ty — A)e 12,

But, —A < tp — A < t; — A < t;. From the initial conditions given by (7) and the

al(t
hypothesis for V(0) > 0 it follows that V(f — A) > 0. This, contradicts that % <0.

Thus, I(t) > 0, for all t € [0, t1). Next, from third equation of system (6) for t; > 0,

dv(t
d(tl) = NojI(t1) — CV(t1) — BT (1) V(t1) = No[I(t1) > 0.
. CodV(h)
This is a contradiction since i < 0. Therefore, V(t) > O forallt > 0. [

Theorem 2. The solution (Ig(t), I(t), V(t), T(t)) of system (6) is uniformly bounded in [0, c0).

Proof. From system (6), one can see that

dlg(t) | dI(t) | dT(1)

dt ar g = N Onle(t) =0l () — poT(t) < A= M(Ig(t) + I1(t) + T(t)),

where M = min{(SIE,ﬁl, yo}. This implies that

t A
Ie(t) + I(t) + T() < e Mt {IEO +Ih+Tp +/0 AeMsds} = ¢ M Igy + I+ To] + 3 (1 - e*Mf>.
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Thus,

z| >

limsup(Ig(t) + I(t) + T(t)) <
t—o0
Accordingly, I (t), I(t) and T(t) are uniformly boundedness. Even more, given e > 0,
there exists f; > 0 such that for all t > f;,

I(t) < % +e.
. dv(t) .
Then, since i < NOjI(t) — CV(t),and V(t) > 0 for all t > t;, one obtains that
v (t) A
=2 < = .
it +CV(t) < N51<M+S>

It follows that
No A
< e Ct -t i .
V(t) < Vpe +(1 e )(C +e

Ast —3 oo, then V(t) < <N?<51> (% + s) . Since € > 0, V(#) is uniformly bounded-

ness. This completes the proof. [

3.1. Equilibrium Points

The model described by the system of differential Equation (6) has two stationary
states, the first one corresponds to the disease-free equilibrium and the second to the
endemic equilibrium, which we will denote P® and P* respectively. To determine both

dlg(t)  dI(t
states we must calculate the critical points of the system (6) by setting (1) = a1t) =

dt dt
dv(t)  dT(t)
dt dt

= 0. Thus, we have

0 =BTV — BTVe e — 6} If
0=pBTVe 2% — 5,1 (11)
0= No;I —CV - BTV
0=A—-BTV —ueT.
The disease-free equilibrium point of a model are solutions of steady state in the
absence of infection. For this case, we must consider [ =0, =0,V =0,and T > 0,

in the system (11). Then PO will be of the form P = (0,0,0, TO), where T0 = VA Therefore,
0

A
P = (0,0,0,—).
Ho

On the other hand, we can determine the basic reproductive number using the next
generation matrix methodology. With the terms of infection and viral production in the
mathematical model (11), matrices F and V are given by

0 0 pTO(1-e ") 5, 0 0
F= 0 0 ‘BTOeﬂS’EA ,V=1{( 0 o1 0 ,
00

0 0 Né; C+ﬁTO
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where T0 = A, which it is the number of target cells before infection. Thus, the basic

0
reproductive number Ry, is calculated as the spectral radius of the matrix given by

0 0 pro(1-et)) (7 O 0
FV~! = 0 0 ﬁTOE—dIEA 0 —01 0
0 —-N_ _1
00 0 C+pI0  C+pI0
NpTO(1-¢"IE%)  p10(1-¢"IE")
- BTO+C BTO+C
= NﬁTogﬁlEA 5T08*515A
T BTO+C BTO+C
0 0 0

Therefore, the basic reproductive number Ry is given by

_ NBAe it

07 Cuo+pA- 12

Now, the endemic equilibrium point of a model is its steady-state solutions in the
presence of infection or disease, for which it must be considered I > 0,1 > 0, V > 0 and
T > 0 in the system (11.) Then P* will be of the form P* = (If, I*,V*,T*). In this case,
from the system (11) the following equalities are obtained

. BT VF(1—e Y
p=r-—" 7

13
" (13)
*17% 01 A
= PV (14)
o
I = g, (CH+BT): (15)
A
TF= ———. 16
BV + 1o (16)
Replacing (16) in (14) and (15), is obtains
. BAVEeEAyr ( BA >
r=C"2° " 2 (cy+_ P2 ) 17
S1(BV* +po)  Né BV* + 1o )
Then
NBAe %D
o Npae e —cpo—pa (PPN g !
V= = (18)
CB Cp
Thus, if Ry > 1, then NﬁAef’SIEA — Cpo — BA > 0. Hence, we can write V* as
Cp
Next, we replace (18) in (17) to get
= NﬁAe*&EA —Cpo—BA _ (Cpo+ BA)(Ro — 1) 20)

5B EA (Ne %e® — 1) §;pe’e® (Ne 92 — 1)
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Now, substituting (18) in (16) one gets

. AC
T = Chot BARo—1) 1 Cro @

Finally, we replace (18) and (21) in (13) to obtain

(NBAe e —Cug— BA) (¢ = 1) (Cpro + BA) (Ro —1) (¢ —1)

It = = (22)
61/36‘5’EA (Nef‘s’EA - 1) élﬁe‘s’EA <N€76’EA - 1)
, , NBAe %
Note that Iz > 0, I* >0, V* > 0and T* > Oif only if Ry = ————— > 1. Thus,
Cuo + BA
NE_&EA > M > 1.

BA

3.2. Local Stability of the Equilibrium Points

Theorem 3. The disease-free equilibrium point P of the system (6) is locally asymptotically stable
ifRo < 1.

Proof. The eigenvalues of the Jacobian matrix of system (6) evaluated at point P?, are given
as the roots of polynomial

BA

/\2+<51+C+>A+<51C+ =0.

(=01 = A)(=po = A)

Ho Ho Mo

SipA ﬁe‘”sAN{s,A>

Therefore, the first two eigenvalues of the Jacobian matrix evaluated at PO are M=
—or < 0and Ay, = —po < 0.
Next, since Ry < 1 then the coefficients of equation

A+ (51+C+€TA>A+i—l(C;¢0+ﬁA)(1fRo) =0, (23)
0 0

are positives. Thus, since there is no sign change between its terms, and by Descartes’ sign
rule it is concluded that Equation (23) does not have positive roots. Now, if A is replaced
by —A in (23) then

AZ—<a,+c+@>)l+ﬁ(cﬂﬁﬁ/\)u—m)=o. (24)
Ho Ho

Thus, if Ry < 1 Equation (24) has two sign changes in its terms, and by Descartes’ sign
rule it is concluded that there are exactly two negative roots in Equation (23). Therefore,

PO = (O, 0,0, %) is locally asymptotically stable if Rg < 1. [
0

Theorem 4. The P* endemic point of the system (6) is locally asymptotically stable if Ro > 1.
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Proof. We note that R; = Ne = — 1 > 0. Thus, the characteristic equation is given by

Ce %12 BARje Ot

5 — AN
or—A R c Hoe E
C AR
(=01, —A)| Né; —C—R—l—/\ yo—ﬁcl =0
C BAR;
—— — —A
0 Ry C
Therefore, the first eigenvalue of the Jacobian matrix will be Ay = —4;, < 0, and the
other, are the roots of polynomial
AR O1BAR C
A%+ (5 +c+ R & c 1))@ + (% + BAR; + “°)A+5,(cm+ﬁ/\)(no —1)=0. (25)

If Ry > 1 all the coefficients of Equation (25) are positive, i.e., there is no sign change
between their terms, and by Descartes’s sign rule it is concluded that there are no positive
roots. Now if A is replaced by —A in (25) it gives us that

BAR,
C
Then, if Ry > 1 the polynomial (26) has three sign changes between its terms,

and by Descartes’s sign rule it is concluded that there are exactly three negative roots
of Equation (25). Thus, P* is locally asymptotically stable if Ro > 1. [

51BAR C
—)\3+<51+C+—+ )/\27< Iﬁc 1+/3AR1+%>A+(51(Cyg+ﬁA)(Rofl):0 (26)
1

3.3. Global Stability Analysis of the Mathematical Model

Since the variable Ir does not appear in the other three equations, without loss of
generality we will only consider the following three-dimensional system,

d;i(:) = BT(t—A)V(t— A)e e — 5,1(¢)
d%t) = NojI(t) — (C+ BT (1)) V(t) @7)
dT(t)

= A= BT(OV() — wT(1).

To analyze the global stability of the equilibrium points of the system (27), we use the
method of the Lyapunov’s functions, and we will use the Volterra function

Gx)=x—1-Inx (28)

for x > 0, which is no negative for any x > 0 and G(x) = 0 if and only if x = 1.

Theorem 5. If Ry < 1 then the disease-free equilibrium point Py = <0, 0, %) of system (27) is
globally asymptotically stable.

Proof. We define the Lyapunov functional
_ —ophgos( T() 1
V(t) = e~k TG( ) VB +1 / BT(t—8)V(t — 8) de.

Now, calculating the time derivative of V(t) along the solution of model (27), one
gets that
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av(t)  _ . T(t) —TOdT(t) 1dV(t) dI(t) o d
i e T() dt N dat  dt et /ﬁTt— V(t—6)do
2
=- ﬂoe’é’EA% — e EBBT(H)V (1) + e TEL BV (1) T + 8,1 (¢) — %V(t) ﬁT(f)V(t)
+ ,BT(t — A)V(t — A)g*JIEA o 5110) 7 ‘BT(t o A)V(t - A)e"”EA o (511(t) 1 ei‘leAﬂT(t)V(t)
_ 70)2
<- }log_&EA% 4 %(RO —-1).
av(t)

Thus,
the infection-free equilibrium Ey is globally asymptotically stable. [J

< 0when Ry < 1. Therefore, by Lyapunov-LaSalle Invariance Principle,

4. Design of a NSFD Scheme for the Mathematical Model

The use of differential equations in the modeling of the transmission of infectious
diseases has represented a versatile tool to understand better the dynamics of a variety of
infectious diseases [7,59,60,74-76]. Mathematical models based on differential equations
have been useful to study how to reduce the burden of infectious diseases. The models
allow the determination of optimal controls and estimate the impact of a variety of virus on
the disease dynamics [67,75,77]. One advantage of mathematical models is that different
simulations can be performed, and this allows us to analyze different main driven factors
of epidemics under a variety of complex scenarios [8,11,59]. However, there are no general
formulas that allow the obtaining of precise analytical solutions for many differential
equation systems. These solutions exist only occasionally and are often difficult to find,
so good approximations are necessary that preserve the qualitative properties of said
solution, for which numerical methods have been used, see [24,25,31,48-50,78-83].

Discrete epidemic models generated by numerical methods contain additional param-
eters to those that already exist in differential equations, such as the time and space steps.
Variations in these additional parameters can generate solutions to the discrete equations
that do not correspond to any solution of the original differential equations, producing ficti-
tious bifurcations, artificial chaos, spurious solutions, and false stable states [24-26,45,83,84].
Therefore, we must choose numerical discrete schemes that guarantee the qualitative prop-
erties of the mathematical models. There are several methods that can be used to obtain
accurate solutions. For instance, the Richardson extrapolation on uniform and nonuniform
grids or NSFD schemes have been used for that end [45,85-90] .

Another, important aspect where a robust numerical method plays an important role is
when solving inverse problems to estimate the parameters of the model [48,51,56,57,91,92].
Thus, for mathematical models of a variety of virus is of paramount importance to have
a robust and efficient numerical method for solving the differential equations [25,49,51].
Usually, when a differential equation is solved numerically a certain tolerance is prescribed
and this has an impact in the success in estimating the parameters [48,49,93,94]. In this
paper, we deal with a mathematical model that is based on system of differential equations
with discrete time delay [17,32,60,72,95-97]. There are different numerical methods to
deal with this type of equations, and some are analogous to the ones used for ordinary
differential equations but with additional issues [50,98-102]. One particular numerical
method that we are interested in is by using NSFD schemes to guarantee some properties
of the continuous mathematical model. Some previous works using this methodology have
been developed for linear and nonlinear delay differential equations [103-107].

For the construction of a discrete numerical scheme that allows us to efficiently
approximate the solutions of the system (6), we use the methodology proposed by Ronald

10
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Mickens, see [24-27]. In that order of ideas, for the discrete approximation of the time
derivative of a function X(t) € C'(R), we define the non-standard derivative as
dyX(t)  X(t+h)—X(t)

i o (i) +O(h), (29)

where ¢(h) is a real positive valued function that satisfies ¢ () = h + O(h?), and N is to
denote the non-standard derivative.

Although there is no general algorithm for constructing an NSFD schema that ap-
proximates the solutions of a given system of differential equations, the following general
rules are often useful to correctly design these schemes.

Rule 1. The discrete derivatives in a numerical scheme must be of the same orders as the
continuous derivatives that appear in the differential equation.

Rule 2. Discrete derivatives may have non-trivial denominators.

Rule 3. Nonlinear terms that appear in differential equations must have non-local repre-
sentations.

Rule 4. The numerical solution must preserve all the special conditions that hold for the
solutions of the corresponding differential equations.

Rule 5. The scheme must not introduce unnecessary or false solutions, i.e., convergence to
false steady states.

Let us denote by I, I", V" and T" the approximations of Ir(nh), I(nh), V(nh) and

T (nh), respectively, for n = 0,1,2..., and for & size step in time of the scheme. The value of

IE'H forn =0,1,---,is calculated using Equation (8) and a quadrature formula. For this

case, we use

IE-H — o O A1)k {IE + mTlh <ﬁT”+1Vn+1e‘SIEA(n+1)h + ﬁT”+1_ml Vn+l—mlez$1EA(n+1—m1)h)}, (30)
with A = myh.
Next, we make the following non-local approximations of the terms on the right side
of the system (27)
BTV — pT'V |
—BT(t—=A)V(t—A)e oA _ﬁTnfmﬁrl oA
=0 I(t) — —op I
—51[(t) - _51171+l 1)
N&I(t) — NIt
—(CHPTM)V(H) — —(C+pT")V"*!
—BT(HV(t) — —pT" V"
~HoT() = —poT™]

Then, we approximate the derivatives on the left side of the system (27) as follows

dNI(t) Ml n
d {d/t( ) Vn(g»(lh) yn
NVt -
2
dt o(h) 2
dNT(t) T+l _n
dt ¢(h)

11
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Consequently, the system (27) can be discretized as an implicit NSFD scheme given by

n+1 _ Tn
T q)(h)T —A— /STnJern _ ‘uOTn+1,
In+l =" n—my+1ym—my ,—0r. A n+1
Ty S RTTTVITeeR = ar (33)
Vn+1 —yn
(P(h) _ N(S[In+1 _ Cvfl+l _ IBTnVn+1.

And the explicit form is given by

et QWAL
T+ () (BV" + po)’
P ) A (34)
1+ ¢(h)dr ’
et _ QNG 4 v
1+ (h)(C+ BT’

where m; = A € N. The initial conditions of scheme (34) are given by

I
T =g, Vi=gl,j=—my,—m+1,--- 0.

The positivity of scheme (34) is trivially satisfied, since for n > 0it holds that T", I", V"
are positive.

Theorem 6. Let (T",I", V") be a solution of system (34). Then is uniformly bounded for all
n > 0.

Proof. From the first equation of scheme (33), one gets that

Tn+1 —T"
@(h)

When n — oo and since (1) = h + O(h?), then ¢(h) coincide with 0 in the limit as

—A— ‘BTW+1vn _ MOTVH—l <A-— ]'{DT;H—l'

A
h — 0. This implies that limsup T" < —.
n—co Ho

Next, let W = T~ 4 %[, From first and second equation of system (33),
one obtains

Wn+l ViV B Tn7m1+l _ n—m 5IFAIn+1 _

_ T [ OTn7m1+l _ (51651EAI"+1
9 o() 0 .
SA _ dW”+1,
) ) A ) Ae 0
where d = min{o, d;}. Thus, limsup W" < —. Therefore, limsup I" < . Then,
n—00 d n—00 d
AeitleA

give € > 0 we can choose a M € N such that I" <

7 + € for n > M. Using the last

equation of (33) it is concluded that

Vn+1 _yn
¢(h)

AeiéIEA

< N I'" —cyrtl < N51< + e> —cyntt

12



Mathematics 2021, 9, 257

. Noy [ Ae %" . .
forn > M+ 1. Then limsup V" < < F + €|, and as is for all € > 0 it fol-
n—oo
No; Ae Ot

lows that lirr? _?ol:p vr < < 7

Equation (27) it follows that I} is bounded. O

. This completes the proof. Moreover, from

4.1. Equilibrium Points of the NSFD Numerical Scheme

The equilibrium points of the scheme (34) are given by analyzing the behavior of
system when 1 approaches to infinity. Thus, after a few calculations we find that

I = q)(h)ﬁT*V*e*‘SIEA +1I*

1+ (P(h)§[ (35)
v« @(h)NoI* +v*
T T+ 9(W)(C+pT)
. p(A+T"

T 1+ () (BVF + o)

Note that the equations of the scheme (35) correspond to Equations (14)—(16). Thus,
the critical points of the discrete scheme will coincide in the limit 1 — 0, with those of the
continuous model.

4.2. Local Stability of the NSFD Numerical Scheme

For the study of the local stability of the critical points of the numerical scheme (34) it
is necessary to use the following lemma:

Lemma 1. The roots of the quadratic polynomial A> — a1 A + ay = 0, satisfy |A;| < 1fori=1,2
if and only if the following conditions hold:

i 1-— a) +ax; > 0,

ii. 1+a;+a >0,

iii. ap <1

Proof. See[7]. [

Theorem 7. The disease-free equilibrium point Py = (0, 0, P%) of the scheme (34) is locally
asymptotically stable if Ro < 1.

Proof. Calculating the eigenvalues of the Jacobian matrix of the system (34) at the disease-
free point, we obtain the following characteristic polynomial

S g(h)pe e A
(; _ A) 1+ 9(h)s; po(1+ (s | _ .
1+ @(h)po HohNop Ho

—-A
uo + pohC +hBA  pg + pohC + hpA
Thus, the first eigenvalue is

1
M=—--—<1
T 1+ p(h)uo

The other two eigenvalues, are the roots of quadratic polynomial

_ 2 —or A
22 <1 n }40>)\Jr po = ¢(h)*OiNpAe e 36)

P aq Hopq '

13
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where p = 1+ ¢(h)é; > 0and g = po + pop(h)C + ¢(h)BA. Next, let a; = % + % and

o _ Ho— @(h)?6NpAe"E"
? Hopq

1. If1> Ry, it follows that ¢(/1)26;(Co + BA) > @(h)25;NBAe °=®, Thus,

. We have the following affirmations.

51(po + pohC + hBA) > pod; + @(h)6;NBAe E? —
(14 ¢(h)31)g > g+ @(h)uod; + @(1)*6 NBAe I =
pa+ po > 4+ @(M)od; + p(h)*6 NPAe 1™ + g =
pq+ o > g+ @(h)26NBAe E® + pug —

Pooq Pq

Therefore, one gets that 1 4 a; > a;.

2. Since a; > 0, it is sufficient to prove that 1 + a, > 0. By hypothesis 1 > Ry, then

po + 9+ @)oo + @(h)281 (oC + BA) > @(h)261(oC + BA) > p(h)?*6;NPAe ™.

Accordingly

Mo+ q+ @(1)31(Ho + po@()C + () BA) > @(h)*6NBAe > =
o +q+ @(h)s19 > @(h)26NBAe *Ed —
po+ (1+ @()d1)g > p(h)*6;NPAe " <=
14 Fo = @(n)?5NpAC e
pq

h)
h)

>0

3. Given that

pto — ()26 NBAe Y < g + pop(h)C + p(h)BA + p(h)é1q,

then

_ 20,01, A
to—¢(h)°pe "ETANG
Pq
thatisap < 1.

Next, by virtue of Lemma 1 we have that the eigenvalues of the Jacobian matrix of the
system (35) evaluated at Py satisfy [A;| < 1. for i = 1,2. Then P is locally asymptotically
stable if Rg < 1. [

4.3. Global Stability of the NSFD Numerical Scheme

Several authors have used discrete Lyapunov functions to study the global behav-
ior of numerical solutions generated by non-standard finite difference schemes (NSFD),
see [19,106-110]. For the study of the global stability of the critical points of the numerical
scheme (34) it is necessary to use the Lyapunov functions and Equation (28).

Theorem 8. The disease-free equilibrium point Py = (0, 0, %) of the scheme (34) is globally
asymptotically stable if Rg < 1.

14
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Proof. Let the following Lyapunov function be
0o L) 4 et pro( L 4 (h) v
L § 70 ﬁ c ¢ ni:l ﬂTH—lVi (37)
= + .
q)(h) i=n—my

Using the inequality Inz < z — 1, the difference of £" in (37) satisfies

£n+1 Ln< TnJrl*TO n+1lyn n+1
o< T ) (A TV - )

+ e&jEA <ﬁTn7m1+1 anmlgfélEA _ 511n+1)

0
4 % (N(SIIVI+1 _ Cvn+1 _ ,BT"V”+1) 4 /STO(VH+1 _ V?I)
+ ﬁTnJrl v ﬁTnfmﬁrl yn-m

Tn+1 _ TO N
< —po—rr— — €O (1= Ry).
It follows that £"T1 — £" < 0forall n < 0if Ry < 1. This means that £" is monotone
decreasing sequence and since £" > 0 for n > 0 then there exists a limit, i.e., lijn L >0.
n—oo
Hence lgn (E”“ — L") = 0, which implies that li_r>n T =109, 1511 I'" =0, and from (34)
n 00 n o0 n {eo)
lim V" = 0. By the previous analysis, we conclude that P is globally asymptotically stable

n—00

for scheme (34). O

5. Numerical Simulations Using the NSFD Scheme

In this section, we present some numerical solutions of the mathematical model of
HIV. To carry out the simulations we use the constructed NSFD numerical scheme (34).
We choose the parameter values based on existing experimental data and previous model
studies, see [54,106,111,112]. The values of these parameters are given in Tables 1 and 2.
For the first case we choose values such Ry < 1 and for the second we have the case
Ro > 1.

Table 1. Parameter values for the numerical simulations when Ry < 1.

Parameters Value
B 4.8 x 107° mm3day !
C 3 mm? day !
A 2.3 day™!
5 0.24 day !
o1, 0.05 day~!
Ho 0.0046 day !
A 0.4 day
N 500
Vo 1 mm3
To 100 mm 3
Ig, 0
Iy 0

15
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Table 2. Parameter values for the numerical simulations when R > 1.

Parameters Value
B 4.8 x 107® mm3day !
C 2.4 mm3 day~!
A 23 day~!
5 0.2 day !
S 0.05 day !
Ho 0.0046 day—!
A 0.4 day
N 500
Vo 1 mm3
Ty 100 mm 3
Ig, 1
Iy 1

For the numerical simulations we use a small step size, i = 0.001. For the discrete
derivatives given in system (33), we have many options for the denominator function
@. We have chosen ¢(h) = (1 —exp(—hp))/p, where p = max{A, A, o, 0,61, } are
parameters of the model and included in the numerical scheme (33). This particular ¢
usually provides better numerical results based on previous articles related to NSFD
schemes [113,114]. In addition, this option satisfies the asymptotic relation ¢(h) = h +
O(h?), and Rule 1. We performed numerical simulations to show that the solutions obtained
by the proposed NSFD scheme and the well-known MATLAB routine dde23 agree. A great
advantage of the proposed NSFD numerical scheme (34) is that the computation time is
smaller. For the first case, the numerical solution using the NSFD scheme is obtained in
approximately 0.083992 s, while the dde23 routine spent 2.573003 s. For the second case,
the numerical solution using the NSFD scheme is obtained in approximately 0.176461 s,
while the routine dde23 spent 11.181812 s. The results obtained are shown in Figures 2 and
3 respectively. It can be seen that the numerical solution of the proposed NSFD numerical
scheme (34) and the one obtained by means of the routine dde23 agree.
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Figure 2. Simulation NSFD versus dde23 when Ry < 1.
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Figure 3. Simulation NSFD versus dde23 when Ry > 1.

6. Conclusions

We proposed a mathematical model based on a set of delay differential equations that
describe intracellular HIV infection. The model considers three different subpopulations
of cells and the HIV virus. The mathematical model is formulated in such a way that
takes into account the time between viral entry into a target cell and the production of
new virions. Moreover, this time is included using a discrete time delay. We analyzed
the local stability of the infection-free and endemic equilibrium states. By using a suitable
Lyapunov functional and the LaSalle invariant principle, it is proved that if the basic re-
production ratio is less than unity, the infection-free equilibrium is globally asymptotically
stable. In addition, we designed a non-standard difference scheme that preserves some
properties of the continuous model. We prove that the constructed NSFD scheme has the
same equilibrium points of the continuous model, and the disease-free equilibrium holds
the same stability properties. As required by the constraints of the real phenomena, the
solutions given by the numerical scheme satisfy positivity and boundedness. The numer-
ical simulations corroborate that the developed NSFD numerical scheme preserves the
properties of the continuous model and presents a robust behavior when working with a
variety of parameter values.
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Abstract: In this paper, we study the nonlocal dynamics of a system of delay differential equations
with large parameters. This system simulates coupled generators with delayed feedback. Using the
method of steps, we construct asymptotics of solutions. By these asymptotics, we construct a special
finite-dimensional map. This map helps us to determine the structure of solutions. We study the
dependence of solutions on the coupling parameter and show that the dynamics of the system is
significantly different in the case of positive coupling and in the case of negative coupling.
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1. Introduction

Consider equation
i(t) = —vu(t) + AF(u(t —T)), 1)

where u is a scalar function, parameters v, T, and A are positive, F(u) is some nonlinear compactly
supported function. This equation is a mathematical model in problems of radiophysics and biology.
It simulates a generator with nonlinear delayed feedback with a first-order RC low-pass filter
(see, for example, [1-3]). Such generators are used in the manufacture of sonars, noise radars,
and D-amplifiers [2]. Equation (1) models a biological process where the single state variable u
decays with a rate v proportional to u in the present and is produced with a rate dependent on the
value of 1 some time in the past [4]. Such processes arise in a variety of problems in various areas
in biology (see Table 1 and references in [4]). In addition, the dynamics of Equation (1) is of general
scientific interest [5-13]. The authors find complicated periodic solutions [5-7] and chaos [8] in this
model in the case of “step-like” nonlinearity. In Ref. [9], authors study properties of solutions and
find a global attractor of model (1) with delayed positive feedback and in the paper [10] existence
and stability of relaxation cycle of the multidimensional system (1) in the case of large A is studied.
In Refs. [11-13], the authors study properties of solutions of normalized Equation (1) (parameters
v = A = 1) in the case of sufficiently large T (T > 1). They deal with equation

eu(t) = —u(t) + f(u(t - 1)), 2

where ¢ = 1/T and study how the dynamics of this equation when ¢ is small (when T is large in (1)) is
related with dynamics of this equation in the case ¢ = 0.
In this paper, we deal with a system of two coupled normalized (v = 1) equations of the form (1)
i+ 1y = AF(up (¢ =T)) +7(uz — u),
. _ ®
iy +uy = AF(up(t = T)) +7(u1 — u2).
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Here, delay time T is a positive constant, a nonlinear sufficiently smooth function F(u) is
compactly supported:

Py {70 W<y
0, |ul>p,

where p is some positive constant.
We assume that function f(u) on the segment u € [—p, p| satisfies the conditions:

flp)=f(=p) =0;

f(u) # 0 except for a finite number of points; 4)
if f(u*) =0, then f'(u*) #0or f""(u*) #0.
and that coefficient A is large enough: A > 1.

This model simulates two coupled D-amplifiers or two noise-radars with a large amount of
feedback. If coupling parameter <y is asymptotically small at A — 400, then exponentially orbitally
stable relaxation cycles coexist in model (3) (see [14,15]). Now, we are interested in nonlocal dynamics
of this model in the case <y is some nonzero constant and we study how the dynamic properties of the
system differ in the cases of positive and negative coupling.

The paper is organized as follows. In Section 2, we introduce some set of initial conditions and
integrating by steps system (3) under some non-degeneracy conditions we construct solutions with
initial conditions from the chosen set. By formulas of solution, we obtain the operator of translation
along the trajectories IT and map describing dynamics of this operator. Using this map, we clarify
asymptotics of solutions of system (3) in the case y > 0 in Section 3 and in the case -y < 0 in Section 4.
In Section 5, as an example, we consider a narrower class of functions f and prove that asymptotic
formulas of solution given in Sections 2—4 are valid for a wide set of initial conditions (for all initial
conditions from this set, non-degeneracy conditions hold) and prove the existence of relaxation cycles
in system (3). We show that the dynamics of system (3) is significantly different in the case of positive
and negative coupling in Section 6 and, in Section 7, we draw conclusions.

2. Constructing the Asymptotics of Solutions

Let’s find relaxation solutions of (3) and study the dynamics of this system. For this
purpose, we consider initial conditions (uy(s),ux(s))T € Cl-10) (R?) outside of the strip
luj(s)] < p (s € [-T,0],j = 1,2) and construct asymptotics of all solutions of system (3) for this set of
initial conditions.

Due to the choice of initial conditions on the segment ¢ € [0, T], system (3) has the form

©)

iy +up = y(up —uq),
1y +up = y(up — up).

Moreover, system (3) has form (5) until at least one of the components of the solution comes into
the strip |u j\ < p. Thus, for t > 0, until at least one of the components of the solution of system (3) for
the first time comes into the strip |u;| < p, a solution of system (3) has form

(11(0) — up(0))e~ (1211
(17 (0) — 12(0))e~ (1+27)E,

uy(t)

i (t) (6)

NN =
—
=
fly
—
(=]
=
+
= =
—~
(=]
=
—
2y
L
I
ST,

It follows from (6) that, in the case v < — %, there exist solutions of system (3) tending to infinity,
and, in the case v = — %, there exist solutions of system (3) tending to a constant at t — +o0. We are
interested in relaxation solutions, which is why we assume further that y > f%,
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Ify > f%, then at least one component of a solution eventually comes into the strip [u;| < p
(j =1or?2). Let t; > 0 be the first time moment such that some component of the solution (we denote
it as u;) gets inside the strip |u;(t)| < p:

lur(s+t)| >p, |ua(s+t)| > pforse[-T,0), (7)
luj(t1)] = p and |u;(t)] < pif ty < t < t; + 5 (where § > 0 is some constant and

i equals 1 or 2). Then,
ui(ty) =kp, uz_i(t) = xp, ®)

where k denotes the sign of u;(t;) (parameter k takes values —1 or 1) and x is some value such
that [x| > 1. We denote the set of pairs of initial functions (u1(s), ua(s))" € Cj_1 o (R?) satisfying
conditions (7) and (8) as IC(i, k, x).

We will integrate system (3) using a method of steps. It follows from (7) that, on the first step
(time segment t € [t1,t; + T]), system (3) has form (5) and the solution has a form

wi(t) = ERR—(-n)  E0p—(1420)(t-h),
upi(t) = UEDRe—(mn) 4 KP4 (-n), ©

Since function u; is inside the strip |u;| < p for t € [t1,t; + 6], then, for t € [t; + T, t; + 2T,
we have that F(u;(t — T)) is not identically equal to 0. In addition, F(u3_;(t — T)) may be identically
equal to 0 or not (it depends on value of x). Then, on the second step (t € [t; + T, t; + 2T]), we consider
system (3) as an inhomogeneous system of ordinary differential equations (here functions F(u;(t — T))
and F(us_;(t — T)) are known from the previous step and we consider them as inhomogeneity). Thus,
the following formula for solution of system (3) holds:

ui(t) = @ew—m n @67(1%7)(#&) +AA(Kk %t 1),

10
(1) = S0P (-1 | BRI (+20)t0) A B(k 2,1, 1), (10)

where

t
Alk,x )= [ (EH +e(1+27)(sft)) r (metﬁps + we(lJrZ'y)(tﬁrT—s)) ds
T+t

+ j’ (es—t _ e(1+27)(57r)> F ((kJrzx)PetlJrT—s + (X;k)Pe(lJer)(tﬁTfs)) ds,
Tih

t
B(kx,t,t;) = [ (EH _ e(1+27)(s4)) F ((k+2x>pet1+Tfs + (k*Z'Y)Pe(1+27)(t1+T75)) ds
T+t

+ ff <€s—t +e(1+27)(s—t)> F ((kJrZX)Pet1+T—s + (X*Zk)Pe(1+2'y)(t1+T—s)) ds.
T4y

Let’s introduce the following conditions on the functions A and B:

Assumption 1. Number of points t* € [t; + T, t1 + 2T for which A(k, x,t*,t1) = 0 (B(k,x, t*,t1) = 0) is

j
finite. If A(k,x,t*,t1) = 0 (B(k,x,t*,t1) = 0), then there exists j € N such that YAk xth) A(ké;’ f, tl)‘ £0
t=t*
I B(k,x,t,t1) )
T‘t:t* # 0, respectively).

Assumption 2. Inequality A(k,x,t1 +2T,t1)B(k,x,t; + 2T, 1) # 0 holds.
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Under Assumption 2, we obtain that

ui(tl +2T) = %(A(k X, tl +2T tl) +0(1)>,

11
Us_i(h +2T) = 2( (k,x,t; + 2T, t1)+0(1)> an

at A — +oo and that both functions u;(t) and u3_;(t) at the point t = t; + 2T are outside of the strip
[uj] < p.

Lemma 1. If Assumptions 1 and 2 hold, then on the segment t € [t; + 2T, t; + 3T| functions u;(t) and
uz_;(t) have the form

ui(t) = 2(A(k, x,2T + t1,t1) + B(k, x,2T + 1, t1) +0(1))e~ =1 =2T)
+4(A(k,x,2T + t1,t1) — B(k,x,2T + t1, 1) + o(1) e~ (1+20) (=1 =2T), 12)
3-i(t) = 3(A(k,x,2T + t1,t1) + B(k,x,2T + t1,t1) + o(1) )e~ (=01~ 1)
%(A k,x,2T + t1,t1) — B(k, x,2T + t1, 1) + 0(1))e~ A1+27) (=01 -2T)

Proof. Let t € [t; +2T,t; + 3T]. On this segment, we consider system (3) as a system of
inhomogeneous linear ordinary differential equations (on this time segment we consider known
functions AF(u;(t — T)) and AF(u3_;(t — T)) as inhomogeneity). Therefore, a solution of this
system on the time segment t € [t; + 2T, t; + 3T] has the form of a sum of particular integral (PI)
and complementary function (CFE, solution of linear part of system (3)-system (5)) with constants
determined from the initial conditions (11):

ui(t) = i, (£) + 1z, (1),
us—i(t) = u_j, (1) tug_p,, ()

Let’s find asymptotics of particular integral of this system at A — +oc0. A particular integral of
the system (3) on the time segment t € [t; + 2T, t; + 3T] has the form

N>

t
f &5t 4 o(1H27) (s~ t))F(ui(s —T)) + (et — e(1+27)(s’t))13(u3—i(5 —T))ds,
2T (13)

t
UGz, ( =24 [ (7t =20V F(uy(s — T)) + (5 + eI T2V F(uz_i(s — T))ds.
t+2T

”1171

Suppose a particular integral (13) is non-zero. This integral on some segment is non-zero only
if functions F(u;(s — T)) or F(us_;(s — T)) are non-zero on this segment. Function F(u;(t — T))
(F(us—i(t — T))) is non-zero only if |u;(t — T)| < p (juz_i(t —T)| < p). For sufficiently large
values of A this condition holds only if A(k,x,t — T,t;) (B(k,x,t — T,t1) respectively) is in the
neighborhood of zero. Function A(k,x,-,t1) (B(k,x,-, t1)) is continuous; consequently, there exists
point t* € [t; + T, t; + 2T] such that A(k, x, t*,t1) = 0 (B(k, x, t*, 1) = 0, respectively).

Consider the point t* € [t; + T, t; +2T] such that A(k, x, t*, 1) = 0. It follows from Assumption 1

j
that there exist j € N such that M

Consequently, it follows from (10) that, in the n;ighborhood of t*, we have

__ # 0. Let g be the minimum from these numbers ;.

u(t—1) = & *'Zx)Pf(rforl) 4 (K —zx)Pf(sz)(thftl)
A DAk x, 1) (=T )
(T o) a9
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Let’s estimate “time of living” At* of function u;(t — T) in the strip |u;] < p in the neighborhood of
the point f — T = t* (“time of living” means here length of the maximal interval of values ¢ such that t*
belongs to this segment and inequality |u;(¢)| < p is true for all points ¢ from this segment). From (14),
under the condition that A is sufficiently large, we get that At* < Ml)f%, where My = M (k,x,7) is
some positive value. From Assumption 1, we know that number of points t* such that A(k, x, t*, 1) =0
is finite, which is why there exists Q = gyx—maximum from values g for all points t*. Then, on
the whole segment t — T € [t; + T, 11 + 2T] “time of living” Aty of function u;(t — T) in the strip
|ui] < p has estimate Aty < MpA™ Q, where My = Mj(k, x,7y) is some positive value. Similarly,
for function u3_;(t — T), we have estimate Aty < M3A7%, where M3 and P are some positive values.
Function F is bounded, which is why, for a particular integral (13), we have the following estimate:

max{P,0}-1 max(P,0}-1
iy ()] < MATROT, sy (5] < MA T,

where M is some positive value, t € [t + 2T, + 3T].

A solution of linear part of system (3) satisfying initial conditions (11) on this segment has form

Ui (1) = 3 (A(k,x,2T + t1,t1) + Bk, x,2T + t1,11) + o(1))e~ (=021
+4(A(k,x,2T + t1,t1) — B(k, x,2T + t1, 1) + 0(1))e~ 1+20) (=0 =2T),

u(37")CF (t) = %(A(k, x, 2T + 1, tl) + B(k, x, 2T + t, tl) + 0(1 )ei(titlizn
—4(A(k,x,2T + ty,t1) — Bk, x,2T + t1, 1) + 0(1))e~ (1+27)(t=01=2T),

Thus, a complementary function gives us the leading term of asymptotics of solution of system (3)
on the segment t € [ty + 2T, 1 + 3T] and thus a solution on this segment has form (12). [

Corollary 1. The leading term of asymptotics of solution of system (3) coincides with solution of system (5)
with initial conditions (11) on the segment t € [t; + 2T, t; + 3T].

Let’s study asymptotics of solutions of system (3) for values ¢ > t; + 3T. While both components
of solution are outside of the strip |u;| < p (j = 1,2), system (3) has form (5) and solution has form (12).
If some component of solution comes to the strip |u;| < p at the point t = fy > t; + 2T, then on
the next step t € [tg + T, ¢y + 2T] nonlinearity F is non-zero and the leading term of asymptotics of
solution may change. Whether it changes or not is determined by the values of the functions

Gx(t) = (A(k,x,2T 4 t1,t1) + B(k, x,2T + t1,t1))
+(A(k, x,2T + t1, 1) — Bk, x,2T + t1, 11 ) )e~ 21(t=1=2T)
in the neighborhood of the point ;.

Note that, in terms of functions G4 and G_ on the segment t € [t + 2T, fo], we have the following
representation of functions u; and u3_;:

() = %(cm) To(1))e (-2, (15)

i) = 4 (G- (1) + (1)) (-172) 16

There exists two principally different cases when function u;(t) (or u3_;(t)) comes into the strip
|uj] < patthe point t =t > t; + 2T:
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1. The second multiplier in Formula (15) or Formula (16) at some point from an asymptotically small
at A — 400 neighborhood of the point f = t; is equal to zero.

2. The second multiplier in Formulas (15) and (16) in some (independent from A) neighborhood of
the point t = fj is non-zero and the third multiplier is asymptotically small on A at A — +c0in
the neighborhood of the point f = t.

Note that, for some functions F and values of parameters k, x, and -y, Case 1 does not take place.
Suppose we have function F and values of parameters k, x, and -y such that this Case occurs. Then, we
have the following Lemma.

Lemma 2. Suppose sone component of solution comes into the strip |u;| < p at the point t = to > t; +2T
and Formula (12) is valid for the leading term of asymptotics of solution on the segment t € [ty + 2T, to). If there
exists a point from an asymptotically small at A — +oo neighborhood of the point t = t( such that the second
multiplier in (15) or (16) is equal to zero, then asymptotics of solution on the segment t € [tg + T, to + 2T] has
form (12).

Proof. First, note that, if the second multiplier in (15) or (16) is equal to zero at some point from the
small neighborhood of the point t = t,, then there exists value ¢, such that |t, — to| = 0(1) at A — +o0
and G4 (t:)G—(t«) = 0.

Each equation G4 (t) = 0 and G_(t) = 0 has at most one root and, if one equation has a root,
then another equation has no roots. This root does not depend on A, and it follows from Assumption 2
thatif G4 (t.) = 0 (G (t+) = 0), then G/, () # 0 (G"_(t«) # 0, respectively).

Assume without loss of generality that function u; comes into the strip |u;| < p at the point t = g
and G4 (t:) = 0. Acting like in the proof of Lemma 1, we obtain that “time of living” At. of function
u;(t) in the strip |u;| < p in the neighborhood of the point t = ¢, has estimate At, < constA~1. This is
why a particular integral of the system (3) on the segment t € [ty + T, ty + 2T] has estimate

[uip, (1) < consty,  [ug_yy, ()| < consty,
and a complementary function has estimate
|ticy (1) = constsA,  [u_j ,(t)] > constsd,

where consts > 0 and consty > 0.
Thus, on the segment t € [ty + T, to + 2T], Formula (12) is valid. [

For the further reasoning, we need a notation of the time moment of leaving the strip |u;| < p
in Case 1 (if this Case occurs). We denote it as fj,4.. It follows from Lemma 2 that tj,4, < t + T.
If Case 1 does not take place, then we define t;,,,, = t1 + 2T. Thus, there exists a constant M;; > 0
independent on A such that t},,,, < M; .

Lemma 2 implies the following statement.

Corollary 2. For all t > tioq,, both functions u;(t) and uz_;(t) are outside of the strip |u;| < p until
Case 2 occurs.

Let’s study Case 2 in more detail.
First, consider the case v > 0. If non-degeneracy condition

A(k,x,2T+t1,t1)+B(k,x,2T+t1,t1)7é0 (17)
holds, then there exist positive constants ¢, Cpax, such that

0 < Cin < |G (t) +0(1)] < cpax
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in some independent on A neighborhood of the point t = ty. Therefore, [Ae~(=1—2T)| < My at
A — 400, where M, is some positive constant. This is why

to—t = (1+0(1))InA (18)

at A — 4o0. In addition, in the neighborhood of the point t = t(, solution of system (3) has form

ui(t) = §(A(k,x,2T + t1,11) + B(k, x,2T + 1, t1) + 0(1) e~ (=1 =2T), (19)
u3,i(t) %( (k,x,2T+t1,t1)+B(k,x,2T+t1,t1)+o(1))e (=t = 2T
Consider the case —} < 7 < 0. If non-degeneracy condition
A(k,x,2T+t1,t])—B(k,x,2T+t1,t1)7é0 (20)

holds, then, for some positive constants d,,;,, and d 1,4, in some independent on A neighborhood of the
point t = ty, we have
0< dmin < ‘(Gi(t) + 0(1))62W(t7t172T>| < dMax-
Therefore, we obtain that [Ae~(1+21)(~6-2T)| < Mz at A — +oo, where Ms is some
positive constant. Consequently,
to—t = ((1+2y) " 40(1))InA (1)

at A — +o0 and in the neighborhood of the point t = tj solution of system (3) has form

ui(t) = %(A(k x,2T +t1,t1) — B(k, x,2T + t1,11) + 0(1))6_(1‘*'27)(’_“_”),

( (k,x,2T +t1, 1) — B(k,x,2T+t1,t1)+0(1))e’(1+27)(“t1*”). 22)

From Formulas (18) and (21), we get that ty — t;,00, > T. In addition, it follows from
Formulas (19) and (22) that if [u;(tg)| = p, then there exists § > 0 such that [u;(t)| < p for all
t € (to, to + 6). Thus, there exists t, (it is equal to ¢y from the Case 2), such that

1 1))InA
o4 (o), >0 o)
(1+29)" +0(1)InA, —% <7 <0,
[ur(s+t)| >p, |ua(s+ty)| > pforalls € [-T,0), (24)
and
u(tz) =kp, u3_(ta) = xp (25)
at A — +oo.

It follows from Lemmas 1 and 2, Corollaries 1 and 2 and from the reasoning given above that the
next statement is true.

Corollary 3. On the time segment t € [t + 2T, t5], a solution of system (3) has form (12).

It follows from Formulas (24) and (25) that we obtain an operator of translation along the
trajectories that map our set of initial conditions IC(i, k, x) to a set IC(7,k,%). Thus, at the point
t7, we return to the initial situation with replacement k, x, i, and t; by k, %, i, and t,. If we do the
same steps as in this section and in all the next iterations, Assumptions 1 and 2 and non-degeneracy
condition (17) in the case ¥ > 0 (non-degeneracy condition (20) in the case —3 l<y<o, respectively)
hold (with new values k = k;, x = x;, i = i, and replacing t; with f,, (n = 2 3,...)), then, from an
operator of translation along the trajectories, we obtain a map on iy, k;;, and x,. This map determines
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dynamics of the system (3) because on the segments ¢ € [t,, t,11] solution satisfies Formulas (9), (10)
amd (12) withi =1, k =k,, x = x,, 1 = ty.

In the next two sections, we construct an exact form of maps oni = iy, k = k, and x = x,, in the
case v > 0 (see Section 3) and in the case —% < v < 0 (see Section 4) and using dynamical properties
of these maps clarify asymptotics of solution on the intervals ¢ € [t,, t,1] (n =2,3,...).

3. Dynamics in the Case of the Positive Coupling

In this section, we construct a map on k;, x,;, and i, and make conclusions on dynamics of
system (3) in the case of positive coupling (y > 0).
Define C(n) and D(n) as

C(TZ) A(kn/ Xn, 2T + ty, tn) + B(kn/ Xn, 2T + ty, tn)/
D(”) = A(knz X, 2T + ty, tn) - B(kn/ X, 2T + ty, tn)/

where n € N. Suppose that
C(n) #0, (26)

((26) is condition (17) with k = k,, x = x,, t; = t;;) and Assumptions 1 and 2 hold for values k;, x,
and t, for all n € N. Then, acting like in Section 2, we get that in the case of positive coupling values
u;(tyo1) and us_;(t,+1) have form

ui(tn+l) = %(C(i’l) + 0(1))6_(t:x+l—tn—2T),
Uz i(tns1) = 2(C(n) + o(1))e~ 1=t =2T)

Thus, we obtain that, in the case v > 0, values f,, (n = 1,2,...) satisfy
tpp1 =t = (1+0(1))InA (27)

at A — +oo.
From (12) and (27), we get that the mapping on k;, x;, and i, has form

ky+1 = sign(C(n)),

o = {z sign(C(n)D(n)) = —1,
3—i, sign(C(n)D(n)) =1,

X1 = kny1 +O(A727)

(28)

at A — +oo.

It follows from (28) that we have k, — x, = o(1) for all n = 2,3,... under the condition that
Assumptions 1 and 2 and inequality (26) are fulfilled. Thus, starting from the second iteration
Assumption 1 should be satisfied for parameters k = k,,, x = k,, +0(1), and #; = t,,. Let’s formulate
this assumption for these values of parameters k, x, and t;. Functions A(ky, k, + 0(1),t,t,) and
B(ky, kn 4+ 0(1),t,t,) have form

t
Ak, kn +0(1),t,ty) = B(kp, kn +0(1),t,ty) +0(1) =2 [ &'F (knpet”‘*'T_s) ds+o(1).
T+t

In Assumption 1 value t € [t, + T, t, + 2T], so, for each n value, f=1t—t,isin the segment
[T, 2T]. Since

t i

/I s (knpef"+T_s) ds = / ST (knpeT_s) ds,
Tht, T
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then Assumption 1 for any n = 2,3, ... is the same (only k, may change, but it takes two values only).
Thus, if the following assumption holds, then Assumption 1 holds foralln = 2,3, ...

Assumption 3. Number of points t* € [T,2T) such that h(k,t*) = 0 is finite. If h(k,t*) = 0, then there
Ik, T)
ot =

exists j € N such that is non-zero. Here, k = 1 or —1 and

F
/S tP kPET S) S.
T

Under Assumption 3, the asymptotics of the solution has form

i, (1) = kpe (=8 - o(1),

s, (1) = kupe~ (=t 4 o(1) @9

on the time segments t € [t,, t, + T|, where n = 2,3,... ((29) is Formula (9) with i = i,, k = ky,
X =x, =k, +0(1), and t; = t,). On the segments ¢ € [t, + T, t, + 2T}, the main terms of asymptotics
of solution is given by the formula

uj, (1) = A(h(kn, t — ty) +0(1)),

uz—i, (1) = A(h(kn, t = ta) +0(1)) (30)

((30) is Formula (10) with i = iy, k = ky, x = x,, =k, + 0(1), and t; = ¢, where functions A and B are
rewritten in terms of function h).
We assume that the following non-degeneracy condition holds:

h(1,2T)h(—1,2T) # 0 @31

(the fulfillment of this inequality guarantees that the Assumption 2 and (26) are satisfied for all
n=23,...).
Then, on the segments, a t € [t, + 2T, t,,1] solution satisfies equalities

uj, (t) = ?\(h(kn,ZT) + o(]))e*(tftanT)’

(32)
s, (1) = A(h(kn,ZT) + o(l))e’(t’f"’zn.
at A — 400 ((32) is Formula (12) with i = iy, k = ky, x = x4 = ky + 0(1), and ; = t,,, where functions
A and B are rewritten in terms of function /).

Thus, we have the following theorem:

Theorem 1. Suppose v > 0 and for values of ky and x1 Assumptions 1, 2, and inequality (17) hold. Suppose
Assumption 3 and inequality (31) hold. Then, for any sufficiently large A > 0, there exists t; = t(k1,x1) > 0
such that for all t > t, solution of system (3) satisfies Formulas (29), (30), and (32).

In Figure 1, an example of a solution of system (3) in the case of y > 0 is shown.

Since F is smooth and x,,41 — k,+1 = O(A™27) at A — oo, then, in the case v > 1, we have the
following statement.
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Figure 1. Example of solution. Values of parameters: T = 1, v = 0.1, p = 1, A = 10,000.

Black line—uq (t), orange dashed line—u;(t).

Corollary 4. Suppose 7y > % and for values ky and x1 Assumptions 1 and 2 hold and inequality (17) is true.
Suppose Assumption 3 and inequality (31) are true. Then, for any sufficiently large A > 0, there exists
ta(k1,x1) > O such that for all t > ty inequality |uq(t) — up(t)| = o(1) is true.

4. Dynamics in the Case of Negative Coupling

In this section, we assume that —% < v < 0. We construct map on ky, x,;, and i, for these values
of ¢ and make conclusions about dynamics of system (3).
Suppose inequality
D(n) #0 (33)

and Assumptions 1 and 2 for values k;, x,,, and t, hold for all n € N. Then, like in Section 2, we obtain
that, in the case —1 < 7 < 0, values u;(t,+1) and u3_;(t,1) have the form

iltrsr) = 3(D(n) +0(1))e~ (121 twr—t0-21),
_i(tns1) = (=D(n) +0(1))e~ (142 (tra b2,

Thus, we obtain that, in the case of negative coupling,

1
tpar — bt = (m + o(l)) InA (34)
at A — 4-o0. It follows from (12) and (34) that the mapping on k;;, x;;, and i, has form
kot = {sign(D(n», sign(C(n)D(n)) = —1,
] =

—sign(D(n)), sign(C(n)D(n)) =1,

oy = {in, sign(C(n)D(n)) = —1, o)
3—iy, sign(C(n)D(n)) =1,

2
Xn+1 = _kn+1 +0 (Aﬁ> ’

at A — +oo.
Thus, under Assumptions 1, 2 and (33) on the n-th (wWhere n > 2) iteration of mapping, we have
kn 4+ xy = 0(1) at A — +c0. Thus, starting from the second iteration, Assumption 1 should be satisfied
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fork = ky, x = —k, +0(1), and t; = t,,. Let’s formulate this assumption for these values of parameters.
Functions A(ky,, —k, + o(1),t,t,) and B(ky, —kn 4+ 0(1),t, t,) have the form

t
A(kn, —ky, +0(1)/tl tn) _ f (es—t +€(1+27)(s—t)> F (knpe(1+2'y)(ty,+T—s)> ds
Tt

4 f —t _ 1+2'y)(s t)) F <7kﬂp€(1+2“’>(t”+T75)) ds +0(1)/
T+ty

t
B(ky, —kn +0(1),t,ty) = [ (es" — e(”z"*)(s’t)) F (knpe(”27>(t”+T’5)> ds
Tt

4 [ (ES tie (14279)(s— t)> )a (7knpe(l+27)(t,,+7"fs)> ds +O(1).
T+ty
Value t in Assumption 1 on the n-th iteration of steps described in Section 2 is in the segment
[ty + T, ty + 2T]; therefore, for each step value, f = t — t, is in the segment [T, 2T]. Note that

t‘

Tltn ( s—t 4 p(1+27)(s— t)) F (k (1427) (b +T— s)> s

+T+ft” < e(1+27)( )F( K pe(1+27) (tn+ T S)) ds
i

] ~ e _
_ 4‘ (es—t+e(1+2'y)(s t)) (k pe(l+2'y N(T—s )ds-i—f ( S p(14+27)(s— t)) F <_knp€(1+2'y)(T s)) ds

and

t
f St e(1+2'y)(sft)> F (knpe(1+27)(tn+Tfs)> ds
T+f,,

+T;ft” ( st 4 p(1427)(s— t)) F <7knpe(1+zy)(tnﬁ,s)> i

( o5 _ p(1427) (s~ )) r (knpe(lJrZ'y)(T—s)) ds+j (6577+e(1+2'y)(57?)) ( kype1+27)(T— )) ds.

“1%«-.

Thus, for eachn = 2,3,. .., Assumption 1 is the same (only k, may change). Thus, if the following
assumption holds, then Assumption 1 holds foralln =2,3,.. ..

Assumption 4. Number of points t* € [T, 2T| such that g1 (k, t*) = 0 (g2(k, t*) = 0) is finite. If g1 (k, t*) =
Igi(k F) (ajgz(k, f)
of = ofi

0 (g2(k, t*) = 0), then there exists j € N such that ‘ o respectively) is non-zero.
g

Here,k =1ork = —1and

~ f _
g2(k,F) T/ <es P p(1429)( )) F (kpe(l+27)(T s)) ds

T n —
+f (e e206-0) P (—kpe+20(T=9) s,
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Thus, under Assumption 4, the asymptotics of the solution has form

ui"(t) = knpef<1+27)<t*tn> + 0(1)’

us_i, (£) = _knpe—(1+2'y)(t—t,,) +o(1) (36)
on the segments t € [t,,t, + T] ((36) is Formula (9) with i = iy, k = ky, x = x, = —k, +0(1),
and #; = t,). On the segments, the t € [t, + T, t, + 2T] solution satisfies equalities

. A _
u;, (t) = 3 (gl(k,,,t tn) +o(1)>, o7

uz_, (t) = %(gz(kn,t —tn) + 0(1)>

((37) is Formula (10) with i = iy, k = kn, x = x, = —k + 0(1), and #; = t,,, where functions A and B
are rewritten in terms of functions ¢; and g»).
Suppose that the following non-degeneracy condition holds:

§1(1,2T)g1(~1,2T)g2(1,2T)ga(~1,2T) £ 0,
$1(1,2T) # §2(1,2T), 39)
g1(~1,2T) # g2(~1,2T),

(the fulfillment of these inequalities leads to fulfillment of Assumption 2 and inequality (33) for all
n = 2,3,...). Thus, under condition (38) on the segments t € [t, + 2T, t,,11], we have the following
asymptotics of solution:

u;, (t (f ( (k pe1+20)(T— 5)) +F (—k,,pe(HzV)(T’s))) ds +0(1)> efn—t

A0S ( o(1427)s (F (k pel1+27)( )) _r (—knpe(lJer)(T*S))) ds 1 0(1)> (1427 (tn=1)
2T (39)
Uz— 1,1 ([ e’ k npe (14+29)(T— S)> 4 F (,knpe(lJrZ’y)(Tfs))) d5+0(1)> etn—t
T

,% (! (1429)s (F (k pe(1+27)(T s)) —F (—knpe(uzv)(Tfs))) ds +0(1)> e(1+27) (ta—1)

((39) is Formula (12) with i = iy, k = ky, x = x, = —k, +0(1), and t; = t,, where functions A and B
are rewritten in terms of function F).
We obtain the following result on dynamics of system (3).

Theorem 2. Suppose —} < 7y < 0 and for values of ky and x; Assumptions 1, 2, and inequality (20) hold.
Suppose Assumption 4 and inequalities (38) hold. Then, for any sufficiently large A > 0, there exists
ty = ty(ky,x1) > O such that for all t > t, solution of system (3) satisfies Formulas (36), (37), and (39).

In Figure 2, an example of the solution in the case of —1 < v < 0 is shown.
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up, Uy

10000~

—10000-

—200001

Figure 2. Example of solution. Values of parameters: T = 0.9, v = —0.2, p = 1, A = 10,000.

Black line—uq (t), orange dashed line—u; (t).

5. Example
In this section, we show how method described in Sections 2—4 works in the case when function f

satisfies conditions (4) and inequality

uf(u) >0if0 < |ul <p (40)
and initial conditions satisfy inequalities
kx > 0ify >0, (41)

kx <0if —} <y <0

(here k and x are defined as in Section 2).
As in Section 2, we construct asymptotics of all solutions of system (3) with initial conditions

outside of the strip [u;| < p (j = 1,2) and satisfying inequality (41). Let t; and i be defined as in

Section 2. Then, the following lemmas hold.
Lemma 3. If initial conditions fulfill (41), then functions u;(t) and uz_;(t) do not change their signs on the
segment t € [t1,t1 + T) and for all t € [t, 1 + T| inequalities
u,-(t)u3,,-(t) >0 lf"y >0,
e 1 (42)
ui(t)u3,i(t) <0 lf —57 <7< 0

hold.
Proof. Consider the case k = 1. If ¥ > 0, then x > 1 > 0. For these values of k, x, and 7 system
of inequalities,

|k + x| > |x — k|,
{ (1) > o (H2)(E-h) (43)

holds. Since u;(t) and u3_;(t) have form (9), k + x > 0 and (43) holds, then we get that

Ll,‘(t) >0, Mgfj(t) >0 (44)
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ontheinterval t € [t;,t; + T]. If —1 < 4 < 0, then x < —1 < 0. This is why we obtain that

[k+ x| < |x—k|,
{ (1) < o~ (H2N(E-h)| (45)
It follows from (9), k — x > 0, and (45) that
Mi(t) >0, u3,,'(t) <0 (46)

on the interval t € [t1, 1 + T7.
Consider the case k = —1. If ¥ > 0, then x < —1 < 0. Then, from (9), k 4+ x < 0, and (43),
we obtain that
Mi(t) <0, u3,,'(l‘) <0 (47)

on the interval t € [t,t; + T]. In addition, in the case —% < v <0, we getthatx > 1 > 0and from (9),
k —x >0, and (45), we get
Ll,‘(t) <0, u3,1'(i) >0 (48)

on the interval t € [t,t; + T|.
It follows from (44), (46)—-(48) that inequalities (42) hold. [

Lemma 4. If function u;(t) comes into the strip |u;(t)| < p at the point t = tq, then (1) x satisfies inequality
x| < [141/7]|; 49)

(2) function u; is in the strip |u;(t)| < p forall t € (1, + T).

Proof. It follows from (9) that

ui(t) = _we*(f*h) -1+ 27)@6’(”2”’)“7“), (50)

therefore P '
+x —x
uj(h) = (S5 + (1 4+29)5p)

Consider the case k = 1. For k = 1 value, u;(#1) is equal to p. If this function comes into the strip
[u;j(t)| < p at the point t = t;, then derivative u(t;) is non-positive. For k = 1 inequality, u/(t;) < 0is
equivalent to 1+ > vx. It follows from condition (41) that yx > 0 in the case k = 1. Thus, in the
case k = 1, inequality (49) holds.

Consider the case k = —1. For k = —1 value u;(t;) = —p and if this function comes into the strip
[u;(t)] < p at the point t = t;, then derivative u}(t;) is non-negative. For k = —1 condition, u/(t;) > 0
is equivalent to inequality —1 — 7 < x. From (41), we get that yx < 0, so inequality (49) is true in
this case, too.

It follows from (41) and (49) that in the case v > 0 system of inequalities

kx| > (14 20)(x = ), -
e~ (t=h) 5 o= (1427)(t=t)
holds and in the case —1 < v < 0 system of inequalities
[k + x| < [(1+27)(x = k)|,
{ e (t-1) < p—(1429) (k1) (52)

is true on the interval t € (t1,t; + T
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Using (50)—(52), and (41), we obtain that

)< 0ifk=1,

ul(t
£ > 0ifk=—1

1
ul( (53)
on the interval t € (t1,t; + T]. Combining (44), (46)—(48) with (53), we get that function u;(t) is in the
strip |u;(t)| < pforallt € (t,t4 +T]. O

Lemma 5. If function f satisfies (4) and (40), initial conditions satisfy (41) and
[x| <[1+1/7], (54)
then Assumptions 1-4 hold.

Proof. Consider some function f(u), satisfying conditions (4) and (40).

Let us prove that for this function Assumption 1 holds. From Lemmas 3 and 4, we obtain that
u;(t) is in the strip |u;(t)| < p and it does not change sign on the interval t € (t1,#; + T]. This is why
from condition (40) we get that the first summands in A(k, x, t, t1) and B(k, x, t, t1) are non-zero. Thus,
from formulas (44), (46)-(48), and assumption (40), we obtain that the following inequalities hold

A(k,x,t,t1) >0, B(k,x,t,t1) >0 if k=1,9v>0
Alk,x,t,t) >0, Blk,x,t,t1) <0 if k=1 -1<y<0 (55)
Ak, x,t,t1) <0, B(k,x,t,t1) <0 if k=-1,v>0
Ak x,t,t1) <0, Blk,x,t, 1) >0 if k=-1 -1<y<0

on the interval t € (# + T,t; + 2T]. Thus, we have proved that under condition (40) functions
A(k,x,t,t1) and B(k,x,tt1) are non-zero on the interval t € (ty + T, t; +2T]. If t* = 1+ T,

j
then A(k,x,t*,t1) = B(k,x,t*,t1) = 0. Derivatives M‘ — 0forj = 1,2 and
i ot/ t=t;+T
]
derivatives M‘ = 0for j =1,2,3. Expressions
ot/ t=t+T
83A(k,x,t,t1) " k+.’X k—x 2
T(t:tﬂif (kP)<Tp+(1 +27)Tp)
and 5 :
0*B(k, x,t, b . k+x ke x \2
ok =2 ——p+(1+2y)——
ot ‘t:t1+T vf (kP)( 2 p+(1+27) 5 p) ,

are non-zero: under condition (54) last factor in these derivatives is non-zero and f” (kp) # 0 because
Ak, x, t, 1) and d/'B(k, x,t,t1)

otl ‘t:tﬁT ot/ ‘t:t1+T
equal zero). Consequently, Assumption 1 holds under condition (54). This assumption holds for

x = £k +0(1) at A — +o0, s0 Assumptions 3 and 4 hold.
Since the system of inequalities (55) is true for t = t; 4- 2T, then Assumption 2 holds. [I

of (4) (if x = £(1+1/7), then for all j € N expressions

Note that if function u;(#) comes to the strip |u;(t)| < p, then x satisfies inequality (49), and for all x
such that (54) hold, Assumption 1 is true. Thus, only for two values of parameter x : x1, = £(14+1/7)
is Assumption 1 false.

Lemma 6. If function f satisfies (4) and (40), then inequalities (26) and (31) are true in the case y > 0 and
inequalities (33) and (38) hold in the case f% <7y <0.

Proof. It follows from Lemma 5 that A(k, x, t; + 2T, t1) and B(k, x, t; + 2T, #;) have the same sign
in the case 7 > 0 and the opposite signs in the case —3 < 7 < 0. Therefore, in the case 7 > 0
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(f% < v < 0) inequality (26) (inequality (33) respectively) holds foralln = 1,2, 3, .. .. Thus, inequalities
(31) and (38) are fulfilled because they are equivalent to Assumption 2 and conditions (26) and (33) for
n=23,... O

Thus, we have proved that all assumptions in Theorems 1 and 2 are true if function f satisfies (4)
and (40) and for xq conditions (41) and (54) hold. Therefore, for class of functions f considered in this
section, the following theorems are true.

Theorem 3. Suppose v > 0 and inequalities (41) and x1 # £(1 4 1/) hold. Then, for any sufficiently large
A > 0 there exists tp = ty(ky,x1) > 0 such that for all t > t; solution of system (3) satisfies Formulas (29),
(30) and (32).

Theorem 4. Suppose —1 < v < 0and inequalities (41) and x1 # £(1+1/7) hold. Then, for any sufficiently
large A > O there exists ty = to(ky,x1) > 0 such that forall t > t, solution of system (3) satisfies Formulas (36),
(37) and (39).

Remark 1. If x; = (1 +1/y), then Assumption 1 is not true, so Theorems 3 and 4 are not proven. However,
probably, they are true because for all initial conditions in the neighborhood of these values they are true.

Consider the map (28). If we take set {1} x [1,1+ 1/ — é] (where § is a small positive constant
(0 < 8 < 1/7)) of pairs (k, x), then it follows from Lemmas 3-6 that the image of this set under the
map (28) is set {1} x [1,1+ a], where a = 0(1) at A — +oo. Therefore, there exists at least one fixed
point of the operator of translation along the trajectories and positive relaxation cycle of system (3)
corresponds to this fixed point (if k1 and x4 fulfill (41) and function f satisfies (40), then in the case of
positive coupling solution of system (3) does not change its sign). Similarly, there exists at least one
negative relaxation cycle of system (3) in the case of positive coupling.

In Figure 3, there are examples of two coexisting relaxation cycles of system (3).

uls Uz U], uz
12.000f 0 0] 7720 0 s L
10000} ~2000¢
2000L —4000}
~6000f
6000} —s000l
40001 ~10000f
2000} ~12000f
0 020 30 40 st 100

Figure 3. Two coexisting relaxation cycles of the system (3). Values of parameters: T =1, v = 0.4,
p =1, A =10,000. Black line—u; (t), orange dashed line—uj(t).

If f% < v < 0, then it follows from (35) that x,,.1 = —k,41 + 0(1) at A — +o0. It follows from
Lemmas 3-6 that for all (k,, x,) € {1} x [1,14+ 1/ —¢] and (ky, x,,) € {1} x [-1—=1/7+6,—1]
Theorem 4 is true. Therefore, there exists at least one g € N, such that image of the set {—1} x
[1,1+1/9—46] (or {1} x [-1—1/7+ 8, —1]) under the g-th iteration of map (35) belongs to the set
{1} x [, 141/ =] (or {1} x [-1 — 1/ + J, —1] respectively). Thus, in the case of —1 < v <0,
there exists at least one relaxation cycle.

Thus, the following statement holds.

Corollary 5. Suppose conditions (4) and (40) are true. Then, in the case v > 0, there exists at least two
relaxation cycles of system (3) and in the case of —% < v < 0 there exists at least one relaxation cycle of

system (3).
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6. Dependence of Dynamics of System (3) on the Sign of Coupling

In this section, we show how asymptotics and difference t,1 — f, (analog of period) of solutions
of system (3) depends on the value < in the case v > 0 and in the case f% < 9 < 0 (in this section
below, we discuss only such solutions of system (3) for those assumptions of Theorem 1 or 2 fulfill).

First, consider the case oy > 0. From Formulas (29), (30), and (32), we obtain that components
u1(t) and uy(t) have the same leading terms of asymptotics on the interval t € [tp, +0o0) and that
these leading terms of asymptotics do not depend on 7. Thus, from Formulas (9), (10), (12), (29), (30)
and (32), we obtain that the leading term of asymptotics of solution of system (3) depends on 7 only
for t € [0, 1] (see Figure 4). From Corollary 4, we get that in the case 7 > 1 difference u1 (t) — up(t)
has order o(1) at A — oo for all t > t, so we may say that in the case 7 > § oscillators u; (t) and
uy(t) “synchronize” (for smaller values of -y oscillators u1 (t) and u;(t) may “synchronize”, too, but in
the case 7y > % they must “synchronize”).

The leading term of asymptotics of the difference t,, 1 — f,;, does not depend on 7, too.

Figure 4 illustrates dependence of solutions of system (3) on - in the case v > 0. There are
solutions of system (3) with identical function F, parameters A and T, and initial conditions for
different parameters <y in Figure 4.

Uy, Uy Uy, Uy
15000 15000
10000 10000
5000 E 5000
0 I 20 40 60 50 106 0 20 40 60 50 106
(@) (b)
Uy, U Uy, up
15000 15000
10000 10000
5000 5000
0 20 40 60 s 106 0- 20 40 60 s 10f
(c) )

Figure 4. Solutions of system (3) for different values of parameter . Values of parameters: T = 2,
p=15A=1000,k=1,x =3,(a)y = 02;(b) v = 0.6; (¢) v = 1, (d) v = 1.5. Black line—u;(¢),
orange dashed line—u;(t).

Now, consider the case f% <y <0.

From (9), (10), (12), (36), (37), and (39), we get that asymptotics of solutions of system (3) depends
crucially on the value of parameter v for all t > 0 in the case f% < 79 < 0 and that oscillators u (t)
and u(t) are not close to each other (the leading terms of their asymptotics are different for all t > ).

It follows from (34) that difference t,,; — t,; increases with the decreasing of parameter y
(see Figure 5).

Thus, asymptotics and shape of solution and difference t,,+1 — t, depend crucially on the value of
v in the case —% < v < 0 (see Figure 5).
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Figure 5 illustrates the dependence of solutions of system (3) on < in the case f% <7 <0
Solutions of system (3) with identical function F, parameters A and T, and initial conditions for

different parameters <y are presented in Figure 5.

uy, up uy, up
20000

10000

0 = ~ ~
f 20 40 60 80 IO({ i i 150 20({
20000 | / } / m20000 3 ¢ /
" ~40000 %
(c) (d)
Figure 5. Solutions of system (3) for different values of parameter 7. Values of parameters: T = 2,
p=15A=1000,k =1, x = —4,(@ vy = =01, (b) v = —025; (c) v = —0.4; (d) v = —0.45.
Black line—u1 (t), orange dashed line—u,(t).

7. Conclusions

In this paper, we have studied the nonlocal dynamics of a system of two coupled generators with
delayed feedback and dependence of solutions on the value of coupling.

For a wide set of initial conditions from the phase space of system (3) using method of steps and
special constructed finite dimensional map, we get asymptotics of relaxation solutions. We obtain
relaxation cycles of system (3).

We prove that the dynamics of system (3) are qualitatively different in case ¥ > 0 and case
f% < 7 < 0: in the case v > 0, there exists a moment of time t, after that both components of
solution have the same leading term of asymptotics and this leading term does not depend on v if
t > tp, generators uy(t) and uy(t) “synchronize” if v > 1; in the case of —1 < 7 < 0, the leading
term of asymptotics and shape of solution depend on 7, oscillators w1 (t) and u5(t) are not close to
each other; the leading term of asymptotics of the value t,, 11 — t, (this value serves us an analog of
period) increase with decreasing of the value 7 in the case —% < 7 < 0 and remains unchanged with
changing v in the case v > 0.

The method of research used in this paper is applicable for systems of higher dimensions (case of n
identically diffusion coupled oscillators, where n > 2) and for systems of (1 > 2) coupled oscillators
with other types of coupling.
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Abstract: We establish a class of degenerate fractional differential equations involving delay
arguments in Banach spaces. The system endowed by a given background and the generalized
Showalter-Sidorov conditions which are natural for degenerate type equations. We prove the results
of local unique solvability by using, mainly, the method of contraction mappings. The obtained
theory via its abstract results is applied to the research of initial-boundary value problems for both
Scott-Blair and modified Sobolev systems of equations with delays.

Keywords: Gerasimov—Caputo fractional derivative; differential equation with delay; degenerate
evolution equation; fixed point theorem

1. Introduction

During the last decades, fractional differential equations and their potential applications have
gained a lot of importance, mainly because fractional calculus has become a powerful tool with more
accurate and successful results when modeling several complex phenomena in numerous seemingly
diverse and widespread fields of science and engineering [1]. It was found that various, especially
interdisciplinary applications, can be elegantly modeled with the help of fractional derivatives which
provide an excellent instrument for the description of memory and hereditary properties of various
materials and processes [2,3]. Advanced analysis and numerical simulations of several fractional-order
systems have been shown to be very interesting, producing more useful results in applied sciences [4,5].

Delay differential equations are a type of equations in which the derivative of the unknown
function at a certain time is given in terms of the values of the function at previous times. It arises in
many biological and physical applications, and it often forces us to consider variable or state-dependent
delays [6-8]. Integer or fractional-order degenerate differential equations, i.e., evolution equations
not solved with respect to the highest order derivative, are often used to describe various processes
in science and engineering: in [9,10] certain classes of the time-fractional order partial differential
equations with polynomials differential with respect to the spatial variables elliptic self-adjoint operator,
which contain some equations from hydrodynamics and the filtration theory, are studied. In [11]
approximate controllability issues for such models are investigated; the unique solvability of similar
equations with distributed order time derivatives are researched in [12].

In applications, fractional-order degenerate evolution equations with a delay are often successful.
Such kinds of equations with a degenerate operator at the highest-order fractional derivative describe
the dynamics of some fractional models of viscoelastic fluids (see the application in the last section of
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this work). There are very few papers dealing with essentially degenerate fractional-order equations
with delay. Motivated by this fact, the purpose of this work is a step towards eliminating this gap.
We are concerned with the following fractional differential equations with delay

0
LD x(t) = Mx(t) + /‘K(s)x(t—i-s)ds—i—g(t), teo,T], M)

where X, ) are Banach spaces, L, M : X — ) are linear operators, L is continuous, ker L # {0} (for this
reason such equations are called Sobolev type equations [13,14], or degenerate [15]), operator M is
closed and densely defined in X, D is the Gerasimov-Caputo derivative of the order & € (m —1,m],
m € N. Equation (1) is endowed by a given background

Px(t) = h(t), tel[-r0], )
and by the generalized Showalter-Sidorov conditions
(Px)®)(0) = x, k=0,1,...,m—1, ©)

which are natural for degenerate evolution equations. Here, P is a projector along the degeneration
space of the homogeneous equation LD{x(t) = Mx(t), it will be defined below. By the contraction
mappings method, the local unique solvability of problems (1)—(3) is established.

Degenerate first-order evolution equations in Banach spaces were studied in [16,17] under various
conditions on the operators L, M and on the delay term. The unique solvability results for problems (1)
and (2) with a strongly (L, p)-radial operator M, ¢ = 0 at &« = 1 were obtained in [18]. Here we use a
similar approach, which is adapted to the case of a fractional derivative. The second section contains
the preliminary results which are needed for supporting our results, in particular, the theorem on
unique solvability of the Cauchy problem to the inhomogeneous linear Equation (1) with £ = 0.
In the third section, we obtain the proof of the main result by means of the Banach fixed point theorem.
The fourth and fifth sections demonstrate the applications of the obtained abstract results to the study
of the unique solvability of initial-boundary value problems for time-fractional systems of partial
differential equations with delay.

2. Solvability of Degenerate Inhomogeneous Equation

t
Let for 6 > 0, ¢t > 0 gs5(t) = T(0) "L, JPh(t) := [gs(t —s)h(s)ds, m—1 < « < m € N,
0

D" is the usual derivative of the order m € N, J? be the identical operator. The Gerasimov-Caputo
derivative of a function / is defined as

m—1
Dih(t) = Df*Jy" (h(t) - h(k>(0)gk+l(t)> :
k=0

Lemma 1. Ref. [19]. Let Z be a Banach space,] —1 < p <1 & N,t > 0. Then
3Cs >0 VheC(0,:2) [IDfhlcqonz) < Callhllcrou;z):

For Banach spaces, X’ and ) denote as L(X’; ) the Banach space of all linear continuous operators,
acting from X to ). Let CI(X’; ) be the set of all linear closed operators, densely defined in X', with the
image in ).

In further consideration, we will assume that L € L(X;Y), kerL # {0}, M € CI(X;Y), D is
the domain of M with the graph norm || - ||p,, := || - ||x + [|[M - ||y. Denote p":(M) := {y € C :
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(uL — M)~ € L(Y; X)}. An operator M is called (L, o)-bounded, if a ball B,(0) := {u € C: |u| < a}
with some a > 0 contains the set p*(M). If M is (L, ¢)-bounded, we have the projections

1
T2

[ =My tLap e £(X), Q:= % [ L= M) tane £)

p|=a |p|=a

(see [14] (pp. 89-90)). Set AV := ker P, X! := imP, )V := ker Q, ¥' := imQ. Denote by L; (or My) the
restriction of the operator L (or M) on X k (or Dy, :==DynNX k respectively), k =0, 1.

Theorem 1. Ref. [14] (pp. 90-91). Let an operator M be (L, o)-bounded. Then

(i) My € L(XL YY), My € C1(X%)0), Ly € L(X5D5),k=0,1;

(ii) there exist operators Mal S ,c(yo; XO), Lfl S ,c(yl; Xl).

Denote Ny := {0} UN, G := My 'Lo. For p € Ny operator M is called (L, p)-bounded, if it is
(L,0)-bounded, G? # 0, GP*! = 0.
Consider the degenerate inhomogeneous equation

LD x(f) = Mx(t) + f(t), te€[0,T). @)

A solution of this equation is a function x € C([0,T]; Dy), such that Dfx € C([0, T]; X') and
equality (4) holds. A solution of the generalized Showalter-Sidorov problem

(Px)B(0) =x, k=0,1,...,m—1, )

to Equation (4) is a solution of the equation, such that conditions (5) are true.

n

Denote by E, g(z) = EO m the Mittag-Leffler function.
n=

Theorem 2. Refs. [20,21]. Let p € Ny, an operator M be (L,p)-bounded, Qf € C([0,T];),
foralll = 0, 1,...,p there exist (GD{)'My'(I — Q)f, D¥(GDH)'My (I — Q)f € C([0,T]; X),
X0, X1, -+, X1 € X1 Then, problems (4) and (5) have a unique solution

4
;)(GDQ"VMO’l(I -Qf(®). (6

m—1 t
xp(t) = k;(] tREq i1 (LT TM %) Py +b[Ea,a(L1’1M1(t —s)Y)LQf (s)ds -

Remark 1. Due to Lemma 1 a function f € C"(P+1) ([0, T]; ) satisfies the conditions of Theorem 2.

3. Main Result

Consider the problem
Px(t) = h(t), te[-r0, (Px)P0)=x, k=01,...,m—1, )

for the degenerate fractional evolution equation with delay

0
LDix(t) = Mx(t) + /K(s)x(tJrs)derg(t), telo,T], ®)
;7
where h(0) = xo, K : [-7,0] = L(X;Y),g:[0,T] = V.
A function x € C([0,T);Dp) N C([—r,T); X) is called a solution of problems (7) and (8),
if Dfx € C([0,T); X), it satisfies Equalities (7) and (8).
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Theorem 3. Let p € Ny, an operator M be (L, p)-bounded, h € C([—7,0]; X1), xy € X1, k=0,1,...,m—1,
h(0) = x, Ty > 0, g € C"™PH1((0, To|; V), K € C"PH ) ([—r,0]; L(X; V), KW (—=r) = K (0) = 0 at
n=20,1,...,m(p+1) — 1. Then there exists T € (0, Ty), such that problems (7) and (8) have a unique solution.

Proof. Fix T > 0 and consider on the segment [0, T] Equation (4) with some f € C"(P1) ([0, T]; V).
Due to Theorem 2 and Remark 1 we have the solution x; of problems (4) and (5) with the given
X, k = 0,1,...,m — 1. For brevity denote Xﬁ(t) = Ea,/g(LflMlt“)P, B > 0,putatt € [—r,0)
x¢(t) = h(t) + ho(t) with some hg € C([-7,0]; X0) and define the operator

9 m—1
[@f](t) /IC §)xs(t+s)ds + g(t) /IC Z(t+s) Xpeyq (t+ ) xpds+
kA k=0
0 t+s )
/ /xa t+s—1)LTIQf (1) drds—/lC ) Y (GDY) Mg (1 — Q)f (t + s)ds+
E =0

0
+ /IC(sft)(h(s)Jrho(s))derg(t), e (o),

tor
9 mfl
[®F](¢ /IC Jxf(t+s)ds + g(t) /IC t+s Ve Xioq (E+ 8)xpds+
0 t+s 0 »
+ [ K6 [ Xalt+s =017 Qf (dvds — [ K(s) Y (D WI-Q)f(t+s)ds+g(t), telrT],
r 0 Zr =0

By induction, we can prove thatatt € [0,T],n =0,1,...,m(p+ 1)

(@) () = o //c T — B)xs(t)dT + g™ /IC s)xs(t+5)ds + g (1), (9)

t—r

since K (—r) = KM(0) = 0atn = 0,1,...,m(p + 1) — 1. Therefore, for every f from the Banach
space C"(P1) ([0, T],y) with the standard norm || - |[(p41) we have ®f € cmr1 ([0, T); V).

Let t, := min{t,r}. For f1, f, € C"P1([0,T|; V), t € [0,T], n =0,1,...,m(p + 1), due to (9)

0 t+s

TR ~ [@£)0) = (-1 [ K() [ Xult+s = D)L QUf (D) ~ fo(x)deds—
0

(1" [ KO 1D MG (1~ Q)(falt +5) ~ fult +9)ds,

therefore, using Theorem 1 and Lemma 1, we obtain

0 m(p+1)
[®f1 = @hillmp+) < C1 /(H'S) Y KD S zpdslfr — fallo+
s n=0
0 m(p+1)
+Cz/ Y 1K) epdslfi = Follmp < CETIf = Fllmgps),
n=0

—ty
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where, for the monotonously non-decreasing non-negative function

0 m(p+1)
F(t) ::/ Y KD 6)llpap)ds

—'t, n=0

we have F(t) — 0ast — 0+. So, the inequality ||®f; — Pfilly(ps1) < 9llf1 = f2llm(ps+1) With some
g € (0,1) is valid for sufficiently small T > 0 and there exists a unique fixed point fj of the operator ®
in C"(P+1) ([0, T]; V). Therefore,

LD}xp, (1) = Mg (1) = folt) = [@fo)(¢ //c ), (£ +)ds + (1),

and the function x5, which is defined as in the beginning of this proof, is a solution of problems (7)
and (8).

Note that the choice of function hy does not affect the proof, hence, we can choose
ho(t) = (I — P)xf(0), then the obtained xy, is continuous on [—7, T].

Let there exist two solutions x1, x; of the problem, denoted as f;(t) f K(s)xi(t+s)ds, i =1,2.

As before, we have f; € C'"(V“)([O, T]; ¥) and LD{x; — Mx; = f;, hence, by the construction ®f; = f;,
i = 1,2. Thus, ® has two fixed points, it is a contradiction. Consequently, fi = f,, for y := x1 — xp
we have LD}y — My = 0, y(k> (0) =0,k =0,1,...,m — 1, therefore, y = 0 due to Theorem 2. So,
the solution of problems (7) and (8) is unique. [

4. A Scott-Blair Type System

Consider the problem

—(x,0) =z(x), x€Q, k=0,1,...,m—1, (10)

v(x,t) =h(x,t), x€Q, te[-r0], (11)
v(x,t) =0, (x,t) €9Qx[0,T], (12)
(1—xA)Dfo(x,t) = —(3- V)o(x,t) — (v-V)d(x,t) — r(x, )+

+/ Ki(s)o(t + ) + Ka(s)r(t +5))ds, (x,t) € Qx[0,T], (13)

V-o(x,t) =0, (x,t)€Qx[0,T], (14)

where () C R" is a bounded region with a smooth boundary 00}, x € R, 3 is a given function.
Function of the fluid velocity v = (v1, vy, ...,v,) and of the pressure gradient r = (r1,72,...,74) = Vp
are unknown.

This system without delay can be obtained, if the dynamics of a Scott-Blair medium [22] are
described by using a fractional derivative of the same order as in the rheological relation for this
medium, with subsequent linearization.

Let Ly := (Lp(Q))", H! := (W}(Q))", H? := (W2(Q))". The closure of {v € (C3’(Q0))" : Vv =
0} in the space L, will be denoted by H, and in the space H! it will be H. We have the decomposition
L, = H, @ H,, where Hj is the orthogonal complement for H,. Denote by IT : L, — Hj the
corresponding to this decomposition orthoprojector, & = I — IT, H2 = H} N H?.

The operator A := XA with the domain Hg in the space H has a real, negative, discrete spectrum
with a finite multiplicity, condensing at —co [23].
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At 3 € H' by the formula Dw = — (- V)w — (w - V)3 operator D € L£(H2;1L,) is defined.

Put
XZH%XH;T, 37=IL2=H0><H71, (15)
(1-xA © ‘ (=D © .
= (XHA ©> €L(X;Y), M= <HD 1) € L(X;Y). (16)

By the choice of the space A’ we take into account Equation (14) and condition (12). The function
7(-, ) is a gradient, since it belongs to the space H at t > 0.

Lemma 2. Ref. [24]. Let x # 0, )(’1 ¢ o(A), the spaces X and Y and the operators L and M be defined
by (15) and (16) respectively. Then the operator M is (L, 0)-bounded and the projectors have the form

b I (0) Q= I 0)
T\ ATIA(I—xA)IZD+TID O )~ \ —xIIA(I—-xA)™t O |’

The form of the projectors P and Q implies that X0 = {0} x Hy, X! = {(wy, wy) € HZ x
Hy : wy = (XTIA(I — xA)7'ED +TID)w }, V° = {0} x Hy, V! = {(w,wy) € Hy x Hy : wp =
—XTIA(T — xA) lws ).
Theorem 4. Let h € C([—r,O];HLZ,), zr € ]HI(Z,, k=0,1,...,m—1,h(-,0) = zo(-), K; € C"([-r,0];R),
K(")(fr) = IC.(")(O) = 0atn = 0,1,...,m—1,i = 1,2. Then there exists T > 0, such that

1 1
problems (10)—(14) have a unique solution.

Proof. Due to Lemma 2 and Theorem 3 at p = 0, ¢ = 0 we obtain the required statement. [

5. A Modified Sobolev System

Consider another problem

k
gtk(x 0) =z(x), x€Q, k=0,1,...,m—1, 17)
v(x, t) =h(x,t), x€Q, te[-r0], (18)
3
Z (x,t)n;i(x) =0, (x,t) €9Qx[0,T], (19)

0
Dfv(x,t) = [v(x, t), @] —r(x, t) + /(K] (s)o(t+s) +Ka(s)r(t+5s))ds, (x,t) € QAx[0,T], (20)

V-o(x,t) =0, (x,t) € Qx][0,T], (21)

where Q) C R3, is a bounded region with a smooth boundary 9Q, @ € R3.

Such a system without delay and at &« = 1 describes the dynamics of small internal movements of
a stratified fluid in an equilibrium state [25].

Following the approach of S.L. Sobolev [25], we use the generalized statement of the
problem (17)—(21), replacing incompressibility Equation (21) and boundary condition (19) with
the equation

Mo(-,t) =0, tel0,T], 22)
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where IT is the same orthoprojector as in the previous section. Indeed, the set {V¢ : ¢ € C®(Q)} is
dense in the subspace H; and the integral identity

/(v,Vgo)Rs:/vnq)ds—/(Vm)q)dx

Q Ele) QO

is true for all ¢ € C®(Q), v € H', hence, for every v € H' the satisfaction of conditions (19), (21) is
equivalent to the inclusion v € H,,. Rejecting the restriction H! we obtain condition (22).
Define by Bw = [w, @] at a fixed @ € R3 the linear operator B € L(Ly;L,). Put X =Y =1L, =

Hy x H,
I O B O
L= <© @> EL(X;Y), M= (HB —I) € L(X;Y).

Then it can be shown directly (see [26]), that the operator M is (L,0)-bounded and the projectors

have the form
I 0O I O
p (s o )oo-(49)

Therefore, X0 = {0} x Hp, xl = {(wy,wy) € th, x Hy : wy = I1Bw;}, W = {0} x Hp,
V! =H, x {0}. As in the previous section Theorem 3 at p = 0, ¢ = 0 implies the next result.

Theorem 5. Let h € C([-r,0;Hy), zx € Hy, k =0,1,...,m—1, h(-,0) = zo(-), K; € C"([-r,0;R),
ICI.(")(—r) = Kf")(o) =0atn = 0,1,...,m—1,1i = 1,2. Then there exists T > 0, such that
problems (17), (18), (20), (22) have a unique solution.

6. Conclusions

We studied the local unique solvability of the problem with the generalized Showalter-Sidorov
conditions, which is associated by a given background for degenerate fractional evolution equations in
Banach spaces with delay, including the Gerasimov—Caputo derivative and a relatively bounded pair
of linear operators. The complexity of the studied problem is the simultaneous presence of a fractional
derivative, a degenerate operator at it, and a delay argument in the equation. The obtained result
shows that by the methods of the theory of resolving families of operators for degenerate evolution
equations, this complex problem can be solved. Abstract results can be used for investigating problems
for partial differential equations, demonstrated on a problem for Scott—Blair and modified Sobolev
systems of equations with delays.
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Abstract: In this paper, we introduce a high order numerical approximation method for convection
diffusion wave equations armed with a multiterm time fractional Caputo operator and a nonlinear
fixed time delay. A temporal second-order scheme which is behaving linearly is derived and analyzed
for the problem under consideration based on a combination of the formula of L, — 1, and the
order reduction technique. By means of the discrete energy method, convergence and stability of
the proposed compact difference scheme are estimated unconditionally. A numerical example is
provided to illustrate the theoretical results.
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delay; spatial variable coefficients; convergence and stability
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1. Introduction

Fractional derivatives and integrals have recently gained high interest in many fields of science.
The ability of classifying and capturing the memory and hereditary properties of various materials and
processes is an advantage of fractional derivatives over their integer counterparts, e.g., the modeling
of anomalous diffusion by fractional differential equations gives more informative and interesting
models [1]. For time-fractional differential equations, the memory feature implies that all previous
information is needed to evaluate the time fractional derivative at the current time level. Accordingly,
designing a numerical differentiation formula of good accuracy is as ever paramount, but especially
hard. The approximation formulas based on the interpolation approximation, such as L1 [2] and
Ly — 1, [3], are of significance to design numerical algorithms to solve time-fractional differential
equations. Demonstrated applications in numerous seemingly diverse and widespread fields of
physics, such as in porous and glassy materials, in percolation clusters over fractals to semi-conductors,
polymers, random media, and beyond, like geophysical and biological systems or processes (e.g., [4,5]),
can be effectively modeled by time-fractional diffusion-wave equations of different types. Here, we are
seeking to design a compact difference scheme that behaves linearly to numerically solve the non-linear
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delayed multiterm time fractional convection diffusion-wave equation (dmfCDWEs) with spatial
variable coefficients. More specifically, we consider
o 9%u(x,t) 9 ou

d
Yy T (qﬂx)%) +q2(x)£ + f(u(x, t),u(x,t—s),x,t), 0<t<T,0<x<L, (1a)
r=0

with the following initial and boundary conditions

ou(x,0) .
= <x< — = = N\
u(x,t) =d(x,t), 0<x<L, te][-s0), o5 P(x) t1~1>I£10 5

u(0,8) = go(t), u(Lt)=¢p(t), 0<t<T, (10)

(1b)

where s > 0is a fixed delay parameter, 41 (x) and g, (x) are functions chosen, respectively, to be sufficiently
and arbitrary differentiable functions. The fractional derivative is defined in Caputo sense and the
fractional orders {a, | 1 < r < m} are specified in the manner {1 < a,, < a1 < -+ < g = 2}.
The existence and uniqueness of the global mild solutions for the problem of nonlinear fractional
reaction—diffusion equations with delay and Caputo’s fractional derivatives are addressed in [6].

This work can be considered to be an extension of our previously published work [7], in which we
discussed a single term time fractional wave equation with spatial constant coefficients. The scheme
was of 2 — a order in time and fourth in space. Here, we treat the multiterm time fractional order
case with spatial variable coefficients and seek to have temporal second order of convergence.
Accordingly, we hinged on the proposed numerical formula in [8] to approximate the multiterm
Caputo fractional derivatives of order a,(0 < &, < 1) at the super-convergent point. The formula
Ly — 1, can achieve at least second-order accuracy at this point. We rely on the compact operator
proposed in [9] in order to attain a fourth order accuracy with respect to space in case of having spatial
variable coefficients.

There are some results and findings available regarding the theoretical analysis and numerical
computation of single term time fractional sub or super diffusion equations with delay. In [10],
the authors introduced a satisfactory numerical method for time fractional diffusion equations with
delay. In [11], a novel discrete Gronwall inequality is used to simplify the analysis of difference schemes
for time-fractional multi-delayed sub-diffusion equations. Convergence and stability of a compact
finite difference method for nonlinear time fractional reaction-diffusion equations with a fixed delay are
proposed in [12] by the aid of a new discrete form of the fractional Grénwall inequalities. A numerical
solution for a class of time fractional diffusion equations with delay is proposed in [13] that is based
on a smooth difference approximation of specific L1 type. Additionally, there are many difference
and spectral approaches proposed for multiterm or distributed order time fractional differential
equations. An efficient spectral method that is based on Jacobi-Gauss—Radau collocation is applied
in order to solve a system of multi-dimensional distributed-order generalized Schrédinger equations
in [14]. A combined difference and Galerkin-Legendre spectral method in [15] is used to solve time
fractional diffusion equations with nonlinear source term. A Legendre spectral-collocation method
for the numerical solution of distributed-order fractional initial value problems is designed in [16].
In [17], the authors proposed a spectral T-scheme to discretize the fractional diffusion equation with
distributed-order fractional derivative in time and Dirichlet boundary conditions. The model solution
is expanded in multi-dimensions in terms of Legendre polynomials and the discrete equations are
obtained with the T-method. The two-dimensional distributed-order time fractional cable equation is
numerically solved based on the finite difference/spectral method, as clarified in [18]. Two classes of
finite difference methods that are based on backward differential formula discretization in the temporal
direction are proposed in [19] to efficiently solve the semilinear space fractional reaction—diffusion
equation with time-delay. The coefficients of the problem are constants, a fractional centered difference
approximation is employed for the space fractional derivative [20], and it gains a fourth order
approximation in space due to the use of a specific compact operator [21].
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The main purpose of our work is the manufacturing of a difference scheme for problems of the
kind of (1). Until now, few works hace paid close attention to the multiterm fractional wave equation
with variable coefficients and delay argument simultaneously. It is well known that it may be a more
challenging task to solve the fractional partial differential equation with delay effectively, since the
evolution of a fractional partial differential equation with delay at time f not only depends on its value at
t — s, but also depends on all previous solutions due to the non-locality of the fractional operator. Higher
order numerical schemes are extremely scarce and difficult in regard to the analysis and implementation
for the variable coefficient multiterm time fractional convection-diffusion wave equation with delay. For a
single temporal term for that kind of problem, we refer to [22]. For the multiterm problem, we design
the difference scheme at a super-convergent point to gain a high order of convergence [8] which is more
challenging than the single term problem at the level of theoretical analysis.

In order to simplify the problem, an exponential transformation technique [23] can be applied to
system (1) to avoid the difficulties resulting from the spatial variable when constructing high order
compact difference methods. That technique is used to eliminate the convection term. Assume that

Z;g; is integrable in the spatial interval [0, L] and let u(x, t) = exp ( [y 7(s)ds) w(x, t), this yields
%y X 9%
3 = P </0 r(s)ds) FT ()
ou x _ ow
3y = &P (/0 r(s)ds) [r(x)w(x,t) ol (3)
0%u X 2 _w ., 2w
32 = &P </0 r(s)ds) [r (x)w(x,t) +2r(x)g +7(x)w(x, t) + W} . 4)

When substituting (2)-(4) into (1), one directly obtains

En G — 05 310+ 20 070 + ) 5
+ [P ) + 31 (07 (x) + 1 (2)7(x) + 2(2)7(x) | (1)
+exp <f /Ox ?(s)ds) glw(x,t),w(x,t—s),x,1t),
where, g(w(x,t),w(x,t —s),x,t) = f(u(x,t),u(x,t —s),x,t). By selecting 7(x) = —%gjgg,

the system (1) is transformed in

9% w(x,t) ) dw P
— — < < <
p'iaw =5 <q1(x) 8x> +f(a}(x,t),w(x,t s),x,t), 0<t<T,0<x<IL, (5a)

r=0

with the following initial and boundary conditions

w(x,t) =exp <7 /Ox ?(s)ds) d(x,t) :==d(x,t), te[-s,0), ng:,o) = tlirgo% = P(x), (5b)
w(0,t) = ¢o(t), w(L,t)=exp <7 /Ox ?(s)ds) pr(t):=¢L(t), 0<t<T, (5¢)
where

Fl@x,t),wlxt=5),x,) = [P + 0 (0P (x) + a3 (0F() +q2(x)7(x) | wlx, )

+exp <f ./Oxf(s)ds> g(w(x,t),w(x, t—s),x,t).
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In order to transform (5) to a system with zero Dirichlet boundary conditions, we define h(x, t) :=
$o(t) + F(pr(t) — ¢po(t)) and introduce the new function v(x, t) = w(x,t) — h(x,t). Hence, we have

9%y (x, t e) e) =
rzopr% =5 (n@3) +Hen =m0, 0<1<T 0S5 <L (6

with the following initial and boundary conditions

wet) =fxt), 0<x<L te[-s0, O _ - im U0

v(0,t) =v(L,t) =0, t>0. (6¢c)

. (6b)

According to the new transformed system (6), we analytically overcame the first degree of complexity
by the elimination of the convection term. There are still two degrees of complexity to be numerically
overcome; the multiterm fractional order on the one hand and the nonlinear delay on the other.

Throughout this work, we assume that the function f(y, v, x, t) and the solution v(x, t) of (6) are
sufficiently smooth in the following sense:

o Assume that v(x,t) € C% ([0,L] x [0,T]),

e The partial derivatives f]l (u,v,x,t) and f,, (u,v, x, t) are continuous in the eg-neighborhood of the
solution. Define

] = sup |f;4 v(x,t) +e1, v(x, t —s) +e,x,t)|,
0<x<L,0<t<T
e1]<eo,|e2]<eq

2= J(u(x, t)+e —s)+e,x,t)|. 7b

2 o<v<L0<r<T|f1 ) +e1, v(x,t—s) +e,x,t)] (7b)
ler|<eo,lea|<en

(7a)

The structure of this paper is arranged, as follows. First, we introduce a derivation of the compact
difference scheme. Next, in the third section, convergence and stability for the compact difference
scheme are carried out. Finally, the paper ends with a numerical illustration and a conclusion.

2. A Compact Difference Scheme

A linearized numerical method that combines the super-convergence approximation L, — 1,
with the order reduction method is derived. Some further notations are fixed before we continue.
Take two positive integers M and ny, let h = ﬁ, T= ;—0 and denote x; = ihfori=0,...,M; ty =kt

and fy,, = (k+0)7, fork = —np,...,N, where N = HJ Using the points x; in space and #; in
time, we cover the space-time domain by (),; = ) x Qf, where (), = {x; | 0 < i < M} and
QT:{tk‘—l’l()SkSN}.
2.1. Ly — 1, Super-Convergence Scheme
Here, we give a preliminary for the Alikhanov scheme. Denote 7, = a, —1 (0 < r < m) and
m

R

such that 0 < 7, < Y1 < -+ - < 70 < 1. Additionally, now we invoke the following lemmas from
Alikhanov work.

Lemma 2.1 ([8]). A unique positive root ¢* € [1 — /2,1 — vy /2] exists for F (o) =
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Lemma 2.2 ([8]). For m = 0, the root of F(c) = 01is 1 — vyg/2. However, if m > 1, the root c* can be
obtained by the Newton iteration method. The Newton iteration sequence {0y}, generated by o9 =1 — vy, /2

and Oy = 0 — ;&‘% fork =0,1,2,...is monotonically decreasing and convergent to o*.

For the sake of simplicity, let o = 0 here and later. Define [3]

ag =o', al = (o + DY — (e +1-1)1

Wzii;[a+@%vfaf1+@kﬂ4%[a+@kv+af1+@kﬂ,

for each | € NT. Next, we define {qukH”) }, as follows

ap, n=0,k=0,
ik _ ad +b], n=0k>1, ®
ay+b)  —b), 1<n<k-1k>1,
-], n=k k>1
Denote
A(k+1) T clktlm) p S T _
Gy Zpr e— C , bn—r;opyr(zi’w)bn , n=0,1,...k

The next two lemmas are devoted to the properties of the coefficients C,(qk) and by.

Lemma 2.3 ([8]). Given any non-negative integer m and positive constants po, p1, . .., pm, for any {vy, €
(0,1] |r=0,1,--- ,m} it holds

A A L - 1—
RS TS E AN S S Al L 7 S
ZPra—,) 2

In addition, there exists a Ty > 0, such that (20 —1)C; A1) _ UCAY(H) >0, whent < 19,1 = 2,3,---,
and C(k+1) S C(k+1)

Lemma 2.4 ([24]). The sequences Cﬁ,k) and by, satisfy

Ak+1)_{ Cflk), 0<n<k—2, ©)

C
! (k> + er»l/ n=k—

Additionally, the following estimates hold:

and .
i -
2 1T 1—
< P — Ir.
Zb"—zprzr(:}f )(k+g~)
Let W), = {w:QhT SR w(x, ) =wki=0,1,...,M; k= —no,—n0+1,...,N} be a grid

function space on (), and also define W;, = {w € W, w(xp,-) = w(xp,-) = 0}. Introduce the
following notations

55



Mathematics 2020, 8, 1696

W1/ = % {wﬁ—l + wﬂ Gy, = % {wﬁ—l - wﬂ , 5twi% = % [wzl - w?] / (10)
Sewk = % [wh — k], o3k = % [oxthy10 = 80k ) (11)
W = gt + (1 - o)k, 9k = % {(20 + 1wk — dowk + (20 - 1)w2‘*1] . (12)

Moreover, denote 3 = (;)%/q1 — 34} and 30, = g1 — %1 The compact operator acting on the

spatial variable is defined as [9],
o - {w, + 15 [0 — ¢ (giw)l] =1, M—1,
w;, i=0,M.
Lemma 2.5 ([9]). Let g(x) € C°[0, L], such that f(x) = dx(q1(x)g(x)), and then it holds
AF; = 52 (35(x)5xG)i + O(h*),
where F; = f(x;) and G; = g(x;).
For any v, w € W}, we define the following inner products

M-1 M-1

1
(v,w) =h vowo + Z viw; + SUMWM |, =h Z (6xwiy1/2)(OxViz1/2),
i=1

=

—1 h2
(v, W), =N 30 (Xiy1/2) (0xWit1/2) Oxvigr/2),  (w,v)a = (w,v) — E(wrW
i=1

and their corresponding norms and semi-norms
2 2
[l = (w,w),  [wlf = (@w), o= (@) [0}, = (@), |vl= max vl
<i<M
Furthermore, assume that the coefficients satisfy

bo < qr(x) < by, by <sm(x)<bs, < b3, (13)

7
1

where all b; are positive constants.

Lemma 2.6 ([25]). For any grid function w € W, it holds that

el < ool ol < SLiwh, /2 ol < ol < ol

Lemma 2.7 ([26]). For any grid function wy, wy € W, it holds that

C3h

c3h
[(Aw,w)| > lolfs ~ S o), [ Aww2)] < 3 [on P+ ] + S [+ ]

Lemma 2.8 ([8]). For any h(t) € C3[0,T] and v, € (0,1], 0 < r < m, such that yg > y1 > =+ > Ym,,
the Ly — 1, formula has the following order of convergence
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m
Z pr ODt%h(thra) =
r=0

M»

Z pr r('zryiyr)cr(lkﬁ»lﬁr)) (h(tkffﬂ'l) — h(tkfn)) + O(T37’yo) (14)

3
Il
o

Y h(tnir) — h(ta)] + O(3M0). (15)

Il

3

<H3| ke
o
>
=
=+

Lemma 2.9 ([24]). For any h(t) € C3[0, T}, we can obtain

Oh(tx) 2 o= (20 + Dh(tg,1) — 40h(tx) + (20— Dh(ty )] (16)
= M) +O(), k21 a7

Lemma 2.10 ([24]). Suppose that (-,-).. is an inner product on Wy, and ||-|| is a norm deduced by the inner
product. For any grid functions wy, wy, . . ., Wy1 € W, we have the following inequality

< k A£k+1) [wn+1_wn] wk+rf> lzk CA("“ U
§ —n ’ 2
n=0 « n=0

<a?wk’ wk+0’>
*

EH = (20 +1) Hwk“HZ —(20-1) HwkH2 + @202 +0-1) Hwk+1 - wkHZ, k>o0.

wrtt ) = ] (19)

Y

4% <5k+1 - gk) ) (19)

where

Additionally, it holds that
gkt > 1 H“’MHZ' k> 0.
o
Let us initiate by order reduction for system (6) by letting 7+ = ar —1, (0 < r < M) and
V(x,t) = ve(x, t), then
v v(x,t) _ aTV(x,t)
ot ot

o (5 (n03)) =55 (n037).

Subsequently, the equivalent system to (6) after order reduction can be formulated as

and so

M9 V(x,t) 9 o 7
P A — — < <x<

E)p, 3 gy (ql(x)ax> + f(v(x, t),v(x, t—s),x,t), 0<t<T,0<x<L, (20a)

) v 9 v

3t< <th( )5 )) =52 (th(x)g), (20b)
with the following initial and boundary conditions

o(x,t) =#(x,t), 0<x<L, te[-s0), V(0 =¢(kx), 0<x<IL, (20c)
0(0,t) =o(L,t) =0, 0<t<T, (20d)
VO,t)=V(Lt)=0, 0<t<T. (20e)

2.2. Compact Difference Scheme Construction

Suppose that v (x, t) = V(x,t) € Cg’f ([0, T] x [0,L]), define the discretized functions

VE=V(x, k), VE=v(x, k), 0<i<M, 0<k<N.

1
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Consider (20a) at (x;, f+¢), and then we get

9V (xi bkg) 9 v (xi by o) fhto ;
E + f M <k<
=0 pr otrr T ox (i) dx i 0<i<M 0sksN-1, @D

such that
FE = Fvlax, ), vixi, b — s), xi, ).

From Lemma 2.10, we conclude that

, k
i;p,% ): G (Vi = Vi) +0(P), 0<i<M 0<k<N-1, (@2
r= n=0

and a direct expansion of Taylor type yields
firr = ro(7), 23)
such that
Fo—f ((a F1)VE—gVEL gVEF M0 (1 — gyvhmo o tHU) . (24)

Acting the averaging operator A on both sides of (21), noticing Lemma 2.10 and using Taylor
expansion, we arrive at

k . .
Z (Av"+l Avy) =A [% (qﬂx,)%)] + AT 0<i<M, 0<k<N-1, (25

Next, by using Lemma 2.5 and (23), we obtain
k A ~
Y CEL(AVIFT = AVE) = 6 (08 V)ET o+ AR 4 SEH, (26)
n=0

where a constant ¢ exists in order that
S <@ (PHmt), 1<i<M-1, 0<k<N-1,

By considering (20b) at (x;, t1/2) and (x;, tx), respectively, operating by .4 on both equations,
we obtain by the aids of Taylor expansions and Lemmas 2.5 and 2.9, which

5 <5x (zzéxV)}”) =6 (a6 V)2 4512, 1<i<M—1, 27)
9 (5x (%z(sXV)f*") — 6y (00 V)T 4, 1<i<M-1, 1<k<N-1 (28)
Moreover, there exists a constant ¢; > 0, such that

sl <a(@+1t), 1<i<M-1, (29)
sk <& (P +ht), 1<i<M-1 1<k<N-1 (30)

By omitting the small terms in (26)-(28) and noticing the initial and boundary conditions,
we construct a spatial fourth order difference scheme for problem (6), as follows
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k
YL (A — ) = 6 Gada)f T+ AT, 1<iSM-1, 0<kSN-1, (31a)

n=0
5 (ax (320:0)} 2) b (0 V)2, 1<i<M—1, (31b)
9 (5x (sbv)F* ) b5 (00 V)T, 1<i<M-1, 1<k<N-1, (31¢)
=9, 1<i<M-1, —ng<k<0, VW =4¢(x), 1<i<M-1, (31d)
v=vk=0, 0<k<N, (3le)
VE=V =0, 0<k<N. (31f)

where
Firo=§ <(0+ 1) vk — va‘_l,avf“_"o +(1- U)vf_”o,xi,tkw) . (32)

3. The Stability and Convergence of the Constructed Difference Schemes

First, we will start with some technical lemmas, which will be helpful in the context of convergence
and stability.
The nonlinear delay term f (i, v, x, t) is sufficiently smooth and it satisfies the Lipschitz condition

\f(u,v,xt) = Fluz, v, 5,0 < etlpn — pal, Vi, w2 € [0,L] x [0, 7], (33)
|f(,v1, %, t) — F(,va, %, 1) < c1lvy —1a|, Vug, 1o €[0,L] x [~7,T], (34)

where c; and c; are two positive constants.

Lemma 3.1. Forany V¥, UF € W, if we define ek = Vk — Uk, and also

Fho_ 7 ((a+ 1) UK — gUF, Um0 4 (1 — a)Uf.‘*"O,xl-,tW), (35)
the following estimate is satisfied

’ <4 {Zc% < € 8?71HZ> +c3 (H gt 2>] . (36)

Proof. Recalling Fik'*'” from (24) and under the assumptions of the nonlinear delay term (33), we can
deduce the following estimate

»
+ slf"“

- ~ 2
HFl_k+t7 _ ]:l_k+17 ll(

|FEto — FHHo) < o] (0 + 1)l — o1 + cz|¢7£’;+17"° +(1— U)s’f"”\, 1<i<M-1,

and so
Fkto _ Fkto Mol k-1 k+1—np k—nyg 2
F, F H <h (c1| (0 +1)ek — oek 1] + 3 o] +(1—0)g |> (37)
i=1
2 = o ok—1 k+1-ng k—ng 2
< 2cth U(U+1)£ ek \} + 2631 Z “U’E +(1—0)e; \} (38)
i=1 i=1
() () e
O

For the convenience of our analysis, the following Gronwall inequality is recalled.
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Lemma 3.2. Suppose that {H* | k > 0} is a non negative sequence that satisfies

k .
H*'<A+BtY H, k=01,...,
j=1

then
H < Aexp(Bkt), k=0,1,...,

in which the positivity of the constants A and B must be taken into account.

Lemma 3.3. For any pf, qf.‘ € W), the following estimates are satisfied
o1 (3 Gadep)l?)  —20p ) = 2 \[pt} (! (40)
i T 1o irPi ’
o)

pi
<r5x(%zéxq)3/2/2w} —0[<q}rr’3> +<q?,;73> } (41)
) 0

<a (zsx (%za,p)”") pf+”> > 417 (S"“ fs”k), 42)

<f5 (320:g)E7, —pf ) = (g, PO, (43)

where
E = 2o+ )| — 2o - D[Wf},, + 207 +o -1 -k, k>0 (44)

Proof. Starting from the Lh.s of (40),

<5t (0 Gadep)}”?). ,20,,1.1> = %’< (Gadsp)t) = ox ((zzaxp>?),p%> (45)
M

=—h [(%2)1+1/25xl71+1/z5rl’1+1/2 (%2)i+1/25XP?+1/2"~XP}+1/2} , (46)
then the rh.s of (40) is achieved directly. Additionally, starting from the Lh.s of (41),
—20
<zsx (20x);?, —2op}> = 2<‘5x ((atsa)?) + s (0 ,p%> (47)

M—
E { 7 z+1/2‘5xqz+1/2‘5xpx+1/2 + (%2)z+1/25x‘11+1/2‘5xpz+1/2 (48)

then the rh.s of (41) is immediately held. Invoking the previous estimates and Lemma 2.10, we deduce

<a (6x Gadup) ™), —pite > <a it p,“"> (49)
i)

> 417 (&1 - &%), (50)

where £t is defined by (44) and so (42) is achieved. The estimate (43) is simply calculated. [
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Now, we are in a position to combine the Lemmas 3.1-3.3 to prove the convergence and stability
of the proposed compact difference scheme. To that end, Let
Pf=VE_VE ek =vk _k 0<i<M,0<k<N.

Subtracting (31) from (26)-(28), (20c)—(20e), respectively, we obtain the error equations, as follows

k
Y CEFL (A = Ap!) = b (eadee) [T+ A (FFHT = FFF) 4 8F7, 1<i<M-1, 0<k<N-1, (5la)
n=0

5 (51 (J/zéxe)l/z) b o)l 24512, 1<i<M-1, (51b)
% ((5,. (s020,0)k* ) =5, (300ep) T 4559, 1<i<M—1, 1<k<N-1, (51c)
=0 1<i<M-1, -ny<k<o0, p0=0 1<i<M-1, (51d)
b=e, =0, 0<k<N, (51e)
ok =0k =0, 0<k<N. (51f)

Theorem 1. Assume that u(x,t) € Cgf([O, L] x [, T]) is the smooth solution of (5) and {V¥, v¥|0 < i <
M, —ng < k < N} the numerical solution of the scheme (31). Subsequently, there exist positive constants hy
and Ty, independent of h and T, such that, when h < hg and T < Ty, we have the error estimate

[ s (@+it). Tnkg\lp”l\écl(r2+h4), —ny <k<N.

Proof. The proof will be preformed in two steps. Let us tackle the first one.
Step 1. When k = 0, the system (51) is as follows

Ch (Ao} = Ap?) = 06 (adee)] + (1= )0 (s:ab0e)0 + 87, 1<i<M-1, (52a)
5 (8 (36x0)}%) = 8 Gaadup)}? 4512, 1<i<M-1, (52b)
=0, 1<i<M-1, —ny<k<0, =0 1<i<M-1, (52¢)

e =e8 =0, (52d)

P = Pt = 0. (52¢)

Taking the inner product of (52a) with p!, we obtain

Ch et} = CAR 0 + (oc Gatne)” 1)+ (57, 1)
= Ci( A, 0") + (00x (5020x0)" + (1= 0)3x (5020x¢)°, p") + (87, p") (53)
C(A°, p1) — o€l ")y + (1= ) (0 (5220x0)°, p1) + (87, ),

Taking the inner product of (52b) with —2ce! and invoking Lemma 3.3, we arrive at

20

L) =2 (0e) o () () ) -2 (54

Adding (53) with (54) and using Young inequality and Lemma 2.6, we obtain

61



Mathematics 2020, 8, 1696

2

3

e[+ 26 < Chntoh) + ()6 Gadee) ')+ (57, 01) (55)

+ 27(7 <EO'61>~,:2 + cr<p0,el>%z — 2(7(51/2,el>

21 1|, 9p1 0|2 265 | 12, 91 —0) || 0||?
<[5+ gei ] + |5 I+ 2™ o vaser]
2C0 - 20| 112 90| 9|2
H 8C1 HS “ |:9T‘e ‘1,%2—"_27’[)8 ‘1,;(2
2R LR L[ LT P
+[9T|E ’1,%2 g I° ‘m + 9r‘ ‘MJF PR HS H ’ (56)
after a simplification, we get
2 277 A 2 27t(1—0) 227t 27
1 0 (7 2 0
32O [+ T o G| 1]
‘ ‘1:42 =320 0 F 320C} Nl I ¢l IS+ 5 1o,
2772 2, 2
ud e el o I 7
T3 ‘1,42 g P 67)
it follows from (52b) that
Oy (5020:€)} = 8y (50285€)) + Ty (320p)V/* 152, 1<i<M-—1. (58)

Substituting (58) into (52a), we have

Ch (Ap! = Ap?) = [106: adup)}? + 7512 + 8 (eadee)) + 87, 1<i<M-1.  (59)

Taking the inner product of (59) with p'/2, we obtain
A 2
CH((Ap' =A%) ,p17%) = —rofp! 2|+ (zos! 2 0V2) + (0 (a0ie) 0V (60)
)
+(8%,p12), (61)
By summation by parts and the Young inequality ab < 2179 249 802, with 6 = CSl , this yields

% <le”; - HPOHZ> = (6x (s20xe)° ,p'?) —W(p“zr +(8%,0172) + (zas!/2,p1/2)

1,0
[
- 2C
o [ e+ G }

<G+ 1) + o2

Subsequently, by invoking Lemma 2.6 and some simple manipulations, we get

be (aadee)”| "+ 22 H 2|+ -1
0

s+ 2 HPI/ZHZ}

3572+ 3;%“ 2 )

Oy (%zlsxe |

l

Bos P+ BT e e

& AN

Step 2. When k > 1, we take the inner product of (51a) with p**“ and obtain

[ < oo+ e o Gt +
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k
<E CAk“ ( L ppn > ¢7> = (6 (%25xe)k+a,pk+zr>

+ <.A (ﬁkﬂr o ]:-k+0) ’pkﬂr) + <Sk+0’pk+t7>’ 1<k<N-1.

By Lemmas 2.4 and 2.10, we deduce for 1 <k < N —1,

(a2 (o) |

1

n=1

L Ak+1
= E Z Ck n+1

T

- £ et - 6 L)

Young inequality is used for any 6 > 0 to yield

‘<$k+‘7, pk+z7>

< 9Hpk+0' 2+ Sk+tr 2

wl

Using Lemma 3.1 and also Young inequality, this gives

<A (l’fk+¢7 _ ]’_'-k+z7) /pk+17> <6 Hpk+17| 2 +

<ol 5 [ (Il ) < (o

12 2kto||?
— ||Ekteo — +0
rl

A

Substituting (65)-(67) in (64), we get, forall 1 <k < N —1,

k1 a2 R Ak w2 a |al|> skt ] ol
zc S "B = X G e =l -6
=

< <5 (%25 e)k+(7 pk+¢7 +6Hpk+¢7

4l [ () oy

Taking the inner product of (51c) with —e¥*?, we obtain

<E); (5x (%zéxe)k”) ,ek+"> = <<5x (%zéxp)k+”,ek+"> - <sk+‘7, ek+‘7>, 1<k<N-1.

For the Lh.s of (69), after recalling Lemmas 2.10 and 3.3, we get

+aa s

+ Hpk—ng

+ Hpk 1o

—<3z (6 (eatze)**7) ,ek*"> > % (81-8), 1<ksN-1,

such that

gk+1

and additionally,

=20+ 1R,

gk+1

— (20— 1)|ef,,, + (207 + 0 — 1] -

1
> g|€k“|fw k> 0.
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k|2
4 ‘1,%2’ kZO,

)

)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

1)
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By the Cauchy-Schwarz inequality, we have

1
‘_ <Sk+¢7, ek+0> < =

Hek+n 2+% Hsk+a 2,

=5 1<k<N-1, (72)

so plugging (70) and (72) into (69), this gives

1<k<N-1. (73)

% (gkﬂ 751() < <(5x (%zéxp)k+tf’ek+¢7> . % Hekaer % Hsk+0 2,

Adding (68) and (73), we obtain

(Bt B sl b))

1 HEHJH H kto

2
Sk+(7
-2

+ 0 Hpkﬂf

| +

il
3l 5 o (1 ) < (o e )]

Now, multiply both sides of (74) by 47, use Lemma 2.6 and do some arrangements, we then have

e

n=1

k+1 2 2
25 i 197 880 <20 (z ctatirit ) ) oo e (o o o)

4t Hek+a) 2 4 H ko
2

gl HSH"H +27(1+26)
Ea(eb ) 2

Denote 71 = 27 kL CEHL 10712 + €X41, we can write

k+¢7 H (74)

)

+ Hpk no

HE < k407 (@k HP1H Jrék+1 HpoH2> 4j Hek+0 2

+oro ool + 5 [261 (I o] )+c (HP"“ . )

<H'+or (2 b p1H + 2 e e ) +5 z "]+ 7 2 s+ | (75)
n=1 n=1 n=1 n=1

1)

4£ sk+(7 2 4l Sk+17 2
3 S I S

+Hpk no

k k+1 k
+i—; Y [[Sme|? +4r(1+20) ) ||p"H2+47T ) {2&( "1?
n=1 n=1 n=1

+C§<

From (71) and Lemma 2.4,

n-+1-—ng 2

P +||p"”0”2>:|, 1<k<N-1

Hk+1 > 3 % k 1=, L n 2 1 k412 1<k<N-1 76
TZF’V T2 —7,) (k+0) Yo lle ||A+U\e ., 1<k< , (76)
n=1

H! =27 ||o? H + &1 < 2rcf ! H + o), + Q2+ 1), . 77)
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Inserting the above two inequalities into (76) and considering

20 (1—7)T " -
c:=max{cy,c}, A:i== ~ 1 _(k+o),
{c1,e2} 3;)% T2-17,) ( )

yields

1 k+1 R 2
R+ A Y " < 20Ch||ot |+ (202 4+ 30)[e
n=1

k R 2 k R 2 k+1 k 2
+27(Z by ||p! ZC’;“H,DOH ) +4t Y [l +2t Y ||
n=1 n=1 n=1
T Kk ) k+1 5
+g 2 8™ +4t(1+20+3c%) Y [p"].
n=1 n=1

By choosing 6 to achieve A > 4(1 + 20 + 3¢?), invoking (57), (63), and denoting

k 2,2
A A 18 18140 2
Gry1 := 2T< éJr Z bn> { H ‘ Oy (5020x€) ” + || (7H2+ e Hsl/zH }
n=1 (Co) Co) ()
277 || 0|2, 27T(1-0) T o
+ 0 +30) | 336 o+ Tppar [« Gatee) |+ oy 151 )
2772 g2 97 2 LA 2 2, T ¢ 2
2 0) — 272 ||sl/2“ +or ) G HPOH o1 Z s + £ 3 ||smHe?,
32 L 8 n=1 n=1 0 n=1
we obtain directly after following the assumptions (13),
1 4ro K
6 < 1 R < 5 V€I G, 1SKSN-1, (79)
by by = by
invoking Lemma 2.6 gives
k+112 ZTLZ o
e < Z| 450 1<Sk<N-1, (80)
applying Gronwall Lemma 3.2 yields
k12 o O 4L?
[T < —exp Sb Gri1, 1<k<N-1 (81)
2

Accordingly, the proof is completed. [

4. Almost Unconditional Stability

To discuss the stability of the compact difference scheme (31), we also use the discrete energy
method. Let {T/l-k, 171{‘\0 < i< M,—ng <k < N} be the solution of
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k
re (ADFH = AD) = 6, (o) + ARSY, 1<i<M-1, 0<k<N-1, (82a)
o (ox (stv)}/z) b b))%, 1<i<M-1, (82b)
9 (5x (320,0)FF ") by (00 0)KT, 1<i<M-1, 1<k<N-1, (82¢)
o=tef, 1<i<M-1, -n<k<0, 7 =1¢(x), 1<i<M-1, (82d)
17§=VM_0 0<k<N, (82e)
§=Vi=0 0<k<N, (82f)

where

Fio = f <(17+ 1) 7F — ovf ! m/k+l "+ (1- U)ﬁf_"o,xi,tkw) . (83)

where ¢ denotes an initial perturbation term that is very small.

Theorem 2. Let pif = Vk Vlk, ei‘ 17 k vi, for 0 <i < M, —ng < k < N. Subsequently, there exist
constants cy, cs, hy, To thatfulﬁll

, 0<k<N,

[#]., = 2 [

conditioned by

h<hy, T<T, max
—n<k<0
0<i<M

< Cs5.

i

Proof. The perturbation equations in terms of gf and & come by subtracting (82) from (31) and similar
to the proof of Theorem 1, the conclusion of stability holds immediately. [J

5. Generalized Scheme for the Distributed Order Case

We are now in a position to consider the distributed order form of dmfCDWEs, which means that

2 u(x,t) , 0 du ou
/1 w(«) 5 dtx—£<q1(x)$>+qz(x)g + flu(x, t),u(x,t—s),x,t), 0<t<T,0<x<L, (84a)
with the following initial and boundary conditions

3 ad
”(axt’o) = (x) = lim %, (84b)

t—=—0

u(0,t) = ¢o(t), u(L,t)=¢r(t), 0<t<T, (84¢)

u(x,t) =d(x,t), 0<x<L, te]-s0),

Following the same manipulations illustrated before; starting from an exponential transformation
technique, then a transformation to zero Dirichlet boundary conditions, we obtain the following system

/;zw(a)%;’t)da 9 (ql() >+f(( H,v(x,t—s),xt), 0<t<T,0<x<L, (85a)

with the initial and boundary conditions as

o(x,t) =7(x,t), 0<x<L, te[-s0),

v(0,t) =v(L,t) =0, t>0. (85¢)
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A numerical quadrature rule can be adapted to transform the system (85) to dmfCDWEs. We recall
Simpson’s rule (also known as the three-point Newton-Cotes quadrature rule), a proof of which can
be found in any descent textbook.

Lemma 5.1. Consider an equidistant partition of the interval [1,2] into 2] subintervals, let Ax = 2, and
denote oy =1+ 1Ax, 0 <1 < 2]. Subsequently, the composite Simpson’s rule reads

2 — (M)t
[ f@de = da Y mfta) - S F @), Ce L) (56)
1=0

where
I=0,2],

1=24,..,2]—42]-2,
1=1,3,...,2]—3,2] — 1.

"=

Wl WIN W=

Define the function G(-;x;,t;) : @ = w(a )a Ua(;' ) . Suppose that G(«) € C*([1,2]), then by using

Lemma 5.1, we approximate the distributed derivative as

2 %v(x;, by An)t
/1 w(“)%‘j“ =Da E'YI‘U a;) G D o(xi, o1 2) — (183 G (;x;, tr i) agt”

2]

= A Y yw (@) §DF0(x, tio) + O (Ba)?, (87)
=0

fora ¥ € [1,2]. Define

A(k+1) J TN (kL)
Cn :A“Z'Y[w(al)wcn , n=01,...k
1=0

then the constructed compact difference scheme has the following form

i}éﬁi (Av;““ - Av;') =0s (bad)i T AFFT, 1<i<M-1, 0<k<N-1, (88a)
s

o (ax P ”2) C(Gad V)2, 1<i<M—1, (88b)

(ox (sa0,0) ”) b5 (00 V)T, 1<i<M-1, 1<k<N-1, (88¢)

=7k 1<i<M-1, —my<k<0, W=¢(x), 1<i<M-1, (88d)

v=vk =0, 0<k<N, (88e)

VE=VE =0, 0<k<N. (88f)

Remark 1. The local truncation error of the compact difference scheme (88) for the distributed order
system (85) is of order O (Tz +ht+ (Aoc)4) . The convergence and stability estimates can be derived
in the same manner as in Theorem 1 and Theorem 2.

6. Numerical Illustration

The purpose of the present section is to demonstrate the convergence rate of the method. We will
consider the maximum absolute error between the exact solution u(x;, ;) of the continuous problem
and corresponding approximations ui.‘, which is given by

_ . —y
Con = max, u(x, tn) — uf. (89)
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Moreover, we define the standard rates

€ €
0 :10g2< T'”’) & &pl, :10g2< 27’h>~ (90)

€t € T,h

We consider the following multiterm time fractional delay sup-diffusion problem

2 o%u(x,t)  (x+1)0%u
P = 2 g T D)

20U
dx

+ f(u(x, t),u(x,t —0.2),x,t), 91)
r=0

Flulx, ), u(x, t —0.2),x,t) = —u?(t,x) + u(t —02,x) + g(x,t), V(x1t) € [0,1] x [0,1]. (92)

Note that g(x, t) is defined /derived, such that u(x, t) = e*x?(1 — x)£® is the exact solution. The exact
solution determines the initial condition and boundary conditions. The difference scheme (31) is
employed in order to obtain the numerical solution. First, the numerical accuracy of this scheme in
time will be verified. Taking a sufficiently small step size /1 and varying step size 7, the numerical
errors and numerical convergence orders are listed in the lower half of Table 1. The computational
results presented in Table 1 confirm the second-order convergence of the difference scheme (31) in time.

Table 1. Absolute errors and standard convergence rates in space and time when approximating
the solution u of (1) with (¢ = 1.3, ay = 1.5, a3 = 1.7), while using the difference method (31).
The parameters and conditions employed in this case correspond to those in Example 6.

Spatial Analysis of Convergence

(p() = 1, P1= 1.25,p2 = 2) (po = 2, p1= 1.75, p2 = 1)

T h €,h P:,h €1,h pj-fr,h
0.02x2°1 1.877x1073 — 4179 x 1074 -

0001 002 22 1388 x 107 3.765 2.676 x 1075 3.965

0.02x273 9733x10°° 3.834 1.697 x 107° 3.979

0.02x2°% 6.306x1077 3.948 1.066 x 1077 3.992
0.02x2°1 2480 x10°* — 6.981 x 107> -

0.0005 002 272 1601 x107° 3.953 4430 x 107° 3.978

’ 0.02x273 1.016 x 107 3.978 2.791 x 1077 3.988

0.02x2% 6399 %108 3.989 1.750 x 1078 3.995

Temporal Analysis of Convergence

(pg = 1,p1 = 1.25,}12 = 2) (p() = 2, P11 = 1.75, p2 = 1)

h T € Pen €,k P
001 x2°1 3357 x10°* — 7.278 x 107° -

0005 001 272 9152x107° 1.875 1.842 x 107° 1.984

’ 0.01x273 2395x10°> 1.934 4.640 x 107° 1.989

0.01 x27% 7450 x 10~° 1.978 1.164 x 10~© 1.995
001x2°1 9375 x10°> — 5.378 x 107° -

0001 001X 272 2472 x107° 1.923 1.359 x 1070 1.987

’ 0.01 x273 6366 x10~° 1.964 3.409 x 1077 1.994

0.01 x27% 1592 x10°° 1.993 8.534 x 1078 1.998

Next, the numerical accuracy of the difference scheme in space for solving this example is
examined. The numerical results of this scheme for different step sizes in space are calculated and the
numerical errors, as well as the numerical convergence orders are recorded in the upper half of Table 1.
Again, from which, one can find that, in this case the fourth-order convergence is achieved.
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7. Conclusions

A linearized difference scheme for solving a class of dmfCDWEs is constructed. With the
help of an easy to execute and invertible exponential transformation, the considered problem can
be converted into the delay variable coefficient fractional diffusion wave equation equivalently.
Subsequently, we establish a fourth-order accurate numerical scheme that is based on a variable
coefficient compact operator and with a temporal second order of convergence at a super-convergent
point. The convergence and stability of the current numerical scheme are proved at length and a
numerical example is finally added for the sake of demonstrating the theoretical findings.
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Abstract: The dynamic behavior of n-firm oligopolies is examined without product differentiation
and with linear price and cost functions. Continuous time scales are assumed with best response
dynamics, in which case the equilibrium is asymptotically stable without delays. The firms are
assumed to face both implementation and information delays. If the delays are equal, then the model
is a single delay case, and the equilibrium is oscillatory stable if the delay is small, at the threshold
stability is lost by Hopf bifurcation with cyclic behavior, and for larger delays, the trajectories show
expanding cycles. In the case of the non-equal delays, the stability switching curves are constructed
and the directions of stability switches are determined. In the case of growth rate dynamics, the local
behavior of the trajectories is similar to that of the best response dynamics. Simulation studies verify
and illustrate the theoretical findings.

Keywords: implementation delay; information delay; stability switching curve; Cournot oligopoly;
growth rate dynamics

1. Introduction

Examining oligopoly models is a very frequently studied research area in mathematical economics.
Based on the pioneering work of Cournot [1], many researchers were devoted to this interesting and
challenging model and its variants and extensions. One frequently studied extension is obtained by
considering the dynamic behavior of the firms. These models can be divided into several categories
including linear and nonlinear models, discrete and continuous time scales, best response, and gradient
adjustments. For discrete time scales Theocharis [2] showed that the equilibrium of n-firm linear
oligopolies without product differentiation is asymptotically stable if n = 2, marginally stable if
n = 3 and unstable if n > 3. For continuous time scales, McManus and Quandt [3] showed that
the equilibrium is always asymptotically stable in the linear case regardless of the values of the
positive speeds of adjustments. These classical results already indicated that the dynamic properties
of the equilibrium strongly depends on the selection of time scales. Several generalizations and
extensions were then introduced and studied in the literature. The early results up to the mid-70s
are summarized in Okuguchi [4] and their multiproduct generalizations are presented in Okuguchi
and Szidarovszky [5]. Different aspects of the classical Theocharis model were then examined by
several authors including Canovas et al. [6], Hommes et al. [7], Lampart [8], Puu [9,10], Matsumoto
and Szidarovszky [11] among others. Nonlinear models are discussed in Bischi et al. [12] and their
extensions including delays are examined in Matsumoto and Szidarovszky [13].

In this paper, we reconsider the classical Theocharis model by examining the dynamic behavior
of linear n-firm oligopolies without product differentiation and with the additional assumption that
the firms face both implementation and information delays. As it is well known that in the linear case
best response and gradient adjustment processes are equivalent with different speeds of adjustments,
we deal only with best response dynamics. It is assumed that the firms face equal delays in both types.
If the implementation and information delays are equal, then the model is equivalent with a single delay
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case mathematically. In this case, we show that the equilibrium is oscillatory asymptotically stable if the
common delay is sufficiently small, at the threshold Hopf bifurcation occurs with cyclic and for larger
delays expanding cyclic trajectories. If the delays are different, then a two-delay model is obtained.
The stability switching curves are first constructed and then the directions of stability switches are
determined. Growth rate dynamics result in nonlinear systems, their local linearizations around the
equilibrium result in linear dynamics, that is equivalent to the best response case. So the local dynamics
of the two systems are equivalent. Simulation studies verify and illustrate the theoretical findings of
the paper. Even in the very special case of linear models, our analysis discovered several aspects of the
dynamics which were not studied in the literature before. The importance of examining linear models is
verified in addition to the fact that linearized nonlinear models have the same mathematical structures.

This paper develops as follows. Section 3 introduces the best response dynamics. First stability
switching curves are constructed and then the case of equal delays is discussed in detail. Growth rate
dynamics are introduced in Section 4. First, the stability switching curves are shown and then the
directions of stability switches are determined. In both sections, numerical results and simulation
studies verify and illustrate the theoretical results. Section 5 offers conclusions and outlines further
research directions.

2. Model

The classical oligopoly model is presented reconsidering the classical results of Theocharis [2]
and McManus and Quandt [3]. In the model, # firms are producing a homogeneous output. The price
function is assumed to be linear,

where 4 > 0 is the maximum price, b > 0 is the slope of the price function and x; is firm j’s output.
The production cost is also assumed to be linear with no fixed cost. The marginal cost of firm j is
denoted by c;, being positive. The profit function of firm i is defined by

n
= <a —b Zx]) X; — ¢jX;.
=

Under the Cournot competition, the firms decide how much to produce. As we focus only on
interior solutions (If the optimal output level of a firm is zero, then the firm leaves the industry, so we
can igonore such firms), the first-order condition of firm i for profit maximization is

o7T; 1t
Bx,-l :u—bei—bej—cl-:O
j#
and the second-order condition is satisfied,
82 TT;
= -2b<0.
ox?

The best reply function is obtained through the first-order condition and depends on the choices
of other firms,
. a—c; —bZ]”#ixj
! 2b ’

Let us introduce a new notation,

_a—cg_ 1 R
;= b 'ﬁ72andQ7];x]
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and make the conventional assumption:
Assumption 1. ¢; = c forallianda > c.

Assumption 1 implies &; = a > 0 for all i. As each firm makes an optimal choice at the Cournot
equilibrium, its best reply function is written as

* a— Q*
o tohe
The aggregate output of all firms is obtained by adding the individual outputs,

n N — ,BQ*
Q* = Z xf=p—=~r=

= 1-p

that is solved for Q* to have
o o M
1+(n—-1)8

Substituting Q* into the best reply gives the individual output values at the Cournot equilibrium,

. o .
C=_ =12,..,n.
x; T+(i-1)p or i ,2,..,0

3. Best Reply Dynamics

Dynamic interpretation of the oligopoly model depends on how to define a learning process on
how each firm observes its competitors’ choices. Theocharis (1960) constructs the best reply dynamics
with naive expectations in discrete time scales,

n
xi(t+1) = a—BY x(1)

j#i
where the adjustment to the optimal output in each period is perfect. His provocative result shows that
the stability of the Cournot equilibrium is determined only by the number of the firms in an industry
as mentioned in the Introduction. McManus and Quandt (1961) makes two reasonable modifications
of Theocharis” assumptions: the discrete-time scales are replaced with continuous-time scales and the
imperfect adjustment assumption is adopted in which the direction of output change is proportional
to the discrepancy between the optimal and actual values,

xi(t) =k |a — ,BZ:xj(t) —x;(t)| withk; > 0.
j#i

It is demonstrated that the Cournot equilibrium is always stable when the adjustment speeds are
the same (i.e., k; = k). Their result is in sharp contrast to Theocharis’ result. We also note that this
result remains true if all adjustment speeds are positive.

3.1. Stability Switching

In this study, we move one step forward from the McManus and Quandt model and introduce
implementation delays (i.e., 7y > 0) on the firm’s own production and information delays (7> > 0) on
the competitors’ productions,

n
xi(t) =k |a —ﬁzxj(t— ) —xi(t—m)| fori=1,2,..,n. 1
j#
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Notice that dynamic system (1) has the Cournot equilibrium as the steady-state and its

homogeneous part is

xi(t) =k |—xi(t—1) — ‘Bixj(t —1)| fori=1,2,..,n. ()
i

The characteristic equation is

Adke ™1 kBe A2 ... kfe M
kBe A2 A4ke AT ... kBe AT
o= | P C T e
kBe=*2 kB2 ... A ke
With new notation,
D = diag (A ke M — kBe AT, A+ ke AT — k/se*m)
(n,n)
= -\t =
a (kﬁe )(n,l) and b = (1) (1),
the characteristic equation can be written as
p(A) = det <D + ubT) ,
= detDdet (I + DilabT) ,
= detD [1 + bTDfla] )
Hence
—AT;
_ —Aty _ —ATp n nkﬁe 2
o(A) A+ ke kpe 2] {1 A s e

-1
(A -+ ke —kpe )" (At ke AT 4 k(n — 1)e A2
It follows that we have two possibilities to solve ¢(A) = 0,
(i) A + ke 7 —kpe =22 = 0,
(ii) A + ke 0 +kB(n — 1)e *2 = 0.
Without delays 71 = 7, = 0, the eigenvalues are negative,
M=—-k(I1-B)<0andA, =—k[1+B(n—1)] <0,
implying that the equilibrium is asymptotically stable.
For positive delays, we follow the method discussed in Matsumoto and Szidarovszky [13] based
on Gu et al. [14]. Consider equation (i) first. As A = 0 does not solve equation (i), it can be rewritten as

14a1(A)e™? +ay(A)e™*2 =0 (3)

where

al()\) = ; and (Zz(/\) = —kTIS.

Equation (3) must have a pair of pure imaginary solutions when a stability switch occurs. Hence let
A = iw with w > 0 (It is possible to take its conjugate with «w < 0. Even so, we can arrive at the same
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result.) and we may consider the three terms in (3) as three vectors in the complex plane with the
magnitudes 1, |a; (iw)| and |az (iw)|, respectively. Equation (3) means that if we put these vectors head
to tail, they form a triangle with the internal angles 0; and 6, as illustrated in Figure 1.

Im

ay(iw)e™ " aq(iw)e ™™

A 6,
1

Re

Figure 1. Triangle conditions.

These vectors form a triangle if and only if the sum of the lengths of any two adjacent line
segments is not shorter than the length of the remaining line segment:

a1 (i) | 4 |ag (iw)| > 1

and
=1 < |ay (iw)| — |az(iw)| < 1.
For A = iw,

Lk kB
aq(iw) = —i and ap(A) = N

where the absolute values are

kp

. k )
|ax (iw)] = - and a2 (iw)| = o
and the arguments are
. 31 . T
arg [aq (iw)] = > and arg (1 (iw)] = 7

From the triangle conditions, we have the interval of w for which A = iw can be a solution of
equation (i) for some 71 and 1,

1, 3
wel= {Ek'ik}

The internal angles of 0; and 0, are calculated by the law of cosine as

4w? + 3k?
1
61 (w) = cos {78kw }
and 5 )
4w* — 3k
el
6> (w) = cos {7% }

For any w € I, we may find all pairs of (11, Tp) satisfying (3) as follows:

T (w, ) = % Eﬂ(zzlq)niel(w)} @)
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and

T (w, ) = é BnJr (20, — 1) T F O (w) ]| - (5)

Since a symmetric triangle can be formed below the horizontal axis in Figure 1, four inner angles
are defined, £6; (w) and F6,(w) (double-sign correspondence). By the definitions of the interior
angles, we have the followings:

arg (a1 (w)e ) + 207 £ 61 (@) = 7
and .
arg <a2(w)67"*’72> +2bLrFbh(w) =1

forf1 =0,1,2,..and ¢, =0, 1,2, ... Solving these equations for 71 and 1, yields (4) and (5). So we have
two sets of line segments,

Gl (f, ) = { (v (w, 01), 15 (w, &) | w e L, (€1,62) € Z}

and
Cl_(fl,éz) = {(Tl_(w,él),’l';(w, 42)) | wel, (51,52) € Z}.

As {; is the horizontal shift parameter and /5 is the vertical shift parameter, changing these values
shifts these segments accordingly. Connecting these segments creates the stability switching curve
(SSC, henceforth) under equation (i).

We now turn attention to equation (ii) that can be written as

14b1(A)e™ T 4+ by(A)e™2 =0 (6)
where . kB( 0
"
bl(/\) = X and bz()L) = f
With A = iw,
by (i) = —i X and by(icw) = _kB(n=1)
w w

their absolute values are

|b1 (iw)| = g and |by(iw)| = @,

and their arguments are

arg (b1 (iw)) = ;n and arg (by(iw)) = %7‘[.

By the triangle conditions, the domains of w are defined, respectively, by
1,3
L= |-k sk| ifn=2
2 |: Zk, 2k:| un

and

— 1
I, = {n 3k’n+

i > 3.
2 2 k} ifn>3

As in the same way, the internal angles denoted as §; and 0, generated under equation (ii) are
obtained as

By (w) = cos™! {4“’2 L (gk; 3) (n+ 1)}

and

02(w) = cos™! [4&;2 +:Z((;:l:13))u5n * 1)} .
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For any w € I or I, we may find all pairs of (13, 72) satisfying (6) as follows:

= (w,my) = % Bn+(2m1—l)7r:|:§1(w)] 7)
and
T3 (w,my) = é [%n+(2m271)n¥92(w)] . (8)
As before, we have again two sets of line segments,
Cy (my,my) = { (F (w,m1), Ty (w, m)) | w € Lyor I, (my,my) € Z}
and

C, (my,my) = { (T (w,m1), T (w, my)) | w € Lor I, (my,my) € Z}

which are shifted horizontally and vertically by changing the values of 77 and m1,. Connecting these
segments creates again the stability switching curves under equation (ii).

3.2. Equal Delays

Having found the delays’ critical values, we may draw attention to the equal delay case before
proceeding further with the different delay case. When the delays are equal, conditions (i) and (ii) are
changed to

(i) A+ ke T —kBe AT =0,

() A+ ke M +kB(n —1)e A =0.
For A = iw with w > 0, equation (i) is
iw+k(1—B) (coswT —isinwt) = 0.
Separating the real and imaginary parts gives the equations,
k(1—B)coswt =0
k(1—pB)sinwt =w

from which

N =

coswT =0, sinwt=1land w =

Hence the critical values of T for equation (i)” are determined as
T*:g(ﬁmm) for £ =0,1,2 )
1A t\2 L, 4.

Similarly, for equation (ii)’, we have

coswT =0, sinwt=1and w = k(nZiJrl)
Hence the critical values of T are determined as
2 T
* = — [ — =
) = 1) (2 +2m7r) form =0,1,2,.. (10)

It is confirmed that
T (n) < 13 forany n > 2.
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Therefore stability switching occurs when 7 = 17 (n). To check the direction of stability
switches, we select T as the bifurcation parameter and consider the eigenvalues as functions of
7, A = A(7). Then we differentiate equation (ii)” with respect to T,

N+k(1+(n—1)p)e* (ANt —A) =0

and solving this for A’ gives
v A
1+ AT
The sign of the real part for A = iw is positive,

w?

:72>0.
1+ (wT)

Re [(1),_i,]

As equations (i)’ is obtained from (ii)’ with n = 0, this derivation also applies to equation (i)’.
Hence we have the following result when the delays are equal:

Theorem 1. The Cournot equilibrium is locally asymptotically stable for T < 7;(n), loses its stability at
T = 15 (n) and stability cannot be regained for T > 15 (n) where

)=
O T k(1)
Theorem 1 is numerically confirmed when
« =10, k= 0.5.

We perform simulations with three different values of n, n = 2, n = 3, and n = 4. The simulations
are done with Mathematica, ver. 12.1. The corresponding critical values of T are

27

7(2) ==, 1y(3) = 7 and 5 (4) = =

2
which imply that the stability region becomes smaller as n increases. This is also clear from the form of
7§ () in Theorem 1. In each simulation below, we take T = 1§ (1) — 0.2 for the red convergent curve
and 7 = 7 (n) + 0.1 for the divergent green curve and assume constant functions for + < 0.

In duopoly, the initial functions are defined as

¢1(t) = x§ —3and ¢o(t) = x5 —2fort <O0.

In tiropoly and quartopoly, the appropriate functions are similarly defined and the initial values
are selected from the neighborhood of the equilibrium point. Although it is clear that the simulation
results strongly depend on the model’s specification, we can see the followings from those simulations
illustrated in Figure 2A—C:

(1) Theorem 1 is numerically confirmed for n = 2,3,4; it is seen that the Cournot equilibrium is
stable for T < 7;(n), loses stability, and bifurcates to a cyclic oscillation for T = 15 (1).

(2)  The trajectories are oscillatory because only complex roots can solve the characteristic equations.

(3) Itis further confirmed that the trajectories are oscillatory expanding for T > 7;(n) and thus
sooner or later become negative, losing economic meaning.

(4)  The time at which the negative production takes place the first time becomes smaller as n
increases. Indeed, the green curve first crosses the horizontal axis at f ~ 32.012 in triopoly in
Figure 2B and at t ~ 25.423 in quartopoly in Figure 2C. Although it is not illustrated in Figure 2A,
the trajectory becomes negative at t ~ 59.641 in duopoly.
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Results (3) and (4) are inevitable because the best reply functions are linear and the resultant
dynamical system does not have enough nonlinearities to prevent the trajectories from becoming
negative. We also have essentially the same results in the case of different delays.

15

oo

(&)

©
Figure 2. (A) Oscillatory dynamics in duopoly. (B) Oscillatory dynamics in triopoly. (C) Oscillatory
dynamics in quartopoly.
4. Growth Rate Dynamics

In this section, we make one modification to the delay best reply dynamical system, (1), and pursue
the possibility of bounded dynamics when the system includes some nonlinearities. In particular,
the growth rate adjustment is assumed in which the growth rate of output is controlled by the difference
between the optimal output and the actual output,

n
y = klao—xi(t—7)—BY x(t—1)| fori=1,2,..,n. (11)
7
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System (11) has the same stationary point as system (1). The homogeneous part of its linearized

version is
n

Xi(t) =K —xi(t — T]) — ‘BZx](t — Tz) fori = 1,2,...,11, (12)
j#i
where
K = kx°.

Comparing (12) with (2) reveals that only the adjustment parameters are different. Thus, the formulas
for the critical delays in (4), (5), (7) and (8) obtained in the best reply dynamic system can be applied to
the growth rate dynamical system (12) if k is replaced with K.

The remaining part of this section is divided into two. The stability switching curves under the
growth rate dynamics are constructed and numerical simulations are performed in the first subsection.
The stability index is examined to provide theoretical backgrounds with the directions of stability
switches for the numerical results in the second part.

4.1. Stability Switching Curves

It is assumed henceforth that K replaces k. Then the pairs of (1] (w, 1), T, (w,£2)) and
(17 (w, 1), 735" (w, £2)) in (4) and (5) satisfy the following characteristic equation,

A4 Ke ™ —KBe ™2 =0 (13)

where the definitions of 6; and 6, should be changed to

4w® + 3K?
— cosl
01 (w) = cos { Ko } , (14)
4w?* — 3K
— cos—1
6> (w) = cos { o } (15)
and the interval w is redefined by
1,3
I = {EK’ EK} .
We then have two sets of line segments in the first quadrant of the (13, 72) plane,
Li(,6) = { (4 (w,0), 7 (w, &) | wel, (1,6) € Z} (16)
and
Lf(€1,€2) = {(T{(w,fl),”{;(w, 52)) ! wel, (61,62) (S Z} 17)

similar to the case of best reply dynamics. Lemma 1 characterizes the relations of the segments
L{ (61,£2) and Ly (¢4, () for the extreme values of w in interval I.

Lemmal. L} (¢, 6, +1) = Ly ({1, ¢,) holds for the initial point of I, w = K/2,and Ly ({1,¢2) = L ({1, ¢5)
holds for the terminal point of I, w = 3K/2.

Proof. Substituting w = K/2 into (14) and (15) gives
01(K/2) = cos (1) = 0and 6,(K/2) = cos™}(=1) =

implying that
T (K/Zf)zf —m+ 20—-1)m
1 71 K\2 ( 1 )
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and 5 /1
T (K/2,6+1) =1, (K/2, ) = % (§n+2€2n> .
Hence L (¢1, 0, +1) = Ly (¢4, £2) at the initial point of I. In the same way, for w = 3K/2,
61(3K/2) = cos 1(1) = 0 and 62(3K/2) = cos (1) =0
implying that
T (B3K/2,0) = 1 (3K/2, 1) = 3% @m (26— 1) n>
and

7, (3K/2,62) = 1, (3K/2, &) = % (%71—0— (26, - 1) 7'() .

Hence L{ ({1, (2) = Ly ({1, () at the terminal point of I. This completes the proof. [J
Pairs of (7, (m1), T, (m1)) and (7] (m2), Ty (m2)) from (7) and (8) satisfy the characteristic equation,
A4 Ke ™0 4 KB(n—1)e 2 =0 (18)

where the definitions of #; and 8, should be changed to

- 4w? — K> (n—3) (n+1)
_ el
01 (w) = cos { 8K } (19)
e 2 K2 (1=3) (n+ 1)
_ 1 [4w*+K-(n—-3)(n+1
_ 1
02(w) = cos { K —1)w } (20)
and the interval for w is defined, respectively, by
1_3 .
L= {EK, EK} ifn=2
and 3 ,
n— n—+ .
= _ > 3.
I, { 5 K, 2 K} ifn>3
We also have two line segments of (11, 72),
L;r(ml,m2) = {(T;r(w,ml),fg(w, my)) | w € Lorl, (m,my) € Z} (21)
and
Ly (my,mp) = { (T (w,m), T (w, m3)) | w € Lor Iy, (my,my) € Z} (22)

similarly to the case of best reply dynamics. Similarly to Lemma 1, we have the followings:

Lemma 2. In the case of n = 2, Ly (my,my + 1) = Ly (my, ma) holds for the initial point of I, w = K/2,
and Ly (my, my) = Ly (my, my) holds for the terminal point of I, w = 3K /2.

Notice that for n = 3,
lim 7" (w,m;) = o0 and lim 5 (w, my) = oo
w—0 w—0

The equality of the segments does not hold at the initial point of I3 but only at the terminal point
which can be proved similarly to Lemma 1.
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Lemma 3. In the case of n = 3, Ly (my,my) = L; (my, my) holds for the terminal point of I3, w = 2K.
If n > 4, then the following result holds.

Lemma 4. In the case of n > 4, L;(ml,mz) = L, (my + 1,my) holds for the initial point of I, w =
(n —1)K/2and Ly (my, my) = Ly (my, my) holds for the terminal point w = (n + 1)K/2.

In the following, we will construct stability switching curves. To this end, we specify the
parameters’ values as « = 10 and k = 0.1. In Figure 3, the dotted red loci are described by L;° (€1, 62)
with ¢; = 0 and ¢, = 0,1 and the dotted blue locus by Lf' (0,1). The black point a’ is the initial point of
Ly (0,1) and L7 (0,0) and its coordinates are

at which L (0,1) = Ly (0,0) holds by Lemma 1. The black point V' is the terminal point of L{(0,1)
and L; (0,1) and its coordinates are
b= (171 §7r>
2772

atwhich L} (0,1) = L; (0,1) holds by Lemma 1. The blue and red solid curves are described by L3 (0, 0)
and L; (0,0). They are connected at point a,

at which L3 (0,0) = L, (0,0) by Lemma 2.

The dotted and solid curves are smoothly connected as is seen in Figure 3. As a result, the (71, T2)
region is divided into two subregions by the stability switching curve connecting the left-most parts
among the segments of L5 (0,0), Lli (0,1),and L (0,1). As the Cournot equilibrium is stable when
there are no delays, it is stable in the region including the origin and left to the connecting curve.
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Figure 3. Stability switching curve (S5C) with n = 2.
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We want to investigate the influence of 71 and 7. Two simulations in the case of n = 2 are
performed with initial functions,

¢1(t) =x§ —2and ¢o(t) = x5 +1fort <O0.

The first simulation result along the diagonal is presented in Figure 4A. The delays increase
from 7; = 0 to 7; = 3.4 with an increment of 0.003 along the diagonal. The Cournot equilibrium is
asymptotically stable for smaller delays and becomes unstable through a Hopf bifurcation at

a * 1 .
T =1(2)= Enforz =12,

producing a limit cycle that further bifurcates to a multi-periodic cycle for larger delays. The second
result with the different two delays is given in Figure 4B. The value of 7y increases from 7 =
7' (~1423) to 1 = TP(= 3.4) along the dotted horizontal line at , = 3. More precisely,
the bifurcation diagrams with two delays are constructed in the following procedure with Mathematica,
version 12.1. The value of 1, is fixed at 3, and the value of 7; is increased from T, = TlA to
Tmax = TlB with an increment (Tmax — Tmin )/ 1000. For each value of 73, dynamic system (11) runs for
0 <t < T(= 2000), and the data for t < T — 100 are discarded to get rid of the initial disturbance.
The local maxima and minima out of the remaining data are plotted against this 7; value. Then the
value of 7; is increased and then the same procedure is repeated until 7y arrives at Tmax. The following
bifurcation diagrams are obtained in the same way. The resulting bifurcation diagram shows that
the dynamic system experience similar dynamics. The stability of the equilibrium point is confirmed
for the zero delay and holds for 7 < 7{* and 7, = 3. In both diagrams (and the following diagrams),
notation £¢ = log [x¢] is used.

5

log{x ()]

log{x(t)]
&

-10

-15

4] 4]
(A) Equal delays (B) Different delays

Figure 4. Bifurcation diagrams with n = 2.

We now increase the number of firms to 3. Figure 5A shows the stability switching curves.
The line segments of L] (0,0) (i.e., the solid blue curve) and L; (0,0) (i.e., the solid red curve) take
the L-shaped profile and rotate counter-clockwise at point a to the extent that the solid red curve is
located furthermost to the left. By Lemma 4, both line segments head to point 4, the terminal point as w
increases to 2K. We simulate the model (11) along the diagonal (i.e., 7; = 7») and the dotted horizontal
line at 7p = 3 (i.e.,, 1 # T2) in Figure 5A. As we find qualitatively no big differences between these
simulation results as in Figure 4A,B, we depict only the bifurcation diagram with different delays in
Figure 5B. It is seen that ald “period-doubling bifurcation” occurs in which the Cournot equilibrium is
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asymptotically stable for 7; < 7{(~1.136), loses stability at 7; = 7{* and bifurcates to a limit cycle from
which new limit cycles emerge having a doubled period of the cycle as 7 increases from 7{*. We also
see that further increasing T; gives rise to complicated dynamics that suddenly shrinks to a limit cycle
with multiple local maxima and minima at some critical point.

5

10

0 L
6 S
K X 5
D
2
4
—10t
2
0 -15
7 7
(A) SSC (B) Bifurcation diagram

Figure 5. Dynamic properties of Equation (11) with n = 3.

In the case of n = 4, as is seen in Figure 6A, the solid red and blue segments rotate counter-clockwise
further at point g, leading to that the red segment crosses the vertical axis. In Figure 6B, we see that the
bifurcation diagram gets more complicated and various dynamics can emerge.

10 5

0

8 _5
- =
3

= -10

-15

-20

T1A 2 3 7'15
T I
(A) SSC (B) Bifurcation diagram

Figure 6. Dynamic properties of Equation (11) with n = 4.

Lastly, we simulate system (11) with n = 9. The shape of the stability switching curve is
different from those with smaller n. In Figure 7A, the positive-sloping dotted line is the diagonal,
the dotted-red line is L, (0,0) as before and the black dots are the starting or ending points of the
segments. A remarkable difference is that the solid red-blue segments consist of the wave-shaped
curve. Accordingly, the bifurcation diagram is obtained along the horizontal dotted line at 7, = 2

and exhibits a different route to chaos. The stability of the Cournot equilibrium is lost at 7; = TlA
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(~0.646), regained at Ty = TlB (~5.441), and then lost again at 7; = Tlc (~7.306). Unstable oscillatory
trajectories get complicated for 7y > TP (~7.697). It is known that time delays destabilize dynamic
systems. This simulation, however, indicates that time delays can also stabilize the systems.

loglx(t)]

7 7
(A) SSC (B) Bifurcation diagram

Figure 7. Dynamic properties of Equation (11) with n = 9.

Dynamic system (11) examines the birth of complicated dynamics through a period-doubling
bifurcation and the occurrence of stability loss and gain. Needless to say, time delays play prominent
roles. In addition, taking account of the fact that only the firm’s number is different in those
numerical studies, the larger number could influence the system’s dynamics by increasing the degree
of interactions among the firms.

4.2. Stability Index

We compute the stability index to provide a theoretical background for finding directions of
stability switches. First, we denote the second and third vectors of (3) by Q; and Q»,

L K .
Q1 = aq(iw)e™ 0 = —i (coswt —isinwt)
and K
Q) = ay(iw)e™ ™% = i;ﬁ (coswn, —isinwmn).

Having Qq and Q», we further denote the real and imaginary parts by the followings:
K . K
R; =ReQq = o sinwty and [} = ImQy = o coswT

and
Kp

K
Ry, =ReQ, = o sinwt and I = ImQ; = ;‘B COS WTp.

Finally, the stability index is defined as follows:

S = RZIl 7R1[2
K2B
w?

(sinwT cos Wy — COswWTy SINWTn),
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hence 5
5= %’3 sinfw (71 — )] 23)

In the same way, we denote the second and third vectors of (6) by Q1 and Q,

_ i . K L.
Q1 = b (iw)e 0 = —i (coswTt —isinwT)
and X 1
Qy = by(iw)e @™ = *i% (coswt —isinwT).
The real and imaginary parts are the followings:
_ B} K . _ i K
R; =ReQ; = ——sinwty and [} = ImQy = —— coswTy
w w
and K 1 K 1
Ry =ReQ; = 7% sinwtn and I, = ImQ, = 7% oS W,

moreover, the stability index is as follows:

S = R2T1 - Rll_z
K2B(n—1
_M (sinwT cos wT — COsWT SINWT) .
w
Hence ,
_ K 1
s= KB =D Gt (- o). 04

w2

We call the direction of the curve that corresponds to increasing w the positive direction. We also

call the region on the left-hand side the region on the left when we head in the positive direction of the

curve. Region on the right is defined similarly. Concerning the stability changes, we have the following
result from Matsumoto and Szidarovszky (2018) that is based on Gu et al. (2005):

Theorem 2. Let (13, T2) be a point on the stability switching curves, when iw is a simple pure complex
eigenvalue. Assume we look toward increasing values of w on the curve, and a point (71, Ty) moves from the
region on the right to the region on the left. A pair of eigenvalues crosses the imaginary axis to the right if S > 0
or$>0.1fS < 0or S < 0, then crossing is in the opposite direction.

The condition of the theorem is satisfied if all iw egenvalues are single. It can be proved that
the multiple eigenvalues, if any, are isolated from each other, so do the corresponding points on the
stability switching curve. Hence at these points, the directions of stability switching are the same as
those in the points of their neighborhoods.

We now compute the stability index on the solid red segment of the stability switching curve in
Figure 3. The red segment is a locus of the following points,

Ly (0,0) = { (7, (w,0), % (w,0)) | we EK%K”
From (7) and (8), we have

w (] (w,0) — 5 (w,0)) = Fn—n—@l(w)} - {B—N —n+92(w)}
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implying ) i
sin[w (11 — 1)] = —sin [0 (w) + 62(w)] <0

when 6; + 6, < 7. If 61 + 0, = 71, then the triangle reduces to a line such that
|a1 (iw)| — |az(iw)| = 1.

That is, in Equation (13),
K KB K

w w 2w

showing that w = 71/2 being the left endpoint of interval I, given for w, which gives the common
starting point of two line segments. In the case of Equation (18),

K Kp(n-—1) 75(3;11).

w w w

If n = 2, this equals +1 if w = K/2, which is the initial point of I. If n = 3, then this expression
is always zero, so cannot be +1 or —1. If n > 3, then this expression can be only —1, when w =
K(n —3) /2, which is the left endpoint of interval I,, which gives again the common starting point of
two line segments. In these points, the direction of stability switching is the same as that in the two
connecting segments. So in the rest of the discussion, we will assume that 6; + 6, < 7r. Hence the
stability index S is positive on the solid red segments of the stability switching curve. In Figure 3,
the arrows on the solid red segment indicate the positive direction and the red R and L mean the right
and left regions along the red segment. As (71, 7o) moves from the R-region to the L-region and S > 0,
Theorem 2 implies that a solution pair of (18) crosses the imaginary axis to the right. That is, stability is
lost. As seen in Figure 4B, the stability is lost at point A with 7y = 7{* when 7 increases along the
horizontal dotted line at 79 = 3.

Similarly, we can compute the stability index on the solid blue segment,

Ly (0,0) = { (5 (w,0),7; (w,0)) | we EK;K]}
From (7) and (8) with K,
w (5 (w,0) — T (w,0)) = - +§1(w)} - {Tfnféz(w)}

{3
ST
01(w) + 02 (w).

Then

sin [w (7 (w,0) — 75 (w,0))] = sin [01 (w) + B2(w)] > 0.
The stability index S is negative,

2
5 7% sin [0 () + Ba(w)] < 0.
The blue L and R denote the right-region and the left-region with respect to the solid blue segment.
Hence the stability is lost when a pair of (7;, T2) crosses the blue segment from the L-region to the
R-region.
Consider the stability switching on the dotted red segment located in the upper-left corner of
Figure 3. The segment is described by

Ly (0,1) = { (7 (@,0), 5" (w,1)) | w e EK,%K} }
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Then
w (17 (0,0) — 7 (w,1)) = =11 — (61 (w) + 2 (w)) .

The stability index is positive

K2
5= Tﬁsin (01 (w) + 02(w)] > 0
showing that crossing these segments from R to L, stability is lost.

In the lower part of Figure 3, there is a small segment of L; (0,0) where

L (0,0) = {T; (@,0), 5 (@,0) | w € EK %K”

SO

w (7 (@,0) — 5 (0,0) = En—n—el(w)} - En—&-n—@z(w)]

= - [01(w) +6z(w)].

Then
sin [w (77 (w,0) — 5, (w,0))] = sin [01 (w) + O2(w)] >0

meaning that crossing this segment from the stable region, at least one eigenvalue changes the sign of
its real part from negative to positive, implying stability loss.

5. Concluding Remarks

In this paper, n-firm dynamic oligopolies were examined without product differentiation and
with linear price and cost functions. Continuous time scales were assumed reconsidering the classical
dynamic model of McManus and Quandt (1961) with the best response dynamics. Without delays,
the equilibrium is always asymptotically stable without delays regardless of the values of the positive
adjustment speeds. We examined how this stability is lost when the firms face implementation and
information delays. For the sake of mathematical simplicity, it was assumed that the firms have the
same marginal costs and identical delays in both types. If these delays are equal, then a single-delay
model is obtained. If the delay is sufficiently small, then the equilibrium is oscillatory stable, at the
threshold, the trajectories show cyclic behavior and for larger delays, the cycles become expanding.
If the delays are different, then in the resulting two-delay case the stability switching curves were first
constructed and then the directions of the stability switches were determined. Growth rate dynamics
brought nonlinearities into the model, but their linearized version is identical with best response
dynamics, so shows similar local dynamics. Numerical results and simulation studies verify and
illustrate the theoretical findings.

This research can be continued in two different ways. One is the consideration of different model
modifications such as product differentiation, multi-product models, oligopsonies, labor-managed,
and rent seeking oligopolies, including market saturation to mention only a few. The other research
direction could be to examine nonlinear models, the local dynamics are similar to that of linear models,
however with very different global dynamic behavior.
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Abstract: In this paper, we go through the development of a new numerical method to obtain the
solution to a size-structured population model that describes the evolution of a consumer feeding on a
dynamical resource that reacts to the environment with a lag-time response. The problem involves the
coupling of the partial differential equation that represents the population evolution and an ordinary
differential equation with a constant delay that describes the evolution of the resource. The numerical
treatment of this problem has not been considered before when a delay is included in the resource
evolution rate. We analyzed the numerical scheme and proved a second-order rate of convergence by
assuming enough regularity of the solution. We numerically confirmed the theoretical results with an
academic test problem.

Keywords: size-structured population; consumer-resource model; delay differential equation;
numerical methods; characteristics method; convergence analysis
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1. Introduction

We consider a model that describes the evolution of a size-structured consumer in an environment
inhabited by a single unstructured resource. We assume that the resource responds to the environment
with a constant time delay. The model is composed of two nonlinear coupled problems. On the
one hand, a size-structured population model governed by a first-order hyperbolic equation with a
nonlocal and nonlinear boundary condition, which represents the evolution over time of the consumer:

up+(g(x,s(t), ) u)y = —p(x,s(t), u, xo <x<xpm(t), t>0,
g(x0,5(t), 1) u(xo, £) = /me w(x,s(t),t) ulx, t) dx, t>0, (1)

u(x,0) = up(x), x9<x <9,

Variables x and t represent the size and the time, respectively. Size is the variable which structures
the individuals in the consumer population, xo denotes the newborn individual’s size (the size at birth)
that is assumed to be constant and positive and x;(t) represents the maximum size of individuals at
time . Then, x1(0) = x9, is the initial maximum size. The dependent variables 1 and s are the density
of individuals of size x and the amount of the resource available at time ¢, respectively. The so-called
vital rates, the mortality, the fertility and the growth rates, are given by 1, a and g, respectively.

Mathematics 2020, 8, 1440; doi:10.3390 / math8091440 91 www.mdpi.com/journal /mathematics
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The mortality and the fertility are nonnegative functions and the growth rate has no-sign restriction,
although we assume that g(xo, -, -) > 0, which means that each individual increases in size at birth.
Vital rates depend on the structuring variable, the time and the amount of the resource available,
to take into account the influences of these factors on the dynamics of the population. The size of the
individuals changes according to the differential equation

X' (1) = g(x(t),s(t),t), t>0.

As we allow a negative growth rate g, we are considering the case in which an individual in
the population could shrink in size under a food shortage environmental condition. In particular,
the maximum size, xp;(t), is not fixed in the model and evolves following the corresponding
characteristic curve of (1)

0 (2)

{x'M(t) = g(xm(t),s(t), 1), t>0,
XM(O) = Xy

On the other hand, the unstructured resource s(t), t > 0, which provides feeding for the
individuals of the population, evolves with time according to the following initial value problem for a
delay ordinary differential equation:

s'(t) = f(s(t),s(t—1),1(t),t), t>0, 3)
s(t) =so(t), te[-7,0].

The rate of change in the evolution of the resource is given by a function f that includes
dependence on time and on the consumer population through the nonlocal term

xm(t)
16 = [ st ux ) dx, t>0, )
o
where 7 is a function that represents the individual rate of consumption for individuals of a determined
size. It also depends on the amount of the resource available at times t and t — 7, s(t) and s(t — T)
respectively. The memory effect, s(t — T), can be seen as a deferred influence on the environment of the
resource affordability. A common biological situation for this phenomenon occurs when the resource
population is close to the carrying capacity of the environment or near extinction, which can make the
population react with a certain delay [1]. Another situation in which this deferred influence occurs
is when the resource is formed only by the adult individuals of the population, and the delay is due
to the maturation time [2]. The solution of the model (1), (3) is determined once we know the initial
conditions u(x,0) = ug(x), xo < x < x%,, and s(t) = s9(t), t € [-7,0].

Although a large number of papers on consumer models have been considered in past years, not
so many address the case in which one of the populations is structured. Consumer-resource models
have been studied from the very initial work of Kooijman and Metz [2]. These authors presented a
mathematical model for the development of an ectothermic population (Daphnia magna, water flea) in
which the amount of food they are supplied with represents a regulatory mechanism for the population
density. The model was length-structured and also included a stage of maturity: a differentiation
among juveniles and adults. This work is considered as the origin of the modern dynamic energy
budget theory. The well-posedness of the model equations and the continuously dependence on model
data was studied by Thieme [3]. The dynamical properties of the model were explored numerically
in [4], and later, analytically in [5-7]. However the description of the evolution of the resource as a
delay differential equation within a physiological structured consumer-resource model has not been
developed theoretically yet.

The theoretical treatment of this model is not easy; therefore, its numerical analysis is a valid
tool and sometimes the only one affordable. The integration of the model without delay has been
developed by means of the Excalator Boxcar Train (EBT) [8] and a characteristics method [9]. This last
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work included the convergence proof of the method while the convergence of the popular EBT method
was recently considered [10,11]. However, the numerical treatment of the coupled model with a
resource evolving according to a delay differential equation remained unexplored until our study,
so our goal was to provide a numerical method to perform the integration of such a model and its
convergence analysis.

The remainder of the paper is organized as follows. Section 2 is devoted to the introduction of
the numerical method to integrate problem (1), (3). We employ the technique of integration along
the characteristic curves in order to obtain the new numerical scheme. In Section 3, we carry out the
convergence analysis of the scheme. It is based on a theoretical framework that involves the properties
of consistency and stability of the numerical method. We also pay attention to the properties required
by the numerical quadrature rule used in the integration. Finally, in Section 4, we present a test done
in order to numerically confirm the theoretical order of convergence.

2. Numerical Method

We begin with the description of the numerical scheme. We must employ the integration along
the characteristic curves; therefore, we should remind the reader of the definition of x(;t*, x,),
Xs € [x0, xpm(t)], t* > 0, as the solution of

ix(t; t,x0) = g(x (515, x4),8(t),t), t>1t5

dt ®)
X(F5H, x0) = Xy,
that represents the characteristic curve that at time t* starts at x,. Now, we consider w(t; t*,x,) =
u(x(t %, x4),t), for each x. € [xg, xp1(£)], t* > 0. It satisfies the following initial value problem
iw(t't* xi) = =t (x(B 5, x),s(t), ) w(t £, x,), t>tF
dt 7 7 Ak 7 7Nk )y 7 7 7Nk )y 7 (6)

w(t*; 1, xs) = u(xy, t*),

where p*(x,s(t),t) = u(x,s(t),t) + gx(x,s(t), ), whose solution is given by the following formula

w(x(E %), 1) = u(x*,t*)exp{— /ty* (x (@; t*,x*),s((ﬂ),w)d(ﬂ}, E> 1 @)
R

For the numerical method, we discretize this expression, together with the boundary condition
and the initial data in (1), and the initial value problem in (3).

The integration is carried out on a finite time interval [0, T]. Then, given J,L € N, we define
the discretization parameters h = (x(l)vi —x0)/], k = 1/L, and the number of discrete time levels
N = [T/k], which are given by " = nk, —L < n < N. We begin the description of the numerical
method with the initial values, which, in this case, are the initial size discretization X?, X]Q =x0+jh,
0 < j <], the initial condition on the initial grid, uo, LI]Q = uO(X?), 0 < j <], and the resource,
that has to be initialized on the interval [—1, 0], with the values §" = so(#"), =L < n < 0.

We compute, for 0 < n < N — 1, the approximation at the general level #'1: {X"+1 g+l yn+ly,
X+l = (XS“, X’l’“, ., X?Ijﬂ), unrtl = (U6’+1, U{’H,. .., U}‘Ir}ﬂ) when the values at the previous
time steps are known: {X", §", U™}, X" = (X', XI", .. .,X’]”HZ), o= (up,uy,. .., U}erm), 0<m<
n. We should point out that we design a second-order method based on the modified Euler scheme
and on the trapezoidal quadrature rule. This means that we need an intermediate stage in which we
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compute a first-order approximation: {X"+1*, §n+1x yntlsy xntls — (xptx Xt Xﬁ'j:l),
Ut = gyt Ut L U;’:}L*] ), given by the equations
Xp ™ =x0, XI =X kg(XE, S ), 0<j<]+n,
Sn+l,* — g + kf(S”, SnfL, Q(X", ,yn (X, S) . Un), t"),
wrs = up exp{—kp(xp, 87}, 0<j<)+n,
g(XSH'*, Sn+1,*, tn+]) ug+1,* _ Q(X'7+]'*,an+]/* (X,S) . U"+1’*),

®)

As soon as we have computed the intermedium quantities {X"*1*, §"+1* U"+1*} we can obtain
the approximations at the advanced time level with

k
Xp =0, XIH = X042 (g(X], SN0 + (X, S ), 0 < 4,

Sn+1 —Sn 4 ;(f(sn, snfL, Q(X", ,,yn (X, S) 3 U"), tn)
4 f(S”+1'*, Sn+lfL, Q(X”+1’*, ,yn+1,* (X, S)~U”+1'*), tn+l)) , (9)
k * * * *
u]n;rll _ u]n exp{_i (]4 (X}',Sn,tn) 4 n (X;I;rll/ ,Sn+1, ,tn+1) },
g(Xg+1/S;1+lltn+l) ug+1 — Q(X”“,a”“ (X,S) ~U"+1).

0<j<]+n,

In (8) and (9), at each time level, 94" (X, S) and a" (X, S) represent vectors with components
77 (X,8) = v(X}, 8", t") and af (X, §) = a(XF, 5", 1"),0 < j < ] + n, respectively, and 7" (X, S) and
a"* (X, S) vectors with components 'y]’.” (X,8) = W(X;”*,S”'*,t”) and &/"" (X,S) = a(XI*,S"*, 1),
0 < j < J+n+1, respectively. The notation 4" (X,S) - U", a” (X,S) - U", 4»*(X,S) - U"™* and
a* (X, S) - U™* represent the componentwise products of the corresponding vectors, and Q is an
appropriate second-order quadrature rule, as given below. We observed that, in this procedure,
the total number of nodes in the grid increases in one at each time step due to the new node that
fluxes from the left boundary into the domain. This feature led us to name this kind of scheme the
aggregation grid nodes method (AGN) [12]. The algorithm is explicit and totally straightforward and
can be resumed as in the pseudocode given in Box 1.

Box 1. Pseudocode of the algorithm AGN (and SGN).

% Choose L, | integers

k=1t/L; h=(x% —x0)/]

N = [T/K

% Initialization

do j=0,J
X]Q =x0+jh % Initial grid points
U = ug(X7)

end

do n=-L,0
S =sp(t")

end

% Advancing the solution on time, step by step

do n=0, N-1
Formulae in (8) % First stage to Xntlx o gntlx - gntlx
Formulae in (9) % Second stage to xntl, gntl gntl

% Optional (difference between AGN and SGN methods)
Formulae in (10) % Selection procedure in case of SGN method

end
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In the numerical experimentation, we use a more efficient procedure in order to keep the number of
nodes constant (and consequently, to not increase the computational cost) at each time step. Toward that
goal, we eliminate a chosen node from the grid at each time step. The selection procedure we use
in the method depends on the dynamics of the grid, as it was introduced in [13]. We refer to this
kind of scheme as the selection grid nodes method (SGN) [12]. The node picked out is the first X}H'l
that satisfies

IXEH =X = 1@}2] X = XL (10)

Once it is elected, we rename the nodes to keep the index labels from j = 0 to j = |.

Finally, we pay attention to the nonlocal terms; they are discretized by means of a composite
quadrature rule, based on the trapezoidal formula, on the grid points X = (Xp, X3,..., Xyx), R € N,

N—1
Q(X,V) _ Z XH—] — XI

=0

(V;+ V1), where V= (V,V,...,W).

3. Convergence Analysis

The convergence analysis here follows the discretization framework developed in [14]. In this
framework, suitable discrete normed spaces and operators are introduced to formulate the equations
of the numerical method. Then, appropriate properties of consistency and nonlinear stability are
established. The numerical method is an adaptation of the one given in [9], and so is the analysis.
However, for the sake of completeness, we provide the details of the numerical method formulation,
and for the sake of simplicity, we present only those parts of the convergence analysis proofs associated
with estimates derived from the discretization of the delay term in the differential equation. That means
that the step by step recurrences for the errors at each time level increase the order of the difference
equation as the time discretization parameter tends to zero. For the theoretical analysis, we consider
the AGN method.

With this aim, we fix T > 0 and assume that the problem (1), (3) has a unique solution u(x, t),
x € [x0,xpm(t)], and s(t), t € [—7, T], with the following regularity assumptions:

Hypothesis 1 (H1). u € C?([xo, xpm(t)] x [0, T]) and is nonnegative.
Hypothesis 2 (H2). s € C?>([—, T]) and is nonnegative.

Additionally, we assume that there exists a compact neighborhood D of {s (t),0 < t < T}, such
that

Hypothesis 3 (H3). v € C?([x0, xm(t)] x D x [0, T]) and is nonnegative.
Hypothesis 4 (H4). u € C?([xg, xp1(t)] x D x [0, T]) and is nonnegative.
Hypothesis 5 (H5). a € C%([xo, xp(t)] x D x [0, T]) and is nonnegative.
Hypothesis 6 (H6). ¢ € C3([xo, xp(t)] x D x [0,T]) and there exists a positive constant C such that
g(xo,s,t) > C, s,t > 0. In addition, the characteristic curves x(t;t*,x.) defined by (5), are continuous and

differentiable with respect to the initial values (t*,x,) € [0, T] x [xo, xp1(t)].

Finally, we suppose that there are compact neighborhoods, D¢ of {s (t), —7 <t < T}, and D; of
xpm(t)
{/ " y(x,s(t), ) u(x, t)dx, 0 <t < T},such that
X

0

Hypothesis 7 (H7). f € Cz(Df x D x Dy x [0, T]) and is nonnegative.
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Now, we choose L € N and assume that the time discretization parameter, k, takes values in
the set
K={k:k=1/(vL), v e N}

Then for k € K, we set N = [T/k] and choose | € N such that h = (x3; — x9) /], and the ratio
r := k/h is a positive constant fixed throughout the analysis. Then, x{, is always the last node in the
size grid. For each k € K, we define the space

A = II\‘JI (R]+n « RH”H) x RLAN+1
n=0
where vectors (yo, Vo, .. .,yN , VN, a) € Ay are used to describe the following approximations: to the
inner and right-hand boundary grid nodes, given by y* € R/*", and to the theoretical solution at the
complete grid, V" € R/*++1 for each time level #7,0 < n < N; and to the theoretical solution to the
delay differential equation at time levels t", —L < n < N, provided by a € RL+N+1 We also consider
the space

B, = (RI x RIH1 x ]RL“) x RN x ﬁ[l (RH" x RH") x RN,

where each component of vector (YO, P°, A% Py, YL, P, ... YN PN, A) € By describes the residuals
of the discrete solution when it is substituted on the discrete equations that define the numerical
method: we discriminate Y°, PO, A = (A_L,A‘LH, .. .,AO), given by the approximations to the
initial conditions; Py, provided by the solution at the left boundary node at each time level; Y", P",
0 < n < N, given by the grid nodes and solution to them; and A = (Al, A2, . AN ), due to the
solution to the delay differential equation, as we show below. Both spaces, Ay and By, have the
same dimension.
In order to measure the size of the errors, we define

_ ) _ R
Hn\\oo—lrg]%lmlf =01 12...,1x) €RY,

J+n
vy = Z h ‘an" Vvt = (VOWIVF/---rV]nm) c R/
j=0

Thus, we endow the spaces Ay and By with the following norms. If (y°, V,...,yN,V¥,a) € 4,,

(500 VY, 0) g, = e a1y o [V s -

On the other hand, if (Y°,P?, A% Py, YL, PL,..., YN, PN A) € B,
(X0, P%, A%, P, Y, P, YN, PN, A) |15,

N N N
=Yoo + [1P°[leo + A% loo + [[Polleo + 35 KIIY" oo + 3 K [P"[leo + 3 KA.

n=1 n=1 n=1

Now, for each k € K, we define

X'= (1) ERITL Y =xo 4 jh 1< < T af = x(teity, )] ), 1< < T+m,1<n <N; (1)

96



Mathematics 2020, 8, 1440

and we denote x; = xq, n > 0. Recall that x(t; %, x,) represents the theoretical solution to problem (5),
t* € [0, T), x* € [x0, xpm(t)]. In addition, if u represents the theoretical solution to (1) we define
u" = (up,uf,... ufy,) € R/HnHL u}’ = u(x}“,tn), 0<j<J+n 0<n<N. (12)
Finally, if s is the theoretical solution to (3) then we define
(s7L,s7tF . ,sN), s =5(t"), —L<n<N. (13)

Sk = -}

Therefore, Gy = (xO, u, xtul, .., xN,ul, sg) € Ay.
In the following, we introduce the discretization operator. Let R be a positive constant and let we
denote by B 4, (fix, Rk") C Ay the open ball with center {i; and radius Rk, 1 < p < 2. Then, we define

®@; : By, (G, RKF) — By,
@ (¥, V0, yN, VN, a) = (YO, B0, A0 Py, YL P, YV, PV, A, (14)

given by the following equations, first

Y=y —x0 e R/, (15)
PP =Vv0 U e R/, (16)
AV =20 — g0 e REFT, (17)

where a’ = (a~L,a71*1, ..., a0). Vectors X? and U? represent approximations at t = 0, respectively,
to the initial grid nodes and to the theoretical solution at these nodes. Vector S° represents an
approximation to the initial resource in the interval [—T, 0]. Second,

Q (yn+1/ ax”“(y,a) . Vn+1)

Pn+1 — Vn+1 _
0 0 g (XO,anJrl, tn+1)

, (18)

1 k * *
Y=o {y;-“:f — v =5 (s e ) + gy @ ) } (19)

1 k /. «
pit = v e (< (v (o) e (i) e
0<j<J+n-1,
1 k
n+1 _ = n+l _ n__ % n n—L no,n R AW
AL = k{a a" =2 (f (a0 h Q" " (r,a) - V), 1)
+f (arH»l,*/ an7L+1, Q(ynJrl,*/ ,yn+1,* (y,a) . Vn+1,*)/ tn+1>> } § (21)
0 < n < N — 1. Where, with the notation introduced in Section 2,
n+1,%

yj+1 - y7 +kg(y]n/ a, tn), (22)

VI = Viexp (—kp (v et t)), (23)
0<j<J+n—1,
Q(y"“’*,w”“'* (y’u) . Vn+1,*)
g(xOI an+1,*, tn+1)

Vet = , (24)
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gl — e + kf (an,un—L, Q(yn’ ,yn (y,ll) . V"), t") i (25)

0 < n < N—1. We rewrite the quadrature rule employed in (18)—(25) in the next general form
J+n

Q(X,V) = Y q,(X) V}. Written in this way, we highlight that the number of nodes considered at
1=0

each time level " is | + n + 1, counting both the boundary node X = x{j = xp, 0 < n < N and the
interior grid nodes X;.“, 1 <j <J+n,0<n < N. This notation is also valid even when we consider
quadrature rules whose nodes are, at each time level, a subgrid of X", 0 < n < N, by asumming that
the corresponding weights g;(X) of some of the nodes are zero .

Note that ®; takes into account all the grid nodes and their corresponding solution values
at each time level, and it employs quadrature rules possibly based on a subgrid. If U, =
(x0, U0, x1,ut,...,xN,UN,s;) € B 4, (i, R k), satisfies

d)k(ﬁk) =0¢c Bk, (26)

the nodes, X" and 0 < n < N and the corresponding values of the solution, U",0 < n < N, at such
nodes are numerical solutions to the scheme defined by (9) when the composite trapezoidal quadrature
rule is used on a subgrid at each time step. On the other hand, the numerical solution to the scheme
defined by (9) satisfies (26).

Henceforth, C will denote a positive constant, independent of k, i (k =rh),j (0 < j < J+n)and
n (=L < n < N), and C may have different values at different places.

As in [12], it is possible to establish the following property that we called (SG) for the selection

. . M(n) . . J+n+1 .
procedure given by (10): if {x]"l,, }l 0 denotes a subgrid of the grid {x}“} o at the time level ",
= j=
0<n<N,

(SG) There exists a positive constant C such that, for /i sufficiently small, x}“{n — len < Ch,
+1
_ no__ n N
0<I<M(n) -1, X = Xo, ijA(n) = an,O <n<N.
The property (SG) condenses the essential information about the adaptive selection procedure to
allow the proof, under the hypotheses (H1)-(H?7), of the following general properties of the composite
trapezoidal quadrature Q (X, V) based on the subgrids,

(P1) |I(t") — Q (X", 7"(x,s) - u")| < Ch% whenh — 0,0 <n <N.
X

t”
(P2) alx,s(t"), ") u(x, t") dx — Q (X", & (x,s) - u")| < Ch% whenh — 0,0 <n < N.
(P3)

q;{]x”ﬂ < gh, where g is a positive constant independent of 1, k, j (0 < j < ]+ n) and n
(—-L<n<N),for0<j<J+n0<n<N.

(P4) Let R and p be positive constants with 1 < p < 2. The quadrature weights g; are Lipschitz
continuous functions on Beo (X", RkP), 0 <j < J+4n,0<n <N.

(P5) Let R and p be positive constants with 1 < p < 2. If y", 2" € Boo(x", Rk"), V"' € Beo(u”, RkP)
and a" € Bwo(s", Rk?); then

J+n
Y (@i(y") —qi(z") v (=], a" ) V!
i=0
whenk — 0,0 <n < N.
(P6) Let R and p be positive constants with 1 < p < 2. If y", 2" € B (x",RkF), V" € Boo(u”, RkP)
and a" € Beo(s", RkP); then

< Clly" = 2"l

J+n

;) (9i(y") = qi(2")) o (2}, 0", ") V'

whenh — 0,0 <n < N.

< Clly" = 2"l
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Then, the properties (P1)—(P6) allow us to establish that the nonlinear discrete operators describing
@, are well defined for k € K small enough, as we formulate in the following theorem (we refer to [9]
about details of the proof).

Theorem 1. Assume that hypotheses (H1)-(H7) hold and that the quadrature rules used in (18)—(25) satisfy
the properties (P1)—(P6). If

(xO,VO,. . .,xN,VN,s) € By, (1, RKP),
where R is a fixed positive constant and 1 < p < 2, then, for k sufficiently small,
QX" y"(X,S)- V") € Dy, (27)

0 < n < N. Furthermore, there exists a positive constant R/, independent of k, such that, as k — 0,
X"* € Boo (X", R'kP), S"* € Beo(s",R'kP) and V"* € Beo(u", R'kP), and

Q(X™*, 9" (X,5) - V') € Dy, (28)
1<n<N.
Now, we define the local discretization error as
@ () = (2°,1% 0% Lo, 2L, 1L,...,ZN, LN, 0) € BBy,
and we say that the discretization (14) is consistent if, as k — 0,

lim [| @ (4 ) || 5, = 0.

The following theorem establishes the consistency of the numerical scheme defined by
Equations (26).

Theorem 2 (Consistency). Assume that hypotheses (H1)-(H7) hold and that the considered quadrature rules
satisfy properties (P1)—(P6). Then, as k — 0, the local discretization error satisfies

@@, = 16° — Voo + X = Xoo +_max 6" = S|+ O(#? + k). )

Proof. The only novelty with respect to the proof of the consistency in [9] is to establish bounds
for the truncation errors in the numerical approximations to the solution of the delay differential
equation that drives the dynamics of the resource. Therefore, the regularity hypotheses (H1)-(H?7),
properties (P1), (P2) of the quadrature rule and error bounds for the explicit Euler method allow us to
bound

|Sn _ sn,*l < ‘S(tn) _ Snfl _ kf (SnfllsnflfL,I(tnfl)/tnfl) ’
+k ‘f (snfl,snflfL, I(tnfl)/ tnfl) _ f (SnfllsnflfL, Q(Xnil,’ynil(x,s) . unfll tnfl)) ‘
C (kZ Tk ‘I(tnfl) _ Q(anll ,ynfl (X,S) 3 unfl)D
C (K> +kh?). (30)

IN

N

As was made in [9], for & sufficiently small, we also can attain,

1Q (X", 7" (x,5) u") — Q (X", 4" (x,5) u"*)| < C(h* +k?), 3D
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and bounds on the truncation errors corresponding to the numerical approximations to the nodal
grids, Z",1 <n <N,

)] < C(R+Hk), 1<j<]J+n, 1<n<N. (32)

Next, (21), the regularity hypotheses (H1)-(H7), the property (P1), inequalities (30) and (31) and
the error bound of the modified Euler scheme employed, allow us to achieve
n—1 k

|0_n| % { st —g _ E (f (SnfllsnflfL,I(tnfl), tn71> +f (SnlsnfL/I(tn),tn>> ‘
+ g ‘f (Snfl,snflfL’ I(t"fl), tnfl) _ f <snfllsnflfL, Q(xnfl,,ynfl (X,S) ) unfl)’ tnfl) ‘
+ g ‘f (s",sniL,I(t”),t”) *f (571/*,5"7L,I(t"),tn>

+§ ‘f <Sn,*,sn—L’ I(tn), tn) _ f (S”’*,S"_L, Q(X"’*, ,Yn,* (X,S) 3 un,*), tn)

IN

< C{R s ="+ 1) = Q" a (x,5) - u )
FE) = Q" v (x5) - u") |+ [Q(X", 9" (x5) - u") = QX" v (x,5) - u™) [}
< C (k2 +h2), (33)

1 < n < N. Finally, the bounds for the truncation errors produced by U]-”, 0<j<J+n1<n<N,
are derived as in [9],

L' < C(K+HK), 0<j<J+n 1<n<N. 34
i ]
Therefore, (29) follows from (32)-(34). [

Another piece of notion that plays an important role in the analysis of the numerical method is
the stability with k-dependent thresholds. For k € K, let Ry be a real number ( the stability threshold)
with 0 < Ry < co. We say that the discretization (26) is stable for @ restricted to the thresholds Ry,
if there exist two positive constants kg € K and & ( the stability constant) such that, for any k € K with
k < ko, the open ball B 4, (1, Ry) is contained in the domain of ®;,, and for all V;, Wy in that ball,

Vi — Wil 4, < S [|@(Vi) — @(Wi) |,

We introduce the following auxiliary result, proved in [9] where the same quadrature rule and the
same procedure of selection of the subgrid at each time step were used.

Proposition 1. Assume that hypotheses (H1)—(H7) hold and that the considered quadrature rules satisfy
properties (P1)—(P6). Let be y",z" € Boo(x",RkF), V', W" € B(u", RkP) and a", b" € Boo(s", RkP),
where R is a positive constant and 1 < p < 2. Then, as k — 0,

1Q(y", 7" (y,a) - V") = Q(2", 7" (2,0) - W")| < C ([[V" = W'[[1 + [ly" — 2"[|o + [a" = "]}, (35)

IQ(y”'*,'y”’*(y,a) ~V"’*) _ Q(z"’*,'y"’*(z,b) ‘wn,*)l < C (HVn,* _ wn,*Hl + Hyn,* g HOO + |ﬂn/* _ b"’*‘) , (36)

1<n<N.

Now, we introduce the theorem that establishes the stability of the discretization defined by
Equations (26).

Theorem 3 (Stability). Assume that hypotheses (H1)-(H7) hold and that the considered quadrature rules
satisfy properties (P1)-(P6). Then, the discretization is stable for G with Ry = RkP, 1< p <2.
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Proof. We denote
@ (¥, V0¥, VL yN, VY a) = (Y0P, A% By, YL P, YN, PY, A,
o (2" W02, W', 2N, WV, b) = (20, R",B", Ry, Z,R",...., ZV, RV, B},
for (yO, V0, y!, Vi, . yN, VN a), (20, W0, 2!, Wi, .., zN, WN,b) € B4 (i, Ry). Now, we set

E'=V'-W!'c R AT =y 2" c RV 0<n < N; 0" =b"—a"€R, ~L<n<N,

BV = VIF _ Wb c Rl+n+l,An,* _ yn,* _gh* c R]Jrnla.n,* _ bn,* _ un/* c R/

1 < n < N. From (22) and hypothesis (H6), we obtain

|a% o < (1+Ch) 4]k

0.7171 ‘ , (37)
1 < n < N. Next, from (25), by means of hypothesis (H7) and inequality (35), we arrive at

| < oY +k ‘f (un—llan—l—L/ 0 (yn—lr,yn—l(y/a) .anl) /tn—l)
_f <bnfl, bnflfL/ Q (znfll 'Yn71 (z, b) . Wn71> , tn71> ‘

< (1+Ck)\a"’1|+Ck|U”’1’L|+Ck{) EHH]}, (38)

2 +|

1 < n < N. Now, from (23), hypotheses (H4), (H6) and the boundedness of ||W"||«, we have, for k
sufficiently small,
[EM[ < (14 CK) ‘

E”’lHl +Ck {

Un—l‘ +)

A”*le}, (39)

1 <j <]+ n. Additionally, (24), hypothesis (H6) and inequalities (36)—(38), allow us to obtain, for k
sufficiently small,

By < ¢ {

Un—l‘ 4

O.n—l—L‘ T ‘

o]

| I} (40)

1 < n < N. Then, we multiply \E]'?’*| by I and sumin j, 0 < j < ]+ n, to achieve a bound of ||[E™*||;,
1 < n < N. Therefore, from (39), (40) and that k = r i, we derive, for & sufficiently small,

HEn,*Hl < Ch{ anfl‘ 4 UnflfL‘ + ‘ Anleoo_,'_ ‘ En—1H1+ HEn,*”l}
b j*;;l”{@m) [e1], +cx (o] + o))}
< ety e (o et 4 a s e ) @)
1 < n < N, and for & sufficiently small,
ety < oo o] o] ), @
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1 < n < N. Next, (19), hypotheses (H6)-(H?7), (37) and (38) enable us to arrive at

A7) < (14 CR) 81|+ Ck {lo™ 1+ A1 | + o™ +k V) = 2
< a+cim ok {|amt| B + o+ e F i -2 @)
1<j<J+n1<n<N.Thus, from (43), when N > n > j > 1, we have
-1
‘A]n| < Ck Z(l—&—Ck)’ (||En7171‘|1+||An7171‘|oo+ Unflfl‘ + anflflfLD
1=0
~1
+k IZO(HCk)I i -z, (44)
and when | +#n > j > n > 1, it follows that
n—1
A7) < (A+CR" AL, [+ Ck X (+CR)! (B[ + A" o+ |01 4 o 1L )
1=0
= I I I
+k Y (+Crl Y -z (45)

1=0
Then, by means of (44) and (45), we can conclude that

n—1

n—1 n—1 n
4" <C {IIAOIIoo + 3 KIE" [+ 3 kA"l + Yo Ko™+ ) kY™ —Z”’Iloo}, (46)
m=0 0 m=—L m=1

m=

1 < n < N. On the other hand, from (21), (H7) and (35)—(38) and (42), for k small enough, we obtain
that

0] < (14 CR) 0"~ + Ck {]o™| +

O,Vl*L‘ + ‘Q(yn,*,,yn,*(y,a) . Vl’l,*) _ Q(zn,*, ,YV!,* (Z, b) . Wn,*)'

+ ‘Q(ynilr 7n71(Yla) ' Vnil) - Q(Zn71/ 7n71(zr b) : wn—l)‘ +

et}

an—L—l‘ +

Un—L—l’}_,'_k'An_Bn‘
< (1+Ck)|e" ! +Ck {

|

+Ck {HA”’*IIoo HEY A+ o™+

ot} +kjam - B

< (1+Ck)|e" ! +Ck {

O.n—L—l‘ +

=

S

E”’1H1}+k\A"—B"|, 47)

1 <n < N. Thus,

n—1
0" < (1+CR)" (0% +k Y (14 Ch)' A" — B
1=0
n—=1

+Ck Y. (14Ck)! {
1=0

O.n—l—L—l) +

Un—l—L‘ + HAn—l—1H + ‘
[ee]

n—I1—1
e} e
1 < n < N. Therefore,

n—L n n—1 n—1
lot<C {UO + ) ko™ + ) kAT =B+ ) kA" + )k Em'l}' 49)
m=0

m=—L m=1 m=0
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1 < n < N. Finally, when we study the residuals caused by the approximation to the solution,
from (20), hypotheses (H4), (H6), (H7), the inequalities (35), (37), (38) and ||[W" 1|l < C, we have,
for k sufficiently small,

-1
|E| < k|P! = RY| + (14 CK) [E/5! + Ck {

-1
8|+

0n71’+

n,*
A;

+ |¢7”’*|}

< k|p]ﬂ—R;?\+(1+Ck)\E7:11\+c1<{HA"—1HM+‘ 0"‘1_L’}, (50)

En—l H +
1

U.n—l‘ 4

1<j<J+n1<n<N.Now, we derive the stability estimate for the boundary node from (18).
We employ hypotheses (H5) and (H6), the properties (P3) and (P6), and that ||W"|| < C, to achieve

[Eg| < [Py = R§| +C {|o"| + A"l + [[E"[11}, (51

1 < n < N. Thus, from (50), when N > n > j > 1, we obtain

o
|EF| < (1+Ck) [Eg /| +k g(l +Ck) \P/ﬂ_—/ - R]’.’_‘l’
j—1
+Ck Y (14 CR {IIE" s + 4" oo 4 o 7 o fo 1R (52)
1=0

Additionally, when | +#n > j > n > 1, it follows that

n—1
[Ef| < (1+CR)"[E)_, | +k Z20(1 +Ch) [P =R/

n—1

+Ck Y (14 CR) { Il + 187 oo 4 o o fo 1R L (53)
=0

Thus, we can conclude that

m=—L

n—1 n—=1 n—1 n
IE}“I<C{E°1+ZkIIEmII1+EkIA’”Im+ )3 k|0m+2klll””—me}- (54)
m=0 m=0 m=1

As we are interested in a maximum norm bound of E”, next, we proceed to achieve a bound for
the term ||E"||;, 1 < n < N. Then, for k small enough,

IE* 1 < € {IElly + e KB 1+ g k1A oo + X5 1k 0™ + oy K [P = R0 + [[Po — Rolleo},  (55)

1 < n < N. Thus, by means of the discrete Gronwall lemma,

n n n
[E*y <C {IIEOIImL Y kllA"leo + 32 Kle™+ 3 k[P =R+ IPoRolloo}, (56)

m=0 m=—L m=1

1 < n < N. Next, we substitute (56) into (46), and by means of the discrete Gronwall Lemma, for k
sufficiently small, it follows that

m=—L m=1 m=1

n—1 n—1 n
4" <C {IAOw HIE N+ 3 kI |+ IPo — Rolleo + Y5 k[P = R™[low + 37 k[IY" Z’”Im}, (57)
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1 < n < N. Now, we substitute (56) and (57) in (49), and apply again the discrete Gronwall
Lemma, to attain

n
o' < C {|A°m+IIEOI1+IIVOoo+ Y. k|A™ = B"| +[Po — Ro||eo
m=1
n—=1 n—1
+ L KPR+ ) k(Y = Z"]| 5, (58)

m=1 m=1

1 < n < N. Then, we substitute (58) in (56) and (57) to obtain

n—1
A"l < C {IIA°|w+ IE [l + [|e°]loo + [ Po — Rolleo + ), k|A™ — B"|
m=1
n—1 n
+ 2 k[P =R+ ) k[ Y" = Z"[| ¢, (59)
m=1 m=1

and

n
IE": < C{IIAOIwHIEOIIl+|Itf°|oo+|1’oR0m+ Y k|A™ —B"|

m=1

n n
+ ) KIP" =Rl + ZkIIY"’Z'”Ioo}, (60)
m=1

m=1

1 < n < N. Finally, we substitute (58)—(60) in (51) and (54) to arrive at

n
B0 < C{IIAOIIoo+IE°||1+Ilf°||oo+PoRoloo+ ), k|A™ —B"|

m=1

m=1

n n
+ 3 k[P =R+ ) K Y" —Z’”Iloo}, (61)
m=1

1 <n < N. Thus, due to (58), (59) and (61) we have
I (AO,EO,...,AN,EN,O') L,
< C|(A%E% ¢ Py —Ry, Y —Z!, P —R!,..., YN —ZN, PN — RN, A — B) |35,.
O

We finish the analysis of the numerical method with the convergence. The global discretization
error is defined as
& = — U € Ay,
We say that the discretization (26) is convergent if there exists kg € K such that, for each k € K
with k < ko, (26) has a solution Uy, for which, as k — 0,
lim || — O] 4, = lim | &]|.4, = 0.
In our analysis, we use the following result of the general discretization framework introduced

in [14].

Theorem 4. Assume that (26) is consistent and stable with thresholds Ry. If @y is continuous in B({y, Ry)
and ||1g||g, = o(Ry) as k — 0, then:
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i) For k sufficiently small, the discrete Equations (26) possess a unique solution in B({i, Ry).
i) Ask =0, [[&lla, = Ol 5,)-

Finally, we propose the next theorem which establishes the convergence of the numerical method
defined by Equations (26).

Theorem 5. Assume that hypotheses (H1)—-(H7) hold and that the considered quadrature rules satisfy
properties (P1)—(P6). Then, for k sufficiently small, the numerical method defined by Equations (26) has
a unique solution Uy € B(iy, Ry) and

10k = ikl g, < € (X = Xl + 4 = Ul + [1s° = 8 oo + O + k%)) . (62)

The proof of Theorem 5 is immediately derived by means of consistency (Theorem 2), stability
(Theorem 3) and Theorem 4. Specifically, if X° = x?, U? = u® and 8% = s, the proposed numerical
scheme is second-order accurate.

Next, we also establish an error bound for the differences between the theoretical solution
u evaluated at the numerical values of the grid nodes, and the approximation obtained with the
numerical method.

Theorem 6. Assume that hypotheses (H1)—(H7) hold and that the considered quadrature rules satisfy
properties (P1)—(P6). Then, for k sufficiently small, let

N

+ 0t 1t Nt

uk:<u ,a’t,,u )eHRH",
n=0

be defined by ut = (u(Xg,t”),u(Xil,t"),‘..,u(X7+n,t")) e R/*",0 < n < N, where X}“,O <j<J+n,

0 < n < N, are the grid nodes given in (26). Then, the solution Uy satisfies
gmax {max {[Ju" — U, |s() = "1} } < € (Ix =Xl + [0 = U0l 18" — ")l +- O +K)) . (63)
Proof. We only have to consider the triangle inequality

(X2, %) — UP) < (X0, ) — ()] + u(xf, £7) — U],

0<j<J+n0<n< N. The smoothness hypothesis (H1) on u is enough to derive that the first
term on the right hand side of the inequality is O(|X]" - x7 |) = O(h? + k?), as proved in Theorem 5.
Additionally, the second-order rate of convergence proved in such a Theorem shows that the second
term is O(h2 +k2). O

The last convergence theorem remains true even if the method employs a cuadrature rule at each
time-step in which only a selection of nodes are involved, whenever the subgrid of these cuadrature
nodes satisfies the (SG) property. In the case of the selection procedure given by (10), the convergence
can be demonstrated in two stages. First, as proven in [12], we can establish that the selection
procedure (10) creates subgrids with the property (SG) if the procedure is applied to a grid whose
nodes are in the neighborhood of the theoretical ones within a radius R kP. This is just the case, as the
convergence Theorem 6 establishes, step by step, if the solutions at each fixed time level are obtained
by the discrete operator (14).

4. Numerical Results

We carried out different simulations with the aim of exploring the behavior of the numerical
method for the structured consumer population with a delayed resource model (1), (3). We tried to
corroborate the convergence theoretical results with an academical test. It consisted of a test problem
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with meaningful nonlinearities both from mathematical and biological points of view in which the
delay differential equation for the resource employed T = 1. We used the following size-specific
growth, fertility and mortality rates

A l+z z \?2 > xp (29 z
g(x,z,t)fi z ((l—i-z) _x>+l+z 30 «)’

14z z 29 z
HEzt) = A z <1+z+2x>71+z<@7§>'

The weight function in (4) was (x,z,t) = x2, and finally, the function that drove the dynamics of
the resource (3) was chosen to be

_z(t-1)

(1+2(1)°
K (z(£)* (14 4e7)’

F(a(t), 2t~ 10,4, 1) = p(t) (1 ) —pT (k430 (2(t) — 2(t — 1))

With this choice of data functions, the problem (1), (3) has the following solution:

o= (=) v (8 <)

29 A 629 0t/30
==
s(t) 301+ A D30/ !
where A = 24; x = 5; and p and A are parameters that must be fixed. In the experiment, we employed
p=01land A =0.3.

The knowledge of the exact solution to the problem allowed us to compare it with the numerical
solution and to compute the error caused by the numerical approximation. Then, given h and
k the discretization parameters in size and time, and the corresponding numerical solution with
(x0,u0,x1,ut,..., XN, uVN, S), we computed

éz,k = max {Orgr}iang {Org}agx] [u(X7,t") — U]"\} somax, {Js(t") — S”|}} . (64)
Note that the exact positions of the grid nodes, x}‘, 0<j<],0<n<N,areunknown, so we
compared them with the solution on the computed grid X]’?, 0<j<]J,0<n<N. InFigure 1, we
show the evolution of the computed error in both consumer and resource populations. We observe
that the error is produced mainly at the birth (minimum size) and increases with time.
We can also obtain the experimental order of convergence by means of the following
well-known formula:

orderyag = log (éZh,zk/élt,k).
’ log2

We can show the convergence of our method and that it is second-order accurate by means
of Table 1. In the test, the initial size interval was taken as [0, x%}, with xRA = 0.8, and the numerical
integration was carried out on the time interval [0, T], with T = 10. Each column and each row of the
table represent a computation with different values of the time and size discretization parameters,
respectively. The upper number of each entry in columns two to six of said table represents the error
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computed from (64) and the lower quantity is the experimental order of convergence. We also remark
that the ratio r := k/h was kept fixed as soon as we considered approximations along each diagonal of
the table. We realize that the results in Table 1 clearly confirm the expected (theoretically) second-order
convergence for these approximations. Different values of parameters p and A confirm the same
behavior of the error.

-5
12210
x10*
-tJ 1"
= 3 0.8
B =
X2 R
3 wo0.6h
[
SN 2
0.4
0.
10 x|
s 0.2
0
0 2 4 6 8 10

Figure 1. k =1.25 x 102, h = 1.25 x 10 L.Plot on the left: evolution of the error in the consumer
population; plot on the right: evolution of the error in the resource population.

Table 1. T = 10. For each value of /1 and k, the corresponding upper number is AZ o the lower number

—t

is ordery, .

h\k 1.25 x 1072 6.25 x 1073 3.125 x 1073 1.5625 x 103 7.8125 x 104
125 x 1071 3.003180 x 10™*  5.059363 x 107> 9.929120 x 10~¢ 2.615432 x 1075 2.965525 x 10~>
6.25 x 1072 3.260311 x 10™* 7522357 x 1075 1.271462 x 10~> 2473141 x 107®  6.535886 x 10~°

2.00 1.99 2.01 2.00
3125 x 1072 3.334010 x 107% 8200264 x 107>  1.880835 x 107>  3.186199 x 10°¢  6.163402 x 10~7
1.99 2.00 2.00 2.00
1.5625 x 1072 3.359480 x 107*  8.344165 x 107>  2.046955 x 107>  4.704060 x 10~°  7.979058 x 10~
2.00 2.00 2.00 2.00
7.8125 x 103 3.363417 x 10°% 8380967 x 107>  2.093071 x 107> 5.118703 x 107 1.176429 x 10~°
2.00 2.00 2.00 2.00

5. Conclusions

We proposed a numerical method specially adapted to integrate a model that describes the
evolution of a size-structured consumer population feeding on a dynamical resource. The model
couples a first-order hyperbolic partial differential equation with nonlocal and nonlinear boundary
condition and a differential equation driving the dynamics of the resource. The novelty of the model
is the appearance of a delay in the resource evolution rate. Numerical methods are the only feasible
approach, except in exceptional cases, for the approximation of the solution of the problem and
eventually studying the dynamical behavior of the model. The authors have in preparation [15], using
this model, a numerical study on the effect of the delay in the resource evolution rate on the dynamics
of a population of the Daphnia magna (water flea).

The analyzed numerical method integrated the problem along its characteristic curves. We proved
optimal second-order of convergence to the solution; this was confirmed numerically by means of an
academic test problem. This is the first convergence analysis to our knowledge for the discretization of
this kind of problem.
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Abstract: In this paper, we are concerned with the construction of numerical schemes for linear
random differential equations with discrete delay. For the linear deterministic differential equation
with discrete delay, a recent contribution proposed a family of non-standard finite difference (NSFD)
methods from an exact numerical scheme on the whole domain. The family of NSFD schemes
had increasing order of accuracy, was dynamically consistent, and possessed simple computational
properties compared to the exact scheme. In the random setting, when the two equation coefficients
are bounded random variables and the initial condition is a regular stochastic process, we prove that
the randomized NSFD schemes converge in the mean square (m.s.) sense. M.s. convergence allows
for approximating the expectation and the variance of the solution stochastic process. In practice, the
NSFD scheme is applied with symbolic inputs, and afterward the statistics are explicitly computed
by using the linearity of the expectation. This procedure permits retaining the increasing order
of accuracy of the deterministic counterpart. Some numerical examples illustrate the approach.
The theoretical m.s. convergence rate is supported numerically, even when the two equation
coefficients are unbounded random variables. M.s. dynamic consistency is assessed numerically.
A comparison with Euler’s method is performed. Finally, an example dealing with the time evolution
of a photosynthetic bacterial population is presented.

Keywords: delay random differential equation; non-standard finite difference method; mean
square convergence

1. Introduction

Modeling physical systems for which the future state depends on history due to hereditary
characteristics, such as aftereffects or time lags, usually requires the use of delay differential models.
The delay may be discrete or continuous, depending on whether a specific or complete past information
is used. The inclusion of a delay requires specific techniques for the theoretical study of the differential
model [1-4]. In practice, delay differential models play a key role in different scientific and technical
fields [5-10].

In the context of delay differential equations, the construction of non-standard finite difference
(NSFD) numerical schemes has not been much explored. Historically, NSFD schemes were developed
by Mickens in the years 1994 and 2000 [11,12], together with a later edited book in 2005 [13]. Mickens
observed that traditional standard finite difference schemes may be modified, on the basis of exact
numerical schemes for basic ordinary differential equations, so that the essential properties of the

Mathematics 2020, 8, 1417; doi:10.3390 /math8091417 109 www.mdpi.com/journal /mathematics
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governing continuous model are mimicked [14]. Until relatively recently, NSFD schemes were
successfully designed and applied for ordinary, partial and fractional differential equations [15].
However, delay differential equations have not been addressed in detail.
Recently, [16] proposed a NSFD scheme for the general linear delay problem
X'(t) =ax(t)+Bx(t—7), t>0, 1
x(t) = f(t), —7<t<0,

(t > 0) from an exact scheme on the whole domain, providing high order of accuracy and consistent
dynamical behavior with simple computational properties. Such approach was extended to the
non-scalar case in [17].

In modeling, the variability of data, due to limited knowledge and fluctuation of the process
under study, lack of information, bad calibration machines, etc., gives rise to variability in the model
coefficients. Therefore, for a more realistic description of the process, coefficients should be regarded
as random quantities on an abstract probability space. When the coefficients are random variables
and regular stochastic processes, the solution to the model becomes a differentiable stochastic process,
whose realizable trajectories solve the deterministic version of the model. A common treatment of
random differential models uses mean square (m.s.) calculus [18-24]. Of special importance is the
computation of the mean and the variance of the solution stochastic process, or even its probability
density function.

We are interested on delay random differential equations. Specifically, the randomization of (1) as

¥ (t,w) = a(w)x(t,w) + B(w)x(t —T,w), t>0,weQ, @
x(t,w) = f(t,w), —7<t<0,weN.

Here v and 8 are random variables and f is a stochastic process on a complete probability space
(Q, F,P), where Q) is the sample space formed by the outcomes w € Q), F is the o-algebra of events,
and P : F — [0,1] is the probability measure. The solution x is a differentiable stochastic process.

Only recently, a theoretical study on delay random differential equations was started. General
delay random differential equations were analyzed in the m.s. sense in [25], with the goal of extending
some of the existing results on random differential equations with no delay from the book [18].
Problem (2) was solved in the m.s. sense in [26], and later generalized to equations with a random
forcing term in [27]. On the other hand, in [28] the authors studied (2), but considered the solution
in the sample-path sense and computed its probability density function via the random variable
transformation technique, for certain forms of the initial condition process.

In this paper, we are concerned with computational aspects of delay random differential equations.
Standard finite difference methods have already been applied to random ordinary, partial and fractional
differential equations, by establishing the m.s. convergence, and even the convergence of densities,
of the numerical discretizations towards the stochastic process solution [29-34]. Here we aim at
extending the NSFD method from [16] to (2), by assessing the m.s. convergence of the discretizations.
This permits approximating the expectation and the variance of the solution with high accuracy,
whenever computationally feasible.

The organization of this paper is the following. In Section 2, the main results on m.s. calculus
are exposed. The material for this section is essentially taken from [18]. In Section 3, the NSFD
numerical scheme from [16] is presented. The randomization of the scheme, its m.s. convergence and
its usefulness for approximating moments are discussed in Section 4. Illustration of the theory with
numerical examples is conducted in Section 5. Finally, Section 6 draws the main conclusions.
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2. MLs. Calculus

We are interested in second order real random variables i : O — R, satisfying

Bl = [ v(w)dP(w) < . 3)

We refer the reader to ([18], Ch. 4), [35]. The set of these random variables is a Hilbert space,
denoted as L?(Q)) and endowed with the inner product (y1,y2) = E[y1y2]. This inner product gives
rise to the norm [|y||» = (E[y?])'/2. By Cauchy-Schwarz inequality ([18], p. 19) E[|y1y2|] < |ly1l2]ly2ll2-
Random variables in L2(Q)) are characterized by having finite variance:

Vlyl = E[(y - E[y))*) = E[y*] - (E[y])* < . )

This is one of the principal reasons for working with second order random variables, since
the main statistical information for uncertainty quantification, namely the average value and the
dispersion, are well-defined.

Given a stochastic process {z(t) : t € I C R}, itis of second order if the random variable z(t) is of
second order, for all ¢ € I. By Cauchy-Schwarz inequality, it is straightforward to check that a second
order stochastic process possesses a correlation function, E[z(t1)z(t2)].

Convergence in L?(Q)) is defined through its norm || - ||o: a sequence of random variables {y,, }*_,
converges to y in L2(Q) if im0 |[yn — y||2 = 0. This is referred to as m.s. convergence.

M.s. convergence preserves the convergence of the expectation and the variance. This is a key
fact. In general, if {x, }7° ; and {y,}{_, are two sequences of second order random variables such that
Xy, — x and y, — y as n — co in the m.s. sense, then E[x,y,] — E[xy] ([18], p. 88).

In the particular case that {x,,}5_; is a sequence of second order random variables such that its
mean and its variance tend to zero, i.e., E[x;] — 0 and V[x,] — 0as n — oo, then {x,} ; is ms.
convergent to zero, since (||x,|[2)?> = E[(xx)?] = V[x,] + (E[x,])> = 0as n — co. The converse is
also true.

M.s. convergence gives rise to m.s. calculus, where continuity, differentiability and Riemann
integrability of a stochastic process are naturally defined by taking m.s. limits in the classical definitions.
A stochastic process {z(t) : t € I C R} is m.s. continuous at tg € [ if z(t) — z(ty) as t — to in the m.s.
sense. It is m.s. differentiable at fy € I if lim;,_,q w exists in the m.s. sense, which is denoted
as Z/(tp). Finally, z(#) is m.s. Riemann integrable on an interval [a,b] C I if there exists a sequence
of partitions {P, }$°_; with mesh tending to 0, P, = {a = tj < t] < ... <t} = b}, such that for any
choice of points s € [t |, t1],i =1,...,r,, the limit lim, e ;" ; z(s") (£ — ;) exists in the m.s.
sense, and it is denoted as | ab z(t) dt.

The following important properties will be used: m.s. continuity on an interval implies m.s.
Riemann integrability ([18] Section 4.5.1 (1)), || fabz(t) dt|, < fab ||z(t)||2 dt for any m.s. Riemann
integrable process z(t) ([18] Section 4.5.1 (3)), and the fundamental theorem of m.s. calculus ([18]
Section 4.5.1 (5), (6)).

Finally, we mention that the essential supremum norm is defined as

[ly]lo = inf{C > 0: |y| < C almost surely}. (5)

The set of random variables satisfying ||y||« < oo gives rise to the Banach space L*(Q2). Obviously,
for two random variables y; € L®(Q) and y, € L2(Q), it holds ||y1y2]2 < ||y1eo|ly2]l2 < 0.
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3. NSFD Methods for Linear Deterministic Differential Equations with Delay

Based on the explicit solution to (1),

X(t) _ f(O) mi;l ﬁk(t - kT)ke:x(tfkT)

= k!
m—=2 pk+1 0
+ ¥ B [ = ke e e 0T s
o
m t—mt
+7(mﬁ7 i /_T (t— mTfs)'"’le“(t’mT’”f(s) ds, (6)

for (m — 1)t <t < mt, m > 1, an exact numerical difference scheme for (1) is obtained in [16,17]. It is
detailed in the following theorem.

Theorem 1. ([16], Theorem 2), ([17], Theorem 2) Consider a size mesh h > 0 such that Nh = t, for some
integer N > 1. Write t, = nhand x, = x(t,), forn > —N. Then the numerical solution given by x, = f(t,),
for =N <n <0, and by

! m—1 khk m ty—mT+h )
Xy =e Y /BTxnka + ﬁ/t . (tn —mT 41 —s)" et f(5) ds,  (7)
= * P

where (m — 1)t < nh < mt and m > 1, defines an exact numerical scheme for (1).

Having an exact numerical scheme is ideal, since it reproduces the exact values of the solution at
the points of the mesh. However, a drawback of (7) is that definite integrals need to be numerically
computed. The number of definite integrals increases with increasing times. Thus, a NSFD method is
proposed to maintain sufficient accuracy and adequate dynamical properties, but reduce the complexity
by avoiding definite integrals. In the first M intervals [0, 7], ..., [(M — 1)t, M1], the exact solution (7)
is used (or any other numerical method with sufficiently high accuracy), but afterward the integral
part from (7) is discarded. The precision of the method increases with M.

Theorem 2. ([16], Theorem 3), ([17], Theorem 3) Fix M > 1, and compute the numerical solution to (1) in
the intervals (m — 1)t < nh < mt, for 0 < m < M with the exact method (7) or with any other numerical
method of global error at most O(WM). Then, for m > M +1and (m — 1)t < nh < mt, the expression

L M kK
Xpq = e” Z Txnfkl\l (8)
k=0 "
defines a NSFD scheme of global error O (hM).
As detailed in ([16], Remark 1), the method (8) has the characteristics of a NSFD method:

Xpa1 — Xn lxeth M ﬁkhk

e —1)/a ot G k; fi N ©)

Furthermore, in the rest of [16], it is proved and illustrated that the method from Theorem 2
is dynamically consistent with (1), for asymptotic stability, positive preserving properties, and
oscillation behavior.
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4. NSFD Methods for Linear Random Differential Equations with Delay: Approximations
of Moments

When « and B are random variables and f is a stochastic process, problem (1) is randomized.
These inputs depend on each outcome w € () and (2) is obtained. The numerical schemes from
Section 3 are also randomized. The exact scheme (7) becomes

khk
Xyt (w) = e @h Z Bl e x, (W)
m ty—mt+h
+7(/j1(w)1)' / (tn — mT 4+ h — )" Tet(@)ta=m+h=s) £(5 ()} ds, (10)
- - Jty—mT

where the integral is considered in the m.s. sense (it is assumed that f is a m.s. integrable stochastic
process), while (8) becomes

Xia(w) = e )

Txnka(W)- (11)
k=0 :

We translate Theorem 2 into m.s. convergence.

Theorem 3. Suppose that o« and p are bounded random variables, and that f is a m.s. continuous stochastic
process on [—7T,0]. Fix M > 1, and compute the numerical stochastic solution to (2) in the intervals (m — 1)t <
nh < mt, for 0 < m < M with the exact method (10). Then, for m > M+ 1and (m — 1)t < nh < mt, the
expression (11) defines a random NSFD scheme of m.s. global error O(hM).

Proof. For n = MN, we have t, = nh = Mt and t,,.1 = (n+1)h > Mrt. For t, k < n, the exact
scheme (10) is used, so that ||x(t;) — x¢||2 = 0. By (10) and (11), one gets

M k k
h
[lx(tusje1) = xnpjralla < e floo Z c;o 2 (trj—xn) — Xntj—xnll2

m ty mt+h
Bl [ b s e (6) s, 12)
t,,ﬂvfm'r
for (m—1)t < thyj <mt,m—1>M,j>0.
Let My = ||Bllco, and M7, My > 0 such that ||e®||cc < Mj and ||f(s)|2 < M for s € [0,/]. We
first consider j = 0,...,N —land m —1 = M. By (12),

Hﬁ”m rty—mT+h he
Ie(tnen) = xusrlla < g, 2557 77 (b ) g £(5) s

M" M, M ty—mT+h
7#11)'2[ (ty —mT+h—s)""1ds
MU My M.
— Z0 1 m} Zpm < O = CihMH, (13)

where C; is a constant independent of m and £,

(ts2) = xusallz < e oo [x(ta 1) = xasalla + CbM < (el 1) WM, 1y

[%(nrs) — Xnasllz < [[e]fool|%(tnsa) — Xnralla + CLEMHE < ¢ (62”“”‘”” + ellalleoh 1) BMHL - (15)
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N-1
[lx(then) — xpanll2 < Cr < Y e]lalmh> M+

j=0
Nt 1 c elelet —1
L ellafloh — 1 Lollallal — 1
_ el 1) _&lleh 1 M < cpM
(Cl C ) a7l ) 1 < (1

where C; is a constant that only depends on 7, ||&||c and ||B|co. Thus,

N il = O(M). 17
Lmax () =l = O() (17

We continue by evaluating |[x(t,4n+j) — Xuyn4jll2, 1 < j < N, by starting from (12) and by
employing the bounds already obtained:

lx(tinsg) = Xnenailla < eHaH”hHX(thﬂ‘—l) = XpnNtj-ll2 + ellellh|| ]| hCoh™M + C1M T, (18)

By solving this first order recursive inequality, we derive

) j .
(i) = Bensglla < Ity ) = nllo+ YoM (Crt Coll el el
k=1

ellellohi —q

M N[} wht
< CopMeNlelet 4L (€ 4 Gyl B welI) S

) ) o||och 1
<t & ) (8 (G

< C3hM, (19)
where C3 is a constant that only depends on 7, ||«||c and || B|cc. Therefore,

) — x|l = OKM). 20
n+N+rlr§>§n+2N\lx(]) xill2 (h*) (20)

In general, we proceed by induction. Suppose that ||x(t;) — xj[lo < ChM forn+1 < j < n+IN,
where C = C(T, [|a]|eo, || Bllcc) > 0is constant and ! > 1. We prove that max,, iy 1<j<nt(1+1)n 1X(¢)) —
xjll2 = O(hM). Fix 1 < j < N. From (12) and by induction hypothesis,

I (tnins) = Xninjllz < el (b 1) = XNl

Bl
+e‘|06”ooh Z kolo ChM+ChM+1_ (21)
k=1 :

By solving this first order recursive inequality, we derive (for i < 1)

[ (tnsinej) = Xnpinllz < =t x (b, n) = xpanll2
j M 1
Ly oM (elalmh Y Hﬁl\&'h’ +1> ellalleh(i—K)
T
k=1 r=1
ellalloni _ 1
ellallor — 1

M [ gllalle e+ 11Blles It ) P
< Ch <e“ TJr(e”L +1>(e“ T 1)9“““00}[_1)

< ChMellellet | cpM+1 (e\lﬂHmHﬁHw n 1) )

hM

IN
@]

’
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where C = C(7, ||&||co, || Blloo) > 0 is constant. This concludes the proof by induction. [

Remark 1. As shall be seen in the numerical computations from Section 5, the boundedness of « and B from
Theorem 3 is sufficient, but not necessary. Nonetheless, for unbounded « and/or B, if one wants to ensure
the m.s. convergence of the NSFD scheme a priori, it is possible to properly truncate the support of « and .
Indeed, since limy, e Pla € (—m,m)] = 1, one may take a sufficiently big interval (—m*, m*) in such a
way that Pla € (—m*,m*)| ~ 1, and truncate the support of « to (—m*, m*) (analogously for p). In fact, by
applying the generalized Markov’s inequality, it may be demonstrated that any second order random variable
can be truncated to the interval [mean + 10 x deviation], so that this interval contains 99% of the probability
mass irrespective of the probability distribution. In the theory of m.s. calculus, the boundedness of the random
input coefficient must be usually imposed: as proved in ([36], Example p. 541), in order for an autonomous and
homogeneous first order linear random differential equation (i.e., x'(t) = ax(t), where a is a random variable) to
possess a m.s. solution for every m.s. integrable initial condition x(0) = x, the coefficient a must be bounded.

M.s. convergence guarantees convergence of the expectation and the variance. In the computer,
xy(w) is explicitly and symbolically expressed in terms of a(w), B(w) and f (-, w), by employing either
the exact scheme (10) along all the integration region or, at cheaper cost, the NSFD scheme from
Theorem 3. By using the linearity of the expectation [E, one can explicitly compute E[x,]. If the NSFD
scheme is being used, one is approximating the true expectation of the solution to (2). Complexity is
severely increased for large times t, large N (small /1), and moderate or high dimension of the random
space. The variance may also be approximated by symbolically expressing x,(w)? and explicitly
computing V[x,] = E[x2] — (E[x,])?, although the complexity becomes significantly affected because
the symbolic expression handled is larger.

Notice that working with these symbolic expressions for x, (w) seems to be necessary. Indeed, if

ek

one applies the expectation operator directly in (11), for instance, then E[x,, 1] = Y1 E[e*" B klf Xy kN]J-
ek

Since each x,_yy depends on a and B, the expectation E[e* B k}!l X,_kn] cannot be split as

ek
E[e"] WIE[xn, «N], unless both a and p are nonrandom. So there does not seem to exist a recursive

relation formula for {E[xy]},.
Notice that by Jensen’s and Cauchy-Schwarz inequalities,

[Efxn] — Elx(tn)]| = [E[xn — x(ta)]| < Ellxn — x(tn)[] < [Jxn — x(t)]]2- (23)
By triangular, Jensen’s and Cauchy-Schwarz inequalities,

Vixn] = V[x(ta)]| = [E[(x4)?] = (E[xa])* = E[(x(tx))?] + (E[x(tx)])?|

< E[|(xn)? = (x(t))?[] + [(E[xu])* = (E[x(ta)])?|

= E[|xy — x(tn)[|xn + x(tn)[] + [E[xn] — Efx(t)]|[Elxn] + E[x(tn)]] (24)
<l — x(t) |2l +x(tn) [[2 + [Exa] — E[x(tn)][([E[xn] | + [Efx(ta)]])

< llxn = x(t) 2(lxnll2 + 1x(6) 12) + [Elxn] — Elx(£)][(IE[xn]| + [E[x(2)]])-

So the approximations of the expectation and the variance inherit the rate of convergence
corresponding to the m.s. norm, which is O(hM ) when the exact numerical scheme (10) is used
for the first M intervals of length T and (11) is used for the subsequent intervals (Theorem 3).

In the following section, the m.s. convergence of the NSFD scheme is illustrated with some
numerical computations. We point out that the boundedness of « and  from Theorem 3 is sufficient,
but not necessary. It may be possible that a random coefficient is unbounded and the NSFD scheme
converges in the m.s. sense.
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5. Numerical Examples

The theoretical discussion is illustrated with some numerical computations. We consider specific
probability distributions for «, 8 and/or f, and a fixed delay T > 0. We denote by x,, the discretization
of the random NSFD method from Theorem 3. The exact solution x(#,) is computed with the exact
scheme (10). Both random variables are explicitly and symbolically expressed in terms of a(w), B(w)
and f(-,w). These expansions are employed to compute the expectation and the variance, by using the
linearity of the expectation. To check the accuracy, the absolute errors in the approximations of the
mean value, ey v = |E[x(t,)] — E[x,]|, and the variance, éy a1 = |V[x(ts)] — V[x,]|, are calculated for
different values of N and M. According to the theoretical discussion, the errors should decay as O (hM)
when /i — 0, which entails accuracy up to a significant number of digits. We remark that such level of
accuracy cannot be achieved by Monte Carlo simulation, since its error decreases as the reciprocal of
the square root of the number of realizations.

The implementations and computations are performed with Mathematica® (Wolfram Research,
Inc, Mathematica, Version 12.0, Champaign, IL, USA, 2019), owing to its capability to handle both
symbolic and numeric computations.

Example 1. Let T = 0.35. Consider f(t) = 1and a = —1, while B is a random variable, uniformly distributed
on the interval [0.1,0.2].

Figure 1 plots absolute errors e m of the approximation of the expectation. First, N = 10 is fixed and
M € {1,2,3,4} varies. Second, M = 1is fixed and N € {5,7,10} varies. In addition, third, these errors
are divided by h to show, because of the overlapping, the decrease O(h™) as h — 0. Observe that the error is
exactly 0 on the first M intervals of length T. In the fourth panel, E[x,) is plotted, where x, is the output of the
NSFD scheme of Theorem 3; the estimated expected values are validated by Monte Carlo simulation. Figure 2 is
analogous with the variance and the absolute error of its approximation, éx n. According to ([16], Lemma 4,
Theorem 7), since & + B < 0 and o < B almost surely, the NSFD scheme converges to 0 almost surely as t — oo
(it is asymptotically stable almost surely). In both figures, observe that E[x,] and V[x,] tend to 0 as t — oo,
which means that the NSFD scheme is asymptotically stable in the m.s. sense. Finally, the numerical solution is
always positive because B > 0 almost surely and f(t) > 0 ([16], Theorem 8).

Example 2. Let T = 0.35. Consider f(t) = 1, « = 0, and  random with Gaussian distribution, of zero
mean and 0.3 standard deviation. Notice that the support of B is unbounded; however, we will see that m.s.
convergence of the NSFD scheme described in Theorem 3 holds.

Figure 3 reports absolute errors ey a1 of the approximation of the expectation, where N and M take on the
same values as in Example 1. The decay O(h™M) as h — 0 is captured again. The last panel of the figure plots
the expectation of the numerical solution from the NSFD scheme of Theorem 3, E[x,], together with Monte
Carlo simulation. Figure 4 is analogous with the variance and the absolute error of its approximation, ox m.
This example is interesting from the dynamics viewpoint. By ([16], Lemma 4), the probability that the zero
solution to the realizations of (2) is asymptotically stable is the probability that B < 0and T < T =1/|B|, i.e.,
—1/71 < B < 0. Taking into account the Gaussian distribution of B, this probability is ~ 0.5 up to 12 decimals,
i.e., approximately half of the time a realizable NSFD scheme tends to 0 as t — co, and half of the time it does
not. The m.s. treatment mixes these two behaviors. In the figures, both E|x,| and Vx| seem to increase as t
advances, which means that the NSFD scheme is unstable in the m.s. sense. Finally, notice that B has one half of
probability of being negative and the mean of the solution is positive ([16], Theorem 8).
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Figure 1. Upper left panel: Absolute errors (log-scale) in the approximation of the mean value with
the NSFD scheme, with M = 1,2,3,4 and N = 10 (# = 7/N). Upper right panel: Absolute errors
(log-scale) in the approximation of the mean value with the NSFD scheme, with N = 5,7,10 (& = 7/N)
and M = 1. Lower left panel: Errors from the upper right panel divided by h. Lower right panel:
Approximation of the expectation with the NSFD scheme, with M = 1 and N = 7, and comparison
with Monte Carlo simulation (circles) using 10,000 realizations. This figure corresponds to Example 1.
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Figure 2. Upper left panel: Absolute errors (log-scale) in the approximation of the variance with
the NSFD scheme, with M = 1,2,3,4 and N = 10 (1 = t/N). Upper right panel: Absolute errors
(log-scale) in the approximation of the variance with the NSFD scheme, with N = 5,7,10,20 (& = 7/N)
and M = 1. Lower left panel: Errors from the upper right panel divided by h. Lower right panel:
Approximation of the variance with the NSFD scheme, with M = 1 and N = 7, and comparison with
Monte Carlo simulation (circles) using 10,000 realizations. This figure corresponds to Example 1.
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Figure 3. Upper left panel: Absolute errors (log-scale) in the approximation of the mean value with
the NSFD scheme, with M = 1,2,3,4 and N = 10 (h = 7/N). Upper right panel: Absolute errors
(log-scale) in the approximation of the mean value with the NSFD scheme, with N = 5,7,10 ( = 7/N)
and M = 1. Lower left panel: Errors from the upper right panel divided by h. Lower right panel:
Approximation of the expectation with the NSFD scheme, with M = 1 and N = 7, and comparison
with Monte Carlo simulation (circles) using 10,000 realizations. This figure corresponds to Example 2.
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Figure 4. Upper left panel: Absolute errors (log-scale) in the approximation of the variance with the
NSFD scheme, with M = 1,2,3,4and N = 10 (h = 7/N). Upper right panel: Absolute errors (log-scale)
in the approximation of the variance with the NSFD scheme, with N = 5,7,10 (h = 7/N) and M = 1.
Lower left panel: Errors from the upper right panel divided by /. Lower right panel: Approximation
of the variance with the NSFD scheme, with M = 1 and N = 7, and comparison with Monte Carlo
simulation (circles) using 10,000 realizations. This figure corresponds to Example 2.

Example 3. Let T = 0.35. Consider f(t) = vy, where 7y is a random variable. It is assumed that w, B and vy are
independent random quantities, uniformly distributed on the interval [0.1,0.2].
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As Example 1, Figure 5 reports absolute errors e,y of the approximation of the expectation. First, for
fixed N =10 and M € {1,2,3,4}. Second, for fixed M = 2 and N € {5,7,10}. In addition, third, these errors
are divided by h? to highlight, because of the overlapping, the decrease O(h™) as h — 0. The fourth panel plots
E[x,] with the discretization x, computed via the NSFD scheme of Theorem 3, which is validated by Monte
Carlo simulation. For the variance, computations become more expensive, due to the dimension three of the
random space. In particular, the symbolic expression of the exact scheme (10) becomes unfeasible, so the exact
error & m of the variance approximation cannot be reported. In Figure 6, we plot Vx| with the discretization
Xy from the NSFD scheme of Theorem 3. Comparison is performed with Monte Carlo simulation, showing
agreement of the estimates. Based on ([16], Lemma 4, Theorem 7), the condition o + 8 > 0 almost surely entails
that the NSFD scheme does not approach 0 as t — oo (almost sure instability). This fact agrees with the plots of
E[x,] and V|x,], which seem to increase as t grows; this behavior entails that the NSFD scheme is unstable in
the m.s. sense. Finally, B > 0 and v > 0 almost surely implies the positivity of the numerical solution ([16],
Theorem 8).
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Figure 5. Upper left panel: Absolute errors (log-scale) in the approximation of the mean value with the
NSFED scheme, with M = 1,2,3,4and N = 10 (h = 7/N). Upper right: Absolute errors (log-scale) in
the approximation of the mean value with the NSFD scheme, with N = 5,7,10 (¢ = 7/N) and M = 2.
Lower left panel: Errors from the upper right panel divided by h2. Lower right panel: Approximation
of the expectation with the NSFD scheme, with M = 2 and N = 7, and comparison with Monte Carlo
simulation (circles) using 10,000 realizations. This figure corresponds to Example 3.
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Figure 6. Approximation of the variance with the NSFD scheme, with M = 1and N =5 (h = 7/N),
and comparison with Monte Carlo simulation (circles) using 10,000 realizations. This figure corresponds
to Example 3.

119



Mathematics 2020, 8, 1417

We would like to remark that even when M = 1 and the global error of the NSFD scheme is O(h), its
error is lower than Euler’s method, given by x,+1 = (1 + ah)x, + phx,_N. Euler’s method has already
been employed for random differential equations (ordinary and fractional) in the m.s. sense [29,30,34]. In this
Example 3, Figure 7 plots errors ey for approximations of the mean, for comparing Euler’s method and the
NSFD scheme with M = 1 fixed. Observe that in log scale, both errors are located in parallel, but the error
corresponding to the NSFD scheme is lower; this may be due to the non-standard nature of the method and
being error-free on [0, T]. Although the proposed NSFD method is restricted to the linear random differential
equation with delay, it may provide the foundation for designing new non-standard numerical methods for delay
nonlinear equations.

EN=7 €N=10
: : : — t : : : —
0.5 1.0 1.5 2.0 0.5 1.0 15 2.0
0.100 NSFD, M=1 0.100 NSFD, M=1
0.010f -——-—- Euler 0.010y ----- Euler

0.001
1074

10-%

Figure 7. Absolute errors (log-scale) in the approximation of the mean value, with Euler’s method
(dashed lines) and with the NSFD scheme M = 1 (solid lines). For step size h = 7/N, the left panel
corresponds to N = 7 and the right panel to N = 10. This figure corresponds to Example 3.

Remark 2. In the recent literature, the m.s. convergence of Euler’s method has not been formally proved
for delay random differential equations. If randomness is not incorporated into the system by the coefficients,
but by a Wiener noise instead (It stochastic delay differential equation, which gives rise to non-differentiable
solutions), then Euler’s method (Euler-Maruyama’s method, which considers discrete increments of the driving
Wiener process) was rigorously studied and its m.s. convergence was proved in [37]. In the context of delay
random differential equations (those with randomness manifested in coefficients and no Wiener noise), we
focus on the linear case (2) studied in this paper assuming, as in Theorem 3, that « and B are bounded
random variables, so that ||a||e and ||B||le are finite. The exact m.s. solution to (2) satisfies x(t,11) =
x(ty) + o f,iﬁh x(s)ds + B fttnﬁh x(s — 7) ds, where the integrals are m.s. Riemann. If e, = x(t,) — Xy
denotes the difference between the exact solution and the discretization at the mesh point t,, then

ty+h tn+h
eni1 =en+ Dé/r (x(s) —xy) ds + ,B/t (x(s = 1) — xy_nN)ds, (25)

by a simple subtraction. Given any interval [—7,T], T > 0, the m.s. Lipschitz condition ||x(s1) — x(s2)||2 =
I f:zl ¥ (s)ds|lp < |f:z1 [[¥'(s)ll2ds| < Alsy — so| holds, A = MT) = max_.q[|x'(s)ll2 > 0. Then
1565) = 2lla < 1505} — x(t)ll2 + llemlls < A+ lewllzs 1t > —N, s € [ty +H), tu+h < T.
Consequently,

lensalla < llenlla + llallooht (AR + [lenll2) + [|Blloolt (AR + [len—nl2)
= (L+ llallooh) [lenll2 + l|Bllcohllen—nll2 + (llalleo + [1B]lco) B*A. (26)
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For 0 < n < N (notice that e, = 0), by solving the first order recursive inequality for ||e, |2, we derive
the following bounds:

n .
llenllz < 3 (llalloo + l1Blleo) H2A (1 + flalfeokt)" ™"

i=1

— 1A ([l + [|Blloo) DTNl =1

[l oot
< hAW [(1+ Jlalloor/N)N —1] 27)
llalloo + IBlleo
< AT AR (ellelleT g
lla]lc0 < )
= Cih,
where C; = C1(A, T, ||| oo, ||Bl|co) is constant. Then
max |leq|l2 = O(h). (28)

0<n<N
For N +1 < n < 2N, based on similar calculations,

lewllo < (1 llaleoh)" ™™ flenlla + iy n (1B llolleinlz + (oo + [Bles) Al (1+ 1l ook)" ™
< Cihel®IsT + [C|Blloo + (l1alloo + [|Bllco) A] 2 L1 (29)
< Coh,

where C; = Co(A, T, ||| oo, ||Bllco) is constant. Then

= O(h). 30
wymaxlenllz = O(k) (30)

For2N +1 < n < 3N,3N +1 < n < 4N, efc. one proceeds similarly. This proves that the random
Euler’s method has m.s. global error O(h). This proof corresponds to the linear case, although it may be
extendible to delay random differential equations satisfying a m.s. Lipschitz condition.

Example 4. In this example, the linear model (2) is considered for fitting the time evolution of a photosynthetic
bacterial population, Rhodobacter capsulatus (R. capsulatus) [38], under infrared lighting conditions. Direct cell
counts were made for the first 7 days, every two to three days, during which the population grew with no effect of
competition for resources (light and/or CO3) that would yield logistic nonlinearities. For days 0, 2, 4 and 7, the
population sizes, measured in cells/mL scaled by one million, were 0.583, 0.635, 1.08 and 3.20, respectively. For
delay T = 1 and initial function f(t) = 0.583 on [—7,0], the least-squares estimates for a and p are 1.20426
and —1.18024, respectively. The effect of small random displacements on the coefficients is studied here. Let
us suppose 0.5% displacements of « and B with respect to their least-squares estimates, with zero mean values.
According to the maximum entropy principle [39], « and — B follow truncated exponential distributions, with
rates 1/1.20426 and 1/1.18024 respectively. The expectation and the variance of the output are approximated
with the random NSFD scheme. Figure 8 plots the results for M = 2 and distinct N (mean values in solid line,
and mean + 2 x standard deviation in dashed lines), together with the least-squares fitting. Observe that a small
uncertainty of 0.5% for parameters may cause significant changes in the final solution, up to 30% variation for
the seventh day compared to an idealized situation containing no uncertainty. Observe also that as N increases,
the approximations from the NSFD scheme tend to overlap, thus indicating convergence.
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Figure 8. Application of the random NSFD scheme for the model of the R. capsulatus bacterial
population, for M = 2 and different values of N (mean values in solid line, and mean + 2 x standard
deviation in dashed lines). The least-squares fitting is also plotted. A zoom for a particular region is
included for a better appreciation of convergence as N grows. This figure corresponds to Example 4.

6. Conclusions

In this paper, we have extended a NSFD numerical scheme recently proposed for deterministic
linear differential equations with delay to the random framework. Incorporating randomness into
models is important to account for measurement errors in data. M.s. convergence of the numerical
discretizations has been established when the two equation coefficients are bounded random variables
and the initial condition is a regular stochastic process, with rate of convergence given by O(hM),
where 1 is the step size and M is the number of intervals of length T where the exact scheme is
applied. M.s. convergence allows for approximating the expectation and the variance of the solution
at inherited rate O (hM), by symbolically expanding the discretizations in terms of the random inputs.
The numerical examples have illustrated and assessed the proposed approach. The convergence rate
O(hM) has been supported numerically, even when the two equation coefficients are unbounded
random variables. The asymptotic behavior of the expectation and the variance as the time ¢ grows has
been evaluated, graphically and taking into account theoretical results on deterministic stability and
instability of the zero solution. A comparison with Euler’s method has been performed when M = 1;
although both methods have global errors O(h), the error of the NSFD scheme is lower, possibly due
to the non-standard nature of the scheme and being error-free on [0, T]. Also, we have considered an
example dealing with actual experimental data for a bacterial specie growing under infrared lighting
conditions, and have calculated numerical solutions after randomizing the input parameters according
to the maximum entropy principle.

The advantage of the random NSFD scheme is the high accuracy to approximate some statistics,
which cannot be achieved with Monte Carlo methods. In addition, the procedure is simple: one only
symbolically expands the discretizations in terms of the random inputs and afterward applies the
corresponding statistical operator. However, this strategy possesses some limitations. Obviously, the
necessity of symbolically expressing the discretizations restricts the applicability of the NSFD scheme
to moderate step size i and time variable f, as well as small dimension of the random space. Although
the calculation of the expectation of the discretization seems to be quite feasible in the computer, the
calculation of the variance may become a big issue with this approach, let alone other statistics of order
greater than two. We ask ourselves about the possibility of accurately calculating statistics with the
random NSFD scheme without relying on symbolic expansions. We admit that for the moment, Monte
Carlo simulation seems the best option for large time variable ¢, small step size & or large dimension
of the random space, where each realization of the governing delay model is numerically solved by
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employing a NSFD scheme. For estimating densities, the symbolic expression is too complex and
kernel methods are the preferable.

Mickens” methodology on NSFD schemes has shown fruitful applications along the years on
ordinary, partial and fractional deterministic differential equations. However, only very recently, the
application of NSFD numerical schemes to delay deterministic differential equations has been explored,
in the context of linear models. Thus, this is the first contribution that proposes the use of NSFD
schemes for quantifying uncertainty for delay random differential equations. Further study of NSFD
methods for delay deterministic and random differential equations needs to be conducted, especially
for nonlinear equations, for applications to modeling of real-life systems with aftereffects or time lags.

We propose specific lines of research for possible future developments:

e In the deterministic setting, the extension of the NSFD method to nonlinear delay differential
equations. We believe that this extension may be done by linearization or by applying the
empirical rules proposed by Mickens.

e Randomization of the NSFD method for delay random differential equations and applications
without relying on symbolic expansions. Symbolic computations are the main drawback of the
method proposed in the present paper.

® A theoretical analysis of m.s. dynamic consistency.
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Abstract: This paper aims at extending a previous contribution dealing with the random
autonomous-homogeneous linear differential equation with discrete delay T > 0, by adding a
random forcing term f (t) that varies with time: x(t) = ax(t) 4+ bx(t — ) + f(t), t > 0, with initial
condition x(t) = g(t), —t < t < 0. The coefficients a and b are assumed to be random variables,
while the forcing term f(#) and the initial condition g(t) are stochastic processes on their respective
time domains. The equation is regarded in the Lebesgue space L? of random variables with finite p-th
moment. The deterministic solution constructed with the method of steps and the method of variation
of constants, which involves the delayed exponential function, is proved to be an LP-solution, under
certain assumptions on the random data. This proof requires the extension of the deterministic
Leibniz’s integral rule for differentiation to the random scenario. Finally, we also prove that, when
the delay 7 tends to 0, the random delay equation tends in L? to a random equation with no delay.
Numerical experiments illustrate how our methodology permits determining the main statistics of
the solution process, thereby allowing for uncertainty quantification.

Keywords: random linear delay differential equation; stochastic forcing term; random L”-calculus;
uncertainty quantification

1. Introduction

In this paper, we are concerned with random delay differential equations, defined as classical delay
differential equations whose inputs (coefficients, forcing term, initial condition, .. .) are considered
as random variables or regular stochastic processes on an underlying complete probability space
(Q, F,P), which may take a wide variety of probability distributions, such as Binomial, Poisson,
Gamma, Gaussian, etc.

Equations of this kind should not be confused with stochastic differential equations of Ito type,
forced by an irregular error term called White noise process (formal derivative of Brownian motion).
In contrast to random differential equations, the solutions to stochastic differential equations exhibit
nondifferentiable sample-paths. See [1] (pp. 96-98) for a detailed explanation of the difference between
random and stochastic differential equations. See [1-6], for instance, for applications of random
differential equations in engineering, physics, biology, etc. Thus, random differential equations require
their own treatment and study: they model smooth random phenomena, with any type of input
probability distributions.

From a theoretical viewpoint, random differential equations may be studied in two senses: the
sample-path sense or the L”-sense. The former case considers the trajectories of the stochastic processes
involved, so that the realizations of the random system correspond to deterministic versions of the
problem. The latter case works with the topology of the Lebesgue space (L?, || - ||,) of random
variables with finite absolute p-th moment, where the norm || - ||, is defined as: ||U||, = E[|U|/]'/?

Mathematics 2020, 8, 1013; doi:10.3390/math8061013 127 www.mdpi.com/journal /mathematics



Mathematics 2020, 8, 1013

for 1 < p < oo (E denotes the expectation operator), and ||U e = inf{C > 0: |U| < C almost surely}
(essential supremum), U : Q) — R being any random variable. The Lebesgue space (L7, || - [|,) has the
structure of a Banach space. Continuity, differentiability, Riemann integrability, etc., can be considered
in the aforementioned space L?, which gives rise to the random LP-calculus.

In order to fix concepts, given a stochastic process x(t) = x(f,w) on I x ), where I C R
is an interval (notice that as usual the w-sample notation might be hidden), we say that x is
LP-continuous at ty € I if limy,_,q [|x(to + 1) — x(to)||, = 0. We say that x is LP-differentiable at
to € Lif limy, g || w —x/(to)]|p = 0, for certain random variable x’(t;) (called the derivative
of x at tp). Finally, if I = [a, b], we say that x is LP-Riemann integrable on [a, b] if there exists a sequence
of partitions {P,}7"; with mesh tending to 0, P, = {a = t§ < #{ < ... <t} = b}, such that, for

any choice of points s} € [t |, t!],i =1,..., 1y, the limit lim, 0o Y/, x(s") (£ — ;) exists in LY. In

this case, these Riemann sums have the same limit, which is a random variable and is denoted by
[P x(t)dt.

This LP-approach has been widely used in the context of random differential equations with no
delay, especially the case p = 2 which corresponds to the Hilbert space L? and yields the so-called mean
square calculus; see [5,7-15]. Only recently, a theoretical probabilistic analysis of random differential
equations with discrete constant delay has been addressed in [16-18]. In [16], general random delay
differential equations in L” were analyzed, with the goal of extending some of the existing results on
random differential equations with no delay from the celebrated book [5]. In [17], we started our study
on random delay differential equations with the basic autonomous-homogeneous linear equation,
by proving the existence and uniqueness of LP-solution under certain conditions. In [18], the authors
studied the same autonomous-homogeneous random linear differential equation with discrete delay
as [17], but considered the solution in the sample-path sense and computed its probability density
function via the random variable transformation technique, for certain forms of the initial condition
process. Other recent contributions for random delay differential equations, but focusing on numerical
methods instead, are [19-21].

There is still a lack of theoretical analysis for important random delay differential equations.
Motivated by this issue, the aim of this contribution is to advance further in the theoretical analysis of
relevant random differential equations with discrete delay. In particular, in this paper we extend the
recent study performed in [17] for the basic linear equation by adding a stochastic forcing term:

{ Y(tw) = a(w)x(t,w)+b(w)x(t—T1,w)+ f(tw), t >0, weQ, M
Stw), —1<t<0, we .

=
3
Il

The delay T > 0 is constant. The coefficients a and b are random variables. The forcing term
f(t) and the initial condition g(t) are stochastic processes on [0,c0) and [—T, 0] respectively, which
depend on the outcome w € () of a random experiment which might be sometimes omitted in notation.
The term x(t) represents the differentiable solution stochastic process in a certain probabilistic sense.
Formally, according to the deterministic theory [22], we may express the solution process as

x(t, w) = eu(w)(Hr)eﬁl (w)'tg(f”f,w)

0
+ [ ea(w)(t—s)egl (w),t—r—s(g/(slw) — a(w)g(s,w)) ds

T
of )
+ /0 (@) (t=9) (=T8¢ ) g, @
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where by = e™"bh and

0, —0 <t < -7,
1, —1<t<0,
t

1+CF’ 0<t<r,

it t t—1)2

ey = 1+¢:F+c2( 2!T)’ T<t <o,
no(F— (k—1)T)k
chM, (n—1)7 <t<nt,
P k!

is the delayed exponential function [22] (Definition 1), ¢, € R, and n = [t/7] + 1 (here |-| denotes
the integer part defined by the so-called floor function). This formal solution is obtained with the
method of steps and the method of variation of constants.

The primary objective of this paper is to set probabilistic conditions under which x(t) is an
LP-solution to (1). We decompose the original problem (1) as

y(tw) = alwytw)+blw)yt—r1w), t>0, 3)
yhw) = glthw), —T<t<0,
and
Z(tw) = a(w)z(t,w)+b(w)z(t—T,w) + f(t,w), t >0, @)
z(bw) = 0, —t<t<0.

System (3) does not possess a stochastic forcing term, and it was deeply studied in the recent
contribution [17]. Under certain assumptions, its LP-solution is expressed as

y(t,w) _ ea(w)(tJrT)e_hi_l (w)’tg(f’[,w)
0
+ e“w)(t*s)e?(“’)’FT*s(g’(s,w) —a(w)g(s,w))ds, (5)
-7
as a generalization of the deterministic solution to (3) obtained via the method of steps [22] (Theorem 1).
Problem (4) is new and requires an analysis in the L”-sense, in order to solve the initial problem (1).
Its formal solution is given by

ot
2(t, w) :/O ea(w)(t—s)egl(uI),ff'rfsf(S,w) ds, ©)

see [22] (Theorem 2). In order to differentiate (6) in the LP-sense, one requires the extension of the
deterministic Leibniz’s integral rule for differentiation to the random scenario. This extension is an
important piece of this paper.

In Section 2, we show preliminary results on LP-calculus that are used through the exposition,
which correspond to those preliminary results from [17] and the new random Leibniz’s rule for
LP-Riemann integration. Auxiliary but novel results to demonstrate the random Leibniz’s integral
rule are Fubini’s theorem and a chain rule theorem. In Section 3, we prove in detail that x(¢) defined
by (2) is the unique LF-solution to (1), by analyzing problem (4). We also find closed-form expressions
for some statistics (expectation and variance) of x(t) related to its moments. Section 4 deals with the
LP-convergence of x(t) as the delay T tends to 0. We then show a numerical example that illustrates
the theoretical findings. Finally, Section 5 draws the main conclusions.

In order to complete a fair overview of the existing literature, it must be pointed out that, apart
for random delay differential equations (which is the context of this paper), other complementary
approaches are stochastic delay differential equations and fuzzy delay differential equations. Stochastic
delay differential equations are those in which uncertainty appears due to stochastic processes with
irregular sample-paths: the Brownian motion process, Wiener process, Poisson process, etc. A new
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tool is required to tackle equations of this type, called It calculus [23]. Studies on stochastic delay
differential equations can be read in [24-28], for example. On the other hand, in fuzzy delay differential
equations, uncertainty is driven by fuzzy processes; see [29] for instance. In any of these approaches,
the delay might even be considered random; see [30,31].

2. Results on L”-calculus

In this section, we state the preliminary results on LP-calculus needed for the following sections.
Proposition 1 is the chain rule theorem in LP-calculus, which was first proved in [8] (Theorem 3.19) in
the setting of mean square calculus (p = 2). Both Lemma 1 and Lemma 2 provide conditions under
which the product of three stochastic processes is LP-continuous or L?-differentiable. Proposition 2
is a result concerning LP-differentiation under the LP-Riemann integral sign, when the interval of
integration is fixed. These four results have been already used and stated in the recent contribution [17],
and will be required through our forthcoming exposition.

For the sake of completeness, we demonstrate Proposition 2 with an alternative proof to [17],
based on Fubini’s theorem for LP-Riemann integration. In the random framework, Fubini’s theorem
has not been tackled yet in the recent literature. It states that, if a stochastic process depending on two
variables is LP-continuous, then the two iterated LP-Riemann integrals can be interchanged.

We present a new result, Proposition 3, in which we put conditions in order to LP-differentiate
an LP-Riemann integral whose interval of integration depends on ¢. This proposition supposes the
extension of the so-called Leibniz’s rule for integration to the random scenario. The proof relies on a
new chain rule theorem.

Proposition 1 (Chain rule theorem ([17] Proposition 2.1)). Let {X(t) : t € [a,b]} be a stochastic process,
where [a, b] is any interval in R. Let f be a deterministic C' function on an open set that contains X ([a, b]). Fix
1<p < oco. Lett € [a,b] beany point such that:

(i) X is L2P-differentiable at t;
(ii) X is path continuous on [a,b];
(iii) there exist r > 2p and & > 0 such that sup e (_, 5 E[|f(X(t+s))]"] < co.

Then f o X is LP-differentiable at t and (f o X)'(t) = f'(X(+))X'(¢).

Lemma 1 ([17] Lemma 2.1). Let Yi(t,s), Ya(t,s) and Y3(t,s) be three stochastic processes and fix 1 < p < oo.
If Y1 and Y, are Li-continuous for all 1 < q < oo, and Y3 is LPI-continuous for certain 17 > 0, then the
product process Y1Y»Y3 is LP-continuous.

On the other hand, if Y1 and Y, are L®-continuous, and Y3 is LP-continuous, then the product process
Y1Y, Y3 is LP-continuous.

Lemma 2 ([17] Lemma 2.2). Let Y1 (t), Ya(t) and Ys(t) be three stochastic processes, and 1 < p < oo. If
Y and Y, are LI-differentiable for all 1 < q < oo, and Y3 is LV I-differentiable for certain n > 0, then the
product process Y1Y,Yj3 is LP-differentiable and <&-(Y1 (£)Ya(£)Ya () = Y{(£)Ya(t)Ya(t) + Y2 (£) Y3 (£) Ya(t) +
Y1(6)Y2(5) Y3(8).

Additionally, if Y1 and Y, are assumed to be L*-differentiable, and Y3 is LP-differentiable, then Y1Y,Y3 is
LP-differentiable, with & (Y1(t)Ya(t)Y3(t)) = Y] (1)Ya(t)Ya(t) + Yi(£)YA(£) Ya(t) + Ya(t) Ya () Y4(1).

Lemma 3 (Fubini’s theorem for iterated L/-Riemann integrals). Let H(t,s) be a process on [a, b] X [c, d].
If H is LP-continuous, then f;’ fcd H(t,s)dsdt = fcd fab H(t,s) dtds, where the integrals are regarded as
LP-Riemann integrals.

Proof. The proof is a variation of Fubini’s theorem for It6 stochastic integration with respect to the
standard Brownian motion ([32] Theorem 2.10.1). The stochastic processes H(t,s), f Cd H(t,s)ds and

/ ab H(t,s) dt are LP-continuous, so the iterated integrals exist. Let { P, }5_; be a sequence of partitions

130



Mathematics 2020, 8, 1013

of [a,b] with mesh tending to 0. Write P, = {a = tj < t] < --- < t;j = b}, and let 1} € [t |, 7],
1 <i<n,n>1 Consider the processes Gu(t,s) = X lH(r S)]][[n 1 (f) (here 1 denotes the
characteristic function of a set) and F,(s) = [ Gn (t, s) dt = YL H(r',s) (] — ! ;). Notice that, by
definition of LP-Riemann integral, hmnﬁm Fu(s f H(t,s) dt inL7.

By definition of LP-Riemann integral,

/:’Fn(s) ds=Y (/jH(r?,s)ds) () @Ab[dH(t,s)dsdt

i=1

in L?. On the other hand,

d
H(t,s)dtds — / Fu(s)ds
c

/cd </ab H(t,s)dt - F,,(s)) ds
[ mesae-pe

where the last inequality is due to a property of LP-integration ([5] p. 102). As H(t,s) and F,(s) are
LP-bounded on [a, b] X [c,d] and [c, d], respectively (uniformly on n > 1), the dominated convergence
theorem allows concluding that limy, e |, Ed Fu(s)ds = | Cd [ ab H(t,s)dtdsinLP. O

4

IN

ds,
p

Proposition 2 (LP-differentiation under the LP-Riemann integral sign). Let F(t,s) be a stochastic process

on [a,b] x [c,d]. Fix1 < p < co. Suppose that F(t,-) is LP-continuous on [c,d], for each t € [a,b], and

that there exists the Lp—partial derivative 2 SF L (t,5) for all (t,5) € [a,b] x [c,d], which is LP-continuous on

[a,b] x [c,d]. Let G(t j F(t,s)ds (the integral is understood as an LP-Riemann integral). Then G is
. d

LP-differentiable on [a, b} and G'(t) = [ aa—f(t,s) ds.

Proof. We present an alternative and simpler proof to ([17] Proposition 2.2), based on Fubini’s
theorem (Lemma 3). Since %T is LP-continuous, by Barrow’s rule ([5] p. 104) we can write

f F(a,s) ds+f [Fo(r,s)drds = f F(a,s) ds—l—f fdaF (t,s)dsdt. The stochastic
process T € [a,b] — [I'§ 4 aF T,5) ds is LP-continuous; therefore, G'(t) = [ § 4 9F i (t,s)dsin L?, as a

C
consequence of the fundamental theorem for LP-calculus; see ([5] p. 103). O

Lemma 4 (Version of the chain rule theorem). Let G(t,s) be a stochastic process on [a,b] X [c,d]. Let
u : [a,b] — [c,d] be a differentiable deterministic function. Suppose that G(t,s) has LP-partial derivatives, with
9 (t,5) being Lp—continuous on [a,b] x [c,d], and 9C (¢, -) being LP-continuous on [c,d], for each t € [a,b].
Then %G(t,u(t)) = at G (tu(t)) +u'(t) ?(t,u(t)) inLP.

Proof. For h # 0, by the triangular inequality,

G(t+hu(t+h))—G(t,u(t)) oG 1, 0G
: — i ()~ O )|
G(t+hu(t+h) —G(tu(t+h) oG
< ) 3 G|
L(t,h)
. G(t,u(t+h)})l—G(t,u(t)) _u,(t)%(t,u(t))
P

L(th)
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By Barrow’s rule ([5] p. 104) and an inequality from ([5] p. 102),

Lt h) = Hh/fh 9 o u(t+ ) dr - 2C (1, ur))

o o ,
1 [t (9G G

_ Hﬁ/t (at (,u(t + 1)) - ﬁ(t,u(t))> arl,
1 e e

rt+h
J

The process %(t, u(r)) is LP-uniform continuous on [4,b] x [a, b]; therefore,

S n —(t,u(t+h)) — 3 —(t, u(t))H dt|.
4

oG

o e+ 1) = ()|

— 0.
P

Li(th) < sup
TE(t,t+h]U[H,t]

On the other hand, let Y(r) = G(t,7), for t € [a,]] fixed. To conclude that lim;, o L(t,h) = 0, we
need (You)'(t) = Y'(u(t))u'(t). We have that Y is LP-C'([c,d]) and that u is differentiable on [a, b], so
the following existing version of the chain rule theorem applies: ([33] Theorem 2.1). [

Remark 1. Although not needed in the subsequent development, Lemma 4 gives in fact a general
multidimensional chain rule theorem for LP-calculus, for the composition of a stochastic process G(t, s) and two
deterministic functions (v(r),u(r)). This is the generalization of ([33] Theorem 2.1) to seveml variables. Indeed,
let G(t,s) be a stochastic process on an open set A C R2, with LP-partial derivatives, 2 S G (t,5) and aG 2 (t,s),
being LP-continuous on A. Let v,u : [a,b] — R be two C! deterministic functions with (v(r), u(r)) € A Then
LGv(r),u(r) = v/(rl%—?(v(r), u(r)) +u'(r) % (v(r), u(r)). For the proof, just define G(t,r) = G(v(t),r).
By ([33] Theorem 2.1), %(t,r) =0/ ()25 (o(t), 1), which is LP-continuous on (t, 7). Addztlonally, (t r) =
52 (v(t),r) is LP-continuous. Then G

u(r

)
oG gf( r),u(r)) = G(r,u(r)) can be LP-differentiated at euch r, by our
Lemma 4: %G(U(T’)'u(r)) = aa(t;( )

)+ (1) (r,u(r) = o/ (r) 33 (0(r), u(r)) + 1/ (r) 2 (0(r), u(r)).

Proposition 3 (Random Leibniz’s rule for LP-calculus). Let F(t,s) be a stochastic process on [a,b] x [c,d].
Let u,v : [a,b] — [c,d] be two differentiable deterministic functions. Suppose that F(t,-) is LP-continuous on
[c,d], for each t € [a, b], and that aa—f (t,s) exists in the LP-sense and is LP-continuous on [a,b] X [c,d]. Then
H(t) = f:<(tt)) F(t,s) ds is LP-differentiable and

O]
H' (1) = o/ ()F(t, 0(t)) — ' (1) F(t, u(t)) + / aF s)ds
(the integral is considered as an LP-Riemann integral).

Proof. First, notice that H(t) is well-defined, since F(t,-) is LP-continuous. Decompose H(t) as
H(t) = [’ o) p F(t;s)ds— [ (>F(t s)ds. Let G(t,r) = [ F(t,s)ds, t € [a,b], 7 € [c,d]. We have
H(t) = G(t,0(t)) = G(t,u(t)).

Let us check the conditions of Lemma 4. By Lemma 2, aa?(t r) = ar %—f(t,s) ds, which is
LP-continuous on [4,b] X [c,d] as a consequence of the LP-continuity of af (t,s). On the other hand,
%—? (t,r) = F(t,r), by the fundamental theorem of L¥-calculus ([5] p. 103), with aa—(r;(t, -) = F(t,-) being
LP-continuous. Thus, by Lemma 4,

H'(1) = 2 (1, 0(8)) /(050 (4,0(0) — 5 (6 (1)) — ' () 5 (t,u (1)

— W ()E(o()) — ' (F)E(t u(t) +/ " oF (t,5) s
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O

Remark 2 (Proposition 3 against another proof of the random Leibniz’s rule). In [10, Proposition 6], a
result pointing towards the conclusion of Proposition 3 was stated (in the mean square case p = 2, with v(t) = t,
u(t) = 0and [c,d] = [a,b]). However, the proof presented therein is not correct. In the notation therein, the
authors proved an inequality of the form

|K(t,At)|]2 < (t—a) max ||[Ky(x,t,At)||2 + max |[Ka(x,t,At)|l,.
x€(a,t] x€[t,t+At]

The authors justified correctly that ||Kq(x,t, At)||, — 0 and ||Ky(x,t, At)||,—0as At — 0, for each x € [a, b].
However, this fact does not imply
At=0 A0

max [|Ky(x, t,At)||a =0, max ||Kx(x,t,At)]o =— 0,
x€a,t] x€[tt+AL]

as they stated at the end of their proof. For Ky, one has to utilize the dominated convergence theorem. For K3,
one should use uniform continuity.

Remark 3 (Random Leibniz’s rule cannot be proved with a mean value theorem). In the deterministic
setting, both Proposition 2 and Proposition 3 can be proven with the mean value theorem. However, such proofs
do not work in the random scenario, as there is no version of the stochastic mean value theorem. In previous
contributions (see [15] Lemma 2.4, Corollary 2.5; [34] Lemma 3.1, Theorem 3.2), there is an incorrect version of
it. For instance, if U ~ Uniform(0,1) and Y (t) = L5y (t), t € [0,1], then Y is mean square continuous on
[0,1] (notice that || Y (t) — Y(s)||3 = |t — s|). Suppose that there exists 1y € [0, 1] such that fol Y(s)ds = Y(y)
almost surely. Then Y(y) = 1 — U almost surely. But this is not possible, since 1 — U € (0,1) and
Y(n) € {0,1}. Thus, Y does not satisfy any mean square mean value theorem.

3. LP-solution to the Random Linear Delay Differential Equation with a Stochastic Forcing Term

In this section we solve (1) in the LP-sense. To do so, we will demonstrate that x(t) defined by (2)
is the unique L?-solution to (1). We will take advantage of the decomposition of problem (1) into its
homogeneous part, (3), and its complete part, (4). The formal solution to (3) is given by y(t) defined as
(5), while the formal solution to (4) is given by z(t) expressed as (6). The previous contribution [17]
provides conditions under which y(t) defined by (5) solves (3) in the LP-sense. Thus, our primary goal
will be to find conditions under which z(t) given by (6) is a true solution to (4) in the L”-sense.

Again, recall that the integrals that appear in the expressions (2), (5) and (6) are LP-Riemann
integrals.

The uniqueness (not existence for now) of (1) is proved analogously to ([17] Theorem 3.1),
by invoking results from [7] that connect LP-solutions with sample-path solutions, which satisfy
analogous properties to deterministic solutions. The precise uniqueness statement is as follows.

Theorem 1 (Uniqueness). The random differential equation problem with delay (1) has at most one LP-solution,
forl < p < oco.

Proof. Assume that (1) has an LP-solution. We will prove it is unique. Let x1(t) and x,(t) be two
LP-solutions to (1). Let u(t) = x1(¢) — x2(#), which satisfies the random differential equation problem
with delay

{u’(t,w) = a(w)u(t,w) 4+ b(w)u(t —1,w), t >0,
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If t € [0, 7], then t — T € [—7,0]; therefore, u(t — t) = 0. Thus, u(t) satisfies a random differential
equation problem with no delay on [0, 7]:
U (t,w) = a(w)u(t,w), t € [0,1],
@)
u(0,w) = 0.

In [7], it was proved that any LP-solution to a random initial value problem has a product
measurable representative which is an absolutely continuous solution in the sample-path sense. Since
the sample-path solution to (7) must be 0 (from the deterministic theory), we conclude that u(t) =0
on [0, 7], as desired. For the subsequent intervals [7,27], [27,37], etc., the same reasoning applies. [J

Now we move on to existence results. First, recall that the random delayed exponential function
is the solution to the random linear homogeneous differential equation with pure delay that satisfies
the unit initial condition.

Proposition 4 (L”-derivative of the random delayed exponential function ([17] Prop 3.1)). Consider the

random system with discrete delay

¥ (t,w) =c(w)x(t—Tt,w), t >0, ®)
x(tw)=1 —t<t<0,

where c¢(w) is a random variable.
If ¢ has absolute moments of any order, then e is the unique LP-solution to (8), forall 1 < p < co.
On the other hand, if ¢ is bounded, then ei’t is the unique L*-solution to (8).

In [17], two results on the existence of solution to (3) were stated and proved. In terms of notation,
the moment-generating function of a random variable a is denoted as ¢,({) = E[e%], { € R.

Theorem 2 (Existence and uniqueness for (3), first version ([17] Theorem 3.2)). Fix 1 < p < co. Suppose
that ¢o({) < oo for all { € R, b has absolute moments of any order, and g belongs to C'([—7,0]) in the
LP+-sense, for certain y > 0. Then the stochastic process y(t) defined by (5) is the unique LP-solution to (3).

Theorem 3 (Existence and uniqueness for (3), second version ([17] Theorem 3.4)). Fix 1 < p < oo.
Suppose that a and b are bounded random variables, and g belongs to C'([—7,0]) in the LP-sense. Then the
stochastic process y(t) defined by (5) is the unique LP-solution to (3).

In what follows, we establish two theorems on the existence of a solution to (4); see Theorem 4
and Theorem 5. As a corollary, we will derive the solution to (1); see Theorem 6 and Theorem 7.

Theorem 4 (Existence and uniqueness for (4), first version). Fix 1 < p < oco. Suppose that ¢,({) < co for
all { € R, b has absolute moments of any order, and f is continuous on [0, 00) in the LP-sense, for certain
1 > 0. Then the stochastic process z(t) defined by (6) is the unique LP-solution to (4).

Proof. At the beginning of the proof of ([17] Theorem 3.2), it was proved that by = e~“"b has absolute
moments of any order, as a consequence of Cauchy-Schwarz inequality, therefore Proposition 4 tells
us that the process e-h}l/[ is L7-differentiable, for each 1 < g < o0, and %e?l'[ = blelﬁ’tq. It was also
proved that, by the chain rule theorem (Proposition 1), the process e* is LI-differentiable, for each
1<g<oo,and $e” = ge. Tojustify these two assertions on el and e, the hypotheses ¢,(Z) < oo
and b having absolute moments of any order are required.

Fix 0 < s < t. Let Yi(t,s) = e®t=9), Y, (t,5) = 7T and Y3(s) = f(s), according to the
notation of Lemma 1. Set the product of the three processes F(t,s) = Y1(t,s)Ya(t,s)Ya(s), so that
our candidate solution process becomes z(t) = jot F(t,s) ds. We check the conditions of the random
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Leibniz’s rule, see Proposition 3, to differentiate z(t). By the first paragraph of this proof, in which we
stated that both ebl’ and e are L-differentiable, for each 1 < q < o, we derive that Y; and Y, are
LA-continuous on both variables, for all 1 < g < co. Since Y3 is L’ ™-continuous, for certain 7 > 0 by
assumption, we deduce that F is LP-continuous on both variables, as a consequence of Lemma 1.

Fixed s, let Yi(t) = e?t=9), vo(t) = T and V5 = f(s). We have that Y7 and Y, are
Li-differentiable, for each 1 < g < oo. The random variable Y3 belongs to Lrti, By Lemma 2, F(-,s) is
LP-differentiable at each t, with

oF

3 —(t,s) = {ue”(t_s)egl’FFS + e”(t_s)blegl’tfhfs} £(s).

Let us see that aF 7 (t,s) is LP-continuous at (t,s). Since a has absolute moments of any order
(by finiteness of its moment—generating function) and e?(!~5) is Li-continuous at (t,s), for each
1 < g < o0, we derive that ae”(=) is L9-continuous at each (t,s), for every 1 < g < co, by Holder’s
inequality. Thus, we have that Yi(t,s) = ae?*~%) and Y (t,s) = 2147775 are Li-continuous at (t,s),
for each 1 < g < oo, while Y3(s) = f(s) is LP*"-continuous. By Lemma 1, ae?("=9)e%" """ £(s) is
LP-continuous at each (t,s). Analogously, e(t=s)p 12778 f(s) is LP-continuous at (t,s). Therefore,
aa—f(t s) is LP-continuous at (t,s). By Proposition 3, the process z(t) is LP-differentiable and
Z'(t) = F(t,t) + ft 9 (t,s)ds = f(t) + az(t) + bz(t — T) (by definition of F(t,s) in the proof,
F(t,t) = ealt=Dehf =T~ tf(t) = B TTF(t) = £(t), where €2 = 1by definition of delayed exponential
function), and we are done.

Once the existence of LP-solution has been proved, uniqueness follows from Theorem 1. [J

Theorem 5 (Existence and uniqueness for (4), second version). Fix 1 < p < co. Suppose that a and b
are bounded random variables, and f is continuous on [0, c0) in the LP-sense. Then the stochastic process z(t)
defined by (6) is the unique LP-solution to (4).
Proof. Aswas shown in ([17] Theorem 3.4), the process elé * is L-differentiable and élt e?’ =bh el?’tq,
because b; = ¢~%7b is bounded. Additionally, the process e” is L®-differentiable and g e" = ge, asa
consequence of the deterministic mean value theorem and the boundedness of a.

The rest of the proof is completely analogous to the previous Theorem 4, by applying the second
part of both Lemma 1 and Lemma 2. [

Theorem 6 (Existence and uniqueness for (1), first version). Fix 1 < p < oco. Suppose that ¢,({) < co for
all { € R, b has absolute moments of any order, g belongs to C([—,0]) in the LP*I-sense and f is continuous
on [0,00) in the LPV-sense, for certain 17 > 0. Then the stochastic process x(t) defined by (2) is the unique
LP-solution to (1).

Proof. This is a consequence of Theorem 2 and Theorem 4, with x(t) = y(t) + z(t). Uniqueness
follows from Theorem 1. [

Theorem 7 (Existence and uniqueness for (1), second version). Fix 1 < p < oo. Suppose that a and b
are bounded random variables, g belongs to C'([—7,0]) in the LP-sense and f is continuous on [0, c0) in the
LP-sense. Then the stochastic process x(t) defined by (2) is the unique LP-solution to (1).

Proof. This is a consequence of Theorem 3 and Theorem 5, with x(t) = y(t) + z(t). Uniqueness
follows from Theorem 1. [

Remark 4. As emphasized in ([17] Remark 3.6), the condition of boundedness for a and b in Theorem 7 is
necessary if we only assume that ¢ € C'([—7,0]) in the LP-sense. See ([7] Example p. 541), where it is proved
that, in order for a random autonomous and homogeneous linear differential equation of first-order to have an
LP-solution for every initial condition in LP, one needs the random coefficient to be bounded.
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Assume the conditions from Theorem 6 or Theorem 7. From expression (2), it is possible to
approximate the statistical moments of x (). We focus on its expectation, E[x(t)], and on its variance,
Vx(t)] = E[x(t)?] — (E[x(t)])?. These statistics provide information on the average and the dispersion
of x(t), and they are very useful for uncertainty quantification for x(t). For ease of notation, denote
the stochastic processes

Fl(t,cu) _ eﬂ(w)(t+7)e?rl(w)/tg(—T,a]),
Ey(t,s,w) = e"@ el T (o (5, w0) — a(w)g (s, w)),
F(t,s,w) = e"(‘”)(t_”el;1 (“’)’ffT*sf(s,w).

Due to the linearity of the expectation and its interchangeability with the L!-Riemann integral ([5]
p-104),ifp > 1,

0 t
E[x(f)] = E[F:(1)] +/7TIE[F2(t,s)]ds+/0 E[Fs(t,s)] ds. )

To compute V[x(t)] when p > 2, we start by

0 0
X(£? = B (t)? + / / Ea(t,51)Fa(t, 52) dsy dsy
J=TJ—-T
ot 0
+/ / F3(t,sl)F3(t,sz)d52ds1+2/ Fi(f)Ea(t,s) ds
0 JO -7
ot 0t
+2/ Fl(f)F3(t,S) d5+2/ / Fz(t,sl)Fg(f,Sz) dSzdSl.
0 —7.J0

Each of these integrals has to be considered in LP/2; see ([35] Remark 2). This is due to the loss of
integrability of the product, by Holder’s inequality. By applying expectations,

Bla(7] = BRG0P + [ [ BB dsrde
+ /Ot /ot E[F5(t,51)F5(t,82)] dsp dsy + 2 /,OTIE[Fl(t)PZ(t’S)] ds
ot 0 t
+2 [ BRWR(ds+2 [ BRG] dads, (10

As a consequence, one derives an expression for V[x(t)], by utilizing the relation V[x(t)] =
E[x(t)?] — (E[x(t)])?. Other statistics related to moments could be derived in a similar fashion.

In Example 1, we will show how useful these expressions are to determine E[x(¢)] and V[x(t)] in
practice. Our procedure is an alternative to the usual techniques for uncertainty quantification: Monte
Carlo simulation, generalized polynomial chaos (gPC) expansions, etc. [1,2].

4. LP-convergence to a Random Complete Linear Differential Equation When the Delay Tends to 0

Given a discrete delay T > 0, we denote the LP-solution (2) to (1) by x(t). We denote the
LP-solutions (5) and (6) to (3) and (4) by y(t) and z(t), respectively, so that x¢(t) = y(t) + z¢(¢).
Thus, we are making the dependence on the delay 7 explicit. If we put T = 0 into (1), (3) and (4), we
obtain random linear differential equations with no delay:

{xé(t,w) = (a(w) + b(w))xo(t, w) + f(t,w), t >0, an
x0(0,w) = g(0,w),
{y{)(frw) = (a(w) +b(w))yo(t,w), t >0, 12)
yO(Olw) = g(O, )/
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(13)

z(t,w) = (a(w) + b(w))zo(t,w) + f(t,w), t >0,
20(0,w) =0,

respectively. The following results establish conditions under which (11), (12) and (13) have
LP-solutions.

Theorem 8 ([17] Corollary 4.1). Fix 1 < p < oco. If ¢4({) < oo and ¢,({) < oo forall { € R, and
g(0) € LP* for certain y > 0, then the stochastic process yo(t) = g(0)el™tD)! is the unique LP-solution
to (12).

On the other hand, if a and b are bounded random variables and g(0) € LP, then the stochastic process
yo(t) = g(0)el V)1 is the unique LP-solution to (12).

Theorem 9. Fix 1 < p < co. If $4(C) < co and ¢({) < oo forall { € R, and f is continuous on [0,00)
in the LP*'-sense for certain > 0, then the stochastic process zo(t) = fof ela+h)(t=5) £(5) ds is the unique
LP-solution to (13).

On the other hand, if a and b are bounded random variables and f is continuous on [0,00) in the LP-sense,
then the stochastic process zo(t) = fot ela+0)(t=5) £(5) ds is the unique LP-solution to (13).

Proof. Take the first set of assumptions. Let F(t,5) = e(**?) (=) £(5) be the process inside the integral
sign. Since ¢, < o0 and ¢, < oo, the chain rule theorem (Proposition 1) allows differentiating e(* )t
in L7, for each 1 < g < oo. In particular, e(@+b)(t=5) ig T 4-continuous at (t,s), for1 < g < co. As f
is continuous on [0, ) in the L’ -sense, we derive that F is LP-continuous at (f,s). It also exists
%—f (t,5) = (a4 b)el@DU=) £(5) in LP. Since a + b has absolute moments of any order, (a 4 b)e(2+0)(=5)
is L7-continuous at (¢,s), for 1 < g < co. Then %—f is LP-continuous at (,s). By Proposition 3, zg is
LP-differentiable and z()(t) = F(t,t) + Ot %—f(t,s) ds = f(t) + (a+b)zo(t), and we are done.

Suppose that a and b are bounded random variables and f is continuous on [0, %) in the L”-sense.
If a and b are bounded, then e(t?)! is L®-differentiable (this is because of an application of the
deterministic mean value theorem; see ([17] Theorem 3.4)). Then an analogous proof to the previous
paragraph works in this case, by only assuming that f is continuous on [0, c0) in the L?-sense. [

Theorem 10. Fix 1 < p < oo. If ¢4(f) < oo and ¢(g) < oo forall { € R, g(0) € LP™, and f is
continuious on [0,00) in the LP*'I-sense for certain 1y > 0, then the stochastic process xo(t) = g(0)ela+0)t 4
fot elat0)(t=9) £(5) ds is the unique LP-solution to (11).

On the other hand, if a and b are bounded random variables, ¢(0) € L?, and f is continuous on [0, 00) in
the LP-sense, then the stochastic process xo(t) = g(0)e(@+0)t 4 fot el@t0)(t=9) £ () ds is the unique LP-solution
to (11).

Proof. It is a consequence of Theorem 8 and Theorem 9 with x((t) = yo(t) +zo(t). O

Our goal is to establish conditions under which lim+_,¢ x¢(f) = xo(t) in L?, for each t > 0. To do
so, we will utilize lim_,o y-(t) = yo(t) and lim;_,0 2z (t) = zo(t).

The first limit, lim_,o y- () = yo(t), was demonstrated in ([17] Theorem 4.5), by using inequalities
for the deterministic and random delayed exponential function ([36] Theorem A.3), ([17] Lemma 4.2,
Lemma 4.3, Lemma 4.4).

Theorem 11 ([17] Theorem 4.5). Fix 1 < p < oo. Let a and b be bounded random variables and let g be a
stochastic process that belongs to C'([—,0]) in the LP-sense. Then, limy_q y<(t) = yo(t) in LP, uniformly
on [0, T|, for each T > 0.

Next we prove the convergence limr_,oz¢(t) = zo(t). As a corollary, we will be able to derive
lim0 x7(t) = xo(t).
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Theorem 12. Fix1 < p < oo. Let a and b be bounded random variables and let f be a continuous stochastic
process on [0, co) in the LP-sense. Then, limr_,0 z¢(t) = zo(t) in L?, uniformly on [0, T], for each T > 0.

Proof. Notice that z.(t) defined by (6) (see the first paragraph of this section) exists by Theorem 5,
which used the boundedness of @ and b and the LP-continuity of f on [0, ). Analogously, zo(t) exists
by Theorem 9.

Fix t € [0, T]. We bound

) =2l < [

t
S /
0

We have [|¢?(t-9) ||, < ell?ll=T and [f(s)llp < Cr = maxepo,1) 1 f(5) | p- These bounds yield

=9 £(s) (e?’H*S - eb“*S)) Hp ds

ea(t=9) elit—T—s b(t—s)

T —e

_IFO

ds.

ot X
22 () — 2o (8|, < CfeHaHooT/ He?,tf‘rfs _ oblt=9)
0

ds. 14)

Let k be a number such that k > ||b1]|ec = [|€"7b||co, for all T € (0,1]. By ([17] Lemma 4.3),

Hel;l/tfrfs _ ebi(t=s)

<Cri-7, (15)

[}

fort € [0,T],0 <s < tand T € (0,1]. On the other hand, by the deterministic mean value theorem
(applied for each outcome w),

by (t—s) b(t—s) _ ee””b(tfs) b(t—s)

e —€ —€

= b(t — 5)ebrebli=9) (e=0T _ 1),
where &7 € (1,6797) U (77, 1). In particular, |¢+ | < 1+ ell?l=. We apply again the deterministic

mean value theorem to e %7 — 1: B
e — 1 = efrw(—ar),

where ¢, , € (—at,0) U (0, —at). In particular,
le™ — 1o < ell= a0,
As a consequence,

[[ebr(t=5) — eb(t=5) ||, < ||b||Tet+e!)bl=Tgllalle g1, 7. (16)

C oo, oo
By combining (15) and (16) and by the triangular inequality,

Hegl,f—r—s _ oblt=9)

< Hegl,t—‘r—s _ obilt=s)
(e}

[}

+ Hem(t—s) _ eb(t=s)

< (Crx + Crjalutbll) ™
(o)

Substituting this inequality into (14),
£) —zo(8)||, < Creldl=T (Crp+C =0
llzc(t) —zo(t)[lp < Cre Tkt CTla)lo bl ) T — O

uniformly on [0, T]. O
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Theorem 13. Fix 1 < p < co. Let a and b be bounded random variables, let g be a stochastic process that
belongs to C1([—7,0]) in the LP-sense, and let f be a continuous stochastic process on [0, c0) in the LP-sense.
Then, im_,o x¢(t) = xo(t) in L?, uniformly on [0, T|, for each T > 0.

Proof. This is a consequence of Theorem 11 and Theorem 12, with x¢(t) = y(t) + z-(t) and x¢(t) =
Yyo(t) +zo(t). O

Example 1. This is a test example, with arbitrary distributions, to show how (9) and (10) may be
employed to compute the expectation and the variance of the stochastic solution. Theoretical results
are also illustrated. Let a ~ Beta(2,3) and b ~ Uniform(0.2,1). Define g(t,w) = sin(sin(d(w)t?))
and f(t,w) = cos(te(w)?), where d and e are random variables with d ~ Triangular(1,1.15,1.3) and
e ~ Uniform(0.1,0.2). By using the chain rule theorem, Proposition 1, it is easy to prove that both
gand f are C% in the LP-sense, 1 < p < co. The random variables 4, b, d and e are assumed to be
independent. Consider the solution stochastic process x(t) defined by (2). It is an LP-solution for all
1 < p < oo, by Theorem 7. With expressions (9) and (10), we can compute E[x(t)] and V]x(t)]; see
Figure 1. The results agree with Monte Carlo simulation on (1). Observe that, as T approaches 0, the
solution stochastic process tends to the solution with no delay defined in Theorem 10, as predicted by
Theorem 13.

E[x(t)]

Tk

6 — =0

5 A 7=0.01

a- S e - =01

1S /s =0.2
-------- t=0.3

2z - =04

1 E

- - - —t
0.5 1.0 1.5 2.0
Vx:(t)]

8 =
— =0

e e e 7=0.01
----- - =01

a ey mmmm =0.2
-------- =0.3

20 S - =04

Tk -t
0.5 1.0 1.5 2.0

Figure 1. Expectation (up) and variance (down) of x(t), Example 1.

Example 2. In this example, we specify new probability distributions for the input coefficients. Let
a ~ Uniform(0.2,1), b ~ Uniform(—1,0), d ~ Beta(1,1.3) and ¢ ~ Uniform(—0.2, —0.1), all of
them independent. The stochastic process x(t) given by (2) is an LP-solution for all 1 < p < oo,
by Theorem 7. We compute E[x,(t)] and V[x(¢)] with (9) and (10), see Figure 2. Observe that the
convergence when T — 0 agrees with Theorem 13.
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E[x(3]
t.0r

2.5}
2.0
1.5¢
1.0f

0.5¢

015 1:0 1:5 2:0
Vix:(2]

1.0+
0.8¢
0.6-

0.4

0.t

0.5 1.0 1.5 t.0

Figure 2. Expectation (up) and variance (down) of x(t), Example 2.

We now comment on some computational aspects. We have used the software Mathematica®,
version 11.2 [37]. The integrals and expectations from (9) and (10) have been computed as
multidimensional integrals with the built-in function NIntegrate (recall that the expectation is an
integral with respect to the corresponding probability density function). Expression (9) does not
pose serious numerical challenges, and one can use a standard NIntegrate routine with no specified
options. However, for expression (10), we have set the option quasi-Monte Carlo with 10° sampling
points (otherwise the computational time would increase dramatically). We have checked numerically
that the following factors increase the computational time: large ratio t/7; probability distributions
with unbounded support for the input data; and moderate or large dimensions of the random space.

5. Conclusions

In this paper, we have performed a comprehensive stochastic analysis of the random linear
delay differential equation with stochastic forcing term. The equation considered has one discrete
delay T > 0, two random coefficients a2 and b (corresponding to the non-delay and the delay term,
respectively) and two stochastic processes f(t) and g(t) (corresponding to the forcing term on [0, o)
and the initial condition on [—T, 0], respectively). Our setting supposes a step further than the previous
contribution [17], in which no forcing term was considered (i.e., f(t) = 0). We have rigorously
addressed the problem of extending the deterministic theory to the random scenario, by proving that
the deterministic solution constructed via the method of steps and the method of variation of constants
is an LP-solution, under certain assumptions on the random data. A new result, the random Leibniz’s
rule for LP-Riemann integration has been necessary to derive our conclusions. We have also studied
the behavior in L of the random delay equation when the delay tends to zero.

Our approach has been shown to be useful to approximate the statistical moments of the solution
stochastic process, in particular its expectation and its variance. Thus, it is possible to perform
uncertainty quantification. Our procedure is an alternative to the usual techniques for uncertainty
quantification: Monte Carlo simulation, generalized polynomial chaos (gPC) expansions, etc.

Our approach could be extendable to other random differential equations with or without delay.
As usual, one could prove that the deterministic solution also works in the random framework. To do

140



Mathematics 2020, 8, 1013

s0, a rigorous and careful analysis of the probabilistic properties of the solution based on LP-calculus
should be conducted.

Finally, we humbly think that advancing in theoretical aspects of random differential equations
with delay will permit rigorously applying this class of equations to modeling phenomena involving
memory and aftereffects together with uncertainties. In particular, they may be crucial to capture
uncertainties inherent to some complex modeling problems, since input parameters of this type of
equations may belong to a wider range of probability distributions than the ones considered in Itd
differential equations.
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Abstract: The process of partial melting and resolidification of a thin metal film subjected to a
high-power laser beam is considered. The mathematical model of the process is based on the
second-order dual phase lag equation (DPLE). Until now, this equation has not been used for
the modeling of phase changes associated with heating and cooling of thin metal films and the
considerations regarding this issue are the most important part of the article. In the basic energy
equation, the internal heat sources associated with the laser action and the evolution of phase change
latent heat are taken into account. Thermal processes in the domain of pure metal (chromium)
are analyzed and it is assumed that the evolution of latent heat occurs at a certain interval of
temperature to which the solidification point was conventionally extended. This approach allows
one to introduce the continuous function corresponding to the volumetric fraction of solid or liquid
state at the neighborhood of the point considered, which significantly simplifies the phase changes
modeling. At the stage of numerical computations, the authorial program based on the implicit
scheme of the finite difference method (FDM) was used. In the final part of the paper, the examples
of numerical computations (including the results of simulations for different laser intensities and
different characteristic times of laser pulse) are presented and the conclusions are formulated.

Keywords: second-order dual phase lag equation; laser heating; thin metal films; melting and
resolidification; finite difference method

1. Introduction

Heat transfer through thin films subjected to an ultrafast laser pulse is of vital importance in
microtechnology applications and is a reason that the problems related to the fast heating of solids
have become a very active research area. The problems of melting/resolidification processes modeling,
which may be the result of heating with a laser beam, are also important from the technical point of
view. So far, the method using the equation based on the second order model with two delay times for
the phase changes modeling was not presented in literature. This was the most important motivation
for the authors to undertake research in this area. In Section 5, the comparison of the results obtained
with the similar solution on the basis of the first-order dual phase lag equation (DPLE) is presented.

The mathematical model of macroscale heat conduction is based on the parabolic Fourier equation.
This equation was formulated under the assumption of instantaneous propagation of the thermal
wave in the domain considered. It is obvious that this assumption is not correct, but for the problems
concerning the analysis of macroscale heat conduction processes, the obtained results are fully
satisfactory. Despite this, the attempts have been made to modify the Fourier equation to a form that
better reproduces the real conditions of heat conduction in solids. Thus, about seventy years ago,
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Cattaneo proposed a modification of the Fourier equation now called the Cattaneo—Vernotte equation.
This is the hyperbolic partial differential equation (PDE) and contains the parameter 1, called the
relaxation time (the lag time of the heat flux in relation to the temperature gradient) [1,2]. Especially
important differences between the Fourier model and the real course of thermal processes appear in the
case of microscale heat transfer problems. For example, the very high heating rates accompanying the
heating of thin metal films with a laser beam mean that the inclusion of the finite value of thermal wave
velocity must be taken into account. The deviations appear mainly when the mean free path of the
heat carriers becomes comparable to the characteristic length of the domain considered and the time
scale of interest becomes comparable to or smaller than the relaxation time of the heat carriers [3,4].

For the analysis of this type of process, the model with two delay times called a dual-phase lag
model is presently applied. In addition to the relaxation time, the thermalization time is introduced.
The relaxation time 7, takes into account the small-scale response in time, while the thermalization
time 77 takes into account the small-scale response in space [3-6]. The dual phase lag equation (DPLE)
results from the generalized form of the Fourier law

a(xt+ 1) = -AVT(x,t + ) )

where q is a heat flux vector; VT is a temperature gradient; A is a thermal conductivity; and x and
t denote the geometrical co-ordinates and time, respectively. Both sides of the last dependence are
developed into a power series and, finally (depending on the number of components), the first- or
second-order DPLE can be obtained.

The literature on equations with two delay times is very extensive (especially in the case of the first
order equations), and here we quote only a few important articles. The first publications concerning
the model with two delay times appeared in the early nineties of the last century. There may be
mentioned, for example, the papers [7-9]. Currently, one can already find books devoted to this type
of non-Fourier heat conduction model, for example, [10-13].

In this brief literature review, the selected papers on analytical and numerical solutions of
first-order DPLE will be listed. First of all, the works containing the analytical solutions of first-order
DPLE (usually 1D tasks) will be mentioned [14-18]. The paper [14] concerns the laser heating of
ultra-thin metal film; in the papers [15,16], the bio-heat transfer problems are discussed; while in the
paper [18], the multi-layered metal domain is considered.

A much larger number of articles concern the application of numerical methods in the tasks based
on the models with two delay times. It should be pointed out that, first of all, different variants of
finite difference method (FDM) are applied (see, for example, [19-24]). In the paper [19], the numerical
model of heating of the double-layered thin film has been applied for the analysis of the thermal
deformation process. In the paper [20], the 3D FDM numerical model of the thin metal film heating has
been presented. In [21], the explicit scheme of the FDM has been used and the problem of biological
tissue freezing process has been discussed. The stability problem of the algorithm of this type is
analyzed in [22]. In [23], the problem based on DPLE has been solved using the alternating direction
implicit FDM scheme. In the paper [24], the adaptation of typical boundary conditions for non-Fourier
equations has been shown. The FDM numerical solutions of the inverse problems can also be found
(e.g., [25)).

The number of works presenting solutions using the other numerical methods is significantly
smaller. Here, one can mention the papers [26-32]. In particular, solutions based on the finite element
method [26-28], the boundary element method [29], the control volume method [30], or the lattice
Boltzmann method [31,32] are discussed in the above-mentioned papers.

Literature on the second-order DPLE is not as extensive as for the first-order equations. As an
example, the papers [33-37] can be mentioned. The main subject of these papers (except [37]) is related
to the construction of algorithms for numerical modeling of problems described by second-order DPLE
(the different variants of FDM are used). Additionally, the transformed second-order equations are
shown in [20,34,37] and the changed forms are more convenient at the stage of numerical modeling.
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At the stage of melting/resolidification modeling, the concept presented in [38] (for the macroscale
problems) is applied. The capacity of the internal heat source related to the phase change is proportional
to the melting/solidification rate. To define this function (in particular, the volumetric fraction of liquid
state f7 (T)) in the form of a continuous one, the melting point corresponding to the temperature T, is
conventionally replaced by a certain interval [T, — AT, T}, + AT], and then the function discussed can
be described by a broken line. For this interval, the substitute thermal capacity is defined and the one
domain approach can be used. It should be pointed out that the testing computations show a little
impact of the interval AT width (within reasonable limits) on the results of numerical simulations.

At the beginning of the part of the article devoted to own research, the assumed form of the dual-
phase lag equation and the mathematical formulas determining the laser action and the evolution of
phase change latent heat are presented. Both phenomena are taken into account by an introduction to the
energy equation of the functions determining the efficiency of internal heat sources. Next, the numerical
algorithm based on the implicit scheme of FDM is discussed. In the final part of the paper, the results of
numerical computations concerning the heating/cooling process of the thin metal film made of chrome
are shown. The conclusions resulting from the performed research are also formulated.

2. Governing Equations

The starting point for the formulation of the energy equation with delays is the generalized Fourier
law (1). To obtain the DPLE, the left and right sides of Equation (1) are developed into the Taylor series
dqlxt) | TP alxt
q(x, t) +Tq—qa(xf ) 4+ 74—3(; by =

2 (2)
“A|VT(x, ) +op 2l | T IVl ]

Let us apply the well-known diffusion equation, namely,

dT(x,
T _ vqx 4000 ®

c
where c is a volumetric specific heat and Q(x, f) is a capacity of volumetric internal heat sources.
When the components containing the second derivatives (Equation (2)) are taken into account,
after mathematical manipulations, Equation (3) takes the form
PT(xt) | T8 PT(x 1)

9 T(x t
xeQ:c (9();)+Tq =t 2 5 = VAV T(x, t)]+ @

9 [V[AV T(x, t 2 2UVIAV T(x, ¢ 20(x, R Q(x,
- {vI at(x )]}Jr% { [mz(x )1} +Q(x,t)+rq%+%’%

When the melting and resolidification problem is considered, the internal heat source in Equation (4)
must contain the term controlling the phase change process. This appropriate source function Qy, (x, )
can be defined as

L3 fu(x, t) L, 32fL(X, t) _ LT—qz a3fL(X, t) 5)
Jt ot 2 98

where L is the volumetric latent heat phase change and f; (, t) is the volumetric molten state fraction at

the neighborhood of the point considered. The last equation is a generalization of what is well known

in the thermal theory of foundry processes definition of Q;, (e.g., [38]). The function f; (x, t) is equal to

zero at the beginning of the heating process until Ty = T, — AT and f1(x, t) = 1 for Ty > Ty, + AT (T is

the melting point). In the interval [T}, — AT, T;;, + AT], the function f; (x, t) changes from 0 to 1 in a

Qm (X/ t) = -
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linear way (such an assumption is fully acceptable). Generally speaking, the volumetric liquid state
fraction is given in the form of broken line, this means

1 T(x,t) > Ty + AT
fulxt) =3 TCOTnt&T AT < T(x,t) < Ty + AT ©)
0 T(x,t) < Ty — AT

The derivative of f1(x, t) with respect to the temperature is equal to 0 for T(x, t) < T;, — AT and
T(x, t) > Ty + AT, while between the border temperatures df; (x, t)/dT = 1/2AT. Thus, the source term
Qum(x, t) acts only for T(x, t) from the interval [T;;, — AT, T),, + AT], and then

L [0T(x t) 9T x t) T2dT3(x t)

Qulet) = =387 "ar T ap 2 9P

, T(x, t) € [T —AT, Ty + AT]  (7)

Let us introduce the piece-vise constant function C(T)

1o T(x,t) > Ty + AT
C(T) =1 05(c1 +c2) + 5k T~ AT < T(x,t) < Ty + AT 8)
01 T(x,t) < Ty — AT

where ¢; and ¢, are the volumetric specific heats of the solid and liquid states, respectively.
Then, Equation (4) can be written as follows

9 T(x ¢t RT(x 1) | T2 PT(x ¢
er:cm[ (0 | 2T, T P

9 {VIAV T(x, t 2 PR{VIAV T(x, t dQix ) TR Qx, ¢
ST ) e TN (0 R P G 1YL I LT

= VAV T(x, ¢
AV T(x £)]+ )

Thermal conductivity A in Equation (9) is defined just like the parameter C(T).
The mathematical formula determining the intensity of the internal heat source Q; (x, t) resulting
from the laser action can be taken in the form [39]

2.2 2
I X7+ X t—2t
Qi(x, t) = (1-R) 2 exp|— 1 2 X —4ln2M , x = {x1,x2,x3} (10)
5tp r2D 5 t%

where Ij [J/m?] is the laser intensity, t, [s] is the characteristic time of laser pulse, 5 [m] is the optical
penetration depth, R is the reflectivity of the irradiated surface, rp [m] is the laser beam radius, and x3
is a vertical axis. The derivatives of Q; with respect to time can be found analytically.

On the outer surface of the system, the adiabatic conditions are assumed (the external heat flux
is taken into account in the appropriate source function). The mathematical form of the Neumann
boundary condition for the second-order DPLE is as follows [36]

xel: - /\[n-VT(x, )+ TTa[ i o 2 a1

aqp(x, t "12 % qp(x, t
(/]b(X, t) +Tq qbét ) + Tl ?gbiz )

nVT(x, 1) +T_2T PnvT(x, 1]]

where n is a normal outward vector and (in the case considered) g;, (x, t) = 0, of course.
The mathematical model is also supplemented by the initial conditions

dT(x,t) _ Q(x0) *T(x, t)

’
2
=0 C1 ot

190k
N C1 ot

t=0: T(x,0) =T, 12)

=0 t=0

where T), is an initial temperature.
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3. Mathematical Description of 1D Problem

At the stage of numerical modeling, the 1D problem was considered and the basis for the
construction of the FDM algorithm is the following system of equations and conditions:

- energy equation for thin metal film domain

3
C(T) BT(x t) T qz?aT;t) +32 q J ];(At';) _

2 T( 9 T(x, 1) 5 9 T(x, 1) (13)

(x, 1) (x, t B x, t

ﬁx[)\ ]*TTarax[A ]+ 2 aﬂax[)‘ ]+Z(x, )
where 20, (x 20
B ;X t Ty d Ql(x, t)
Z(x,t) = Qi(x, 1) + 14 37 + > o (14)
- source function Q;
t—2t,)>
Qi(x, £) = (1-R) 2% exp—f—41n2( ) (15)
Sty 5 £
adiabatic boundary conditions
0uUG VT 3[87:;(); t)] T% 32[8 7:9(1 t)] 0 16
=0U : — =
X (x, t) + 77 o + 2 TS (16)
- initial conditions
T (x,t ,0)  PT(x,t 2Q(x, t
f=0: T(x0) =T, (v _Qk ), (v _ 191 (17)
A | o1 M |, a 9 |_,

4. Numerical Model Based on FDM

Let Tzf = T(x;, fAt), wherex; = ih,i=0,1,... ,nandf =0, 1, ..., F. Taking into account the initial
conditions (17), one has

Tfj TOTP
T
= 2Qi(x;,0) = T} =T + £ Qi(x;,0) (18)
T2 2T1+T07 1 90,(xib) 2 _ ol 0, (B0 9Qj(xit)
Ty ' i Bt Bl s

For the transition t/~! — tf (f > 3), the approximate form of Equation (13) resulting from the
introduction of the assumed differential quotients is as follows

S f-1 f_ f—l f—Z 2 f f-1 f- 2_ f—3
C{ 1 TATrf Tqr, 21(",At)Z+T’ f+7,, T/ 31! (;)E , ]:
05+ {080 [0 )+ @
2 -1 2
T {[5030)] -2 #=030) 7+ [H030) 7} + 2
where
[3 (?\3 T)] [(A§§)1+055 ()\j_z;)zs‘—OB] ()\f+05T:Hh TI; _)\1S OSTS;’Tiil) - (20)
(A S - A IR = [+ 20, )T — 1) + Oy 4 )T, - 7))
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whiles=f,s=f—-1,0ors=f-2.

Thus,
-1/ . T{-2T{‘1+T{ P er/or
A t q (At) 2 (At) -
Q(Atﬁ;if”[( NN 1)+ O AT 1))
e[S et R VPRV e |

2 . . . f
B (e e T R e RV C e o

and after mathematical manipulations, one has

ATl +B/T v 1/, =D/

i+1
where
W [2(at)2 4277 t+23] (A 1’+7\{’])
i acl 2 (an? !
-1 -1 -1
Bff 2 (2807 42wra t+r;](>\{71 +2 M{H)
2(at)? a2 (ar? !
of [2(a0)2 4277 f+rT](A{Hl+Af 1)
i acl 2 (an? ’
Df _ 2(At)2+4'cq At+3T§ Tf_l _ 27y At+31§ f-2 n 'r,zl f -3_
i 2(At)° i 2(an® i 2(At)3 i

e (R Vo) e () BN N G

_ _ _ _ _ _ f
e [ N1/ 2) (212

The approximation of boundary conditions (16) is as follows

- forx=0:
e e 2 (pfpf it pfR_gf
1 + T( 5 1 hO )+2(A];)2(1h0_21 hO +l hO ):0
- forx=G
Tﬁ—Tf . Tf L T TZTZ -1/ _2Tf 1—T£} N VS 0
h h Z(A/) h h
or
~[2(80% + 2epat + 2T] + [2(80) + 217At + BT =
2\(pf~1 _ pf-1 2(pf~2 _pf2
(2erat+ 222 )1 =Ty ) - (T =T )
and

~[2(a0% + 2erat + 2T+ [2(a0)7 + 2erat + 2|T) =

(reeat 4221l -1 ) - a(rf 2112

@n

(22)

(23)

(24)

(25)

(26)

27)

The transition from t/ =1 to tf (f > 3) requires the solution of the system of Equations (22), (26),
and (27) with a three-band main matrix that can be solved quickest using the Thomas algorithm [40].
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5. Results of Computations

The computations were performed for the thin metal film of the thickness G = 100 nm made of
chromium. The surface x = 0 is subjected to the laser pulse with the parameters R = 0.93, Iy = 3825 J/m?,
4 =153 nm, and t, = 10 ps—c.f. Formula (15). The following values of chromium parameters
are assumed: thermal conductivities A; = 93 W/(m K), A, = 35 W/(m K), volumetric specific heats
1 = 3.2148 MJ/(m® K), ¢, = 2.79276 MJ/(m? K) [24], relaxation time Ty = 0.136 ps, thermalization time
Tr = 7.86 ps, melting temperature T, = 2180 K, and volumetric heat of fusion L = 2904 MJ/mS.

Different temporal-spatial meshes were considered; see Table 1. For each combination of mesh
steps, the temperature after 80 ps on the heated surface was recorded. As can be seen, the result
does not depend much on the time step, while the number of nodes is important. Analysis of the
results obtained showed that the satisfactory accuracy provides the geometrical mesh containing
n =1000 nodes (h = 0.1 nm) and time step At = 0.0005 ps (see Table 1, column 5).

Table 1. Temperature of the irradiated surface after 80 ps for different time steps and number of nodes.

At[ps] n=100 n=200 n=500 »n=1000

0.0001 148422 149847  1507.06  1511.45
0.00025 1484.19  1498.43 1507.07  1511.43
0.0005 1484.08  1498.44  1507.05  1511.47

Figure 1 shows the temperature courses at the points x = 0 (heated surface) and x = 20 nm.
The results were compared to those published in [24], where the first order DPL equation and slightly
different partial melting model were used. As one can see, the differences are small, but visible. For the
second-order model (solid lines), the maximum temperature of the heated surface occurs after 28.8 ps
and is equal to 2323.28 K, while for the first-order model (dashed lines), the maximum temperature
occurs after 28 ps and equals 2307.20 K.
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Figure 1. Temperature histories at the points x = 0 and x = 20 nm; comparison of the results
obtained using the first-order (dashed line [24]) and second-order dual phase lag (DPL) (solid line) for
I = 3825J/m?, t, = 10 ps.

In Figure 2, the fragments of heating/cooling curves for different widths of AT are shown. One can
see that the results are similar. For AT = 3 K, the maximum temperature is the highest; for AT =7 K,
the maximum temperature is the lowest; while the biggest differences between them are of the order
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10 K. After the resolidification process, the cooling curves for all cases are very similar. Further
computations were carried out for AT = 3 K.

2370
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20 25 30 35

40 45
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Figure 2. Comparison of obtained temperature courses for different intervals AT (on the surface x = 0),
(1) AT=3K,(2)AT=5K, (3) AT=7K.

In Figure 3, the temperature courses on the irradiated surface for the laser intensity Iy = 3825 J/m?
and different characteristic times of laser pulse ¢, are presented. The impact of changes in this parameter
on the course of the heating/cooling curves is clearly visible. It is obvious that an increase in intensity
of the laser pulse causes a more rapid heating process. Interesting, however, are the effects of changes
of characteristic time #,. Shortening this time increases the heating rate of the metal film and maxima
of the cooling/heating curves shift to the left. At the same time, the maximum values of temperatures
increase slightly. A detailed analysis of Equation (10) determining the time-dependent efficiency of the
laser-related internal heat source shows that such an effect could be expected.
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Figure 3. Heating/cooling curves on the surface x = 0 for different characteristic times of laser pulse.
ty: (1) ty =2ps, (2) tp =6 ps, (3) t, = 10 ps (Ip = 4500 J/m?2).
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Finally, Figure 4 shows the changes of molten layer thicknesses in time. The successive curves
correspond to t, = 2, 6, and 10 ps. For t, = 2 ps, the maximal depth is equal to g = 17.6 nm; for t, = 6 ps,
it is equal to g = 15.3 nm; while for t, = 10 ps, it is equal to g = 13 nm.
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Figure 4. Changes in the thickness of the molten layer for different characteristic times of laser pulse,
M) ty=2ps, (2)t, =6ps, (3) t, =10 ps.

0

Changes in the characteristic time of laser pulse cause a similar effect to that seen in the previous
figure. The depth of the molten layer increases with the reduction of time ¢, and the process is more
dynamic. Such analysis and information obtained on its basis can often be useful in engineering practice.

6. Conclusions

The mathematical model, the numerical algorithm, and exemplary results of the computations
concerning the heating of thin metal film subjected to the laser beam are discussed, wherein the
problem is described using the second-order DPLE. The laser beam power is so high that, in the domain
under consideration, the partial melting and then resolidification of the material take place. To our
knowledge, the application of the second-order DPLE to solve this type of the problem has not yet been
presented. The task is treated as a non-linear one and the thermophysical parameters of the material
are temperature-dependent. The melting point is substituted by a certain interval of temperature.
This assumption allows one to introduce the continuous function determining the local and temporary
volumetric liquid state fraction of the metal. The influence of the width of this interval on the results of
numerical calculations is also examined. The laser action and the evolution of latent heat are taken into
account by the introduction of two internal heat sources to the energy equation.

At the stage of numerical modeling, the 1D problem was considered, but the generalization of the
algorithm and computer program implementing the numerical computations for the larger number
of dimensions is not difficult. The computer program is based on the implicit scheme of the finite
difference method. The algorithm is unconditionally stable and the transition from time f to t + At
requires the solution of the system of linear equations, whose main matrix is a three-diagonal one.
In this place, the very effective Thomas algorithm was used.

The obtained results are in line with the expectations; their comparison with the solution of a
similar problem described by the first-order equation shows visible, but slight differences.

We are planning the following further research in this scope:

- numerical algorithm and computer program for 3D problems;
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numerical algorithm and computer program for axially-symmetrical tasks (this geometry is very
convenient because of the typical shape of the function describing the laser action);

adaptation of the algorithm presented in this work for modeling the ablation process;

research on other approaches to phase changes modeling.
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Abstract: Freight derivative prices have been modeled assuming that the spot freight follows a
particular stochastic process in order to manage them, like freight futures, forwards and options.
However, an explicit formula for pricing freight options is not known, not even for simple spot
freight processes. This is partly due to the fact that there is no valuation equation for pricing freight
options. In this paper, we deal with this problem from two independent points of view. On the
one hand, we provide a novel theoretical framework for pricing these Asian-style options. In this
way, we build a partial differential equation whose solution is the freight option price obtained from
stochastic delay differential equations. On the other hand, we prove lower and upper bounds for
those freight options which enables us to estimate the option price. In this work, we consider that the
spot freight rate follows a general stochastic diffusion process without restrictions in the drift and
volatility functions. Finally, using recent data from the Baltic Exchange, we compare the described
bounds with the freight option prices.

Keywords: spot freight rates; freight options; stochastic diffusion process; stochastic delay differential
equation; risk-neutral measure; arbitration arguments; partial differential equations

1. Introduction

In this global economy, the transport of every kind of goods around the world has become of
great importance. In fact, more than 95% of the world trade is carried by marine vessels, see [1].

The freight (transport by vessels) market is usually considered as a part of the commodity market.
However, there are important differences between them. Most commodities are real products while a
freight is a service and, as a result, it is not storable. Freight rates also present remarkable properties
such as high volatility and risk. The cost of sea transport is affected by fleet supply and commodity
demand, but also by external factors such as the price of bunker fuel or seasonal pressures, see [2].
As a consequence, freight derivatives were initially provided to protect ship-owners and charterers
against risk. Besides, more recently financial institutions also found great opportunities in it.

There are different types of freight derivatives such as futures, forwards or options, but all of
them depend on the freight rate in a settlement period before the maturity, see [3] for more detail.
Traded freight options are contracts whose payoffs are the difference between the average of freight
rates in a settlement period and the strike price. That is, they are arithmetic Asian-style options.
This procedure avoids the possible manipulation, by large participants in the market, of the price just
at maturity time. Moreover, the transportation of goods usually takes several days and the freight
rates change along this time period.

Mathematics 2020, 8, 620; doi:10.3390 / math8040620 155 www.mdpi.com/journal /mathematics
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Taking into account that the freight market is very recent, at the moment, not much scientific
research has been done yet. When the spot freight follows a geometric process, a framework for its
valuation is developed by Koekebakker et al. [4]. Tvedt [5] models the log spot freight rate in shipping
by means of a geometric mean reversion process. Prokopczuk [1] considers that the log spot freight
follows an Ornstein—Uhlenbeck process and studies the pricing and hedging of freight futures contract.
When the log spot follows a jump-diffusion stochastic process, an accurate valuation of freight options
is developed by Nomikos et al. [6] and Kyriakou etal. [7].

In general, in order to obtain a freight option price, it is necessary to use the conditional expectation
under the risk-neutral measure because there is no valuation partial differential equation (PDE) for
pricing this kind of options, unlike what happens with other derivatives (bonds, futures, European options,
etc). Therefore, the Monte Carlo method is used to approximate this conditional expectation, see for
example [8]. However, this method is very expensive and inaccurate from a computational point of view.

In this paper, we deal with the freight option valuation problem in two ways. On the one hand,
we provide a novel partial differential equation whose solution is the freight option price. This PDE
depends on three independent state variables: the spot freight rate, its delay and the continuous
version of the average of the spot freight rate over a time period. This framework opens a new way
to address this valuation problem. For example, this PDE could be used to obtain a partial explicit
solution of the freight option in some models. In other cases, the solution could be approximated by
using numerical methods for PDE. We obtained lower and upper bounds of the freight option price.
These bounds provide valuable estimations to the option prices.

Our contributions need no restrictive conditions on the model: the spot freight follows a general
stochastic diffusion process without restrictions in the drift and volatility functions.

The paper is arranged as follows. In Section 2, a one-factor diffusion model to price freight options
is introduced. In Section 3, we provide a novel PDE for pricing these kind of options. In particular,
for the geometric model, we obtained a partial solution for this price. In Section 4, we provide lower
and upper bounds for the freight option prices. In Section 5, we compare these bounds with the freight
option prices in a test problem using data from the Baltic Exchange. Finally, Section 6 concludes.

2. The Option Pricing Model

In this section, we consider a general one-factor diffusion model, which we use to price
freight derivatives.

Define (), F, {F}i>0,P) as a complete filtered probability space which satisfies the usual
conditions and {F};> is a filtration, see [9,10].

We assume that the spot freight rate follows the diffusion process, under the risk-neutral measure Q,

ds(t) = u(S(t))dt + o(S(t))dW(t), 1)

where 3(S) and o (S) are the drift and volatility of the process, respectively, and W is a Wiener process.
We suppose that the functions y and ¢ satisfy suitable regularity conditions as follows (see [11]):

Assumption 1. Functions p and o are measurable and there exists a constant C such that, for all x € R,
()] +lo(x)] < €+ |x]),
Assumption 2. There exists a constant D such that, for all x,y € R,

[#(x) = p(y)| + lo(x) —o(y)| < D[x —yl.
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The freight call option price at time ¢, with settlement period [T, Ty], t < Ty, and strike price K,
can be expressed as C(t,S;K, Ty, . .., Ty), and at maturity it is

N +
C(Tn,S;K, Ty, ..., Ty) = (;]ZS(T,»)—K> . )
i=1

On the other hand, we consider a discount factor D(t) = e~ Jyr(w)du 1 we assume that the riskless
interest rate r is constant, then D(t) = e™". According to the fundamental theorem of asset pricing
(see [10]), the price of a freight call option, at time ¢, and strike price K, is given by the following
conditional expectation

+
1 N
. _ o (Tn—t) £Q = AR —
CtSKTi,..., Ty) =e E <Ni§15(T,) K) Is(t) = 5| . 3)

This price can be represented, taking into account that it is a European call option on a forward
freight agreement (FFA), by means of the following expectation (see [4])

C(t,S;KT,..., Ty) = e "(IN-0 EQ [(P(TN, STy,..., Tn) —K)|S(t) = s] , )

where F(t,S;Ty,...,Ty) = E€ [% YN S(TH)IS(H) = S] is the FFA price with settlement period
[Ty, Ty]. Finally, note that F(Ty, S; Ty, ..., Tv) = E | TN, S(T)[S(Tw) = 8] = & TN, S(T).

3. Valuation Partial Differential Equation

As we have seen in previous sections, freight options are arithmetic Asian-style options, where the
average is calculated over a fixed settlement period. Even though in the standard Asian options the
settlement period is the total period until maturity, in freight options it is a fixed period close to maturity.

With respect to the standard Asian options, geometric ones usually have an exact pricing formula,
however, for arithmetic Asian options such a price does not exist. In the literature, this fact has led to
use different methodologies for acceptable and tractable valuation: Monte Carlo simulation approach
(see [12,13]) and numerical methods for the PDE provided in [14], as in [15,16], where the spot freight rate
follows a geometric process. Moreover, when the arithmetic average is calculated on a fixed period lower
than in the standard Asian options, there is not a valuation equation for pricing these freight options.

Therefore, Equation (3) is, nowadays, the main available method to price this kind of derivatives.
Unfortunately, in general, it is not an easily manageable form for the empirical application. In order
to provide a new framework that allows us to price the freight options in a different way, here we
develop a PDE for pricing freight options when the spot freight follows a general diffusion stochastic
process. To this end, we will make a similar reasoning for pricing standard Asian options, as in [14],
but we need to incorporate a new variable, the delayed spot freight rate. Moreover, when the spot
freight rate follows a geometric process, we obtain a partial solution to this PDE.

First, we consider a settlement period [Ty, Ty] such that d = Ty — Tj is a fixed time span,
for example, one month. Then, we introduce a continuous version of the average of the spot price,
for t < Ty, as the process A(t):

JEs(z)dz, i 0<t<d,

A(t) = ©®)
[laS(2)dz, it t>d.
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We write Equation (5) in differential form and obtain the following stochastic delay differential equation

S(t)dt, if 0<t<d,
dA(t) = ©®)
(S(t) — S(t—d))dt, if t>d,

In order to obtain the equation that verifies the freight option price, we introduce a new variable
which is a delay of the spot freight rate along a time period d. We denote this delayed spot freight rate
as the new variable

S(0), if 0<t<d,
X(t) =
S(t—d), if t>d.

Therefore, we can rewrite Equation (6) as
S(t)dt, if 0<t<d,
(S(t) — X(t))dt, if t>d.

Then, the process A(t) depends on the spot freight rate and on its delay value X as a new variable.
In this case, we can approximate the average value of the spot freight rate in the discrete Equation (2),
by means of Equation (5), in a continuous way as

.
C(Tw, S, X, A; K, Th, .., Tyy) = <;A(TN) 71<) ) @)

and the expectation in Equation (3) as

.
C(t,8,X, ;K Ty, ..., Ty) =e "IN"H EQ (%A(TN)7K> [S() =S, X(t) = X, A(t) = A|. (8

The following theorem provides a PDE satisfied by the freight call option price.

Theorem 1. The freight call option price function C(t,S,X, A;K, Ty, ..., Ty) in Equation (8) satisfies,
when d < t < Ty, the following PDE

1 1
Ce+p(S)Cs + u(X)Cx + (§ — X)Ca + 5(72(5)(355 + EU'Z(X)CXX —rC=0, )
S>>0, X>0, A>0.

However, when 0 < t < d, the function C in Equation (8) verifies the PDE

1
Cr+u(S)Cs +SCy + Eaz(s)css —rC=0, (10)

S>0, X>0, A>0.

Proof of Theorem 1. Applying arbitrage arguments in the market, the discounted freight option price
is a martingale under the risk-neutral measure Q, see [10]. That is,

EQ [D(TN)C(Tn,S, X, A;K, Ty, ..., Tn)|S(E) = S, X(t) = X, A(t) = A
=D(t)C(S,X, A;K, Ty, ..., Ty).

Then, in the development of d(D(t)C(t,S, X, A;K, Ty, ..., Ty)), the dt term must be zero.
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Note that dSdS = ¢2(S)dt and
0, if 0<t<d,
c2(X)dt, if t>d.

Moreover, dSdX = 0, because AW (t)dW(t —d) = 0, and dAdA = dSdA = dXdA = 0.
Therefore, by means of Ito Lemma, for d < t < Ty, we obtain

d(e77C) = e (=rC+ Cy+ u(S)Cs + u(X)Cx + (S = X)Ca + 302(S)Css + 302(X)Cxx ) dt

11

+e " (Csa(S)dW(t) + Cxo(X)dW(t —d)), (1
andfor0 <t <d,

de™C)=e" <7rc +Ct+ 1(S)Cs +SCa + %UZ(S)C%) dt +e "Csa(S)AW(t). (12)

Finally, the vanishing of the dt terms in Equations (11) and (12) leads to Equations (9) and (10),
respectively. [

Remark 1. This result allows us to address the valuation problem of freight options in a new way: We obtain a
pure final value problem associated to a PDE whose solution gives the freight option price. Howeuver, it is very
difficult to solve this problem, except in some particular cases. Next, we will consider one of these situations.

In the freight options literature, some stochastic processes are commonly used to describe the
dynamic of the spot freight rate. In particular, it is usual to consider a geometric process where the
functions in Equation (1) are #(S) = uS and ¢(S) = ¢S, with constants y and ¢. In such a case, in the
literature there exist some techniques to approximate the freight option prices although none of them
are exact solutions. However, in a similar way to [14], here we value the option on the FFA when the
average of the spot freight verifies A > dK, by solving the PDEs Equations (9) and (10) in Theorem 1.

Proposition 1. Let 1(S) = uS and o(S) = oS be the drift and volatility of the process (Equation (1)),
respectively, with y and o constants. Then, the following function is solution to the PDEs, seen in
Equations (9) and (10) and verifies the final condition of Equation (7) when A > dK:

C(tS, X, KTy, ..., Ty) =

—r(Ty—t
(lA — K) e~ "(Tn—t) MG(EMTN—Q —1) — X(eMTv=d) 1))] 0<t<d,

d dp
(13)
—r(Ty—t)
GAJ) e r(Tv=0) +%(S = X)(eH N 1), d<t<Ty.

Proof of Proposition 1. First of all, we change the time variable by considering T = Ty — t. Then,
from Equations (7) and (9) we have the initial value problem

1 1
Cr = puSCs + uXCx + (S — X)Cs + §U252C55 + Eazxzcxx —1C, 0<T<Ty—d, (14)

1 +
C(0,S, X, A;K) = (EA —K) . (15)

159



Mathematics 2020, 8, 620
For A > dK, as in [14], we look for a linear solution to this problem as:

C(1,8,X, A;K) = (%A - K) Bi(7) + (S—X)By(1), 0<T<TyN—4d, (16)

where By and B, are functions depending only of time. Replacing Equation (16) in the PDE Equation (14),
we obtain that the functions By and B, must verify the following system of ordinary differential equations

Bi(t) = —rB(1),

BY(0) = (1~ 1)Balc) + 1Bi(2).

From Equation (15), we get the initial conditions B1(0) = 1 and B,(0) = 0. Solving this system,
we obtain the solution to the problem Equations (14) and (15)

—rT
edy (eT—-1), 0<T<Ty—d. 17)

(7,5, X, A;K) = (%A - K) T4 (S—X)

Now, the same change of variable 7 in Equation (10), and the value of Equation (17) in Ty —d,
provide the initial value problem

Cr = uSCs + SCa + %azsz —rC, Tn—-d<T1<Ty, (18)

—r(Ty—d)
C(Ty —d,5,X, A;K) = GA - K) e "(Iv=d) 4 (5 — X)%

. (etTv=d) _ 1), (19)

Again, we look for a linear solution as

C(t,S,X,A;K) = (%A — K) Aq1(T) + SA(T) + XAs(T), Ty—d<71<Ty, (20)
where A1, A> and Aj are functions of time.

If we replace Equation (20) into the PDE Equation (18) we obtain that A;, A and A3 verify the
system of ordinary differential equations:

Ay(1) = (=) A2(7) + S A (T), 1)
Ay(T) = —rAs(T),
and from Equation (19) we derive the initial conditions
ATy —d) = e"(Tn—4),
Ap(Ty —d) = efr;:’:*d) (M=) _ 1y,
A3(Tn —d) = —#(e”(m"’” —1).

Solving the system Equation (21) with the previous initial conditions, we obtain the solution
l e*}’T e*?’T
C(T/ S,X,A,’K) = <EA - K) e T -+ SW(CHT - 1) — XW( #(In—d) _ 1), TN —d <Tt< TN'

Finally, if we return to the original time variable t, we obtain the expression in Equation (13) for C
which provides the call freight option price when A > dK. [
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Remark 2. Note that the solution that provides Equation (13) is only valid for A > dK. Unfortunately,
for other values of the continuous average of the spot rate we do not have an explicit expression for the freight
call option price. Therefore, even in this simple case, the partial solution to the PDE that we get is not sufficiently
to price the freight option. However, it could be useful for the numerical solution of the problem, as we remark in
a later section.

Remark 3. Although knowing the PDE problem previously described is not sufficient, in general, to get the
exact price of the option, we could use numerical methods in order to approximate its solution. However, this is
a very hard problem. On the one hand, the PDE involves four independents variables: the time, the spot rate,
its delay and the average of the spot rate in the settlement period. Then, it is necessary to design suitable
specific numerical methods for this expensive multidimensional problem. On the other hand, the application
of numerical methods for a pure final problem requires appropriate boundary conditions. In this sense, for the
specific stochastic processes considered in Proposition 1, we can use Equation (13) to obtain such boundary
conditions (in a similar way to [14] for Asian options). In any case, the numerical approach of this problem is
beyond the scope of this work.

4. Lower and Upper Bounds for Freight Options

For arithmetic standard Asian options, several bounds have been presented in the literature (see
for example [14,17]) and they are obtained in terms of European options. Therefore, assuming a specific
dynamics of the spot rate in order to know its probability distribution, these bounds can be valuated.
For example, in [18] and [7], an optimal lower bound for freight options is provided when the log spot
freight price follows a jump-diffusion process with mean reversion.

In this section, we obtain lower and upper bounds for freight options but, unlike what happens in the
Asian case, we do not assume a particular expression of the functions in the spot freight stochastic process.

In the following theorem, as in Equation (4), we consider that the freight option is a European
option on an FFA.

Theorem 2. Let C(t,S;K, Ty, ..., Tn) be a freight call option price with settlement period [Ty, Ty] and strike
price K. Then,

"IN (B STy, ..., Tn) — K)T < C(t,S;K, T4, ..., Ty) < e "IN-TCe(4, 8K, T;),  (22)

1=

<1
N ;

where F(t,5; Ty, ..., Tn) is an FFA with settlement period [Ty, Ty], and Cg(t,S; K, T;) is a European plain
vanilla call option with maturity T;.

Proof of Theorem 2. First of all, note that for a convex function ¢, E[¢(X)] > ¢(E[X]). Therefore,
starting with Equation (3) for the freight call option price and taking into account that the maximum
function is convex, then

.
KTy 1Y
C(t,$;K,Ty,..., Ty) =e "In-DEQ [(Ngs(Ti)—K> |S(t) _s}

(E [ (T) ~ KIS(t) = S>:
wofo o=

D(F(LS;Ty,..., Tn) —K)T,

161



Mathematics 2020, 8, 620

arriving at the lower bound in Equation (22) which depends on the FFA price F(t,S; Ty, ..., Tn)-
In order to deduce the upper bound, we use the following relation

(iﬂz) + < %(ﬂ,)+

i=1 =1

which is satisfied for every collection of real numbers {ai}fi 1
If we apply this relation to the option price formula (Equation (3)), we obtain

+
1 N
. — o (INn-HEQ | [ N _
C(t,S;KT,...,Ty) =e E [(N;lS(T,) K) IS(t)—s}

N +
—e [(25 > S(t)—S]
i=1
N +
- N [(; ) S(t)S]
N
<G Y B2 [(s(m) ~K)Is(0) = 5]
= l%e (In-0er(Ti=)Cp (1, S; K, Ty)
Ni:l
1 N
=y Le (IN=T)CE(t,S; K, T;)

In this case, we obtain the upper bound in Equation (22) which depends on the European plain
vanilla call options on the spot freight rate Cg(t, S; K, T;), with maturities at the different dates of the
settlement period, T;, i = 1,...,N. O

Remark 4. As we mentioned in the previous section, pricing the freight call option (Equation (3)) is a complex
task. However, its lower and upper bounds, presented in Equation (22), are easier to obtain: FFA and European
vanilla option prices with several maturities are required. Therefore, the values of these bounds can be used as an
estimation of the window where the freight call option price lies.

5. Empirical Application

In this section, we analyze the accuracy of the bounds obtained in Section 4. To this end, we consider
that the spot freight rate follows a geometric process, which is widely used in the literature (as, for example,
in [4]). That is, we assume that the spot freight rate follows a geometric stochastic process

dS(t) = uS(t)dt + oS(AW(t). 23)

We estimated the parameters in Equation (23) using Baltic Dry Index data from 2013 to 2019.
This index, daily issued by the London-based Baltic Exchange, is mostly used in the freight market.
As the spot freight rate follows a geometric Brownian process, we use maximum likelihood obtaining
the values y = 0.0041 and ¢ = 0.3738.

Assuming that the market price of risk is A = 0, then, the drift under the risk-neutral measure is
equal to the drift under physical measure

uS(t) — A = uS(t).
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The bounds in Theorem 2 are obtained in the following way. The lower bound is computed
using the FFA price obtained by [4] for a geometric Brownian motion. As far as the upper bound is
concerned, the prices of the European plain vanilla call options on the spot freight rate are obtained in
a similar way that in [19], but considering that A = 0.

In order to compare the bounds in Equation (22) with the freight option price, we approximate
the latter using the Monte Carlo simulation technique, which has been proved to be a flexible and
handy method to price options (see, for example, [13]). We approximate the expectation in Equation
(3) using a daily time step (At = ﬁ) and the previously established parameters. We generated 100,000
paths and consider that the settlement period is 1 month and the interest rate is 0.5%. We assumed
that the spot freight rate is So = 1034.6, which is the average of the Baltic Dry Index from January
2013 to January 2019, and different strike prices from 70% to 130% of this spot freight rate. In order to
increase the precision of this technique, we used the antithetic variable method as a variance reduction
technique, see [13].

Tables 1 and 2 show several option prices and their corresponding bounds for different maturities
(1 and 3 months, respectively) and strike prices (as percentages of the spot price). Both tables confirm
the validity of the bounds in Equation (22).

We conclude that the window defined by the bounds, when the maturity is 1 month, is narrower
than the one obtained with a maturity of 3 months. In both cases the maximum width of the window
is for options at the money (30.56 monetary units for 1 month and 70.05 for 3 months). Moreover,
around the spot price the upper bound is closer to the option price than the lower bound. This fact can
be observed clearly in Figure 1 that plots the option prices (solid line) and their corresponding lower
and upper bounds (dotted and dashed lines, respectively) for several strike prices with maturities of
1, 3, 6 and 12 months. Note that, the higher the maturity the wider the window but, in all cases the
behavior of the upper bound fits the option price better than the lower bound.

Finally, Table 3 shows the differences, absolute and relative, between each bound and the freight
option price for different values of the strike price, and with a maturity of 3 months. The last row
provides the mean of the differences presented in the previous rows. As we can see, when the option
is out of the money, the differences in both bounds are higher than when the option is in the money.
In fact, these differences reach a maximum when the option is at the money. If we compare the mean
of the differences, we observe that the upper bound is much more accurate than the lower bound.
Therefore, in this case the upper bound is a good estimation of the option price.

Table 1. European freight call option prices with a maturity of 1 month, for several strikes and their
corresponding lower and upper bounds.

Strike LB Option Price UB

70%  310.45 310.44 310.45
75%  258.74 258.73 258.76
80%  207.03 207.03 207.19

85%  155.32 155.42 156.20
90%  103.61 104.86 107.22
95% 51.90 59.63 63.50
100% 0.18 26.68 30.74
105% 0 8.90 12.92
110% 0 2.28 5.05
115% 0 0.42 1.85
120% 0 0.06 0.63
125% 0 0.01 0.21
130% 0 0 0.06
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Table 2. European freight call option prices with a maturity of 3 months, for several strikes and their
corresponding lower and upper bounds.

Strike LB Option Price UB

70%  310.90 311.64 311.93
75%  259.23 261.69 262.19
80%  207.56 213.70 214.69

85% 155.83 169.37 170.73
90% 104.22 129.67 131.58
95% 52.56 95.78 98.19
100% 0.89 68.69 70.94
105% 0 47.48 49.69
110% 0 31.66 33.79
115% 0 20.94 22.36
120% 0 12.87 14.43
125% 0 8.11 9.10
130% 0 4.86 5.63
Maturity: 1 month Maturity: 3 months
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\ \
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Figure 1. The lower and upper bounds and the option prices according to the strike prices. Maturities:
1, 3, 6 and 12 months.
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Table 3. Absolute and relative differences between the freight call option prices with a maturity of 3
months and their lower and upper bounds, for several strike prices.

Strike Price-LB  UB-Price  (Price-LB)/Price  (UB-Price)/Price

70% 0.7437 0.2871 0.0024 0.0009
75% 2.4605 0.4989 0.0094 0.0019
80% 6.1367 0.9898 0.0287 0.0046
85% 13.4723 1.3604 0.0795 0.0080
90% 25.4416 1.9107 0.1962 0.0147
95% 43.2186 2.4072 0.4512 0.0251
100% 67.7966 2.2578 0.9871 0.0329
105% 47.4780 2.2100 1.0000 0.0465
110% 31.6570 21323 1.0000 0.0673
115% 20.9388 1.4180 1.0000 0.0677
120% 12.8660 1.5607 1.0000 0.1213
125% 8.1064 0.9952 1.0000 0.1228
130% 4.8566 0.7709 1.0000 0.1587
Mean  21.9364 1.4461 0.5965 0.0517

6. Discussion and Conclusions

The freight market is a relatively new market but a very important one nowadays. Therefore,
more scientific research is necessary in this area. In the freight market, in order to avoid price
manipulations by large participants, setting is against the average value of a freight index. As a
consequence, freight derivatives have, in general, average-style payoffs which makes them more
difficult to price.

In the freight markets literature, we can find few models and methods to price this kind of
derivatives. More precisely, to this end, it is usual to consider very specific parametric models.
Here we propose new strategies that open a path to price these freight derivatives with general models,
which will facilitate its application in the market by practitioners.

The contribution of this paper is twofold. On the one hand, we prove that the freight option price
verifies PDEs with three independent state variables: the spot rate, its delay and the average of the spot
rate in the settlement period. This result is notable because it offers a new approach to deal with the
freight option valuation problem. Moreover, it opens the door to apply numerical methods for pricing
freight options. On the other hand, we find and prove some lower and upper bounds for freight
options which allow us to approximate its price. Finally, as an empirical application, we calculate these
bounds using the Baltic Dry Index, issued by the Baltic Exchange in London, for freight options with
different maturities. In such a case, we observe that the upper bound is close to the option price and
then, it could be used as approximation to the price, especially for options in the money.
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Abstract: This paper is concerned with the stability of an age-structured susceptible—exposed-
infective-recovered-susceptible (SEIRS) model with time delay. Firstly, the traveling wave solution
of system can be obtained by using the method of characteristic. The existence and uniqueness
of the continuous traveling wave solution is investigated under some hypotheses. Moreover, the
age-structured SEIRS system is reduced to the nonlinear autonomous system of delay ODE using
some insignificant simplifications. It is studied that the dimensionless indexes for the existence of
one disease-free equilibrium point and one endemic equilibrium point of the model. Furthermore,
the local stability for the disease-free equilibrium point and the endemic equilibrium point of the
infection-induced disease model is established. Finally, some numerical simulations were carried out
to illustrate our theoretical results.

Keywords: SEIRS model; age structure; time delay; traveling wave solution; local asymptotic stability;
Hopf bifurcation

1. Introduction

In recent years, the study of epidemiology has been a vital problem in ecology. The research
of population dynamics has developed rapidly, and many mathematical models have been used to
analyze various infectious diseases. Many results have been established in the stability analysis of
different epidemic models. The first susceptible-infective-recovered (SIR) epidemic model about
disease transmission was established by Kermack and McKendrick in 1927 [1]. Since then, the
population dynamics of infectious diseases have attracted the attention of scientists. In 2012, the
field of mathematical biology was expanded, particularly in the context of the spread of infectious
diseases by Fred Brauer et al. [2]. Nowadays, there are some research work devoted to study the
stability of steady states of the SIR, SIRS, SEIR, etc. models [3-7]. It is well known, in the spread of
infectious diseases, some infective individuals of population are immune after being recovered (e.g.,
measles, smallpox, mumps, and others). Meanwhile, some recovered individuals have no immunity
(e.g., AIDS, hyperthyroidism, lupus erythematosus, and others), who will return to the susceptible
population and continue to be infected. In fact, the probability of becoming infected is different
among different individuals, which may depend on the type of infectious diseases and the status of
individuals. Therefore, it is necessary to discuss the SEIRS model, which can more clearly describe the
spread of infectious diseases in real life.

Time delay is ubiquitous and can be applied in many epidemiology related studies [8,9]. For
example, measles has an incubation period of 8-13 days and the incubation period of canine madness
is a few months or several years after infection. Sharma et al. [10] developed a five compartmental
infection model to describe the spread of avian influenza A (H7N9) virus with two discrete time delays.
In addition, Xu et al. [11] analyzed the stability of a SIRS model with time delay. Similarly, Shu [12] and
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De la Sena [13] discussed the stability of the SEIR epidemic models with distributed delay respectively.
Actually, many authors, such as Cooke [14], Gao [15] and Wang [16], have studied various SEIRS
models with time delay.

Besides, age structure is also an important consideration in infectious diseases modeling such
as rubella, poliomyelitis, and pertussis, which are transmitted only among children, and venereal
diseases, which are transmitted only among adults. Besides, tuberculosis virus carriers in the early
incubation period have a higher risk of becoming infective individuals than ones in the late incubation
period [17]. Age-structured models have been applied in the epidemic dynamics for decades. In 1986,
the dynamics of structured populations was discussed by Metz et al. [18]. Then, the mathematical
theory of the age-structured population dynamics was proposed by Iannelli [19]. Afterwards, more
and more epidemic models with age structure were studied in [20-28]. Recently, a new age-structured
malaria model incorporating the age of latent period and the age of prevention period was formulated
by Guo et al. [29]. A new SIRS epidemic model with relapse and infection age on a scale-free network
was introduced Huo et al. [30]. However, as far as we can tell, there have been no results on an
age-structured SEIRS model with time delay.

The main aim of this paper is to study the stability of an age-structured SEIRS model with time
delay. The well-known method of characteristics [25-28] for first-order hyperbolic equations is used to
solve this epidemic model. The explicit traveling wave solution is calculated at the preceding moment
of time and is described in integral form. Under some hypotheses, the existence and uniqueness of the
continuous traveling wave solution of the age-structured SEIRS model is investigated. Moreover, an
age-structured SEIRS model with time delay is reduced to the nonlinear ordinary differential equation
under some insignificant simplifications. After that, the dimensionless indexes are derived for the
existence of the disease-free equilibrium point and the endemic equilibrium point. The local asymptotic
stability of the disease-free equilibrium point is studied. By using Hurwitz’s criterion and Descartes’
rule of signs, the local asymptotic stability of the endemic equilibrium point of system is obtained.

The rest of the paper is organized as follows. In Section 2, an age-structured SEIRS model with
time delay is proposed. In Section 3, the traveling wave solution is obtained and some sufficient
conditions are established to guarantee the existence and uniqueness of the solution. In Section 4, the
stability and Hopf bifurcation analysis of the proposed model are discussed. In Section 5, numerical
simulations are provided to illustrate the effectiveness of our main results. Finally, some conclusions
are given in Section 6.

2. An Age-Structured SEIRS Model with Time Delay

Motivated by the referred works [28], we discuss two age stages of each subpopulation of
an age-structured SEIRS model with time delay in this paper, which include immature stage and
mature stage. In the immature stage, individuals can be born, grow up, die, or survive until the
maximum age a1, but, in this case, the individuals are not proliferate until the maximum age a;.
The age a; is considered to be the maximum age in the immature stage and it is also considered
to be the initial age in the mature stage. In the mature stage, individuals have reached maturity
(a > a1) and can grow up, proliferate, die, or survive to the maximum age A. Here, we consider
susceptible, exposed, infective, and recovered individuals of two age stages in an age-structured SEIRS
model. Let S(a,t), E(a,t), I(a,t), and R(a,t) be the distribution densities of susceptible, exposed,
infective ,and recovered individuals of age x at time t, and they take place in the domain Q) =
{( )0<a<A0<t<T} The integrals N;(t) fO S(a,t)da, Ne(t fO E(a, t)da, Ni(t) =
f I(a,t)da, and N, (t fo (a, t)da are considered as the number of susceptlble, exposed, infective
and recovered 1nd1V1duals, respectlvely. The total population N (¢) is: N(¢) = Ns(t) + Ne(t) + Ni(t) +
N;(t). What needs to be added is that S(a,t), E(a, t), I(a,t), and R(a, t) should belong to L1 (()) because
we assume that the initial total population is limited. Then, the following differential equations with
time delay are
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g—f + g—j =— (&1(a,t) + 01 (a 1)) S(u,t)—(yl(u,t —T) /OAﬁ(n,a’,t —T)I(d,t - T)da’)S(n,t)

+p(a,t)R(a,t),(a,t) € Q,

?.Tlf-i- g—f = — (aa(a,t) +0by(a,t)) E(a, t)+ <“yl(zz,t -1) ‘/OA/S(a,a',t —)(d,t - T)da’)S(a,t)

—72(a,t)E(a,t), (a,t) € Q,
%+ g—; = — (563(&1,1‘) +Ué3(ﬂ,t)) I(a, t) +72(a,t)E([l,t) 7’)/3(&1,1’)[(12,1’), (”/t) €Q,

?,Tl:-i- 3—1: = — (&4(a,t) + 004(a, 1)) R(a,t) + y3(a,t)I(a,t) — p(a,t)R(a,t), (a,t) € Q,

M

with initial conditions
S(a,0) = Sp(a),a € [0, A],

E(a,0) = Eg(a),a € [0, 4],
I(a,t) = Iy(a,t),a €[0,A],t € [-7,0],
R(a,0) =0,x €0, A],

@

and boundary conditions
A
5(0,t) = / (mel(a, t)S(a,t) + p2b2(a,t) (1—p(a,t)) E(a,t) + u3f3(a,t) (1 — q(a, 1)) I(a,1)
+ 14b4(a, )R (a, t))da,t €(0,T),
E(0,1) = i / (@, )65 (a,£)E(a, da, t € (0,T), ®)

A
1(0,t) = }43/
a

q(a,t)03(a,t)I(a, t)da,t € (0,T),

R(0,£) =0,t € (0, T),

where 6;(a, t)(i = 1,2,3,4) denote fertility rates of females of each subpopulation of age a; 0;(a, t) =
0;(a,t),ifa € [a1, A]; éi(a, t) = 0,if a ¢ [a1, A]; &;(a, t) are natural death rates of each subpopulation
of age a; ¢ is the provided parameter: ¢ = 1 if the individuals die when they produce and ¢ =
0 if the individuals continue to survive when they produce; 1 (a,t) is a transmission coefficient
which describes the varying probability of infectiousness and it is related to a great many social,
environmental, and epidemiological factors; B(a, a’,t) is the contact rate between infected population
(age a’) and susceptible population (age ) per unit time; T (t > 0) is a fixed incubation period of
infection; 2 (a, t) is the conversion rate from exposed population to infected population of age 4;
v3(a, t) is the recovery rate of age a; p(a, t) is the conversion rate from recovered population losing
immunity to the susceptible population of age a; u;(i = 1,2,3,4) are reproductive rates of each
subpopulation in the proliferating stage; p(4, t) is part of exposed individuals which procreate new
exposed individuals of age 4; and, similarly, q(a, t) is part of infective individuals which procreate new
infective individuals of age a.

3. Traveling Wave Solution

In this section, we mainly use the method of characteristics [2,18,25-28] for first-order hyperbolic
partial differential equations (Equation (1)). Then, the system in Equation (1) is reduced to nonlinear
delayed integro-differential equations along the characteristics curve a — t = constant [25,26]. Let
u = a — t, the following system with time delay is obtained:
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St =— (& (u+tt)+oby(u+tt))S(u+tt)— <'yl(u+ t,t—T)/OA ﬁ(u,a',t—r)[(zz',t—’r)da’)
X S(u+tt)+pu+tHR(u+tt),
Er=— (o(u+tt) +0b(u+t1) E(u+tt) +<ﬂy](u+t,t—f)/0A Bla,d,t —r)l(a’,t—r)da’) @)

XS+t t)—y(u+t,t)E(u+t,t),
I =—(&s(u+t,t)+003(u+t, ) (utt,t)+ya(u+t,t)E(u+t,t) —y3(u+t,t)[(u+t1),
Ry = —(ag(u+t,t) +00s(u+ 1)) R(u+t,t) +y3(u+t,)[(u+t,t) — p(u+t,t)R(u-+11),

with initial functions
S(u,0) = So(u),

E(u,0) = Eo(u),
I(u+tt)=Iy(u+tt)te[-10]
R(u,0) = Ro(u) =0.

®)

In general, we divide time interval [0, T] into K intervals [t;_q, t;], where k = 1,..., K, tp = 0,
tk = T, ty = kA. Then, Q) can be grouped into two sets:

ol = {(a, )|t [(k— 1A, (a+ (k—1)A)],a € [0,A]}, ©)
O = {(a ]t € [(a+ (k—1)4), kAL a € [0, 4]}, 7
O- uszl(Qf{D g Q}({z)). (8)

We also need to define an auxiliary set for k = 1, ..., K:
ab = {[—ufj‘), —u® 1 = nay + (k= 1)An=1,.,N-1,ull) = kA}, )

where N = [%] + 1,if% - [%] >0;N= %,if% - [;il] > 0. [x] denotes a whole part of real number
x. The following hypotheses are given:

(H1): So(a), Eg(a) and Ip(a, 0) are non-negative and continuous when a € [0, A]; whena — A —0,
So(A) =0, Eg(A) = 0and Io(A,0) = 0.

(Ha): &5(a,1), 6,(a, 1), %i(a,), B(a, 1), pla, ), pla, 1), qla 1) € C(Q).

(Ha): di(a,t) > 0, 6(a,t) > 0, 7;(a,t) > 0, Ba,t) > 0. In addition, 0 < [ 6i(a,t)da < 1,
0< [ Ba,t)dx <1,0 <p(a,t) <1,0 < p(a,t) <1,0 < qla,t) < 1.

(Hy): zero-order compatibility conditions are

5000) = [ (1161(8,0)S0(a) + 282(0,0) (1—p(a,0)) Eo(a) +165(0,0) (1 g(a,0)) (2, ) )

ay

A
Eo(0) = ia / 02(0,0)p(a,0)Eo(a)da, o)

A
1(0,0) = i3 /ﬂ 85(a,0)9(a,0)Io(a, 0)da,
1

Ro(0) = 0.

For convenience, we assume Hypotheses (H;)—-(Hy) are satisfied.

Then, we solve the system in Equation (4) by using the well-known steps method [8,9]. For the
first step h = 1, i.e., for the first time interval ¢ € [0, 7], the solution to the initial value problem in
Equation (4) can be obtained according to the known values of function I(x,t — 7). Repeating the
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pervious step for h = 2,3,4, ..., H, for the time interval ¢ € [(h — 1)7, hT], we can obtain the solution to
the initial value problem in Equation (4) for the whole time interval t € [0, T]:

Sq(u, t) = So(u)Wq(u,0,t,T) + /t Wi(u, ¢, t, T)p(u+ ¢, ¢)R(u+ ¢, ¢)dp, t € [0, 7],

Su(i,8) = Sy (W) Wa (1, (h — D)7, £, T +/ (u,¢,t, T)p(u + ¢, )R (u + ¢, §)dep
= So(u)Wi(0,0,1,7) + /0 Wi (i, ¢, T)p(0 + b, )R (1 + ¢, 9)dg, t € [(h —1)7, ], "
Wi (i, to,t, T) = exp(— /t: (a1 (u+¢,9) +w(u+¢,¢—r)D(u+¢,¢—T))d¢>,
E1(u,t) = Eo(u)Wa(u,0,t) + /(: Wo(u, ¢, )11 (u+ ¢, ¢ — T)S(u+ ¢, ) D(u + ¢, ¢ — T)dg,
e[0,1],
Ey(1t,) = By 1 () Wa(u, (1 — 1), ) +/h7 (1,9, )71 (1 + §,9 — TS (u + ¢,9) ;
x D(u+ ¢, ¢ — T)dp = Eo(1)Wa(1,0, ) + /O Wa(it, ¢, )71 (it + ¢, ¢ — T) 0
x S(u+¢,¢)D(u+ ¢, ¢ — T)dg, t € [(h—1)7,h],
Wa(u, to, t) = exp (*/t:(ﬂtz(u + ¢, ¢)+r2(u+¢, ¢))d4>>,
I (u, 1) = Io(, 0)Ws(1,0, 1) + /Ot Ws (1, ¢, E)y2 (1t + b, ¢ — T)E(u + ¢, )dep, t € [0,7],
I(t, £) = Dy (u, (h— 1)T)Wa(u, (7 — 1)T,£) + /ui—m Wi, ¢, )y (1t + ¢, — T)
X B+ ,0)d9 = Io(n,0)Ws(,0,6) + [ Walut,9, 117200+ 6,6~ 7) (19
X E(u+¢,¢)dg,t € [(h—1)7,h1],
W (u, to, t) = exp <—/t: (az(ut+ ¢, ) +y3(u+ ¢,¢))d¢>,
Riit) = [ Walo 7500+ 0,0 = )10+ 0, 9)dg, 1 € 0,7
Ri(it,£) = Ry_1 (1, (1 — 1) 1) Wa (1, +/ (i, ¢, )y3 (1 + ¢, ¢ — T)
X 19,900 = [ Walu 73000+ 9,9 — DIl +9,9)d 1 € [(h = 1)), "
Wil t0,6) = exp (= [ (w4 9,0) + plu 0,9))do ),

where a;(a,t) = &;(a,t) +0b;(a,t), i =1,2,3,4,D(u+¢,¢ — 1) = fOA Blu+¢,n,¢—1)I(n,¢ — T)dn.

The exact solution to Equations (11)—(14) of the system in Equation (4) can be expressed in terms
of the original variables. Let k = 1 and 1 = a — t; we have the solution of the system in Equation (1)
in the sets Q](cl) and Q](P. Repeating this process for k = 2,3, ...K, the form of explicit traveling wave
solution, i.e., numerical solution of the system in Equation (1), can be obtained in all domains Q;{l) and
Q,Ez) for the values of k =1, ..., K:
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: if(at) eV,
(S(a,t),E(a,t),I(a,t),R(a,t)) =

. @
if(at) € 7,
1, t) = 1P (a—t,1), ¢

R (u,t) =RW(@a—t,1),

SO, 1) = S Wi(0,0,8,7) + [ Wilu,t, oo+ 0, 9)RO -+ 9,9)do,

SO, 1) = FO WG, —108,7) + [ Wit 0hp(u-+ 9, )R + 9, 9)d,

{E(O)(u, £) = Eo(u)Wa(u,0,1) + ,/Ot Wa(w, ¢, )71 (u+ ¢, ¢ = )50 (u +9,9)D(u + ¢, ¢ — T)dg,

E® (u,1) = G () Wa(u, —u, 1) + /f Wa(ut, ¢, )11 (1 + ¢, ¢ = 05O (1 + ¢, 9)D(u + ¢, p—D)dg,

10/, 0) = T, 00Wa(,0,0) + [ Wl 0072000+ 9, — )E (i + 0,0,

19u,0) = QW () Wait,—1) + [ Wl )72+ 9,9 = E® (u+ 9,9,

t
{R“”(u,t) = [ Wit 0730 +9,6 = 01 (u+ 4,9,

RO (1) = [ W9,y 9,9 — D10+ 9,9)d,

—u

(15)

(16)

17)

(18)

(19)

where Wy (u,to,t,7), Wa(u,to,t), Wa(u,to,t), and Wy(u,to, t) are shown in Equations (11)—(14),
respectively. F®) (1), G (1), and Q) (1) are given by defining functions Fék)(u), Gﬁlk)(u), Q,(f)(u),

W (u), Y (u), 1{ (), and R (u), k = 1, K:

(F® (u)), 6% (u), Q0 (u)) = (F (u)), G (), Q1 (w)), u € [—ull), —ul |, n = 1,.., Ny,

thus we have

5O (u,1) = FO ()W, —u,t,7) + [ Wi, 0)p(u + ¢ )R (u + 9, 9)dg,

Elk

119 (u, 1) = Q,(Ik)(u)W3(u,fu,t)+/j Ws (1, ¢, t)v2(+ ¢, ¢ — DEL (1 + ¢, 9)dg,

k)

t
R 0t) = [ Wl g 0300+ 6,9 = 7)1 (1 + 4, 9)dg,
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where n = 1, ..., Ny — 1 and functions F,Ek) (u), G,(,k) (u), and QS,]O (1) can be defined according to the
recurrent algorithm as follows:

A+v
Fl(k> (v) = / . [1161 (1 — v, fv)S(k’l)(u, —0) + 202 (1 — v, —v) (1 — p(u — v, —v)) E(k’l)(u, —0)
Jaj+o
+ 303(u — v, —0) (1 — (1t — v, —0)) I* ™V (1, —v) + 1404 (u — v, —0) REV (4, —v)]du,
veE [—ugk), —u(()k)],

A+v
Gik) (v) = u2 /u N p(u—v,—0v)0(u —o, —u)E(kfl)(u, —v)du,v € [—ugk), —uék>],
1

A+v
ng)(v) =3 /awv g(u—v,—0)03(u — v, fu)I(k’l)(u, —0v)du,v € [fugk), fu(()k>],

o=
a1+v

+ usbs3(u — v, —v) (1 —q(u — v, —v)) I<k)(u, —0) + pabs(u — v, —U)R(k)(u, —v)]du

uk)
’ [}’1161 (M -0, _v)5<k> (M, —'U) + ]’1292(11 -0, —'l)) (1 - P(” -0, —U)) E(k> (M, _U)

A+U 1
+/ k) ylel u—ou, —v)S( - )(u, —0) + 26 (1 — v, —v) (1 — p(u — v, —v))

x Ek= 1)(u, —0) + u303(u — v, —v) (1 — q(u — v, —v)) I(kfl)(u, —0) + pabs(1 — v, —v)
X R(kfl)(u, —v)|du,v € [fuék), fugk)],

—u® Ato

Gék) (0) = iz /ﬂﬁ: p(u — v, —0)0y (1 — v, —u)EW (1, —0)du + 11 [ll(k) p(u—o0,—v)
N “ 0

x 02 (1 — v, =) E®V (1, —0)du, v € [—ul), —u¥)],
(k)

W) =ps [

1+o
x 03(u — v, —u) 1%V (1, —v)du,v € [fuék), fu§k>],
(k)

F,Sm (v) = /az_: : [1161 (1 — v, fv)S(k) (u, —0) + p262(u — v, —v) (1 — p(u — v, —0)) E(k)(u, —0)
vy

A+v
q(u—v,—0)03(u —v, —u)I®) (4, —v)du + U3 / © q(u—v,—0)
—uf

+ ;436’3(11 - v, —0) (1 — g — v, —0)) I (1, —v) + 404 (1 — v, —0)RP) (1, —v)]du

+2/ © ;4161 )Sfﬂ( , =) + paba(u — v, —v) (1 — p(u — v, —v))

Hit1
x By (u,— )+m%w—u7wuqufufwﬂﬁuw7w+m@W—u7w
+ Rf+)1(u —0) du + / y]f)l(u 0, fv)S(kfl) (u, —v) + p262 (1 — v, —v)

X (1—p(u—v,—0)) E(k 1) (u, —v) + pz03(u — v, —v) (1 — q(u — v, —v)) IU"l)(u, —0)

+ 1abs(u — v, —0)R*V (1, —v)]du,v € [—uP, fuslk)l} n=3,..,Ng
®

G (v)

lﬂ
fmAﬁvWW v—m@w—vﬂn<HuﬂwwwuZ/(np v, ~0)

Uiy
A+

X 02 (1 — v, —u)El@l(u, —v)du + yz/ w Plu—o, —0)85 (1 — v, —u)ECV (4, —v)du,
*1[0

v E [—uy ,—u(k_>1],n =3,.., Ny,
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(k)

<k>:‘*”H__9__<>_d _
() M3/ul+v q(u—v,—0)03(u — v, —u) I, (u, —v) u+ﬂ32/ fﬂq 0)
A+
x 03(u — v, fu)li(i)](u, —v)du + 3 / (k?q(u —0,—0)03(u — v, —u) 1% (1, —v)du,
‘*MO

v e [—us,k), —ufﬁl],n =3,..,Ng,

(k)(u) = '/aA [1161 (v, fu)S(k’l)(v, —u) + pz6(v, —u) (1 — p(v, —u)) E(k’”(v, —u)
+ p363(0, —u) (1= q(v, —u)) 1%V (0, —u) + psb4(v, —u)R* (0, —u) | do,

A
G(k)(u) = ;42/ p(v,—u)@z(v,—u)E<k_1)(v, —u)do,
a

QW (u) = 3 /A q(v, —u)8s(v, —M)I(k71> (v, —u)do.

Theorem 1. If Assumptions (Hy)—(Hy) are satisfied, there exists a unique continuous traveling wave solution
to Equations (15)—(19) of the system in Equation (1).

Proof. By analogy with [28], if Sy(a), Eg(a), In(a,0), and Ry(a) satisfy compatibility conditions (i.e.,
Hypothesis Hy), then two parts of the traveling wave in Equation (15) can be combined continuously.
If the parameters of the system in Equation (1) fulfill Hypotheses (Hy)—(Hs), there exists a unique
continuous traveling wave solution to Equations (15)—(19) of the system in Equation (1). The method is
very similar, thus we omitit. [

4. Stability Analysis of System

Consider the nonlinear autonomous system in Equation (1) where the following parameters
are constants: 6;(a,t) = 0jp(i = 1,2,3,4), a;(a,t) = ajp = a; +00;0(i = 1,2,3,4), v1(a,t) = 710,
Ya(a,t) = Y20, v3(a,t) = 30, Bla,a’,t) = Bo, p(a,t) = po, q(a,t) = qo, and p(a,t) = po, where
o, 0i0, Yio, o, Po, Go, and pg are positive constants. In this paper, a partial differential equation
(Equation (1)) with the initial-boundary values in Equations (2) and (3) reduced to a nonlinear ordinary
differential equation. Take the maturity age a; — 0, which is not an essential simplification. Integrating
Equation (1) in regard to age a from 0 to A, and using the real conditions S(A,t) = 0, E(A,t) = 0,
I(A,t) =0and R(A,t) = 0, the initial value problem of the nonlinear ordinary differential equation
autonomous system that describes the population dynamics of the number of population N;(t), N (f),
N;(t), and N;(t) is

N{(t) = —(a10 — #1610) N5 (£) — Y10BoNs () Nj (t — T) + p2620(1 — po) Ne(£)

+ 13630(1 — q0) Ni(t) + (paba0 + po) Ni (1),

N (t) = —(a20 + 720 — #2020P0) Ne(t) + v10B0Ns (£) Ni(t — 7), (20)
N (t) = —(a30 + 730 — #363090) Ni (£) + 120Ne (£),

N;(t) = — (a0 + po) Ny (£) + v30Ni(t),

with initial functions

N:(0) = /OA So(a)da,

A
Ne(t) :/0 Eo(a,t)da,t € [—7,0], 1)

Ni(0) = /O * lo(a)da,
N,(0) = 0.
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The basic reproduction number [31] is defined as

Ry — Nvy20710B0 )
(@20 + 720 — p2620p0) (w30 + Y30 — 1363090)

According to the analysis of [28], if Ry > 1, it can lead to the outbreak of infectious diseases.
Hence, the following theorem is obtained.

Theorem 2. If 19 = 0, the system in Equation (20) has only a disease-free equilibrium point Hy=(0, 0, 0, 0); if
Ro > 1 and the parameters of the system in Equation (20) satisfy Ry > 1, R, < 1, Rz < 1, and R4 < 1, where

_ b _ H2020p0 _ m383090 _ 13030(1—q0) 720 +720v30 (Haba0+00) (wa0+00) "
Ry = ay Ry = a20+720” Ry = a30+730” and Ry = (20 +720—12620) (a30+730 — #303040)

Equation (20) has only a positive endemic equilibrium point H* = (N}, N}, N, N;°), where N§, N;, N/, and
Ny are given in the proof.

. The system in

Proof. When 739 = 0, that is no infectious diseases, there exists one disease-free equilibrium point
Hp=(0, 0,0, 0). When the fertility rate and the death rate of susceptible population are satisfied by

R, — #1610

>1, 23
' (23)

where R; is a dimensionless index for the existence of the disease-free equilibrium point. It can be
seen that Ry > 1 presents that death rate of susceptible population is less than their reproductive rate.
We can take it further into consideration with the dynamic behavior of susceptible population. The
endemic equilibrium point H*= (N, N, N/, N/) is the solution of nonlinear system

= (@10 = p1610) NS = 71080 NS N + 12020 (1 — po) N + 13030 (1 — 90) Ni(#) + (4abs0 + p0) N =0, (24)

— (a20 + 720 — p2620p0) N¢' + Y10Bo NS Ni = 0, (25)
— (&30 + 130 — H303090)N; + 120N, =0, (26)
— (ago + o) NS + 730N/ = 0. (27)

On the basis of the parameters of the system in Equation (1) satisfying Hypothesis (Hj )-(Hs), the
endemic equilibrium point N > 0, N > 0, N/ > 0and N;* > 0 exist if and only if the parameters of
Equations (24)—(27) satisfy

Ry = J2020P0 g (28)
&0 + 720

Ry = 200Dy (29)
&30 + Y30

_ H3630(1 — q0) 720 + 20730 (Haba0 + po) (a0 + po) !

R
* (20 + v20 — p2620) (@30 + Y30 — #363090)

<1, (30)

where Ry, R3, and R4 are dimensionless indexes for the existence of the endemic equilibrium point H*.
It can be known that Ry < 1 presents that the death rate and conversion rate of exposed population
outweigh their reproductive rate. The density of exposes cannot increase indefinitely because of
the balance of death rate, conversion rate, and reproductive rate. From the biological point of view,
higher death rate and conversion rate are the consequence of infectious disease. R3 < 1 denotes that
reproductive rate of infected population is less than their death rate and conversion rate. From the
biological point of view, higher death rate and conversion rate in both cases are the fundamental
results of infectious diseases. Let My = (a2 + Y20 — p2620) (230 + Y30 — #363090) — #3030(1 — 90) Y20 —
20730 (4040 + o) (x40 + po) L. The inequality Ry < 1 is equivalent to My > 0. Then, the endemic
equilibrium point H* = (Ng, N, N, N}) exists and can be explicitly expressed as
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N* — (@20 + 20 — p2620p0) (230 +730 — 1363090) N* — (a30 + 730 — #363090) N
s — riNe — i’
207100 720
9 —
N = (111610 MO)WON;‘,N: _ 730 N
M, (g0 + po)

|

First, the local stability of the disease-free equilibrium point Hy is analyzed.

Theorem 3. For all T > 0, the disease-free equilibrium point Hy = (0, 0, 0, 0) is locally asymptotically stable
lle <1,Ry<land Rz < 1.

Proof. The characteristic equation of the system in Equation (20) for the disease-free equilibrium point
HO is

(A4 19 — p1610) (A + a20 + 20 — H2620p0) (A + az0 + 30 — #363090) (A + aao + po) = 0. (31)

Four roots A1 534 of Equation (31) are given:
A = 1619 — &1, A2 = — (20 + 120 — P2b20p0), A3 = — (@30 + 730 — #303090), A = — (a0 + po)-

If @y > p1bio(Ry < 1), a0 + 720 > paboopo (R2 < 1), and a3 + 130 > psbsoqo (Rs < 1),
characteristic equation in Equation (31) has four real negative roots. Then, the disease-free equilibrium
point Hy = (0, 0, 0, 0) is locally asymptotically stable. [J

Next, we study the stability of the endemic equilibrium point H* by linearizing the nonlinear
autonomous system and calculating characteristic equations. Accordingly, we can obtain polynomial
equations which can analyze the stability of system. After linearization of the system in Equation (20),
we get

Ly(t) = — (w10 — #1610) Ls (£) — Y10Bo[Ls ()N} + NI Li(t — T)] + pab20(1 — po) Le(t)

+ #3030(1 — q0) Li(t) + (4abao + po) Lr (),

Ly(t) = —(a20 + 20 — H2620p0) Le(t) 4+ v10P0 [Ls (1) N + NI Li(t — )], (32)
Li(t) = —(as0 + 30 — #303090) Li () + Y20 Le(t),

Ly(t) = — (a0 + p0) Ly (£) + y30Li(t)-

Consider the form of the exponential solution of the linearized system in Equation (32) as
Ls(t) = Lse™T, Le(t) = Lee™T, Li(t) = L™, Ly (t) = L,e'T, (33)
where A is a parameter. Substituting these solutions into Equation (32), we have

(A @10 — p1610 + 10BN} ) Ls + [y10B0Ns € " — p3030(1 — q0)]L; — a0 (1 — po)Le
— (uabao + po)Ly = 0,

(A + 20 + 720 — H2020p0) Le — Y10BoLs N} — 710PoNs Lie ™" =0,

(A + 30 + Y30 — #363090) Li — v20Le = 0,

(A + a0+ po) Ly — y30Li = 0.

Denote My = p1619 — a19, Mz = a9 + Y20 — p2020, M3 = a40 + po, My = a0 + 720 — p2020p0 and
Ms = azp + 30 — H3b3090. Hence My > 0, My > 0, M3 > 0, My > 0 and Ms > 0. The characteristic
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equation of the system in Equation (32) for the endemic equilibrium point H*=(Ny, N;, N}, N;/) is
given:

A* — (A2 4 D1A — Dy)D3e™ 4 DsA® 4+ DgA? 4+ D7A =0, (34)

where Dy = M3 — My, Dy = MiM3, D3 = MyMs, Dy = My + Ms, Ds = Dy + Dy + MiDs My, Dg =
DyDy — Dy + Dg + [Dy — pab20(1 — po) + M3]M1D3My?, Dy = D1D3 — DaDy + [(Ma + Ms)M; +
MpMs — p3f30(1 — qo)v20] M1 D3 My .

Theorem 4. For the system in Equation (20), if Ds(Dg — D3)(D7 — D1D3) — D2D,D3 — (D7 — D1D3)? >
0, the endemic equilibrium point H*=(NZ,N; ,N;,N;") is locally asymptotically stable when T = 0.

Proof. When 7 = 0, the characteristic equation (Equation (34)) becomes
A 4 D5A® + (Dg — D3)A? + (D7 — D1D3)A + DyD3 = 0. (35)

It is evident that D, > 0,D3 > 0 and Dy > 0 when Nf, NJ, N}, N/ satisfy the nonnegativity
conditions in Equation (23)—(30). The following equations are also satisfied:

DsMy " —1 = [u3030(1 — q0) 120 — 720730 (H4ba0 + po) M5 '|Mg ' > 0,

Ds = Dy + My (D3My '~ 1)+ M3 > 0,

D¢ — D3 = Dy(D3My " — 1) + MyMsDsMy ™ + My [p3030(1 — 90)v20 +720730 (1400 + p0) M5 ']
>0,

D7 — D1D3 = My[p3030(1 — o) 120 +720730 (Haba0 + po) M5 |D2 Myt + MsDo(DsMy ! — 1)

-+ M1 D3 + 20730 (paba0 + po) My ' M1 DsMy ! > 0,

DyD3 = MyM3MyMs > 0.

Suppose that
Ds(Dg — D3)(D7 — D1D3) — D2D; D3 — (Dy — D1D3)? > 0, (36)

Then, according to the Routh-Hurwitz criterion, the roots of the characteristic equations of system
are all negative real. Thus, the endemic equilibrium point of the autonomous system in Equation (20)
is asymptotically stable with T = 0. [

Next, the characteristic equation (Equation (34)) with T > 0 is presented for discussion.

Theorem 5. For the system in Equation (20), if D2 — 2DsD7 — D3 > 0 and D2 — 2D, D3 — D3D3 > 0, the
results can be obtained:

(i) When 0 < 7 < 1, the endemic equilibrium point H*=(N{, N7, N, N;) is locally
asymptotically stable.

(ii) When T > 19, the endemic equilibrium point H*=(NZ, N, N/, N;’) is unstable.

(iii) A Hopf bifurcation occurs at H* = (N7, N, N/, Nf) when 7 = 7 (k =0,1,2,---).

Proof. When 7 > 0, suppose that Equation (34) has a purely imaginary root A = iw(w > 0). The
characteristic equation (Equation (34)) converses to the following form:

w* — (—w? + iDjw — Dy)D3(cos(wT) — isin(wT)) — iDsw® — Dgw? + iDyw = 0.
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Separating the real and imaginary parts yields two corresponding equations:

wD1D3sin(wt) — (w?D3 4 DaD3) cos(wT) = w* — Dgw?, 37)
(w?D3 + DyD3) sin(wT) + wD; D3 cos(wT) = Dyw — Dsw?. (38)
Thus,
. 2D3 + Dy D3)(Dyw — Dsw? D1 D3(w* — Dgw?

sinwr — (@Ds + DaDs)( 7w2 5(427)4'60 1 3£w 6‘*7)’ (39)

(wD1D3)? + (w?D3 + D2D3)

_ 3V (o 23 (12
COSWT — wDy D3(D7w Dsw ) (w Dgw )(a) Ds + D2D3) . (40)

(wD1D3)2 + (w2D3 + D2D3)2
Let x = w?. Squaring Equations (37) and (38) and adding them together, we can get
x* + (D% —2Dg)x> + (DZ — 2DsDy — D3)x* + (D2 — 2D,D% — DID3)x — D3D? =0.  (41)

Let [(x) = x*+ (D% —2Dg)x® + (D2 — 2DsD; — D3)x? + (D3 — 2D,D3 — D3D3)x — D3D3.
According to the previous restrictions in Equation (23)-(30), we can also get

DZ — 2D = MZ + M3 + M2 + M3 (D3 Mg ' — 1) + 212650 (1 — po) My D3 My > 0. (42)
Suppose that

D2 —2DsD; — D3 > 0, (43)

D% —2D,D} — D?D3 > 0. (44)

In accordance with Descartes’ rule of signs, Equation (41) has only one changed sign. Thus, it
only has one positive root. Let x* be the small unique positive root and it always exists. The unknown
parameter w of Equations (37) and (38) is defined as +iwy = +i,/xy. Combining with Equations (37)
and (38), the form of time delay 7 is gained:

(w}Ds + DyD3)(Dywy — Dswy) + woDy D3 (wi — Dew3)
(woDyD3)? 4 (w}D3 + Dy D3)?

T = R arcsin( +2kn),k=0,1,2,--- . (45)
wo
Therefore, when T €(0, 19), all roots of Equation (34) have strictly negative real parts. The endemic
equilibrium point H*=(Ng, N7, N}, N}) of the system in Equation (20) is locally asymptotically stable.
When T = 19, the roots of Equation (34) have strictly negative real parts except for +iwy. When T > T,
the endemic equilibrium point H* = (N7, N;, N, N}') of the system in Equation (20) is unstable. Then,
differentiating both sides of Equation (34) with respect to T, we obtain

(@)71 _ (2A+ D1)D3 — (4A* +3D5A% +2DgA + D7)e™ T (46)
dt n (A?’ + Dl/\2 - Dz)\)Dg A
Further, one leads to
dA | _ + Q2 —
RC{(—) 1} == le Q2 2Q3 = 47)
dt A=iwy wo[(woD1 D3)2 + (a)OD3 + D,D3)?]

where

Q1 = wiD1 D3 (4w] — 2Dgwy)sinwyty + wiDy D3 (D7 — 3Dswd)coswTo,
Qz = (AJO(LU%D?, + D2D3)(D7 - SDswg)Sl'nono — Wy (W%Dg + D2D3)(4w8’ - 2D6(AJO)COS(UOT0,
Q3 = 2wED3(wi D3 + DyD3) + (woDy D3)2.
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Since conditions in Equation (42)—(44) hold, then

. dA 1 . l’(xg)
— Re(== = , 4
N sign{ () }/\:z’mo sign{ (woD1D3)2 + (w2Ds + DaD3)?2 b 20 G9)

. dA
szgn{Re(E } ot
where I'(xg) = 4x3 + 3(D2 — 2D )x% + 2(D2 — 2DsD; — D3)xo + (D3 — 2D,D% — D?D3) > 0. Hence,
based on the properties of the Hopf bifurcation discussed in [32], the transversal condition holds and a
Hopf bifurcation occurs at T = 9. The proof is complete. [

5. Simulation

To affirm the stability analysis above, we numerically simulated the disease-free equilibrium
point Hy and the endemic equilibrium point H* of the system in Equation (20). We are more concerned
with the indicators and conditions for outbreaks of “local” population or local asymptotic stability of
equilibrium points. All programs were developed using the software Matlab R2016a (see Program S1).

First, we considered the stability of the disease-free equilibrium point Hy = (0,0,0,0). Let
njo = 0.13,i = 1,2, 3,4,' w1 = 0.3; H2 = 0.5,‘ M3z = 0.5; Uy = 0.3,’ 910 i 0.4,‘ 920 = 0.1;930 = 0.1,‘ 940 B
0.2;710 = 0.1; 720 = 0.15;v30 = 0.1; Bg = 0.0023; py = 0.1; g9 = 0.15; pg = 0.02; and the initial value
was (N5(0), N,(0), N;(0), N;(0)) = (1500, 1000, 500, 0). The parameters of the system in Equation (20)
satisfy conditions Ry < 1, R < 1, and R3 < 1 and the conditions in Theorem 3 are satisfied in Figure 1.
The disease-free equilibrium point Hy of the system in Equation (20) is locally asymptotically stable.

1600

1400

1200
1000
Z 800
600 1"
400 —

200 [

0 50 100 150 200 250 300 350 400 450 500
t

Figure 1. Local asymptotic stability of the disease-free equilibrium point Hy = (0,0,0,0).

Next, we considered the endemic equilibrium point H* = (N7, N, N/, N)) with 7 = 0. Let
oo = 0.13,i = 1,2, 3,4,' w1 = 0.6; H2 = 0.5; Uz = 0.5; Ha = 0.3,' 910 = 0.4; 920 = 0.1;930 = 0.1;940 =
0.2;710 = 0.1;720 = 0.15; 730 = 0.1; By = 0.0023; py = 0.1; go = 0.15; py = 0.02; and the initial value
was (N5(0), Ne(0), N;(0), N;(0)) = (1500, 1000, 500, 0). The parameters of the system in Equation (20)
satisfy the condition in Equation (36). The result is presented in Figure 2, which comes from Theorem
4; the system in Equation (20) has a unique endemic equilibrium point H* = (N7, N;, N/, N; )~
(1723,1108,797,531) and the system in Equation (20) is locally asymptotically stable.
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Figure 2. Local asymptotic stability of the endemic equilibrium point H* = (N7, N;, N}, N;) when
T=0.

Similarly, let ajp = 0.13,i = 1,2,3,4; y1 = 0.6;p = 05,3 = 0.5; 4 = 0.3;019 = 0.4;05 =
0.1;930 =0.1; 940 =0.2; Y10 = 0.1;’)’20 = 0.16; Y30 = 0.1;ﬁ0 = 0.0023; Po = 0.1; qo = 0.15,’p0 = 0.02;
and the initial value be (Ns(0), N(0), N;(0), N;(0))=(1500,1000,500,0). In other words, N5(0) < N,
N(0) < N/, N;(0) < N}, and N;(0) < N;. The parameters of the system in Equation (20) satisfy the
conditions in Equations (43) and (44). In this case, we have the roots of Equation (41) are x; = —0.1398,
x=0.0073, and x34 = —0.213 £ 0.0248i. Thus, we get xy = 0.0073, wy = 0.0855, 1p = 5.3526, and
71 = 73.4875. The population dynamic behaviors of the endemic equilibrium point H* are shown
in Figure 3 (T = 4.3526) and Figure 4 (7 = 6.3526), respectively. It can been shown that the endemic
equilibrium point H* spends longer time to become locally asymptotically stable only when 0 < T < 19
(see Figure 3). When T > 1, it is quite clear that larger values of the time delay causes periodic
oscillations. The equilibrium point loses its stability. Thus, the solution of the system in Equation (20)
is unstable with the increase of time t (see Figure 4).

1500 2500

2000

1000 1500

o 200 400 600 800 1000 1200 1400 1600 1800 2000 N, 500 1000 N
t

@) (b)
Figure 3. Local asymptotic stability of the endemic equilibrium point H* = (N, N, N}, N;’) when
T = 4.3526 < 79. (a) Time response diagram of Ns, N, N; and N;; (b) Phase diagram of Ns, N, and Nj.
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Figure 4. Instability of the endemic equilibrium point H* = (NJ, N;', N, N;) when T = 6.3526 > 1.
(a) Time response diagram of Ng; (b) Time response diagram of N; (¢) Time response diagram of Nj;
(d) Time response diagram of N;; (e) Phase diagram of N;, N, and Nj.

6. Concluding Remarks

In this article, the theory of an age-structured SEIRS model with time delay is analyzed. The
model is based on the delayed nonlinear partial differential equation of initial-boundary value
problems. The traveling wave solution of the system in Equation (1) is obtained using the method
of characteristic and the recurrent algorithm. Then, we can obtain the existence and uniqueness
of the continuous traveling wave solution of system according to hypotheses. The age-structured
SEIRS model with time delay is reduced to a nonlinear ordinary differential equation under some
insufficient simplifications. This allows us to obtain some sufficient conditions of existence of two
equilibrium points of an age-structured SEIRS system: R; is a dimensionless index for the existence
of the disease-free equilibrium point Hy. Ry, R3, and R4 are dimensionless indexes for the existence
of the endemic equilibrium point H*. From the biological point of view, the endemic equilibrium
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point H* only exists in the case of high values of death and conversion rate of exposed and infected
population. The disease-free equilibrium point Hy and the endemic equilibrium point H* are given.
The disease-free equilibrium point Hy = (0,0, 0,0) is locally asymptotically stable if R; < 1, Ry < 1,
and R3 < 1. The stability of the endemic equilibrium point H* = (N7, N;, N/, N;) with 7 = 0 and
T > 0 are analyzed: for Ry > 1, if the condition in Equation (36) holds, the endemic equilibrium point
H* is locally asymptotically stable when T = 0; if the conditions in Equations (43) and (44) hold, the
endemic equilibrium point H* is locally asymptotically stable when time delay 0 < T < 7p; if the
conditions in Equations (43)—(44) hold, the endemic equilibrium point H* is unstable when T satisfies
T > Ty; Hopf bifurcation occurs at T = 7 (k = 0,1,2, ...). When time delay exceeds the critical value 1,
the system in Equation (20) loses its stability and Hopf bifurcation occurs. In this case, the susceptible,
exposed, infected, and recovered population in the model will coexist in an oscillating mode and
infectious diseases will get out of control. It can be seen that time delay has an important effect on
the spread of infectious diseases. Therefore, we should shorten the time delay as much as possible
in order to predict and eliminate infectious diseases. Our further research is using some bifurcation
control strategies to control the occurrence of the Hopf bifurcation so as to control the occurrence of
infectious diseases.

In general, this study provides the practical understanding of the different dynamic behaviors of
an age-structured susceptible—exposed-infected—recovered-susceptible model with time delay, which
is helpful for us to understand the application of epidemiology better in real life.

Supplementary Materials: The following are available online at http://www.mdpi.com/2227-7390/8/3/455/s1,
Program S1: Software source code for Figures 1-4.
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Abstract: In this paper, we study the initial value problem for a semilinear delay hyperbolic equation
in Hilbert spaces with a self-adjoint positive definite operator. The mean theorem on the existence and
uniqueness of a bounded solution of this differential problem for a semilinear hyperbolic equation
with unbounded time delay term is established. In applications, the existence and uniqueness
of bounded solutions of four problems for semilinear hyperbolic equations with time delay in
unbounded term are obtained. For the approximate solution of this abstract differential problem,
the two-step difference scheme of a first order of accuracy is presented. The mean theorem on the
existence and uniqueness of a uniformly bounded solution of this difference scheme with respect to
time stepsize is established. In applications, the existence and uniqueness of a uniformly bounded
solutions with respect to time and space stepsizes of difference schemes for four semilinear partial
differential equations with time delay in unbounded term are obtained. In general, it is not possible to
get the exact solution of semilinear hyperbolic equations with unbounded time delay term. Therefore,
numerical results for the solution of difference schemes for one and two dimensional semilinear
hyperbolic equation with time delay are presented. Finally, some numerical examples are given to
confirm the theoretical analysis.

Keywords: semilinear problems with delay; hyperbolic equations; difference scheme; stability;
Hilbert space

MSC: 39A30; 35L.20; 65M06

1. Introduction

Delay differential equations are used to model biological, physical, system engineering,
and sociological processes as well as naturally occurring oscillatory systems (see, for examples, [1-9]).

It is known that in differential and difference equations, the involvement of the delay term
causes deep difficulties in the analysis of these equations. Lu [10] studies modified iterative schemes
by combing the method of upper-lower solutions and the Jacobi method or the Gauss-Seidel
method for finite-difference solutions of reaction-diffusion systems with time delays. Ashyralyev
and Sobolevskii [11] study the initial-value problem for linear delay parabolic equations in a Banach
space and present a sufficient condition for the stability of the solution of this initial-value problem.
The stability estimates in Holder norms for the solutions of the initial-boundary value problem for delay
parabolic equations were established.

Ashyralyev and Agirseven [12-18] studied some initial-boundary value problems for linear delay
parabolic differential equations. Theorems on stability and convergence of difference schemes for the
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numerical solution of initial and boundary value problems for linear parabolic equations with time
delay were proved. Moreover, Ashyralyev, Agirseven, and Ceylan [19] investigated finding sufficient
conditions for the existence and uniqueness of a bounded solution of the initial value problem for
the semilinear delay parabolic equation in a Banach space. The main theorem on the existence and
uniqueness of a bounded solution of this problem was established. In applications, existence and
uniqueness of a bounded solution of problems for four semilinear delay parabolic equations were
obtained. Numerical results were given.

Henriquez, Cuevas, and Caicedo [20] investigated the existence of almost periodic solutions for
linear retarded functional differential equations with finite delay. The existence of almost periodic
solutions with the stabilization of distributed control systems was obtained.

Hao, Fan, Cao, and Sun [21] proposed a linearized quasi-compact finite difference scheme for
semilinear space-fractional diffusion equations with a fixed time delay. Under the local Lipschitz
conditions, they proved the solvability and convergence of the scheme in the discrete maximum norm
by the energy method.

Liang [22] studied the convergence and asymptotic stability of semidiscrete and full discrete
schemes for linear parabolic equations with time delay. She proved that the semidiscrete scheme,
backward Euler and Crank-Nicolson full discrete schemes can unconditionally preserve the
delay-independent asymptotic stability with some additional restrictions on time and spatial stepsizes
of the forward Euler full discrete scheme.

Bhrawy, Abdelkawy, and Mallawi [23] investigated the Chebyshev Gauss-Lobatto pseudospectral
scheme in spatial directions for the approximate solution of one-dimensional, coupled,
and two-dimensional parabolic equations with time delays. They also develop an efficient numerical
algorithm based on the Chebyshev pseudospectral algorithm to obtain the two spatial variables in
approximate solving the two-dimensional parabolic equations with time delay.

Applying Vishik’s results and methods of operator tools, Ismailov, Guler, and Ipek [24] described
all solvable extensions of a minimal operator generated by linear delay differential-operator expression
of first order in the Hilbert space of vector-functions in finite interval. Sharp formulas for the spectrums
of these solvable extensions were obtained. Theoretical results have been supported by applications.

Piriadarshani and Sengadir [25] obtained an existence theorem for a semilinear partial differential
equation with infinite delay employing a phase space in which discretizations can naturally be
performed. For linear partial differential equations with infinite delay they show that the solutions of
the ordinary differential equation with infinite delay obtained by the semi-discretization converge to
the original solution.

Castro, Rodriguez, Cabrera, and Martin [26] developed an explicit finite difference scheme for a
model with coefficients variable in time and studied their properties of convergence and stability.

Hyperbolic equations without time delay arise in many branches of science and engineering, for
example, electrodynamics, thermodynamics, hydrodynamics, fluid dynamics, wave propagation,
hyperbolic geometry, and discrete mathematics (see, e.g., [8,9,27-34], and the references given
therein). The geometry of complex networks is closely related with their structure and function.
Shang Yilun [34] investigated the Gromov-hyperbolicity of the Newman-Watts model of small-world
networks. It is known that asymptotic Erd6s—Rényi random graphs are not hyperbolic. We show that
the Newman-Watts ones built on top of them by adding lattice-induced clustering are not hyperbolic
as the network size goes to infinity. Numerical simulations are provided to illustrate the effects of
various parameters on hyperbolicity in this model. The geometry of complex networks has a close
relationship with their structure and function. Shang Yilun [33] investigated Gromov-hyperbolicity of
inhomogeneous random networks modeled by the Chung-Lu model G(w). His numerical simulations
illustrate this non-hyperbolicity of G(w) for power law degree distributions among others.

In numerical methods for solving hyperbolic equations, the problem of stability has received a
great deal of importance and attention. The method of operators as a tool for the study of the stability of
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the solution of local and nonlocal problems to hyperbolic differential and difference equations in Hilbert
and Banach spaces has been systematically developed by many authors (see, e.g., [27-32,35-37]).

A large cycle of works on difference schemes for hyperbolic equations (see, e.g., [38—42] and the
references given therein), in which stability was established under the assumption that the magnitude
of the grid steps T and / with respect to the time and space variables, were connected. In abstract
terms that means that the condition 7||Aj|| — 0 when T — 0 holds.

Of course there is great interest in the study of absolute stable difference schemes of a high order
of accuracy for hyperbolic equations, in which stability was established without any assumptions in
respect to the grid steps T and /. Such type of stability inequalities for the solutions of the first order of
accuracy difference scheme for the abstract hyperbolic equation in Hilbert spaces were established for
the first time in [43]. The first and second order of accuracy difference schemes generated by integer
power of space operator of approximate solutions of the abstract initial value problem for the abstract
hyperbolic equation in Hilbert spaces were presented in [11]. The stability estimates for the solution of
these difference schemes were established.

The survey paper [44] contains the recent results on the local and nonlocal well-posed problems
for second order differential and difference equations. Stability of differential problems for hyperbolic
equations and of difference schemes for approximate solution of these problems were presented.

However, the stability theory of problems for a hyperbolic equation with unbounded time delay
term is not well-investigated. A few researchers are interested in these kinds of problems. Bounded
solutions of semilinear one dimensional hyperbolic differential equations with time delay term have
been investigated in earlier papers [45-48]. In the paper [49] the existence and uniqueness of a bounded
solution of nonlinear hyperbolic differential equations with bounded time delay term were established.
The generality of the operator approach allows for treating a wider class of delay nonlinear hyperbolic
differential equations with bounded time delay term. In general, hyperbolic differential equations
with unbounded time delay term are blown up [7]. Therefore, the boundedness solution of problems
for hyperbolic equations with unbounded time delay term is not well-investigated.

Our goal in the present paper is to investigate the boundedness solution of problems for semilinear
hyperbolic equations with unbounded time delay term. We study the initial value problem for the
semilinear hyperbolic differential equation with time delay

d?u(t)
ar2

+ Au(t) = f(tu(t), u(t —w),u(t —w)), t >0,
@
u(t) = ¢(t), ~w <t<0

in a Hilbert space H with a self-adjoint positive definite operator A. Here ¢(t) is a continuously
differentiable abstract function defined on the interval [—w, 0] with values in H and f(t) is continuous
abstract function defined on the interval [0, c0) with values in H. Assume that A is unbounded operator
and (Ax,x) > d(x,x), forx # 0,x € Hand ¢ > 0.

A function u(t) is called a solution of problem (1), if the following conditions are fulfilled:

i.  u(t)is twice continuously differentiable function on the interval [0,00), f(,1(t), us(t — w), u(t —
w)) is continuous and bounded function on [0, c0)

ii.  The element u(t) belongs to D(A) forall t € [0, 00), and the function Au(t) is continuous on the
interval [0, c0).

ili. u(t) satisfies the equation and initial conditions in Equation (1).

In the present paper, the main theorem on the existence and uniqueness of a bounded solution
of the differential problem (1) is established. In applications, the existence and uniqueness of a
bounded solution of four problems for semilinear hyperbolic equations with time delay are obtained.
A first order of accuracy difference scheme for the numerical solution of this problem is presented.
The theorem on the existence and uniqueness of a uniformly bounded solution of this difference scheme
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with respect to T is established. In applications, existence and uniqueness of a bounded solution of
a problem for four semilinear delay parabolic equations were established. Numerical results for the
solution of difference schemes for one and two dimensional nonlinear hyperbolic equation with time
delay are presented.

2. Main Existence and Uniqueness Theorem of the Differential Problem
Throughout this paper, ¢(t) and s(t) are operator-functions defined by formulas

1 1 t
E1A2f+e—1A2f
c(Hu = T R s(tu = /c(y)udy. ()
0

We will give some auxiliary statements which will be useful in the sequel.
Recall that the norm ||A||y_y of a bounded operator A : H — H is by definition the smallest
number C for which estimate
[Aullg < Cllulla

holds. Equivalently,

lAlH—r = sup [[Au|n.
[lull =1

Lemma 1. Fort > 0, the following estimates hold:

1 1
1A [rom <672, lle(llasm <1, [|As(®)|lpn < 1. ®)

Proof. Applying formulas (2) and the spectral representation of the self-adjoint positive definite
operator A in a Hilbert space H, we can write (see [50])

1 1 1
HA77 < sup ‘/\7? <éz,
H—H <A<
inbt inbt
et et 1
el gy < sup — = sup ‘cos (AU)‘ <1,
<A< <A<
1 1
1 ez}\Zt _E—ZAZt 1
HAfs(t)H < sup |————| = sup ‘sin </\7t)‘ <1,
H=H " 5<i<eo 2i S<A<eo

for any t > 0. Lemma 1 is proved. [

The approach of proof of main theorem is based on reducing problem (1) to an integral equation
of Volterra type

du((m —1)w)

u(t) =c(t—(m—-1w)u((m—-1w)+s(t—(m—1)w) T

b s =) F ),y =), uly =)y,
(m—1w<t<mw, m=1,2,., u(t)= p(t), —w<t<0

in [0,00) x H and the application of successive approximations. Note that on (m —1)w < t < mw,
m=1,2,.., uy(t —w) and u(t — w) are given. Therefore, the recursive formula for the solution of
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problem (1) is
wi(t) = c(t— (m—Dw)u((m—1)w) +s (t — (m — 1)w) 21w) @
+ S0 (= Y) F i1 (), 1wy (y — w), uly —w))dy,
up(t) =c(t— (m—1w)u((m—-1w)+s(t—(m—1)w) W,

(m—1w<t<mw, m=12,.,
ui(t)y=9), i=12,., —w<t<0.
Theorem 1. Suppose that ¢(t) is a continuously differentiable function on [—w,0] and ¢(t) € D(A),

¢'(t) € D(A?) and B
[Ap(t)lm < M, [AY2¢' ()| < M. (5)

Besides let f : [0,00) x H x H x H — H be continuous and bounded function, that is
If(twv,2)|n <M (6)
in [0,00) x H x H x H and Lipschitz condition holds uniformly with respect to t, v and z
£t u,0,2) = f(t,w,0,2) [ < Lllu —w|[g. )
Here, M, M, M, L. are positive constants. Then there exists a unique solution to problem (1) which is
bounded in C(H). Here, C(H) = C([0,00), H) stands for the Banach space of the abstract continuous and
bounded functions v(t) defined on [0, 00) with values in H, equipped with the norm
o llen= sup [[o(®)]y-
0<t<co
Proof. Let 0 <t < w. Then, according to Equation (4), we get

ui(t) = c(t) 9(0) +s (t) ¢'(0) + /0: s(t—y) f(y,uia(y), oy(y —w), ¢y — w))dy, ®8)

ui(t) = —As () 9(0) + ¢ (t) ¢'(0) + /Ot c(t=y) flyuia(y), oy(y —w), p(y — w))dy )

foralli =1,2,.... Therefore,

u(t) = wo(6) + 3 (i () — (1)), (10)
i=0

W (8) = (1) + Yl (1) — (1)), (11)
i=0

where
up(t) = ¢ (t) 9(0) +s(t) ¢'(0), ug(t) = —As (t) ¢(0) +c (t) ¢'(0).

Applying the triangle inequality and estimates (3) and (5), we get
luo()lla < A |H-m
x [lle (#) sl Ap(O) 11 + 14125 (£) 11 l| A2/ (0) ] ]
<67 [I4pO)lls + 429 (O)]ls] < 67" [M+M],

_1
luo(O)ll < 1A72 | Hon
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% [1A725 (5 | A@(O) s + Nl (1) 1111142/ (0) 1]
<071 [ A9(0) 1 + 114129 (0)1n] < 67F [M+M].
Applying formulas (8) and (9) and the triangle inequality and estimates (3) and (6), we get
1
ur(t) —uo()) |l < [[A2 |51
t 1
x /0 1AY 25 (t = ) =l f (v, 0 (1), @y (y — ), @y —w)) |y < 5~2 M,

[y (8) = up ()| < /Ot e (t =) lu=mllf (y,uo(y), @y (y — w), @(y — w))||ndy < Mt

Using the triangle inequality, we get
ug (8) ||z < 677 [M+ 1\71] LML,

It ()l < 673 [M+ M] + M.

Applying formulas (8) and (9) and estimates (3), (6), and (7), we get
_1
ua(t) —ur (D)l < A7 2||Hm

X ./Ot [ AY2s (¢ = y) [l nllf (v u1(y), @y (y — ), @(y — w)) — £y, uo(y), 9y (y — ), ¢(y — w))|| udy
M (5-2Lt)?
L 2t

t ot
<073 [ n(y) — woly)lludy < 571N [ ydy =
s (®) = ()]

< /; lle (t = y) la—allf(y, ui1(y), oy(y — w), p(y — w)) — f(y, uo(y), ¢y(y — w), p(y — w))|| ady
M (Lt)?
T .

t . _ f o
<L [ ) — o) lndy < 6~ 1w [ yay = 5L
Then 1
o1 _ M (67 2Lt)?
ua ()|l < 671 [M+M] +5’%Mt+f( ) ,
L 2
-1 1 L v M (Lt)?
()| < 6% [M+ M| + Mt + ,
b <574 [oa 4 7]+ e 22
Let 1
M(672Lt) M (Lt)"
(1) w2 (0) s < 7" 0) = w0 < 2
and
o -
o _M(673LE)? N (6-LLe)n
Hun(t)”H§571 {M+M]+5’%Mt+f( o ) I Jrf( = ) )
M (Lo 3t)? M (L6 p)"
o
2 Lt n

~1

I (8) |6 < 67F [ M+ M) + Mt +
Lé~2

1
lunra(t) —un(B)la < 1A 2||Hm

Then, we obtain
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X ./Ot AY2s (¢ = y) |l | f (v un(y), @y (y — ), (y — w)) = F(Y, tn_1(y), @y (y — w), (y — w)) |y
L . (5= 3T\ (5= )1
s N B e e

742 (8) = 13, (D) |1

< /Ot e (t =y) la—nllf(y, ua(y), oy (v — w), 9y — w)) — f(y, un—1(y), oy (y — w), 9(y — w))||ndy

t t M (5~ 2Ly)" M (Lo—zt)n+!
< - <M _ ,
7/0 L{[un(y) un—l(y)”Hde/O LL p dy Ls-1 (n+1)
Therefore,
M (Lo—2)n+l

- 1
M(s-aLp)"t /
- <2 =) — <
l[ns1()) —un(B)llm < TR l[t441 () — w3y (D)1 < TR
M (52 Lt)n+1

and ;
_ -~ 1 M(672Lt)?
<! } M oM
lup1 ()] <6 [M+M] +OTIME+ +7 eI
(L(s—%t)2+._.+ M (Lo~zt)n+l
2! Ls—% (n+1)!

1 ~ -
It ()l < 575 [M+ M) + W+
Lo~z
are true for any n,n > 1 by mathematical induction. In a similar manner, for any 7, we can obtain
- 1
1 1 M (Lo~ z2t)r+!
Az t) — A2u,(t <
IAbuna(t) - Abu o)l < LS

and 1 1
. o . (L6~ 2t)? M (Lo~ zt)"+1
- RSl U S L7 A

[AZup i ()| < 072 {MJFM] +Mt+ Lot 2 oot s-% (m+1)!

From that and formulas (10) and (11) it follows that

lu()llm < lluo(B)lla + é i1 () — (Bl

_ 1

_ _ o0 M(5_7Lt)l+1

<51 e/
< [M+M]+i:0L ]

W
<51 {M—FM]—O—TEO o<t <uw,

' ()l < llup())[la + i i1 () = wi(B) |l

1 1 ad 1
[AZu(t)||g < [|AZug(t) |l + ) (A2 04 (F) — A2ui(t)
i=0
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. -
1 & M (Lot

< A-

<5t {M+M]+§)L(57% )

1
et g<t<uw,

<5b {MH\Z] M
L6~

which proves the existence of a bounded solution of problem (1) in [0, w] x H.
Letmw < t < (m+1)w, m =1,2,... Then, according to Equation (4), we can write

du(mw)

u;(t) = c (t — mw) u(mw) + s (t — mw) = (12)
+ fr:zws (t - y) f(y/uifl(y)/”y(y - w),u(y - w))dy, i=1,2,..
ul(t) = —As (t—mw)u(mw)-i—c(t—mw)% (13)
+ [h et —y) flyuia(y), uy(y —w),uly —w))dy, i=1,2,...
Therefore,
u(t) =uo(t) + Y (uira(t) — ui(t)), (14)
i=0
w(0) = (1) + Y12 (1) — (), 5)
i=0
where
up(t) = c (t — mw) u(mw) + s (t — mw) du(dn:w),
uy(t) = —As (t — mw) u(mw) + c (t — mw) du(dnzw).

Assume that problem (1) has a bounded solution in [(m — 1)w, mw]| x H and
1A ()]l < My, [l (D]l < My (16)
Applying estimates (3) and (16), we get
luo(®)ll < 1A% s
< [lle () -1 A 21a(mo) s + ([ A28 (1) s o (me0) 1] < 673 [ My + Mhusa |

luo()lm < [Ilz“l/2s (1) sl A 2u(meo) | 1 + lle (1) HH%HH(P,(O)HH} < My1 + My 1.

Applying formulas (12) and (13) and estimates (3) and (6), we get
lun (£) = wo(®) 11 < A2 i
t 1
[ NAY2S (= ) st £ (0w, (y = ),y = ) sy < 673N (1 = meo),

[ua(8) = up ()| < /mtw lle (t=y) [l llf (v, uo(y), uy(y — w), uy — w)) [ wdy < M (t = mew).

Using the triangle inequality, we get
lua(t)llg < 51 |:Mm—1 + Mm—l] 15IM (t—mw),

[ (D)l < M1 + My—1 + M (t — mw) .
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Applying formulas (9) and (12) and estimates (3), (6), and (7), we get
1
uz(t) —ur () |1 < [A2 |

X /; IAY2s (£ =) |l f (v, 11 (y), 1y (y — ), uly = w)) = f(y, uo(y), uy(y — ), uy — w))|| ndy
M (672L (t — mw))?
L 2! ’

1 t ot
<AL [ ()~ wo)lndy < 571LM [ (y = maw)dy
Jmw Jmw
(1) — w4 (1) |

\
< /tw lle (t =) la—nl f (v u(y), uy(y — w), u(y —w)) = f(y,u0(y), uy(y —w), u(y — w)) || ndy
M (L6~Z (t — mw))?

o )Y = = 5
VI (072L (t — mw))?

t -
<L [ () —uo(v)lady < L¥16~} [
Jmw P
2!

2!

Then
a2 (#)l < 6 [Maoy o+ My | + 872N (¢ = mao) +
VI (L6~ 2 (t — mw))?
Lo~z '

H”’z(t)“H < Mmfl + Mm—l + M (t — mw) —+

Let
M 1
lln(t) = 1n—1(t) T ]
M (672L(t — mw))? M (672L (t — mw))"
L 2! * ’
M (L2 (t— mw))"

and
it ()llrs < 8% [y 1+ Moy 1] + 872N (1 = mao) +

Nl (D)l < Myg—q + Myyq + M (t — mew) +
_1
lunta(t) —un()|la < |A72||H>n

Then, we obtain
(67 2L (t — mw))"+1

x /tw AY2s (¢ = y) | | f (s 1n(y), 1y (y — w0), u(y — ) = £y, w—1(y), y (y — w), u(y — w))|| dy
5*%L(yfmw))" M
y=T (n+1)!

n!

m
t toM
5[ fhen(y) e a(@)ldy <73 [ MU
mw mw
It (8) = (D)

< /tw lle (t =) lsnllf W un (), uy(y = 0), uly = w) = f(Y, w1 (y), uy(y = w), u(y — w))|ldy
M (L5 (t— maw)) !
(n+1)! :

1

1 "
Loy —me))
Lo 2

I
LM
< [ ly) @l < [ P MEEE
mw Jmw n:
Therefore,
_ 1 1
M (672L (t — mw))"+1 , , M (L6772 (t —mw))"H!
< = — <
=7 (71+1)' ’ Hulﬂ»l(t) un(t)”H = Lb‘*% (71+1)'

lln 1. (8) = un(t) |1
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M
L (nF1)!

@ AL(-mw)? N

.M

(L™ 3 (t—mw))"+1
(n+1)!

R
M LEGme)?
Lé 2

and
1 ~ 1 -
linsr(8)11 < 6% [y + M1 | + 62 M (8 — mao) + 2
1

1], o1 (D)l < M1 + Myy—q + M (t — mw) + =
are true for any n,n > 1 by mathematical induction. From that and formulas (14) and (15) it follows that

lu)llm < lluo(t)||m
(672L (t — mw))i+1
(i+1)!

l‘“zw

0o 1 - [o9)
+ 3 N (8) = wi(®) | < 673 [M+ M) + Y
i=0

1
2 L{t-mw) mw<t<(m+1)w,

~

i=0

' )l < llug ()]l + i}) i1 (8) = i ()|

(L6™2 (t — mw)) !
i+ 1)

<sh M+ M)+ YT M
SLs2
1
el 2(t=mw) e <t < (m4-1)w

_1

< Mp-1+ Mmfl +
Lo
which proves the existence of a bounded solution of problem (1) in [mw, (m + 1) w] x H.
Now we will prove uniqueness of the bounded solution of the problem. Suppose that there
is a bounded solution v(t) of problem (1) and v(¢t) # u(t). Denoting z(t) = v(t) — u(t) and using
w),v(t —w)) — f(t,u(t),u(t —w),u(t—w)), t>0,

Equation (1), we get

d?z(t)
{ :
for z(t).

Let0 <t < w. Since v(t —w) = u(t —w) = ¢(t — w), we can write
w), (t —w)) = f(u(t), gi(t —w), ¢(t —w)), >0,

L0 4 Az(t) = f(t,0(b),
z(t) =0, —w<t<0.

{

Therefore,
/t s(t=y) [f(y, o), ¢y(y —w), oy — w)) — f(y, u(y), py(y — w), 9(y — w))] dy.

z(t)
Applying estimates (3) and (6), we get
_1
12Dl < [A72 |l m

x /0: [AY2s (¢ = ) |1 (v, 0 (), gy (y — w), p(y — w)) = F(y,u(y), py(y — w), p(y — w)) || uly

1t 1t
<157} [ o) —u(w)lnds < L6~ [ 20) ludy.
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Applying the integral inequality, we get
[2()[l7 < 0.

From that it follows that z(t) = 0 which proves the uniqueness of a bounded solution of
problem (1) in [0, w] x H. Using the same method and mathematical induction, we can establish the
uniqueness of a bounded solution of problem (1) in [0, 0) x H. Theorem 1 is proved. [

3. Applications

First, we consider the initial value problem for a semilinear hyperbolic equation with time delay
and with nonlocal conditions

ug(t,x) — (a(x)uy (8,x)), + 0u(t,x) = f(t, x,u(t, x),u(t —w, x), u(t —w,x)),
0<t<oo, xe(0,1),

17)
u(t,x) =¢(t,x), —w<t<0, xe€l0,1],

u(t,0) = u(t,1),ux(t,0) = uy(t,1), 0 <t < oo,

where a(x) and ¢(t, x) are given sufficiently smooth functions, § > 0 is the sufficiently large number.
Suppose that a(x) > a > 0 and a(I) = a(0).

Theorem 2. Suppose the following hypotheses:

1.  Foranyt,—w <t <0

Hﬁ”(tr-)HWZZ[o//] <M,

2. The function f : [0,00) x (0,1) X Ly [0,1] x L, [0,1] X Ly [0,1] — Ly [0, 1] be continuous and bounded,
that is

19" () [y < M- (18)

£t w,0,0) 0 <M (19)

and Lipschitz condition is satisfied uniformly with respect to t, z, w
£t u,z,0) = (- 0,2,w) [0, < Llu =2l 0

3. Hereand in future, M, M, M, L are positive constants. Assume that all compatibility conditions are
satisfied. Then there exists a unique solution to problem (17) which is bounded in [0, c0) X Ly [0,1].

The proof of Theorem 2 is based on the abstract Theorem 1, on the self-adjointness and positivity
in L [0, 1] of a differential operator A defined by the formula

Au = f% <u(x)%> +du (20)
with domain D(A) = {u € W2[0,1] : u(0) = u (1), u'(0) =’ (I)} [51] and on estimates

1
le{tH Lopon—a000 < L 1H(A)2 s{t}H L j0n—L000) £ 1, >0, (21)
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Second, we consider the initial value problem for a semilinear hyperbolic equation with time
delay and with involution

up(t,x) — (a(x)ux (t,x)), + 6u(t,x) — B (a(—x)uy (t, —x)),
= f(t,x,u(t,x),u(t —w,x),u(t—w,x)), 0<t<oo, xe(=1),
(22)
u(t,x) = ¢(t,x), —w<t<0, xe[-11],
u(t,—1) =u(t,1) =0, 0<t<oo,

where a(x) and ¢(t, x) are given sufficiently smooth functions, § > 0 is the sufficiently large number.
Suppose thata > a(x) =a(—x) > >0, —a|p| > 0.

Theorem 3. Suppose the following hypotheses:

1. Foranyt,—w <t <0

ot Mz ry < M, 19/t gy < M.

2. The function f : [0,00) x (=1,1) x Ly [—1,1] x Ly [=1,1] X Lp [=1,1] — Ly [—1,1] be continuous and
bounded, that is
£t wo,w),y <M

and Lipschitz condition is satisfied uniformly with respect to t, z, w
If(t - u,z,w) = f(t,0,z,w) | < Lllu =0l -

Assume that all compatibility conditions are satisfied. Then there exists a unique solution to problem (22)
which is bounded in [0,00) x Ly [—1,1].

The proof of Theorem 3 is based on the abstract Theorem 1, on the self-adjointness and positivity
in Ly [—1,1] of a differential operator A defined by the formula

Av(x) = — (a(x)ox(x), — B (a(=x)0x (=X)), + v (x)
with the domain D(A) = {u € WZ [—1,1] : u(—1) = u(I) = 0} [52] and on the estimate

1
le{t ot n—to—n < L (A2 s{tH 1= 10— <1, £ > 0.

Third, let O C R™ be a bounded open domain with smooth boundary S, Q@ = QUS. In [0,00) x Q
we consider the initial boundary value problem for a multidimensional semilinear delay differential
equation of hyperbolic type

2 m
) El(a,(x)ux,)x, +ou(t,x)

= f(t,x,u(t,x),us(t —w,x),u(t —w,x)), 0<t<oo, x=(x1,...X,) €Q, 23)

u(t,x) = (t,x), —w<t<0, x€Q,

u(t,x) =0, x€S, 0<t<oo,

196



Mathematics 2019, 7, 1163

where 4,(x) and ¢(t, x) are given sufficiently smooth functions and § > 0 is the sufficiently large
number and a,(x) > 0.

Theorem 4. Suppose the following hypotheses:

1.  Foranyt,—w <t <0,

< M.

ot ) lnza) < M,

2. The function f : [0,00) x Q x Ly(Q) x Ly(Q) x Lp(Q) — La(Q) be continuous and bounded, that is

(&) lwa o)

If(tu,0,w) @ <M

and Lipschitz condition is satisfied uniformly with respect to t,z, w
£t u,z,w) = f(t,0,2,0)| @) < Llu=2ll,@

Assume that all compatibility conditions are satisfied. Then there exists a unique solution to problem (23)
which is bounded in [0,00) x Ly(Q)).

The proof of Theorem 4 is based on the abstract Theorem 1, on the self-adjointness and positivity
in L (Q) of a differential operator A defined by the formula

™=

Au(x) = =Y (ar(x)uy, )x, + 6u(x) (24)

r=1

with domain [53]

A) = {u(x) s u(x), uy(x), (@ (x)ux,)x, € L2(Q), 1 <r <m, u(x) =0, x € S}
and on the estimate

leltH oo < L 1AV s{H @ <L 1> 0 25)

and on the following theorem on the coercivity inequality for the solution of the elliptic differential
problem in Ly(Q).

Theorem 5. For the solutions of the elliptic differential problem

A*u(x) =w(x), x€Q,
u(x)=0, x€§,

the coercivity inequality [53]

Z””meLZ ) < Millwll, @)

is satisfied. Here My is independent of w(x).
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Fourth, in [0, c0) x () we consider the initial boundary value problem for a multidimensional
semilinear delay hyperbolic equation

u(t,x)
o2

(ar(x)uy,)xr + ou(t, x)

1=

= f(t,x,u(t,x),us(t —w,x),u(t —w,x)), x=(x1,...xu) €Q, 26)

u(t,x) = @(t,x), —w<t<0, x€q,

a%(t,x)zo, x€S, 0<t< oo,

where a,(x) and ¢(t, x) are given sufficiently smooth functions and § > 0 is the sufficiently large
number and a,(x) > 0. Here, ? is the normal vector to ().

Theorem 6. Suppose that assumptions of Theorem 4 hold. Assume that all compatibility conditions are satisfied.
Then same stability estimates for the solution of (26) hold.

The proof of Theorem 6 is based on the abstract Theorem 3, on the self-adjointness and positivity
of a differential operator A defined by the formula

Au(x) = — i(a,(x)ux,)x, + ou(x) (27)

with domain
= 9
D(A) = {u(x) tu(x), y, (x), (ar(X)ity, )x, € La(QY), 1 <7r < m, ﬁu(x) =0, x¢ S}

in Ly(Q) and on the following theorem on the coercivity inequality for the solution of the elliptic

differential problem in L, (Q)).

Theorem 7. For the solutions of the elliptic differential problem

du(x)

A*u(x) =w(x), x€Q,
ﬁ =0, x€ S,

the coercivity inequality [53]

m
Yy [t |y @) < M1(0)[|wllp, @)
r=1

is satisfied. Here M (6) is independent of w(x).
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4. The Main Theorem on Existence and Uniqueness of a Uniformly Bounded Solution of the
Difference Scheme

In the present section for the approximate solution of Equation (1) we will study the first order of
accuracy difference scheme

k+1 kg k=1 k—N_ k—N—1
u —2u +u k+1 __ k u —u k—N
2 At = fy, o, e, Ui

hh=kt, 1<k<oo, NT=uw,
(28)
k_ k-1
T

(I+T2A) uk+};uk _u

, k=mN, m=0,1,...,

uk = O, ox = @(ty), ty=ktr, =N <k<0.

The approach of proof of the theorem on the existence and uniqueness of a bounded solution of
difference scheme (28) uniformly with respect to T is based on reducing this difference scheme to an
equivalent nonlinear equations. Equivalent nonlinear equations for the difference scheme (28) is

Qo+ TRRL %=1 | =1,

T

1 Bk— ~\ —1 ~ ~
Rk 1;Rk 1q)0+T <R* R) (Rk o Rk) RR‘PO—T<P—1

N L K Sk . Pp-N—Pp-N-1
tT (R_R> YRR (R PR p) ftp, jub, F=—"——,9p-N)T,
p=1

2<k<N,
uk = (29)
uw™ 4+ TRR “mN*”"lel, k=mN+1,

T

Rk—mN—1+ﬁk—mN—1 N ~\ 1 k—mN Sk—mN 5 MmN _ymN-1
RN RN mN (R — R (Rk-mN — Re-mN) gRu—ut
-1k S pk— Sk— uP~N_yp—N-1 -N
Y RR(REP = REP) flty,up, Nt Ny,

+T (R - ﬁ) .-

24+mN<k<(m+1)N, m=1,2,---

in C; (H) and the use of successive approximations. Here and in future R = (I + TiA%)*l, R=(I-

TiA2 )~land C; (H) = C([0,0),, H) stands for the Banach space of the mesh functions v = {vl o

defined on a grid space

[0,00), = {ty =k, k=0,1,.., Nt =w}

with values in H, equipped with the norm

197 lewn= sup [[¢'],,-
<(H) 0<I<oo H
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The recursive formula for the solution of difference scheme (28) is

k1 sk s k=1 — k—N—
BT Ajuk Y = f(t, (- 1)k, Sl kN
tp=kt, mN+1<k<(m+1)N, m=0,1,2,---, NT=w,

kL
T

(I+72A)!

= MmN, m=1, ., 0

uk:gok, ty =kt, =N <k<0,

j=1,2,---, 0ufis given for any k.

From Equations (29) and (30) it follows

RP0—P- _
@0 + TRRO=I=1 =1,

BB g0 o (R-R) ' (RE- RY) RROE

JONR S e ~ _
+7(R=R) " LRR (R RET) flty jur, 202, gy
r=1
2<k<N,
juk = { w4 TRRETSND k= N 1, @31)

RE-mN—1 4 Rk-mN-1 uN o (R _ K) -1 (kamN _ ﬁkme) RKumNiumN—l
2

T
+(R—I§)71RI§

T Z Rk*]?fﬁk*]?) fltp, (j—1)u?, M,WPN)T

7

where
@0+ RROP1 ) =1,
RE-1 R 1('00 g (R B ﬁ) (Rk _ ﬁk) Rﬁ%;@—l/
2<k<N,
ouk =
wN L RRUSN N g N,
—mN—1_, pk—mN— ~\ 1 ~ =~ m mN—
Rk—mN 142rRk N 1umN+T(R7R) (Rk—mNiRk—mN) RRY Nf‘[l_l N1
24+mN<k<(m+1)N, m=1,2,---.
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Let us give the lemma that will be needed below.
Lemma 2. The following estimates hold:
IR[lsp <1, TARmon <1, | Rlaom <1, (ITAR[lgsn <1, (32)
2 42y-1
At +724?) HH%H <1. (33)

The proof of Lemma 2 is based on the spectral representation of the self-adjoint positive definite
operator in a Hilbert space (see, [50]).

Theorem 8. Let the assumptions of Theorem 1 be satisfied. Then, there exists a unique solution u™ = {uk }oo
of difference scheme (28) which is bounded in C (H) of uniformly with respect to T.

Proof. Step 1. Uniformly boundedness of solution of difference scheme (28) on [0, w].. Assume that
1 <k < N. According to the method of recursive approximation (31), we get

uk = ouk +

e

{(i+ Dk — iuk] , (34)

i=0

where _
Ol/ll = Qo =+ TRRligoO T(P_l,

Rk—l + Ekfl

k _
ou* = 5

~\ —1 ~
q)0+T(R7R) (R’uRk) RREL -1 (” 1 2<k<N, (35)
julZ(PO‘FTRE%/ i=12-"

juk = B gy 4 7 (R~ R) - (RE—RF) RR®=£1 + 7 (R R) -

L= > Pp—N—Pp—N-1 (36)
x YRR (Rk—f’ - Rk"’> by jub, BNIND N, 2 <K< N, j=1,2,---
p=1

Applying formula (35), the triangle inequality and estimates (5), (32), and (33), we get
1 ~1 1nm 190 — 91
o], < 14 e Rl + et a2

Jow H < 1A non [% (1R R 1Agoll + 5 (1R + R ]

H] <o [M+M],

<5IM
H

<

oul — o
T

<14 |RR HA%%

c|ar o] T <o fiagolly+ a2 ] <ot [ua+],
H
Ouk — Quk—1 1 1 |1 1 k R
S <A 5 2
=18 5 1R+ R o 3 (1t R
«|at et | <ot [lagl + 42022 <o [+ ]
H

H
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for any 2 < k < N. Applying formula (36), and estimates (6), (32), and (33), we get
y pplying &
[1ut —oul||g =0,

_1
105 — 00| < | A7 2| osm

~1q = .
gi (IR L+ R, 1y, 1r, BN g e < 5~

lu' — gy 0ul — g
T T

=0,
H

1uk —1uk=1 0wk — ouk—?

T T

H

“11 ~||k=p Pp—N — Pp—N-1 -
< 31 R e L g e <
for any k = 2,- - -, N. Using the triangle inequality, we get

k(| < 67 [M+ 1\71] + 62Ny,

1uk — 1451

- <62 [M+A7I}+Mtk

H
forany k = 1,- - -, N. Applying formula (36), and estimates (7), (32), and (33), we get

HZul — 1u1HH =0,

k—1
k_ 1.k -1 1
1t < 1A 5 5 (IR0 R

1uP (prN - (prNfl
’ T

Pp—N — Pp—N-1
 @p—N) — f(tp, Ou?, % Pp-nN)|| T

(tp,
H

_ 2
1
672 Y LIl —0uP |yt <672 Y L6 Mit,T < 6 —k
; L||1u? — 0uP|| gt ’;1 Mtyt 2

2uk — 2kl 1k — 1yk0
T T

2ut — 249 1wt —1u0

T T

=0,

g 3 IR+ R[5,

Pp-N — Pp—-N-1
@p-n) = ftp, 0P, TR gy )

1up, PPN~ Pp-N-1 Pp-N-1
,1u?, pn

T
H

X

fty

o (5*%Ltk>2
L5~ 1 2!

< Z L||1u? — 0u?|| g7 < E L6~ 2Mtpr <
p=1 p=1

forany k = 2, - -, N. Using the triangle inequality, we get

M ((57%Li’k>2
T

20k |y <077 [M+1\71] + 672N+ 5
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. 2
ko k-1 _ 07 2Lt
2u® —2u < 5t {M-ﬁ-M] ( )
2!
H
foranyk=1,---,N. Let
— 1
M (L6~ 28)"
o — (o~ 1)y < MOS0
nuk — nuk-1 _(n— 1uk — (n —1)uk1 M (L6 %tk)"
T T o L3 n! !
o 2Lt -1
k -1 o . - ( k) (Lo 2t)
< N Sl VA
il < 671 [M+ M| + 573 Mt + M T+ R
ko k=1 _ B
e Y [M+M] + My
’ H
1 2 1
m (07n) W (Lo
+— R i ,
152 2! L6 2 n!

forany k = 1,- - -, N. Applying formula (36), and estimates (7), (32), and (33), we get

[ (n+1)u' —nu(|y =0,
k—1
1 ~|[k=p
Dk — k|| < A2 ~ IR HRH
[ (n+1)u* —nut|g < ||H—>Hp;1 5 I ||HaH+ Hon

T
H

p Pp-N— Pp-N-1

p ,q)pr)

f(tp/n” /;/(prl\l) 7f(tp’ (Vl - 1)“

1 1 — M
<62 Ll|jnu? — (n — 1) u? <¢§ 2 -
<O7EY Ll — (n— 1) uP T < 07EL 2: .

(n+D)u* =+ 1) — k! - k=11 HRH N HEHFP
T T u HH H—H

(n+1)ut —nu®  nu' —nud

T T

=0,
H

P, Pp—N — Pp—N-1
T

p Pp—N— Pp-N-1

(tp/ nu ’ (Pp—N) _f(tpr (n_ 1)” ’ = , (Pp—N)H T
H

S M (LS73t)" M (Lo~ i)

Lljnu? — (n — 1) uP||gt < L <
; L )ul|lu p;l Lo~ 3 n! T3 (m+1)!
for any k = 2, - - -, N. Using the triangle inequality, we get
Du k <6 1 M+M 5 ZMt M <5 thk) M (Lé—%tk)nJrl
I+ <57 M+ 8] 07 EM 4 2= T

(n4+ 1Dk — (n+1)uk?
T

<52 {M+M] + Mty

H
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(n+1)!

m (672Lk)
+ +-t
Loz 2 Lo~z
N. Therefore, for any n,1n > 1, we have that
1

forany k =1,-
[ (1) — |y <
(L5—%tk)n+1

I (n+ 1)

(n+1)u
M (L5~ 31)" !
T ,

(n+1)!

and | 2
1Gn+ 1)kl < 671 [M+ M + 673 Mty + % (¢ Ztk)
<670 [M+ M| + Nt

— (n+1)uk-
T

(n+1)uk

H

_1 2
M (5 7Ltk> M (L(S_%tk)"ﬂ
+ 7 " +---+ i .
L2 2 o2 (n+1)!
N by mathematical induction. In a similar manner, for any #, we can obtain

_ M (Lo~ 2 ;)"
- L(gf% (n+1)!

forany k =1,
||A% (n+1)uf - A%nukHH
(L6~2t)? L, M (Lo 2t;)+1

2! Ls—2 (m+1)r °

and
1n+ 1)kl < 672 [M+ M)

From that and formula (34) it follows that
(||| ouk| + y (i + 1)k — iuk
n < Jout], + 1o H

_ 1 )

-1 ST e M (6TaLy)t o 5oLt
<5 [1\A+1v1]+§)f S [M+M]+ 2 1 <k<N,
— (i + 1uk? B ik — k=1
T

(i +1)u
L .

i+1
L§ Ztk) <5

57%[1\4“\7@ i 15 (+nr =

Jate], < Jatow] + &t vt - abu]

H

Ouk — ouk—1

k—1
H
-1 v SILE
2{M+M]+ kK, 1<k <N,
Lo~ 2

5]

k—u
T

H

u

1
¢ Mk 1<k<N

—3 4 i+l -
M (LO2H) T 5od {M“”]
Lo~z

<62 | M+M|+ -
{ ] 120 Lo—r (i+1)
which proves the existence of a bounded solution of difference scheme (28) in [0, w]; x H of uniformly

with respect to T
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Step 2. Uniformly boundedness of solution of difference scheme (28) on [mw, (m + 1)w].
We consider solution of difference scheme (28) in mN < k < (m +1)N, m =1,2,.... Then, according
to the method of recursive approximation (31), we get

uk = ouk +

e

{(i +1)uf - iuk] , (37)

i=0

where
QumN+1 — N | prRu™N—u"NTL
T ,
ouk = wuml\l
T (R - ﬁ) o (Rk*'”’\’ Rk mN) RRUM L (38)
24+mN<k<(m+1)N, m=1,2,---,

mN mN—1

junN+1 = "N TRRY 1 , ]-_ 1,2,-

juk _ Rk—iﬂN—]_{Rk—mN—] umN +T <R _ R’) (Rk mN _ Rk WIN) RR'umN_‘?mN—1
1 k=1 _ . ) N pN-1 39)
ZN RR (REP = REP) f(ty, (= 1) up, Nt N,
p=mN-+
24mN<k<(m+ 1N, m=12,---, j=1,2,--.

+7(R-R)

Assume that difference scheme (28) in [(m — 1) N, mN] x H of uniformly with respect to T and

uk — llk71

T

HAl/zukHH S Mmfl/ S Mmfb (40)

H

Applying formula (38), the triangle inequality and estimates (32), (33), and (40), we get

N+1 1 1 N 1~ mN _,mN—1 _1 ~
0w H |y < 114”2l [HAzum HH+ HTAZRRHHaH = H] s [Mm*l +M""1} !
QumN+1 _ yymN . ymN _ g mN-1 -
e I i e e
T H—H T H

k=1 1N 1 . ik
HOu H <[4~ ZHH%H HRHH*}HJ’_HRHH*)H HAZ” HH+§ HR||H*>H+HRHH~>H

mN __ , ,mN—1 mN __ , ,mN-1 ~
X u u :| < 57% {HA%umNH + L :| < 57% {Mmfl + Mm*l] ’
T H H T H
Ouk — Ouk—1 LomN
e o I ER [T | VAT R A 1

N mN—1 mN mN—1
u™N —u u™N —u ~
— < Mmfl + Mmfl

H

X

J < ], o
H

T H

forany 2 + mN < k < (m + 1) N. Applying formula (39), and estimates (6), (32) and (33), we get

Hluml\l+1 _ OHMN+1HH =0

k= okl < A e 2 IR+ R
> 3 2 H—>H H—H
p=mN+1

up—N _ yp—N-1

(i, (=D, X )| o< - ),

H
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OumN+1 _ umN

1umN+1 _ uml\]
_ =0,

T T H

1k — 1uk=1  ouk — Quk—1
T T
H
— upr*l o _
LuP N ||yt < M (8 — mN)

k=1
1 k— ~k=p u
< % g [IRi R[] 1 v
p=mN+1 2 - H=H
forany 2+ mN < k < (m+ 1) N. Using the triangle inequality, we get

k| < 672 [MH\Z] 4+ 671N (t — mN),

1uk — 151
T

<My + Mmfl +M (tk - mN)

H
forany 1+ mN < k < (m+ 1) N. Applying formula (39), and estimates (7), (32), and (33), we get

20 1l =0,
k—1
1 1 k—p <P
fout 10 < A s Y L[IRIEZ+ R
- 2 - H—H

N _ ,p-N-1 “N _ ,p-N-1
el uP Ny — £(t,, OuP ub —uhT upr)H T
’ pr , p= ’ i

X

f(tp, 1u?,
k=1 k-1 2
_ — (tx —mN
<5t Y L —owgr<st Y 1o iwa, gt <ot
p=mN+1 p=mN+1 2!

‘ 2ut — 249 14t —1u0

2uk — oyl 1k — 1kt
T

=0,
H

T T

k-1
1 k— ~||k=p
< & iRtk R
p=mN+1 2 7 H—H

T
H

p—N _ , p—N-1 p—N _ ,,p—N-1
4” ’up—N) _f(tpr Oupr " Tu ’ uP_N)H T
H

X f(tp, 1u?, "

N (5*%L (t — mN))2

k-1 k-1
1
< Y Ll —ouf|gTt< Y LETIMb,_yNT < — 5
p=mN+1 p=mN+1 Lo :
forany 2 +mN < k < (m + 1) N. Using the triangle inequality, we get

¥ <5*%L(tk—mN))2

NI

|20k|| < 572 [M+1\7I] Jr(s—%I\Z(tk—mz\])JrT . )
1 2
20k — 2yF1 . N m (072ZL (t —mN)
u < Mm—l + Mm,l + M (tk — mN) + - ( )
° L6t 2!
H

forany 1+ mN <k < (m+1)N. Let

’

M (L6% (t — mN))"
LR el LD

Itk — (= 1) < =
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M (L6~Z (t — mN))"
n!

ik — 1 (n—= 1)k — (n = 1)uk!

<
y Lo

’

(e

T T

a1 < 671 [ Myt + M1 | + 672N (8 — mN)

1 2
(07 2L (t —mN) M L&fl £ — mN))"
il ) mast g my
2! L !
k k—1 - _
% <5b {Mm,l + M,H] + M (t; — mN)
H
1 2 X
m (67— mN)) M (L6E (1 — mN))"
+— ' ot :
L6z 2! Lo~z n!

forany 1+ mN < k < (m+ 1) N. Applying formula (39), and estimates (7), (32), and (33), we get

I (n+1)u17nul||H:O,

. . . k—1 1 k—p ~k=p
[+ ) = < NA o 5 |IRIE G+ B[,
p=mN+1 -

p—N _ ,,p—N-1 p—N _ ;,,p—N-1
x| F(tp, P, e P NY) — f(ty, (=) u, T V)| 1
T T H
k-1 k-1 1 (LS~ 2¢t,
<52 Linu? — (n — 1) uP ||yt < 67 2L Y M p' )
p=mN+1 p=mN+1 L o
_ M(L57% (t —mN))™1
- L (n+1)! !
‘(nJrl)ulfnuO_nulfnuO 0
T T g
(n+D)u* =+ 1) — k! <k*11 RIS +H§H’<*V
T T =V H=H H—H
up—N _ yp—N-1 up—N _ p—N-1
X || f(tp, nuP, ———————— uP=N)) — f(¢ NP, ————, uPN
Flty i, e M) =ty (=), e M| x
k-1 k=1 Y L(Sf%t B n
< Y Ljnw —(m-1)uP|lgr< Y, L Ml( p-mN) T
-3 n!
pmN+1 p=mN+1 L& 2

M (L6 (tg — mN))"+!
T L5 (n+1)!
forany 2+ mN < k < (m+ 1) N. Using the triangle inequality, we get

1+ 1)l < 575 (M + My 1| + 672 M (i — mN)

_1 2
((5 ZL(tkme)) M(L(Sf% (t — mN))"+1
21 ot (n+1)

+M

’

(n+1)uk — (n+1)uk1
T

< My—1 + My—1 + M (t — mN)
H
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_1 2
. M (5 2L(tk—mN)> - M (LJ*% (t — mN))"+1
Lo—? 2t L6~2 (n+1)!

forany 1+ mN < k < (m+ 1) N. Therefore, for any n,n > 1, we have that

M (L6~2 (t — mN))"+1

k_ ki, < M
o+ 1)t —ng < 7 RSN ,
(4 Dk — (1) kM (L67E (e — mN))
T T g Lo—% (n+1)!

and
1+ 1)l < 63 [Myyy + My 1] + 672N (5 — mN)

1 2
M (5*7L (t — mN)) M (L&f% (t — mN))"+!
L 2! L (n+1)!

’

(n+1)uk — (n 4+ 1)uk1
T

<M1+ Mmfl +M (tk - mN)
H

_1 2 _
M <5 2L(tk—mN)) M (L(Si% (tk_mN))nJrl
T 1 + e JF T 1
L6~z 2! Lo~z (n+1)!
forany 1+ mN < k < (m + 1) N by mathematical induction. From that and formula (37) it follows

that

+

¥ < HOukH + 2‘ (i+1)uk—iukH
H = ‘ H

< (5_% [Mm—l + Mm—l} + i

- = (i+1)!
~ 1
< 53 [Mmq +Mm71] + %eo 2 L(tg—mN)
uk — k1 0uk — ouk—1 N i (i+Duf =i+ ik — k!
T - T £ T T
H H =0 H

HA%ukHH < HA%OukHH +y HA%(i+ 1)uk - A%iukHH < Myq + My
i=0

- 1 . -
M (L6z (t —mN))"*! - M 53 mmn
) — (i+1)! < My + My + ——e® P
i=0 Lo~z Lo—2
forany 1+ mN < k < (m+ 1) N which proves the existence of a bounded solution of difference
(m+ 1) w]; x H of uniformly with respect to 7.

e

+

scheme (28) in [mw,
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Step 3. Uniqueness of solution of difference scheme (28). We prove uniqueness of the uniformly
bounded solution of problem (28). Suppose that there is a bounded solution v* = {vk}]ﬁo of
problem (28) and v” # u". Denoting z" = v* — 1" and using Equation (28), we get N

ZFHl gk Zk-1 + Azk+1

T2
— Pt o, 2N N (NN ey g,
(I+72A) 2= — 222 N, m=1,..,

=0, -N<k<0

for zT. We consider the interval 1 < k < N. Since vk~ N = yk~N = ¢(tx_n), we have that
Zk+172§2k+zk’1 + Azk+1
=f(tk,vk, w,%il\,) *f(fk uk M/q)k—]\l)/ 1<k<N,

(I+72A)zt=0,2"=0.

Therefore,
_1 — 1
I < 14 zumzE [
(e, o w Pen) — f b ulF w oen)| T
H

Applying estimates estimates (7), (32), and (33), we get
P 1 k-1
2l <672 ) [12"]|n.
m=1

Using the discrete analogy of the integral inequality, we get
12l < 0.

From that it follows that z€ = 0,1 < k < N which proves the uniqueness of a bounded solution of
problem (28) in [0, w]r x H of uniformly with respect to 7. Using the same method and mathematical
induction, we can prove the uniqueness of a bounded solution of problem (28) in [mw, (m + 1) w]: x H
of uniformly with respect to 7. Theorem 8 is proved. [

5. Applications of Theorem 8

First, we consider the initial value problem (17) for the one dimensional semininear hyperbolic
differential equation with time delay term and with nonlocal conditions.

The discretization of problem (17) is provided in two steps. To the differential operator A
generated by problem (17), we assign the difference operator A} by the formula

Afign(x) = {~(a(x)gz)x,r + 00r ()}, (41)
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acting in the space of grid functions ¢, (x) = {¢,}& satisfying the conditions g9 = ¢k, ¢1 — @o =
¢k — ¢k—1. It is known that A} is a self-adjoint positive definite operator in Ly, = L([0,!];,) [51].
With the help of Aj, we arrive at the initial value problem

d2ul (tx)

gt A;’;uh(t,x) = fI(t,x,u(t, x), ul (t — w,x), u"(t — w,x)),

0<t<oo, x€[0], (42)

uh(t,x) = (ph(t,x), —w<t<0, xe€0,1]

In the second step, we replace problem (42) by first order of accuracy difference scheme (28)

ult | (x)=2ul (x)+ull_ (x) ul ()=l (x
Al Al (x) = (b (), O (1),

th=kt, 1<k <o, NT=w,
43)
h _h _h
(14 7247) a0 w000 p N = 0,1,

T T

ui‘(x) = ¢ty x), ty=kt, —-N<k<0, x€0,].

[ee]
Theorem 9. Suppose that assumptions of Theorem 2 hold. Then, there exists a unique solution u,}(’}ki of
difference scheme (43) which is bounded in [mew, (m + 1) w] x Ly, m = 0,1, - - - of uniformly with respect

to T and h.

Proof. Difference scheme (43) can be written in abstract form (28) in a Hilbert space Ly, = La([0,1])
with self-adjoint positive definite operator A, = Aj by formula (41). Here,

h g h
Fte, x, ul(x), M, ull_y (x)) and ufl = ul (x) are abstract mesh functions defined on
[0,1], with the values in H = Ly,. Therefore, the proof of Theorem 9 is based on Theorem 8 and

symmetry properties of the difference operator Aj. [

Second, we study the initial nonlocal boundary value problem (22) for one dimensional semilinear
delay hyperbolic equations type with involution. The discretization of problem (22) is provided in
two steps. To the differential operator A generated by problem (22), we assign the difference operator
Aj; by the formula

Ajig" (x) = {=(a(x)g(x))xr — B(al=2)gx(—2))xr + 9" ()Y}, (44)

acting in the space of grid functions ¢"(x) = {¢"}M,, satisfying the conditions p~™ = M = 0. It is
known that A} is a self-adjoint positive definite operator in Ly, = L ([, 1];) [52]. With the help of
Aj, we arrive at the initial value problem

d2ul (£,x)

et Aul(t,x) = (8, x, 0 (8, %), ult (t — w, x),ut (t — w, x)),

0<t<oo, x€[-LI, (45)

uh(t,x) = (ph(t,x), —w <t<0, x €[]

210



Mathematics 2019, 7, 1163

In the second step, we replace problem (45) by first order of accuracy difference scheme (28)

ult | (x)—2ul (x)+ul_ (x) Wl ()l (x)
% + AZ”QH(") = f(k, x, uﬁ(x), SNl N ”ﬁ_N (x)),
tk=kt, 1<k<oco, NT=uw,
(46)

(1+ 72A7) U@ _ 0@ N =01,

T T

uz(x) = ¢"t,x), tr=kt, -N<k<0, x € [-LI].

Theorem 10. Suppose that assumptions of Theorem 3 hold. Then, there exists a unique solution {uﬁ }w of

difference scheme (46) which is bounded in [mw, (m + 1) w]¢ X Ly, m = 0,1, - - - uniformly with respec; fot
and h.

Proof. Difference scheme (46) can be written in abstract form (28) in a Hilbert space Ly, = Ly([—1,1];,)
with self-adjoint positive definite operator A, = Aj by formula (44). Here,

I _uh
Fltg, x, ul(x), M, ”Q,N (x)) and uﬁ = uf(x) are abstract mesh functions defined on
[—1,1]), with the values in H = Lyj. Therefore, the proof of Theorem 10 is based on Theorem 8 and
symmetry properties of the difference operator Aj. [

Third, we study the initial boundary value problem (23) for multidimensional semilinear delay
hyperbolic equations.

The discretization of problem (23) is provided in two steps. In the first step, here and in future,
we define the grid space

ﬁll:{x:xr:(hljlr"'rhmjm)r j:(jlr"',jrn)rOSjVSNr,
Ny =1, r=1,---,m}, O, =0Q,NQ, S, =0Q;,NS.

We introduce the Banach space Ly, = Ly(Q),) of the grid functions ¢, (x) = {@(h171, ..., lyu¥m) }
defined on (), equipped with the norm

1/2
H‘PhHLZh = ( Z ‘Ph(x)|2h1"'hm>

xeqy,

to the differential operator A generated by problem (23), we assign the difference operator A} by
the formula

m
Ajup(x) = —Z (“’(x)“fwh)x,/j, (47)
r=1
acting in the space of grid functions u,(x), satisfying the conditions 1, (x) = 0(V x € S). It is known

that Aj is a self-adjoint positive definite operator in Lyj,. With the help of A}, we arrive at the initial
value problem

% + Afuy(t,x) = (¢, x, u(t,x), ul(t —w,x), u"(t —w,x)),
0<t<oo, xe)y, (48)

up(t,x) = @u(t,x), —w<t<0, x€Qy,.
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In the second step, we replace problem (48) by first order of accuracy difference scheme (28)

uﬁ“ (75)7214;‘x (x)+u£’1 (x)

uf_ n ()1 (0)
= AT (x) = fbg x,ul (x), SNyl (x)),

th=kt, 1<k<oo, Nt=w, x €Q),
(49)

k+1 .k k _ k-1
(I+72A7) 9 200) _ 4070 ) — N, o =0,1, .,

uk(x) = @yt x), tr=kt, —-N<k<0, x € Q.

Theorem 11. Suppose that assumptions of Theorem 4 hold. Then, there exists a unique solution {uﬁ }: o of

difference scheme (49) which is bounded in [mw, (m + 1) w]¢ X Ly, m = 0,1, - - - uniformly with respec; fot
and h.

Proof. Difference scheme (49) can be written in abstract form (28) in a Hilbert space Ly, =
Lr(Q),) with self-adjoint positive definite operator A, = A} by formula (47). Here,

Flte, x, ul(x), M, “LN (x)) and ui’ = uZ(x) are abstract mesh functions defined
on ), with the values in H = Ly,. Therefore, the proof of Theorems 11 is based on the abstract
Theorem 8 and symmetry properties of the difference operator A}, defined by formula (47) and the
following theorem on coercivity inequality for the solution of the elliptic problem in Ly, [53]. O

Theorem 12. For the solutions of the elliptic difference problem

Aful(x) = wh'(x), x € O,

uh(x) =0,x€S,
the coercivity inequality

n i

1
)3 Hu i
r=1 2

is satisfied, where My does not depend on h and w".

S My [w"|1y,
d

Fourth, we study the initial boundary value problem (26) for multidimensional semilinear delay
hyperbolic equations. The discretization of problem (23) is provided in two steps. To the differential
operator A generated by problem (26), we assign the difference operator Aj by the formula

Aful(x) = ’i (ay(x)ui—’r)x ; + ou" (x) (50)
r=1 rr

acting in the space of grid functions 1" (x), satisfying the conditions D" (x) = 0 (V x € S},). Here D"
is the approximation of operator P With the help of A}, we arrive at the initial value problem (48).

In the second step, we replace problem (48) by first order of accuracy difference scheme (28), we get
Equation (49).
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Theorem 13. Suppose that assumptions of Theorem 6 hold. Then, there exists a unique solution {u,i’ }0070 of
difference scheme (49) which is bounded in [mw, (m + 1) w]¢ X Ly, m = 0,1, - - - uniformly with respect to T
and h.

Proof. Difference scheme (49) can be written in abstract form (28) in a Hilbert space Ly,
= Lp(Q)y,) with self-adjoint positive definite operator A, = Ay by formula (50). Here,

i _uh
Flty, x, ull(x), M, “ZfN (x)) and uZ = uﬁ(x) are abstract mesh functions defined
on (), with the values in H = Ly;,. Therefore, the proof of Theorems 13 is based on the abstract
Theorem 8 and symmetry properties of the difference operator A}, defined by formula (50) and the

following theorem on coercivity inequality for the solution of the elliptic problem in Ly, [53]. O
Theorem 14. For the solutions of the elliptic difference problem

Aful(x) = wh'(x), x € O,

DM (x) =0, x €Sy,

the coercivity inequality
n

)3

r=1

h
U x,x7
‘ Ly,

h
< Ma||w"||Ly,
1

is satisfied, where My does not depend on h and w".

6. Numerical Experiments

In general, it is not able to get the exact solution of semilinear hyperbolic problems. Therefore,
numerical results for the solution of difference schemes for one and two dimensional semilinear
hyperbolic equations with time delay are presented. These results fit with the theoretical
results perfectly.

6.1. One Dimensional Case
For the numerical experiment, we consider the mixed problem

%u(tx)  9%*u(tx)
ot2 ox2

=2¢ fsinx +cos (u (t,x)u (t —1,x))

—cos (efsinxu(t—1,x)),0 <t<oo, 0<x<2r7,
(51)
u(t,x)=etsinxy, 0<x<2m, —1<t<0,

u(t,0) =u(t,2m), ux(t,0) =uy(t,27), t>0
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for the semilinear delay one dimensional hyperbolic differential equation with nonlocal boundary
conditions. The exact solution of problem (51) is u (,x) = e~* sin x. We will consider the following
iterative difference scheme of first order of approximation in t for the numerical solution of problem (51)

k+1 k k—1 k+1 k+1 k+1
iu —Z(vu )+'u iu —Z(vu )+ u .
jtn jUn ) Tjln "1 jn -1 —t

=) - 2 = 2¢ 'ksinxy

+ cos ((j,lu’;) uZ’N> — cos (e*tk sin x, (uZ*N» ,

tk =kt, xy =nh, 1<k<o, 1<n<M-1, Nt=1, Mh =2r,

(52)

k+1 k
jn e or o k1 ok k1 k kL ok

7 72 (J”n+1 j Mg 2(]“n ]"n> tj ]un—l>
k k

_ ub—uf! k= _
=t k=mN+1m=0,1,..,k>1,

uk =etsinx,, t,=kt, x,=nh, 0<n<M, —N<k<0,

k . .k k k .k k R
Uy =j Upp, jUT —jUg =) Uy —j Upg_1s 0<k<oo, j=1,2,..

for the semilinear delay hyperbolic equation. Here and in future j denotes the iteration index and an
initial guess Ou’,‘,, k>1, 0 <n < Mistobe made.

For solving difference scheme (52), the numerical steps are given below. For 0 < k < N,

0 < n < M the algorithm is as follows :

L N

j=1
-1 uk is known.
ju’,‘l is calculated.

If the max absolute error between ;4 uk and juﬁ is greater than the given tolerance value, take
j = j+1and go to step 2. Otherwise, terminate the iteration process and take juﬁ as the result of
the given problem.

We write (52) in matrix form

A (juk+1> +B <juk) +C (jukq) = Rq)(j_luk, uk*N), 1<k<oo,

k —t o M
u* = {e ksmxn}nzo, —N<k<0, (53)
k1 k M-1
W e (k1 ke k1 ok k1 ok
— {172 (/”n+1 jUn1 —2 (J”n /”n) it ]un—l)} _ 54
Lo n=1 (54

— e Nk > 1

- T

Here R, A, B,and C are (M + 1) x (M + 1) matrices given below:

10000 .00
00 .0
00100 .0

—_
o

o

214



Mathematics 2019, 7, 1163

1 0 00O 0 -1
a b a 0 0 0 0
0 a b a O 0 0
A 0 0 a b a 0 0 )
0 0 0 a b 0 0
0 0 0O b
|1 -1.0 00 1 1 |
fo 0 0 0O 0 017
0 ¢c 00O 0 0
00 c 0O 00
B=]0 00 ¢ O 0 0],
00 O0O0O0 c 0
LO 0 0 0 O 0 0]
fo 0 0 0O 0 017
0d 000 0 0
00 d 0O 0 0
C=|10004d0 0 0|,
00 0O0O0O.do
LO 0 0 0 O 0 0]
where
1 1 2 2 1
ﬂthfz, :?+ﬁ’ C:*Fr :?~

Finally, here (p(]-,luk, u*~N) and ju’, s =k, k+1lare(M+1) x 1 column vectors as

0 j*o
ik i
p it kN = = ,
jPmM-1 jUM—1
0 ]uﬁw

jq)ﬁ = 2¢ 'k sinx,, + cos ((j,lu’,ﬂ)(uﬁ’N)) — cos (e’tk sin xnu’;’N>

for1<k<N-1, 1<n<M-1.
So, we have the initial value problem for the second order difference equation with respect to k
with matrix coefficients. From Equations (53) and (54) it follows that

juk“ =_A"1 (B/-uk - C]-ukf1 + A*]Rq)k(];mk, ukiN)) ,

juk = {e sinx,,}ano, —N<k<0,
jukH =1 (uk, uk*1> , k=mN+1m=0,1,..,k > 1. (55)

Here, ¢ (uk, ukil) is (M + 1) x 1 column vector defined by formula (54).
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In computations the initial guess is chosen as ou* = {sin x, }QAZO and when the maximum errors
between two consecutive results of iterative difference scheme (52) become less than 1078, the iterative
process is terminated. We present numerical experimental results for different values of N and M
and uﬁ represent the numerical solutions of difference scheme (52) at (#, x,,) . The table of numerical
results is constructed for N = M =30, 60, 120 in ¢ € [0,1],¢ € [1,2],t € [2,3], respectively and the
errors are computed by the following formula

N _
mEy =

k
mN+1gk§(rrrnli)1()N,ogngM ‘u (th Xn) = -
As can be seen from tables, these numerical experiments support the theoretical statements.
The number of iterations and maximum errors are decreasing with the increase of grid points.
In Table 1, as we increase values of M and N each time starting from M = N = 30 by a factor of 2
the errors in the first order of accuracy difference scheme decrease approximately by a factor of 1/2.
The errors presented in Table 1 indicate the first order of accuracy of the difference scheme.

Table 1. The errors (52) (Number of the iteration = j).

mEN/(N, M) (30,30) (60,60) (120,120)
inte0,1] 41195x107%,j=6 20322x107%,j=6 1.0098x107%,j=6
inte[1,2] 23014x1073, j=6 11297x1073, j=6 5.6051x107% j=2
inte[2,3] 1.0245x1073, j=6 50161x107% j=6 24864x107% j=6

6.2. Two-Dimensional Case

For the numerical experiment, we consider the mixed boundary value problem

—t

ot ] wr <t

2 " 12 2
Fulbry) 3 u()tc,zx,y) 0 u(t’zx’w 2~ tsinxsiny + cos (u (t,x,y)u (t —1,x,y))

—cos (e 'sinxsinyu (t—1,x,y)), 0<t<oo, 0<x,y<m,
u(t,x,y) =e tsinxsiny, 0<x,y<m —-1<t<0, (56)

u(t,0,y)=u(t,r,y)=0, 0<y<m t>0,

u(t,x,0)=u(t,x,7)=0, 0<x<m t>0
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for the semilinear two dimensional delay hyperbolic equation. The exact solution of problem (56) is
u (t,x) = e !sinxsiny. We will consider the following iterative difference scheme of first order of
approximation in ¢ for the numerical solution of the initial-boundary value problem (56)

k+1 2( )+jukf k+1 2( k+1)+] k+1l' uk+1 2(] k+1) k+1

" ni ] n+1x _ ni+1 +] n,i—1
2 h2 h2

= 2¢ ! sin x,, sin x; + cos ((j_luf”) u’ffiN> — cos < e~k sin x,; sin x; uk N) ,

th=kt, xy=nh, 1<k<oo, 1<n,i<M-1, Nt=1, Mh=rm,

uk .= e fsinx,siny;, t =kt, x, =nh, 0,i<M, —N<k<0,

k+1 k

i i T k1 ok _ k1l ok okl ok
T 2 \GMn+1,i T Ynri 2 ]unt Wy i +] un,i—l j Wn,i-1 (57)
T k1 _ ok okl ok 1k

v (1 Uip1 ~i Ui 2(]un,i 1”n,i> Fjtya, ]un—l,i)
uk k=1

= ”"7 k=mN+1m=0,1,..,k>1,

1k Y
jlo,; ]uM =0, 0<z<Mu —]un,M—O,OgngM,

0<k<oo, j=12,..

for the semilinear delay hyperbolic equation. Here and in the future j denotes the iteration index
and an initial guess ou’,‘, » k>1, 0<mn,i < Mistobemade. For solving difference scheme (57),
the numerical steps are given below. For 0 < k < N, 0 < n,i < M the algorithm is as follows :

j=1
j,lu’;i is known.

juk . is calculated.

L

If the max absolute error between ;_ 1u ;and u n,i 18 greater than the given tolerance value, take

j =j+1and go to step 2. Otherwise, termmate the iteration process and take ju » ; as the result of
the given problem.

We write Equation (57) in matrix form

A <juk+1) +B <juk) +C <]-uk*1) = R(p(]-,luk,uk*N), 1 <k< oo,

{e ksmxnsmxl}nl 07 —N<k<O0, (58)
Lk M-1
Wi B S Y S g e k+1 k
{hz ( ni1i 7 Ui 2 (]un,i i n1> +j i ]un,i—1>} -
n,i=1
T (k1 k kK k1 k M-1
- {;Tz (f”n,i+1 T Unit1 T 2 (]”n,i = ”n,i) Tty W .
n,i=1
uk _ uk—l
pe , k=mN+1,m=0,1,..,k > 1.

Here R, A, B,and Care (M +1) x (M +1) x (M + 1) given matrices and q)(j,luk, uk=Ny and
iu’, s =k k+1aregiven (M +1) x (M+1) x 1 column vectors. Therefore, we will use the same
algorithm as the one dimensional case.
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So, we have the initial value problem for the second order difference equation with respect to k
with matrix coefficients. From Equations (53) and (54) it follows that

juk“ =_A"1 (B]-uk - Cjuk*1 + A*1R¢k(j_1uk, uk*N)) , 1<k <oo,

uk = {etksinx, sinx,v}ffizo, —N<k<0,
jukﬂ =1 (uk, uk*1> , k=mN+1,m=0,1,..,k > 1. (59)

Here, i (uk, ukil) is the given (M + 1) x (M + 1) x 1 column vector.

In computations the initial guess is chosen as guX = {sin x,, sin xi}%[z’:o and when the maximum
errors between two consecutive results of iterative difference scheme (57) become less than 1079,
the iterative process is terminated. We present numerical results for different values of N and M and
ui‘m- represent the numerical solutions of this difference scheme at (f, x;,, x;) . The table is constructed
for N =M =20,40,80int € [0,1], t € [1,2], t € [2,3], respectively and the errors are computed by
the following formula

mE]I\\’A,M = mfx 1 (g, Xn, Xi) —j uk
m

mN-+1<k< (m+1)N,0<n,i<M L

As can be seen from table, these numerical experiments support the theoretical statements.
The number of iterations and maximum errors are decreasing with the increase of grid points.

In Table 2, as we increase values of M and N each time starting from M = N = 30 by a factor of 2
the errors in the first order of accuracy difference scheme decrease approximately by a factor of 1/2.
The errors presented in tables indicate the the time convergence order is one. This result fits with the
theoretical results perfectly.

Table 2. The errors of difference scheme (57) (Number of the iteration = j).

mEN; \/(N, M, M) (20,20,20) (40,40,40) (80,80,80)
inte0,1] 12517 x 1072, j=4 0.6554x 1072, j=4 03348 x1072, j=4
int € [1,2] 12517 x 1072, j =3  0.6556 x 1072, j=3 03348 x 1072, j =3
int€[23] 23678 x 1073, j=2 14306x1073, j=2 0.7870x 1073, j=2

6.3. Conclusions and Our Future Plans

1. In the present paper, the main theorem on the existence and uniqueness of a bounded solution
of the initial value problem for a semilinear hyperbolic equation with time delay in a Hilbert space with
the self adjoint positive definite operator is established. In applications, the existence and uniqueness
of a bounded solution of four problems for semilinear hyperbolic equations with time delay are
obtained. A first order of accuracy difference scheme for the numerical solution of the abstract problem
is presented. The theorem on the existence and uniqueness of an uniformly bounded solution of this
difference scheme with respect to 7 is established. In applications, the existence and uniqueness of
a uniformly bounded solutions with respect to time and space stepsizes of difference schemes for
four semilinear partial differential equations with time delay are obtained. Numerical results for the
solution of difference schemes for one and two dimensional semilinear delay hyperbolic equation
are presented.

2. We are interested in studying uniformly boundedness of solutions of high order of accuracy
difference schemes uniformly with respect to time stepsize of approximate solutions of this initial-value
problem, in which bounded solutions were established without any assumptions in respect to the
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grid steps T and h. We have not been able to establish such type of results for the solution of the very
well-known second order difference scheme

k1 oy k 4y k=1 k=N _,k=N-1 _
ul 2;42 +u +Auk :f(tk/ uk, u 11'1 , uk N),

hh=kt, 1<k<oo, NT=uw,

k+1_ k k_ g k=14, k-2
(I+T2A)u Tu — 2u 3uT +u , k:mN, m=1,..,

uk = o(t), ty =kt, —N <k<0.

Note that absolute stable two-step difference schemes of the high order of approximation for
hyperbolic partial differential equations were presented and investigated in papers [11,54]. Applying
methods of the present paper and papers [11,54] we can establish the similar stability and convergence
results of this paper for the solution of the absolute stable two-step difference schemes of high order of
approximation for semilinear delay hyperbolic equations.

3. Investigate the uniform to-step difference schemes and asymptotic formulas for the solution of
initial value perturbation problem

Eu' (1) + Au(t) = f(t,u(t), us(t — w),u(t —w)), t >0,
u(t) =¢(t), —-w<t<0

for a semilinear delay hyperbolic equation in a Hilbert space H with the self adjoint positive definite
operator A and with € € (0, c0) parameter multiplying the highest order derivative term.

In [31], the uniform difference schemes and asymptotic formulas for the solution of initial value
perturbation problem for a linear hyperbolic equation in a Hilbert space with the self adjoint positive
definite operator and with € € (0, 00) parameter multiplying the highest order derivative term were
presented and investigated.

4. Investigate the initial value problem

ug (H)dt + Au(t)dt = f(t, u(t), u(t —w), u(t — w))dwy,
wy = V& &€ N(0,1), t>0,
u(t) =0, —w<t<0

for a semilinear stochastic hyperbolic equation with time delay in a Hilbert space H with the self
adjoint positive definite operator A. Here, w; is a standard Wiener process given on the probability
space (Q, F, P).

Note that absolute stable difference schemes for stochastic linear hyperbolic equations in Hilbert
spaces were presented and investigated in [30].

Finally, in paper [55], a Lie algebra approach is applied to solve an SIS model where infection rate
and recovery rate are time-varying. The method presented here has been used widely in chemical and
physical sciences but not in epidemic applications due to insufficient symmetries.
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Abstract: In recent works, exact and nonstandard finite difference schemes for scalar first order linear
delay differential equations have been proposed. The aim of the present work is to extend these
previous results to systems of coupled delay differential equations X'(t) = AX(t) + BX(t — 7), where
X is a vector, and A and B are commuting real matrices, in general not simultaneously diagonalizable.
Based on a constructive expression for the exact solution of the vector equation, an exact scheme is
obtained, and different nonstandard numerical schemes of increasing order are proposed. Dynamic
consistency properties of the new nonstandard schemes are illustrated with numerical examples,
and proved for a class of methods.

Keywords: delay systems; nonstandard numerical methods; dynamic consistency

1. Introduction

Due to the presence of time lags in the dynamics of most real systems, delay differential equations
(DDE) have become basic instruments in the mathematical modelling of a wide range of problems
in science and engineering, such as in population biology, physiology, epidemiology, economics,
and control problems (see, e.g., [1-5], and references therein), and special methods have been developed
to compute numerical solutions for DDE [6]. In the case of differential problems without delay, exact
schemes have been defined for different particular problems, and the use of nonstandard finite
difference (NSFD) numerical schemes has gained increasing interest in the last years [7-9]. The NSFD
numerical schemes can be competitive in terms of accuracy while providing dynamically consistent
solutions, i.e., they can provide numerical discrete solutions that inherit the structural properties
defining the dynamical behaviour of the original continuous equation [10]. The possibility of defining
NSFD schemes that reproduce the qualitative behaviour of the continuous solutions has made them
specially attractive for population and epidemiology models (e.g., [11-15]), and they have also been
proposed for some problems with delay [16-21]. However, for DDE models the construction of exact
schemes, and consequently of NSFD methods derived from them, has not been much developed.

In [22], a NSFD method was proposed for the scalar first order linear delay problem

X' (t) ax(t) + px(t—7), t>0, 1)
x(t) = f(b), —T<t<0, )

wherew, p € R, T > 0,and f : [-7,0] — Ris a continuous function. The method of [22] was exact
in the initial time interval 0 < t < 7, and then switched to a NSFD method of second order at most.
More recently [23], an exact scheme for problem (1)—(2) was constructed, valid in the whole domain
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of definition, and a family of increasing order NSFD schemes was defined. The NSFD methods
presented in [22,23] were shown to be consistent with different dynamical properties of the continuous
problem (1)—(2).

In the present work, we consider the coupled linear delay system

X'(t) = AX(t) + BX(t — 1), t>0, (3)

satisfying the initial condition
X(t) = F(t), —T<t<0, 4)

where X(t) and F(t) are d-dimensional real vector functions, and A and B are d x d commuting real
matrices, in general not simultaneously diagonalizable.

The usefulness of nonstandard schemes for scalar linear delay problems and their possible
advantages over alternative numerical methods have been discussed in [22,23]. Particularly, the family
of schemes proposed in [23] allows the computation of numerical solutions for scalar linear delay
problems with the required degree of accuracy and with comparatively low computational complexity.
Moreover, the numerical approximations obtained with these nonstandard schemes reproduce
dynamical properties of the exact continuous solutions, such as asymptotic stability, positivity,
and oscillation behaviour.

The aim, and main contribution, of the present work is to make available, for a wide class of
coupled linear delay differential systems, NSFD methods that possess analogous advantages to those
in the scalar setting, exhibiting similar properties in terms of accuracy and dynamic consistency. It is
to be remarked that for a class of the new NSFD schemes proposed in this work, the ) schemes
as defined in Theorem 3, it is rigorously proved that they preserve delay dependent stability. This
is a property that usual alternative methods, such as natural Runge-Kutta methods, do not possess,
and that is challenging to prove for numerical methods for linear delay systems [6] (p. 356).

There are two main difficulties when dealing with problem (3)—(4), compared with the
corresponding scalar problem (1)—(2). Firstly, the obtention of an exact constructive solution that would
allow deriving an exact scheme. Secondly, once the new NSFD schemes are defined, the process of
proving dynamical properties, which is much more complex than in the scalar case. To overcome these
difficulties, the key point is to assume commutativity of the coupled coefficient matrices, a property
also considered in other problems involving delay systems [24]. With this assumption, a compact
expression for the exact solution of problem (3)-(4), analogous to the scalar case, can be obtained. Also,
for commuting matrices, a common Schur basis exists and both matrix coefficients in (3), A and B,
can be simultaneously reduced to triangular form, which facilitates analyzing the dynamical properties
of the new proposed NSFD schemes.

This paper is structured as follows. In the next section, based on a constructive expression for the
exact solution of the initial value vector problem (3)—(4), an exact scheme that is valid in the whole
domain of definition is obtained. In Section 3, a family of new nonstandard schemes of increasing order
of accuracy are proposed. Next, in Section 4, dynamic consistency properties of the new nonstandard
schemes are illustrated with numerical examples and proved for a class of methods. In the final section,
the results are summarized and discussed.

2. Exact Numerical Scheme

In our next theorem we present an explicit expression for the solution of problem (3)—(4), derived
by using the method of steps [25] (pp. 45—47) and an integral convolution [26] (p. 67), in a similar way
as was done in [27] for the scalar problem (1)—(2).
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Theorem 1. The exact solution of (3)—(4) is given by X(t) = F(t), for —t <t <0, and, for (m —1)T < t <
mtandm > 1,

m—1 pk(s k m—2 pk+1 /0
xw= % weA(t’kT)F(O) ) L. [ = Gk 1)p =) T s
m t—mT
+ % /_T (t—mT — )" 1AM F(5)ds, (5)

where the second summation is assumed to be empty for m = 1.

Proof. For m = 1, one has X(t) = e4'F(0) + B [:rT eAll=T=5) F(s)ds, so that X(0) = F(0) and X'(t) =
AX(t) + BF(t — 1) = AX(t) + BX(t — 7). For m > 1, it is also immediate to check that X'(t) =
AX(t) + BX(t — 1), and that the expressions given by (5) for two consecutive intervals agree at the
connecting points ¢t = mt. Thus, X (t) is continuous for t > —t, with continuous derivative for t > 0,
and satisfies (3)-(4). [

From the exact solution given in Theorem 1, an exact numerical difference scheme can be obtained,
in a similar way as done in [23] for the scalar case, as shown in the next theorem.

Theorem 2. Let h > 0 such that Nh = 7, for some integer N > 1. Writing t, = nh and X,, = X(t), for
n > —N, the numerical solution given by X, = F(ty), for —N < n < 0, and, for (m — 1)t < nh < mt and
m >1by

m m—1 Bkhk B™

e mTh m—1_A(ty—mt+h—s)
Txn_kN + W /t - (tn —mtT+h— S) e\ F(S)ds, (6)
k=0 : tom

Xnv1=¢
defines an exact numerical scheme for problem (3)—(4).

Proof. Write X(t) = E;(t) + Ex(t) + E3(t), corresponding to the three terms in expression (5). Then,
expanding the binomial terms and rearranging and renaming indices, one has

m—1 pk _ k
Ei(tyr1) = Ei(ta+h) = 2 wemn—kwh)lf(o)
k=0 :
— Al =& BT Bkir(tn —17— (k- r)T)kirCA(t,,—rT—(k—r)T)F(O)
== (k—r1)!
m—1 pki,k m—1—k pr r m—1 pkpk
B*h B"(ty — kTt —rT) ke B*h
_ LAk n Ata—k _ AR
= e k);OT EO e (ti—kT=rT)p(0) = e PO Eq(t, —kN).
In a similar way, one gets
m—2 pkpk m—1 pkpk
Ea(tarn) =™ S Bt Ny = e Y B p o kn,
= = K

since Ex(t, — (m —1)N) =0 for (m — 1)t < t, < mT. Also,

m—1 pkik n oty —
B B ty—mtT+h
/ (tn —mT + I — s)" LAl =mTHI=S) £ () s,
t

_ AR _ -
Es(tyy1) =e PR E3(tn kN)+(m_1)! -

so that expression (6) is recovered. [J
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Remark 1. The expressions given in Theorems 1 and 2 are also valid when A = 0, i.e., for the particular case of
the pure delay problem

X'(t) = BX(t—1),t >0, X(t) = F(t), -t <t <0. (7)

If A and B are diagonal, or in the case where they are simultaneously diagonalizable after the usual change
of variables, problem (3)—(4) consists of d independent scalar problems, and the expressions given by Theorems 1
and 2 for each component of X(t) coincide with those given in [23] for the corresponding scalar problems.

Example 1. Figure 1 presents a numerical example of application of the results of this section, showing the
continuous solution given by Theorem 1 (lines) and the exact numerical solution of Theorem 2 with N = 5
(points), for the problem (3)—(4) with parameters T = 1 and

(-3/2 1 (574 -1 ~(2(t+1)
A_<—2 3/2)’ B‘(z —7/4)’ F(t)_<(t+1)2>'

Figure 1. Exact solutions (lines) and numerical solutions provided by the exact scheme (points) for the
two components of Example 1. (a) First component, X (t). (b) Second component, X (t).

3. Nonstandard Finite Difference Methods of Increasing Orders

The exact numerical solution given by Theorem 2 has the drawback of the integral term in (6),
as an exact expression could be obtained for certain initial functions F(t), but in general a numerical
approximation would be needed. A class of methods could be derived by approximating this integral
term, either by using some numerical integration algorithm or by approximating the initial function
with some family of functions that allowed the explicit computation of the integral. Instead, as
proposed in [23] for the scalar problem, a family of nonstandard methods of increasing orders can be
derived by computing the exact solution in the first M intervals and then discarding the integral term,
as shown in the next theorem. We define two classes of methods of order M, F); and Ty methods,
depending on whether the full sum in (6) is kept or a truncated sum is used.

Theorem 3. Let N > 1and h = ©/N. For a given M > 1, assume that the values of X,,, forn = —N ... MN,
are computed using the exact scheme of Theorem 2. Define Fy and Ty schemes to compute successive values for
any m > M by the expressions

A m—1 Bkhk

Fmi= Xypp1=e N

Xy_kn, (m—1)t <nh < m, (8)
k=0
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m M Bkhk
Tv:= Xp1=e k;) Il

XN, (m=1)t < nh < mt. )
Then, both numerical schemes, Fy; and Ty, have local error O(hM“) and order M.
Proof. Let || || be any vector norm and a compatible norm for matrices, and consider the scheme Tj,.

Assume that || X(t;) — Xi|| = O(BM*1) for k < n, which is the case for nh < Mt. Then, form > M + 1
and (m — 1)t < nh < mt, using (6), one gets

M k,k

B||*h

X (k) = Xl < e 3 I 0 ) — Xl
k=0 :

m ty—mT+h
b B T e sy A () s, 10)
(m — l)- ty—mT
Let M = ||B||, and My, My > 0 such that |[e®*|| < Mj and ||F(s)|| < My for s € [0,h]. Then,
by the induction hypothesis, the first term in (10) is O(#™*1) and the second term is bounded by

M" My M, /f"”””h M"Mi My < oMM+,
t

el S bo— h— mfld
(=)t Sy TS < T T

Similar arguments result in the same bounds holding for the scheme Fy;. [

Remark 2. The results of Theorem 3 also hold if the values for X, in the first intervals are computed using any
numerical method of order at least O(hM*1), instead of using the exact scheme. Although both types of schemes,
Fum and Ty, have the same order, more general dynamic consistency properties can be proved for the class of
Fm schemes, as shown in the next section.

The error analysis of the methods provided by Theorem 3 is illustrated in the next two figures.
Errors of numerical solutions for Example 1, computed using 7js schemes of three different orders,
are shown in Figure 2 (top). The corresponding errors relative to the expected order, i.e., errors divided
by iM, are shown in Figure 2 (bottom), with results in agreement with the expected orders given by
Theorem 3.

Figure 3 presents the errors in relation with the size of the mesh for numerical solutions of
Example 1 computed using 73, the truncated method with M = 3. Errors overlap when divided by 13,
clearly showing that the method is of order three, as established in Theorem 3.
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Figure 2. Absolute errors (log-scale) of numerical solutions for Example 1, computed using three
different 7T)s schemes of increasing orders, with 1 = 0.1. (a,b) Absolute errors for the first and second

component, respectively. (c,d) Errors divided by hM.

10°

1070 10710
0 0 5 10 15 20 25 30

Figure 3. Errors (log-scale) of numerical solutions for Example 1, computed with the method 73 using
three different mesh sizes. (a,b) Absolute errors for the first and second component, respectively.

(¢,d) Errors divided by K.
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4. Dynamic Consistency Properties

In this section we analyse the consistency between dynamic properties of the numerical solutions
resulting from applying the ) and Ty, schemes defined in Theorem 3 and the continuous solutions
of problem (3)-(4).

4.1. Asymptotic Stability

First we will show that the F); schemes defined in Theorem 3 preserve delay-dependent stability,
i.e., that they are 7(0)-stable [28].

It is well known that for the trivial solution of (3)—(4) to be asymptotically stable it is necessary
and sufficient that all the roots A; of the characteristic equation

det(Al — A — e *7B) =0, (11)

where [ is the d x d identity matrix, have negative real parts, ®(A;) < 0. This condition, involving a
transcendental equation with an infinite number of roots, is difficult to verify in general. However,
when A and B commute, there is a common Schur basis for them, and they can be simultaneously
reduced to triangular form, with elements in the diagonal corresponding to the eigenvalues of each
matrix [29]. Thus, in this case, condition (11) is equivalent to

d
[TA—a;i—e*"p;) =0, (12)
i=1

where (v;, B;) are pairs of eigenvalues of A and B, as they appear in the i diagonal position in the
common triangular form. Hence, writing («, B) for any of these pairs, it follows that if the trivial
solution of (3)—(4) is asymptotically stable then

A—a—eNMB=0 (13)

implies R(A) < 0.

Consider now the difference equations system (8) defining the F; scheme. For any n such that
(m —1)t < nh = nt/N < mr, the integer part of n/N is [n/N] = m — 1. Thus, we can write (8) in
the form of a Volterra difference system of convolution type,

n
Xpi1 =Y BiXu_j, (14)
j=0

by setting B; = 0, the d-dimensional zero matrix, when j # kN, and
Bi/Npi/N
Bi=eMT 1
NI 1

when j = kN, for integer k. Thus, using the Z-transform method, it holds that the system (14) is
asymptotically stable if all roots of the characteristic equation

det(zI — B(z)) =0, (16)

satisfy |z| < 1[30] (Theorem 5.21), where B(z) is the Z transform of B. In this case,

o0
5 i N
B(z) = E Biz™) = el E i z7kN — ANgBh/ZT, 17)
Now we have the basis to prove our next theorem.
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Theorem 4 (7(0)-stability). Consider problem (3)—(4) and the Fyy schemes defined in Theorem 3. If the trivial
solution of (3)—(4) is asymptotically stable then the numerical solutions computed using Fyy schemes are also
asymptotically stable.

Proof. From the common triangular decompositions of A and B, it follows that every root of (16) must
satisfy, for some pair of ordered eigenvalues (a, ),

z— P2 = 0 = In(z) — ah — ph/zN = 0. (18)
Writing In(z) = At/N, so that 27N = exp(—At), one gets from (18)
AT/N —ah — Bhexp(—At) =0, (19)

which is equivalent to (13), since h = 7/N. Hence, if the trivial solution of (3)—(4) is asymptotically
stable it must hold that R(A) < 0, and therefore |z| = exp(R(AT/N)) <1. O

Remark 3. For the class of Ty schemes, a general and unconditional result similar to Theorem 4 is not to be
expected, as shown by considering the simple case where A = 0, M = 1, and N = 1, so that the Ty scheme
reduces to

Xpy1 = X + BhX; 1. (20)

If B has a real eigenvalue B, the trivial solution of the pure delay problem (7) is asymptotically stable if
|B| < 7t/2, while the asymptotic stability of (20) requires the more stringent condition || < 1[31].

Delay Independent Stability

Our next theorem shows that the class of Ty schemes do preserve absolute or delay independent
stability, i.e., that they are P-stable [6] (p. 296). This is also trivially the case for Fj; schemes, as
P-stability is a weaker condition than 7(0)-stability.

Theorem 5 (P-stability). Consider problem (3)—(4) and the Ty schemes defined in Theorem 3. If the trivial
solution of (3)—(4) is asymptotically stable for all values of T, then the numerical solutions computed using Tas
schemes are also asymptotically stable.

Proof. Using the common triangular forms of A and B, and considering a pair of ordered eigenvalues
(«, B), a necessary condition for the trivial solution of (3)-(4) to be delay-independent asymptotically
stable is [31,32]

R(a) + 8] <O. (21)

The solution of the difference system (9) defining the 7); scheme is asymptotically stable if all
roots of the characteristic equation

M Bkhk
det | ZMNF1] — g4l E TZ(M*")N =0 (22)
k=0 :

are inside the unit disc. A nonzero z is a root of (22) if for a pair («, §) it holds that

M ﬁkhk
z—ey” Tz*kN =0. (23)
k=0 :

Thus, if condition (21) hold and we assume that there is a root with |z| > 1, we would get a
contradiction, since, from (23),
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2| N < e(R@-+IBDE < 1, (24)

O

The stability analysis provided by Theorems 4 and 5 assures that, for a fixed delay, the region of
asymptotic stability for (3)—(4) is contained in the region of asymptotic stability of s schemes, while
for Ty schemes it can only be assured that the region of asymptotic stability of (3)-(4) for all delays
is contained in the corresponding region for the numerical solution. However, 71 schemes usually
perform much better than can be guaranteed, as shown in the next example.

Example 2. Figure 4 shows the numerical solutions computed with the method T, with N = 5, for the pure
delay problem (7) with parameters

—0.435 0.0325 cos(7tt)
B= F(t) =
( 0.13 0.435) o F®) <(t + 1)2> ’
and two different values of delay, T = 3 and T = 3.3.
Matrix B has real eigenvalues, A = —0.37 and Ay = —0.5. Hence, in this case the trivial solution of (7) is
asymptotically stable if all the eigenvalues B of B satisfy |B|T < 11/2[6] (p. 289), i.e., for T < 1. As shown in
Figure 4, the numerical solutions present the correct behaviour, even for values of T close to the limit of stability.

For both components, the solution approach zero as t increases for T = 3, inside the region of stability (Figure 4,
top), while they diverge for T = 3.3, outside the region of stability (Figure 4, bottom).

"o 50 100 150 200 250 300

Figure 4. Numerical solutions computed with the method 7, for Example 2 with two different values
of delay, showing stable and unstable behaviours. (a,b) First and second component, respectively,
with delay 7 = 3. (c,d) First and second component, respectively, with delay 7 = 3.3.
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4.2. Oscillation and Positivity

Our next theorem shows that Fj; schemes also preserve the oscillation properties of exact
solutions for problem (3)—(4).

We recall that a solution of (3) is said to oscillate if every component of the solution has arbitrary
large zeros; otherwise it is called non-oscillatory [33] (Definition 5.0.1). It is known that every solution
of the delay differential system (3) oscillates if and only if the characteristic Equation (11) has no real
roots [33] (Theorem 5.1.1).

Theorem 6 (Oscillation). If every solution of (3)-(4) oscillates, then the numerical solutions computed using
Fm schemes also oscillate.

We will use the result of the following lemma, whose proof is similar to that of Theorem 7.1.1
in [33].

Lemma 1. Consider the linear system of difference Equation (8) defining the F 1 scheme. Every solution of (8)
oscillates if and only if the characteristic Equation (16) has no positive roots.

Proof of Theorem 6. Using common triangular decompositions of A and B, if every solution of (3)—-(4)
oscillates then, for any pair of ordered eigenvalues («, ), Equation (13), or equivalently Equation (19),
has no real roots. If we assume that there is a non-oscillatory solution of (8) we get a contradiction,
since, from Lemma 1, there would be a positive z satisfying

z— et/ =, (25)
and writing z = exp(Ah), we would get Equation (19) with A a real root. [

Remark 4. For the class of Ty schemes, a general result similar to Theorem 6 seems difficult, although particular
cases could be dealt with, as shown in our next proposition.

Proposition 1. If every solution of the pure delay problem (7) oscillates, then the numerical solutions computed
using the Ty scheme also oscillate.

Proof. For the pure delay problem (7), an equivalent condition for every solution to oscillate is that B
has no real eigenvalues in the interval [—1/eT, +00) [33] (Theorem 5.2.2). The characteristic equation
for the system of difference equations (9) defining the 77 scheme, i.e., Equation (22) with A = 0 and
M =1, reads

det ((zN+1 — Ny - Bh) =0, (26)

and every solution oscillates if (26) has no positive roots [33] (Theorem 7.1.1). But z is a root of (26) if
for an eigenvalue f of B it holds that
Nt 2N — gh. (27)

Thus, if every solution of (7) oscillates, so that any possible real eigenvalue p of B satisfies
Bt < —1/e, and we assume that there is a positive root of (27), we get a contradiction. From (27), if z
is positive, then f is real and zV(z — 1) = Bt/N < 0. Hence, it follows that z < 1 and

NzN(1—z2) = —pr>e L.

But for 0 < z < 1, the maximum value of NzV(1 — z) is attained when z = N /(N + 1), so that

N N N+1 )
NN —z) < (e -1
2 Z)_<N+1) <e
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O

Example 3. Figure 5 shows the numerical solution computed with the method T, with N = 10, for the first
component of the pure delay problem (7) with parameters T = 1 and B and F(t) as in Example 2. In this case,
every solution oscillates if all the eigenvalues B of B satisfy ||t > 1/e ~ 0.3679. As shown in Figure 4,
the numerical solutions preserve the correct behaviour, even for a value of T very close to the limit of oscillation.
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Figure 5. Numerical solution for the first component of Example 1 and zoom-views in different
intervals. (a) t € [0,50]. (b) t € [13,22]. (c) t € [20,25]. (d) t € [46,50].

Positivity

Conditions for the solution of a DDE system to preserve positivity, in the sense that for any
component-wise positive initial function F(t) the solution always remains positive, are necessarily
very restrictive.

Consider the pure delay problem (7). If B = (b,-]-) > 0 element-wise, i.e., b,-j >0,i,j=1...d, then
it is clear from the expression of the exact solution given in (5) that for any component-wise positive
initial function F(t) all components of the solution X(¢) remain positive for all ¢ > 0. In this case, it is
also clear from the expressions of Fjs and Tjs schemes given in Theorem 3 that the numerical solutions
computed with both methods also remain positive for all ¢ > 0.

If B is only non-negative, i.e., B > 0 element-wise, then the exact as well as the numerical solutions
remain non-negative for any non-negative initial function and all t > 0. The condition of all elements
of B being non-negative is also necessary to preserve positivity, for if there is an element of B, say by,,
negative, then it is possible to find an initial function, component-wise positive, for which some
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component of X(t) becomes negative, already in the first interval 0 < t < 7. To see this, take F(t) with
components F,(t) = t* and Fi(t) = 012, j # r, and choose 6 such that

0<6<=bi,/]Y byjl-
j7r

Taking into account that, from (5), for 0 < t < T one gets X(t) = BG(t), where the components of
G(t) are G,(t) = h(t) and G;(t) = Sh(t), j # r, with h(t) = ((t — 7)° — (—7)3)/3, it follows that the
first component of X(t) becomes negative,

Xa(t) = byh(t) +8 Y byjht) < (bh - m@f’f}() ne) <o,
j#r 7T 1J|
since h(t) > 0 fort € (0, 7).

For the general linear problem (3)-(4), if B > 0 and also A > 0 element-wise, then it is also
immediate that positivity is preserved both in the exact solution and in the numerical solutions
computed using the F); and Ty schemes. For B > 0, non-negativity of the solutions, both exact and
numerical, is preserved if A is Metzler, i.e., with non-negative off-diagonal elements, as then exp(At)
is non-negative for any ¢t > 0.

5. Conclusions

Despite the growing interest in NSFD methods, including their application to some problems
with delay, the scheme presented in Theorem 2 is possibly the first example of an exact scheme for a
system of delay differential equations, generalising to systems of linear DDE with commuting matrix
coefficients the results presented in [23] for scalar linear DDE problems.

The families of F) and 7 schemes defined in Theorem 3 allow the computation of numerical
solutions for problem (3)-(4) with high accuracy and low computational costs for extended time
intervals, showing good dynamic consistency properties. In particular, F3; schemes have been
proved to preserve delay-dependent asymptotic stability of the continuous solution, i.e., they are
7(0)-stable difference methods, while 71 schemes have been proved to preserve delay-independent
asymptotic stability, i.e., they are P-stable methods. Also, Fjs schemes preserve the oscillation
behaviour of the exact solution, which has also been proved for the 7; scheme when applied to the
pure delay problem (7). Both types of scheme also provide numerical solutions that remain positive,
or non-negative, when the original problem satisfy conditions assuring the corresponding property.

Several problems and lines of research are open from the results presented in this work. Proving
dynamic consistency properties similar to those of F); schemes for some particular 75; schemes,
either in general or when applied to some type of problems or under certain conditions, could deserve
further attention, as 7 schemes offer the same accuracy than F); schemes with reduced computational
needs. Applying the new schemes to low order systems, e.g., with coefficients being 2 x 2 or 3 x 3
matrices, might allow to express the systems of difference equations defining the schemes in the
more usual form of a NSFD method, with derivatives for each component being approximated by the
corresponding increments divided by a scalar function ¢(h) = h + O(h?), as has been done for some
examples of systems without delay [34,35]. This could also be the case when considering problems
where the matrix coefficients A and B posses some special structure.
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