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Abstract: The authors establish a set of six new theta-function identities involving multivariable
R-functions which are based upon a number of g-product identities and Jacobi’s celebrated
triple-product identity. These theta-function identities depict the inter-relationships that exist
among theta-function identities and combinatorial partition-theoretic identities. Here, in this
paper, we consider and relate the multivariable R-functions to several interesting g-identities such
as (for example) a number of g-product identities and Jacobi’s celebrated triple-product identity.
Various recent developments on the subject-matter of this article as well as some of its potential
application areas are also briefly indicated. Finally, we choose to further emphasize upon some close
connections with combinatorial partition-theoretic identities and present a presumably open problem.

Keywords: theta-function identities; multivariable R-functions; Jacobi’s triple-product identity;
Ramanujan’s theta functions; g-product identities; Euler’s pentagonal number theorem;
Rogers-Ramanujan continued fraction; Rogers-Ramanujan identities; combinatorial partition-theoretic
identities; Schur’s, the Gollnitz-Gordon’s and the Gollnitz’s partition identities; Schur’s second
partition theorem

1. Introduction and Definitions

Throughout this article, we denote by N, Z, and C the set of positive integers, the set of integers
and the set of complex numbers, respectively. We also let

No:=NU{0} ={0,1,2,-- }.

In what follows, we shall make use of the following g-notations for the details of which we refer
the reader to a recent monograph on g-calculus by Ernst [1] and also to the earlier works on the subject
by Slater [2] (Chapter 3, Section 3.2.1), and by Srivastava et al. ([3] (pp- 346 et seq.) and [4] (Chapter 6)).

Mathematics 2020, 8, 918; d0i:10.3390/math8060918 1 www.mdpi.com/journal /mathematics
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The g-shifted factorial (a;¢)y, is defined (for |g| < 1) by

1 (n=0)

(a/'[])n = -1 (1)
IT(1—aq") (neN),
k=0

where 4, q € C, and it is assumed tacitly thata # g~ (m € Np). We also write

(@) = ﬁ(l —agt) = ﬁ(l —a)  (aqeC g <1). (2)
=) =1

It should be noted that, when a # 0 and |g| 2 1, the infinite product in Equation (2) diverges.
Thus, whenever (4; 7)o is involved in a given formula, the constraint |g| < 1 will be tacitly assumed to
be satisfied.

The following notations are also frequently used in our investigation:

(u1/u2/' o ram}q)n = (‘er'q)n (az?q)n te (am}q)n (3)

and
(1,82, ;@)oo = (a1;9)o0 (20)c0 =+ (Am; ) co- (4)
Ramanujan (see [5,6]) defined the general theta function f(a,b) as follows (see, for details,

in [7] (p. 31, Equation (18.1)) and [8,9]):

n(n—1)

fla,b) =1+ il(ab) 7 (a"+b")

e
= ¥ T Zf(ba)  (lab <1). 5)
n=-—oo
We find from this last Equation (5) that
n(n+1) _ n(n-1) _
fla,b) =a~ 2z b~z f(a(ab)",b(ab)™") =§(b,a)  (n€Z). (6)

In fact, Ramanujan (see [5,6]) also rediscovered Jacobi’s famous triple-product identity,
which, in Ramanujan’s notation, is given by (see [7] (p. 35, Entry 19)):

f(a,b) = (—a;ab)e (—b;ab)e (ab; ab)e (7)

or, equivalently, by (see [10])
= n? _n = 2n 2n—1 1 2n—1
z' = 1-— 14z <1 + - >
el (o) (101
= (), (—)_ (-La)_ (al<1 220
Remark 1. Equation (6) holds true as stated only if n is any integer. In case n is not an integer, this result
(6) is only approximately true (see, for details, [5] (Vol. 2, Chapter XVI, p. 193, Entry 18 (iv))).

Moreover, historically speaking, the g-series identity (7) or its above-mentioned equivalent form was first
proved by Carl Friedrich Gauss (1777-1855).

N
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Several g-series identities, which emerge naturally from Jacobi’s triple-product identity (7),
are worthy of note here (see, for details, (pp. 36-37, Entry 22) in [7]):

9(q) = n;quz =1 +2n§1q"2
) e g
¥(q) = (9.9 =gq"("2+ B (&2;;;22)): (9)
flog) =i —g) = T (41"
= L0t R = e (10)

Equation (10) is known as Euler’s Pentagonal Number Theorem. Remarkably, the following
g-series identity:
1 1

@)~ x(-9)
provides the analytic equivalent form of Euler’s famous theorem (see, for details, [11,12]).

(=%:9) (11)

Theorem 1. (Euler’s Pentagonal Number Theorem) The number of partitions of a given positive integer n into
distinct parts is equal to the number of partitions of n into odd parts.

We also recall the Rogers-Ramanujan continued fraction R(g) given by

1H(@) _ 1 5(-a,-0Y) _ 1 (097)e (4497

R(g) = = 5
(9):=4 Ca) T2 =R " T () ()
L I
“iF 1+ 1t 1 (gl <1)- 12)

Here, G(g) and H(q), which are associated with the widely-investigated Roger-Ramanujan
identities, are defined as follows:

& 9" (=)
B ;0 (@GDn — §(—q9,—q*)

_ 1 _ (@50°)e (0%547) (4% 8)0 13
(7:8°)o0 (44:0°) o0 (790 13
and
i qﬂ (n+1) f(*q5) _ 1
B @Dn 2P @) (1505
_ (@9) ( 1) (3%0°) "
(M) ’ 1

and the functions f(a,b) and f(—q) are given by Equations (5) and (10), respectively.
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For a detailed historical account of (and for various related developments stemming from) the
Rogers-Ramanujan continued fraction (12) as well as the Rogers-Ramanujan identities (13) and (14),
the interested reader may refer to the monumental work [7] (p. 77 et seq.) (see also [4,8]).

The following continued-fraction results may be recalled now (see, for example, (p. 5, Equation (2.8))
in [13]).

Theorem 2. Suppose that |q| < 1. Then,

A(q) = (4% 9%)o(—8: D)oo
7)o

_ (@) _ 1 q q1—q) ¢ F(1-¢%) ¢ £1-¢°)
(9% 1— 1+ 1— 1+ 1- 1+ 1—---
1
- ] , (15)
- g(1—q)
1+ d
1- zq 2
1414 (1*;1)
1_ q
1+’73(1*‘73)
1—...

Bg) e PPl _ 1 4 0 & 0" 2 4°
L @) (@) T+ T+ T 14 14 14 1+

- (16)
14 1
14 T
1+ -
1+ 1
14 qqé
T+
and
g BP0 PP P
T (39°)0 (9% 9% 1+ 1+ 1+ 1+ 1+ 1+
q
=1+ g . 17)
1+ .
1+ -
1+ T
1+ qqé
1+1+...

By introducing the general family R(s, t,1,u, v, w), Andrews et al. [14] investigated a number of
interesting double-summation hypergeometric g-series representations for several families of partitions
and further explored the réle of double series in combinatorial-partition identities:

,f(;)“" r(l,u,v,w;n), (18)

e

R(s,t,1,u,0,w) :=

n=0

'S
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where .
wo())+(w—ul)j

ri,u,o,w:.n) = —1) q—
(orosm) ];J( R CT N T )

We also recall the following interesting special cases of (18) (see, for details, (p. 106, Theorem 3)
in [14]; see also [8]):

R(2,1,1,1,2,2) = (—4; 7)o, (20)
R(2,2,1,1,2,2) = (=% 1*)eo (21)
and 2m. 2m
R(m,m,1,1,1,2) = %. (22)
(4" 4*™)oo

For the sake of brevity in our presentation of the main results, we now introduce the
following notations:

Ry = R(2,1,1,1,2,2),
Rs=R(2,2,1,1,2,2)

and
Ry = R(m,m,1,1,1,2)  (m € N).

Ever since the year 2015, several new advancements and generalizations of the existing results
were made in regard to combinatorial partition-theoretic identities (see, for example, [8,15-24]).
In particular, Chaudhary et al. generalized several known results on character formulas (see [22]),
Roger-Ramanujan type identities (see [19]), Eisenstein series, the Ramanujan-Gollnitz-Gordon
continued fraction (see [20]), the 3-dissection property (see [18]), Ramanujan’s modular equations
of degrees 3, 7, and 9 (see [16,17]), and so on, by using combinatorial partition-theoretic identities.
An interesting recent investigation on the subject of combinatorial partition-theoretic identities by
Hahn et al. [25] is also worth mentioning in this connection.

Here, in this paper, our main objective is to establish a set of six new theta-function identities which
depict the inter-relationships that exist between the multivariable R-functions, g-product identities,
and partition-theoretic identities.

Each of the following preliminary results will be needed for the demonstration of our main results
in this paper (see [26] (pp. 1749-1750 and 1752-1754)):

LIf
P ()R _ v
729(q°) 92 (q"5)
then s ) o2 ,
ratpg=(5) ~(g) (7 +a) )
II. If 5
p— ) and _ @)
75 p(q°) qrp(q")
then

cs(2) () -
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III. If

po ¥@ g oo ¥
q7p(g%) 919 (*)
then
8
(PQ)? {(g) —1| +14P°Q {(g) 1} :P6Q2(77P4)+7Q—p;(1’473)
4
{27(2) —7p* 3+3<g> - pt }
IV. If ,
) and Q- Y
9+ (q°) q72;9(¢°)
then 2 2
(&) e (8 -
V. If ,
7t p(—4%) 72 (q°)
then 2 2
(&) v () -
VL If
p__¥(=4) and Q= lt/](q) ,
gt p(—g3) 7+ ¥(q°)
then

(ORUIC R

2. A Set of Main Results

(25)

(27)

(28)

In this section, we state and prove a set of six new theta-function identities which depict

inter-relationships among g-product identities and the multivariate R-functions.

Theorem 3. Each of the following relationships holds true:
RiR3z <R3R5 )2 <¢72R1R15>2
Rs5Ri5 RiRi5 R3Rs

+ (31]R3R5 } + <3q3R1R15> . <5q4R5R15>
ISTSH R3Rs R1R3

3
( R1Rs )2 _ < R3Rs >3 _ <42R1R15> _ <5q2R3R5> n <5Q4R1R15>
R3R15 RiR15 R3Rs RiR5 R3Rs5

2 2 3 2
+ 5 RiRs5 + 5 RsRs \* _ (34°RsRis\ "~
R3R5 RqR15 RiR5

and

(29)

(30)
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Equations (29) and (30) give inter-relationships between Ry, R, R5 and Rys.

(o) (s ) - <%> <7— i)

gIR1PRar \? [ [Ry* [R1]°R7 °[R1 Ry J*
+ -3 -1
[Rs]*R7 q[Rs]* [Rs]*Ro1 [R3R7]*
RiRn\* 21 (R [Ri2Rn\* 7 (Ri\®
o6 RiR21 21 (Ry 5 7R\ 7[Ry
24 <R3R7> " <R3> 2 ( [R3}2R7> 7 <R3> . GY
Equation (31) gives inter-relationships between Ry, R3, Ry, and Ry;.
2 1 2 1 2 2
RiN"_ (22RiRe) | ((30)2Rs)  (RoRs 32)
R3 RyR3 Ry RiRg) ~

Equation (32) gives inter-relationships between Ry, Ry, R3, and Re.

(et )2_ )L a0 Z((qz;q%w(q%qé)w)z
Re(a%4%)e0 (—0% %) (@ 9%)eo (=% 9%)e0 Ra(q% %)

2

3 2.2 _ 3.6

L (42 Rel@ ) (—0%4%) ) 33)
RaR2(4°;4°)eo

Equation (33) gives inter-relationships between Ry, Re, and R,. Furthermore, it is asserted that
<Rs(q2;q2)w(*q3;q6)m>4 N < RiRa (4% 4°)es )4
Ry R (4% 4°)oo R3(4% 4%)oo (=4% )0
<R3<q2;q2>m <fq3;q6>m>{< RiRu (4% 4°)e )2
RyRa (4% 4°)oo R3(4% %) (=4% )0

> 2
392 RaRy(0% 4%\ (Ri(@EA)e(=a%4% "] 10 ¢ (34)
Rl (qz} qz)oo (7"]3; ‘16)00 q% RaR3(q6;q6)°°

+

Equation (34) gives inter-relationships between Ry, Rg and R,.
It is assumed that each member of the assertions (29) to (34) exists.

Proof. First of all, in order to prove the assertion (29) of Theorem 3, we apply the identity (9) (with
q replaced by 4%, 4° 4'°) under the given precondition of result (23). Thus, by using (20) and (21),
and, after some simplifications, we get the values for P and Q as follows:
R
p— 1¢(q)5 - (35)
72 ¢@) 9> Rs

and

3
_ 31/’('1 ) _ 3R3 . (36)
9z p(9°) % Rys
Now, upon substituting from these last results (35) and (36) into (23), if we rearrange the terms
and use some algebraic manipulations, we are led to the first assertion (29) of Theorem 3.
Secondly, we prove the second relationship (30) of Theorem 3. Indeed, if we first apply the identity
(9) (with g replaced by q3 , qs and qls ) under the given precondition of the assertion (24), and then make
use of (20) and (21), after some simplifications, the following values for P and Q would follow:
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p_ Y@ Ry (37)

and

¥(9°) Rs
W) Rs (3)
q* $(q°) g% Rys
Now, upon substituting from these last results (37) and (38) into (24), if we rearrange the terms
and use some algebraic manipulations, we obtain the second assertion (30) of Theorem 3.

Thirdly, we prove the third relationship (31) of Theorem 3. For this purpose, we first apply the
identity (9) (with g replaced by g%, 47 and g2') under the given precondition of (25), and then use (20)
and (21). We thus find for the values of P and Q that

¥(q) Ry
P=——rr = (39)
7* (@) q* Rs
and )
R7
= zlp ; TR (40)
7+ p(¢*') g% Ry
which, in view of (25) and after some rearrangements of the terms and the resulting algebraic
manipulations, yields the third assertion (31) of Theorem 3.

Fourthly, we prove the identity (32) by applying the identity (9) (with the parameter g replaced
by 42, g% and 4°) under the given precondition of (26), we further use the assertions (20) and (21).
Then, upon simplifications, we get the values for P and Q as follows:

7t 9@ g Rs

p_ Y@ Ry (41)

and )
¥q Ry
T T T (42)
9> $(@°)  q* Re
Now, after using (41) and (42) in (26), if we rearrange the terms and and apply some algebraic
manipulations, we get required result (32) asserted by Theorem 3.

We next prove the fifth identity (33). We apply the identity (9) (with the parameter g replaced by
—q, —4%, ¢* and g°) under the given precondition of (27). We then further use the results (20) and (21).
After simplification, we find the values for P and Q as follows:

po P (@50 (0% (43)
qt ¥(—q°) 7% Ru(9%4%)co

and )
_ W) _ R (44)
92 ¥(a°) 42 Re

Now, after using (43) and (44) in (27), we rearrange the terms and apply some algebraic
manipulations. We are thus led to the required result (33).

Finally, we proceed to prove the last identity (34) asserted by Theorem 3. We make use of the
identity (9) (with the parameter g replaced by —q, —¢° and 4%) under the given precondition of (28).
Then, by applying the identities (20) and (21), we obtain the values for P and Q as follows:
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po P (@58 (0% (45)
4 p(=4°) 9% Ra(q°%4%)0
and
- o __ R (46)
95 9(°) 4% Rs
Thus, upon using (45) and (46) in (28), we rearrange the terms and apply some algebraic
simplifications. This leads us to the required result (34), thereby completing the proof of Theorem 3. [

3. Applications Based upon Ramanujan’s Continued-Fraction Identities

In this section, we first suggest some possible applications of our findings in Theorem 3 within
the context of continued fraction identities. We begin by recalling that Naika et al. [27] studied the
following continued fraction:

_90-9 ¢£0-¢)01-q") PA-—g""H1-¢"?)
YO =0y G-t AP+ )

which is a special case of a fascinating continued fraction recorded by Ramanujan in his second
notebook [5,28,29]. On the other hand, Chaudhary et al. (see p. 861, Equations (3.1) to (3.5))
developed the following identities for the continued fraction U(qg) in (47) by using such R-functions as
(for example) R(1,1,1,1,1,2), R(2,2,1,1,2,2), R(2,1,1,1,2,2), R(3,3,1,1,1,2) and R(6,6,1,1,1,2):

1 R(1,1,1,1,1,2)R(2,2,1,1,2,2)

—_— = . . 3
) TH@ R2,1,1,1,22)} {@707)e (3% 7 )0}, (48)
1
1 F_R(2,1,1,1,2,2) [ R(1,1,1,1,1,2)R(2,2,1,1,1,2) |°
Ja VIO = Re2112,2) { 9R(3,3,1,1,1,2)R(6,6,1,1,1,2) | ’ “9)

1
—— —JUu@g) = f(-q,4°
) (@) = f(=q.9°)
{ R(1,1,1,1,1,2){R(2,2,1,1,2,2)}? )}2’ 50)

7R(6,6,1,1,1,2)R(3,3,1,1,1,2)R(2,2,1,1,1,2

ﬁ B R(2,1,1,1,2,2){R(1,1,1,1,1,2)}?
1/7 )+2= R(6,6,1,1,1,2)R(3,3,1,1,1,2)R(2,2,1,1,2,2) (51)
and
R(2,2,1,1,1,2){R(3,3,1,1,1,2)}3
W U( = 2
+ ~ qR(1,1,1,1,1,2){R(6,6,1,1,1,2)}3" (52)

By using the above formulas (48) to (52), we can express our results (29) to (34) in Theorem 3 in
terms of Ramanujan’s continued fraction U(g) given here by (47).

Remark 2. Even though the results of Theorem 3 are apparently considerably involved, each of the asserted
theta-function identities does have the potential for other applications in analytic number theory and partition
theory (see, for example, [30,31]) as well as in real and complex analysis, especially in connection with
a significant number of wide-spread problems dealing with various basic (or q-) series and basic (or g-) operators
(see, for example, [32,33]).
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Each of the theta-function identities (29) to (34), which are asserted by Theorem 3, obviously depict
the inter-relationships that exist between g-product identities and the multivariate R-functions. Some
corollaries and consequences of Theorem 3 may be worth pursuing for further research in the direction
of the developments which we have presented in this article.

4. Connections with Combinatorial Partition-Theoretic Identities

Various extensions and generalizations of partition-theoretic identities and other g-identities,
which we have investigated in this paper, as well as their connections with combinatorial
partition-theoretic identities, can be found in several recent works (see, for example, [31,34,35]).
The demonstrations in some of these recent developments are also based upon their combinatorial
interpretations and generating functions (see also [25]).

As far as the connections with many different partition-theoretic identities are concerned,
the existing literature is full of interesting findings and observations on the subject. In fact, in the
year 2015, valuable progress in this direction was made by Andrews et al. [14], who established
a number of interesting results including those for the g-series, g-products, and g-hypergeometric
functions, which are associated closely with Schur’s partitions, the Gollnitz-Gordon’s partitions,
and the Gollnitz’s partitions in terms of multivariate R-functions. With a view to making our
presentation to be self-sufficient, we choose to recall here some relevant parts of the developments in
the remarkable investigation by Andrews et al. (see, for details, [14]).

We consider an integer partition of A with parts Ay = - - - 2 A, and denote, as usual, its size by

Al :==A1 4+ 4+ Ay
and its length (that is, the number of parts) by ¢(A) (see, for details, [36]).

Let us now assume that S denotes the set of Schur’s partitions of A such that
)\j*)\j+1>3 (lgjgéfl),
with a strict inequality. We recall Schur’s partitions as follows:

fo(xq) ==Y XA g, (53)

A€S

which is of special interest here due to the following strikingly important infinite-product identity
known as Schur’s Second Partition Theorem (see [37]):

fs(1;9) = (—4:4%)0 (7% 0o (54)

In fact, Equation (54) yields a double-series representation for the two-parameter generating
function for Schur partitions, which is given below:

(—1)" ym2n q(m+3n)z+w

fstig) =} (55)

=0 (@ @)m (4% 4°)n

or, alternatively, as follows (see [14] (p. 103)):

) = (1 X (=4, =75 )
fs(x/Q) - (x’q )00 VE) (£]3;6]3)n .

10
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We next suppose that GG denotes the set of the Gollnitz-Gordon partitions which satisfy the
following inequality:
Aj=Ajpz2 (15j=6-1) (56)

with strict inequality if either part is even. A direct combinatorial argument would now show that

n n? .2
wg) = Y ) ghl =y X147 (440 5
faalwy= ¥ 0T = b ), (57)

Hence, clearly, we have a new double-series representation of the generating function for the
Gollnitz-Gordon partitions, which is given below:

(71)k Lm2k qm2+4mk+6k2

fac(xiq) = )

58
P (@ @)m (9% %)k (%)

We also let G denote the set of the Gollnitz partitions which satisfy the following inequality:
Aj=A122  (1=j=6-1)

with strict inequality if either part is odd. Then, the corresponding generating function for the Gollnitz
partitions is given by
fo(xiq) =) x'M g (59)
AeG
We thus find the following double-series representation of the generating function for the

Gollnitz partitions:
(—1)k xm++2k qm2+4mk+6k2—2k

folxa)= ) (60)

k=0 (@:9)m (4% 9k

Remark 3. As pointed out by Andrews et al. [14] (p. 105, Equations (1.8) and (1.9)), alternative double-series
representations for the double series in Equations (58) and (60) were given in an earlier publication by Alladi
and Berkovich [38].

In order to illustrate the connections of the above-mentioned partition-theoretic identities
with the multivariable R-functions given by Equations (18) and (19), we note that the Schur’s,
the Gollnitz-Gordon and the Gollnitz partition identities can be expressed as follows:

R(3,4,0,2,3,4) = fs(¢4" % q), (61)

R(2,t,0,2,2,2) = feg (4" q) (62)
and

R(2,4,1,2,2,2) = fc(¢ % q). (63)

5. An Open Problem

Based upon the work presented in this paper, we find it to be worthwhile to motivate the
interested reader to consider the following related open problem.

Open Problem. Find inter-relationships between Rg and Ry, Ry (m € N), g-product identities and
continued-fraction identities.

11
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6. Concluding Remarks and Observations

The present investigation was motivated by several recent developments dealing essentially
with theta-function identities and combinatorial partition-theoretic identities. Here, in this article,
we have established a family of six presumably new theta-function identities which depict the
inter-relationships that exist among g-product identities and combinatorial partition-theoretic identities.
We have also considered several closely-related identities such as (for example) g-product identities
and Jacobi’s triple-product identities. In addition, with a view to further motivating research involving
theta-function identities and combinatorial partition-theoretic identities, we have chosen to indicate
rather briefly a number of recent developments on the subject-matter of this article.

The list of citations, which we have included in this article, is believed to be potentially useful for
indicating some of the directions for further research and related developments on the subject-matter
which we have dealt with here. In particular, the recent works by Adiga et al. (see [28,39]), Cao et al. [40],
Chaudhary et al. (see [13,21,22]), Hahn et al. [25], and Srivastava et al. (see [23,29,33,41-45]), and by
Yee [35] and Yi [31], are worth mentioning here.
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Abstract: Certain new classes of g-convex and g-close to convex functions that involve the g-Janowski
type functions have been defined by using the concepts of quantum (or g-) calculus as well as g-conic
domain <leq (A, a]). This study explores some important geometric properties such as coefficient
estimates, sufficiency criteria and convolution properties of these classes. A distinction of new
findings with those obtained in earlier investigations is also provided, where appropriate.
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1. Introduction

The mathematical study of g-calculus, particularly g-fractional calculus and g-integral calculus,
g-transform analysis has been a topic of great interest for researchers due to its wide applications
in different fields (see [1,2]). Some of the earlier work on the applications of the g-calculus was
introduced by Jackson [3,4]. Later, g-analysis with geometrical interpretation was turned into identified
through quantum groups. Due to the applications of g-analysis in mathematics and other fields,
numerous researchers [3,5-14] did some significant work on g-calculus and studied its several other
applications. Recently, Srivastava [15] in his survey-cum-expository article, explored the mathematical
application of g-calculus, fractional g- calculus and fractional g-differential operators in geometric
function theory. Keeping in view the significance of g-operators instead of ordinary operators and due
to the wide range of applications of g-calculus, many researchers comprehensively studied g-calculus
such as Srivastava et al. [16], Muhammad and Darus [17], Kanas and Reducanu [18] and Muhammad
and Sokol [19]. Motivated by [15-21], we consider subfamilies of g-convex functions and g-close to
convex functions with respect to Janowski functions connected with g-conic domain.

Let A be the class of functions of the form

f@)=z+Y anz", acCzel, a
n=2

which are analytic in the open unit disk U = {z:z € C,|z| < 1}. Let A D S, where S represents
the set of all univalent functions in U. The classes of starlike (S*) and convex (C) functions in U are

Mathematics 2020, 8, 440; doi:10.3390/ math8030440 15 www.mdpi.com/journal /mathematics
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the well known subclasses of S. Moreover, the class K of close to convex functions in U consists of
normalized functions f € A that satisfy the following conditions:

feA and Re (ié?) >0, where g(z)€ S™.

Now, for ¥ > 0, the classes k-uniformly convex mappings (x — UCV) and k-starlike mappings
(x — UST), explored by Kanas and Wisniowska, see [22-28]. Kanas and Wisniowska [22,23] also
initiated the study of analytic functions on conic domain O, ¥ > 0 as:

QK:{u+iU:ll>K (u—l)z—i-vz}.

See [22,23] for geometric interpretation of (). These conic regions are images of the unit disk
under the extremal functions /i (z) given by:

1+z —
1-z K_O'

- Vz+1 2, _
1+(10g17ﬁ> = k=1,
1+ sinh? {arctan/z (2 arccos«) } 0<x<1, 2

u(z)

2
1—x2

1 : e NG dx 1
1+ 27 Sin <2R(y) fo mm) t o kK> 1,

where

u(z) = 2

1-/yz

Here, x = cosh (7R (y)/(4R(y))) € (0,1), where R(y) is Legendre’s complete elliptic

integral of first kind and R’'(y) = R(y/1—y?) is its complementary integral, see [22,23,29-34].
If hy (z) =146 (k) z + 61 (k) 22 + - - - is taken from [23] for (2), then

, zel.

8(arccosx)2
m 0 S K < 1,
sky={ % k=1, @)
n? Kk >1,

LR ) (T+y)
d1 (k) = 02 (k) 6 (1),

where

L 0<k<1,
2
H()=1 3 k=1 4)
4R2(y)(y2+6y+1)—712 1
w7
where 77 = 2 arccosx, and y € (0,1).

Definition 1. ([35]) Let p € Aand p(0) = 1 be in the class P (A, «) if and only if

1+ Az
1+az’

p(z) <

(-1<a< A<,

where < stands for subordination.
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Janowski [35] initiated the class P (A, ) by showing that p € P (A, a) if and only if there exists
a mapping p € P such that
p(z)(A+1)—(A-1) 1+Az
p(z)(a+1)—(a—1) " 1+az’

where P is class the of mappings with non-negative real parts.

Definition 2. ([36]) Let function f € A be in the class S* (A, w) if and only if

2@ _p@ALD-(=1) o aoy)

fz) pE)(a+1)—(a—1)

Definition 3. ([36]) Let function f € A'is in the class C (A, «) if and only if

(zf’(z)l> _ p(z)(/\-&-l)—(/\_l), (-1<a<A<1).

(@) PE@+) - (a-1)

Definition 4. ([7]) Let function f € A, n € Nyand q € (0,1), the g-difference (or q — derivative) operator
Dy is defined as:

__fle)—flg2)
Dyf(z) = *W~
Note that
D,2" = [n]z" Y, D, { Zanz”} =Y [n)ganz"",
n=1 n=1
where 1 N
_1—q
["]ﬂ - 1— q .

Definition 5. ([37]) Let function f € Ais in the class Sj (A, ) if and only if

2Dyf(z) _ (A+1)j(z)— (A1)
f@) T @tDp@E - (a-1)

By principle of subordination we can be written as follows:

(-1<a<A<1), g€(0,1).

zDyf (z) - A+1)z+2+(A—1)gz
f(z) (a+1)z+2+ (x—1)gz’

where

~. v 14z
PR =1

Definition 6. ([37]) Let function f € Ais in class Cq (A, &) if and only if

Dy (:Dyf () _ Fz)(A+1)— (A—1)
D@ F@Ern @ (1Ee<ASh, a0

Similarly, by principle of subordination, we can be written as follows:

Dy (zDgf(2))  z(A+1)+ (A —1)gz+2
Dyf(z) z(w+1)+ (a—1)gz+2"

Mahmood et al. [38] introduced the class k — P; (A, &) as:

17
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Definition 7. ([38]) A function h € k — Py (A, a), if and only if

h(z) (AO1 +0O3) I (z) — (AO1 — O3)
(201 + O3) I (z) — (201 — O3)

, k>0,4€(0,1),

where
O1=1+¢q and O3 =3 —q.

In addition, /i (z) is defined in Label (2). Geometrically, the mapping i € k — P, (A, «) takes all
domain values (4 (Aa),1<a<A<1,k>0,which is definable as:

QM) ={r=u+iv:R(¥) >k[¥ 1]},

where
_ (lXOl ) r (Z) (/\Ol — O3)
(@01 4 03) 7 (z) — (AO1 + O5)
This domain describes the conic type domain; for details, see [38].
Note that

(i) When g — 1, then domain Q4 (A, &) reduces to the domain Oy (A, &) (see [39]).
(ii) When g — 1, then the class x — P; (A, «) reduces to the class k — P (A, a) (see [39]).
(iii) Wheng — 1,and ¥ = 0, then x — P, (A, &) = P(A,a) also x — P(1,—1) = P (k) (see ([35]).

Definition 8. ([38]) Let f € A be in the class k — ST 4(B,y), if and only if

(701 — 03) THLEL — (O, - 05)
. ( (

(Y01 +03) L — (50, + 05)

k (701 — 03) 2B _ (0, — 05) 1

f(z)

(701 +03) Zl?cquz — (BO1 +03)

or, equivalently,
quf(z)
—n— €k—="Ps(B,7),
f(z) 10: %9

wherek >0, -1 <y <p<1.

We can see that, when g — 1, then x — S74(B,y) diminishes to the renowned class which is
stated in [39].

Motivated by the definition above, we introduced new classes k —UCVy(B, ), kK —UK;(A, &, B,7)
and « — U Qy (A, «, B, ) of analytic functions.

Definition 9. Let f € A, be in the class k — UCVy(B, ) if and only if

(701~ 03) 2EBLD) (50, — (03)

(701 + 0s) % —(BO1+03)

D, (zDLf(z))
(701 = 03) =57~ — (BO1 — O3)
Sk Dyf(z) —1],

(101 +05) 2GR (40, 105)

18
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ot, equivalently,

Dq (ZDflf(Z)) c k*'Pq(‘B,’)/),

Dyf(z)
wherek >0, -1 <y < B <1,
One can clearly see that
fex—=UCVy(B,7) & zDy(z) € k = ST4(B, 7). (5)

Note that, when g — 1, then the class x — UCV;(B,v) reduces to a well-known class
defined in [39].

Definition 10. Let f € A, be in the class k — UK, (A, a, B,7y) if and only if there exists g € k — ST 4(B,v),
such that

- ((“Ol 03) qu<f§z) (AO; — O3)>
(

(0(01 + 03) qu<f)z) — (AOl +0s3)

3(2)

>k
(a0 +03) LD — (101 +03)

@0y — 03) 2 (10, — 0y) 1'

We can write equivalently
quf(z)
8(2)
wherek >0, -1<y< <1, -1<a<A<L

€k—"Py(A ),

Note that, when g — 1, then, the class k — U ICq (A, a, B,v) reduces into the well-known class that
is defined in (see [40]).

Definition 11. Let f € A, belong to the class k — U Qq(A, w, B, ) if and only if there exist g € k —CVq(B,v),
such that

(201 — O3 )M (A0 — O3)

(
@)
(€0 +03) 75’”(2[’“{ 9) (201 +03)

Dy (zDgf(z)
(«0; — O3) ’(qu"é)) — (A0, — 03)

>k D, (Dy 7)) -1,
z z
(aOl + 03) % - ()\Ol + 03)

ot, equivalently,

Dy (2D4f(2))

q q
— " € k—Py(A«),
Dqg(2) )
where, fork >0, -1 <y <p<1,-1<a<A <1
It is simple to verify this
fex—UQ(Aa,B,y) & zDgf € k —UK;(A,a, B, 7). (6)
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A special case arises when g — 1, then the class x — U/ Qq (A, a, B,y) reduces to a well known class
defined in [40].
2. Set of Lemmas

Lemma 1. ([41]) Suppose 1 + Y5 1 cuz" = d(z) < H(z) = 1+ Y1 Cuz". If H(U) is convex and H(z)
€ A, then
len| <|C1|, n>1.

Lemma 2. ([38]) Suppose d(z) =14 Y57 cuz" € k —Py(A, ), then

O1(A —a)

lenl < 18 (kA 2)] = 21

o(k),
where ¢ (k) is given by (3).

Lemma 3. ([38]) Suppose d € k — ST 4(B,v), k > 0 is given by

d(z) =z+ Y byz", zel,

n=2

then

bl <72 ’5(]()01(/3_7) —4q [m]q'y‘
| ﬂ| = Hm:O 4"] [m -+ 1}[7 ’

where §(k) is given by (3).
Lemma 4. ([42]) Supposed € S*, f € Cand G € S, then we have

f(z) xd(z)G(2)
f(z) xd(2)

means convolution and ¢o(G(U) means the closed convex hull G(U).

eco(G(U)), zel.

s

Here,

Lemma 5. ([38]) The function f € A will belong to the class k — ST 4(B, ), if the following inequality holds:

i {203(1 +k)gn—1],+ ‘('Yol +03) [n], — (BO1 + (03)‘} ||
<O1ly—pl.

Throughout this paper, we assume thatk >0, -1 <y < <1, -1 <a <A <1,andqg € (0,1),
unless otherwise specified.

3. Main Results

Theorem 1. Let f € A; then, f is in the class k — UCV4(B, y), if the following inequality holds:
Y- [n], {205 (k+1)q [ =1, + | (01 + Os) [n], = (BO1 + 03) | } ||
n=2
<O1ly—Bl.

Proof. By Lemma 5 and relation (5), the proof is straightforward. O

For g — 17, in Theorem 1, then we obtained following corollary, proved by Malik and Noor [39].

20
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Corollary 1. Let f € A; then, f belongs to k —UCV (B, ), if the following inequality holds

S n {20k 4 1) (1= 1)+ [n (r 1) — (B4 1)]} |an] < |7 Bl

n=2

Theorem 2. Let f € A, then f is in the class k — UK ;(A, &, B, ), if the condition (7) holds

J

)

2 {203 (k+1)

n=2

[], an| + ‘(acOl +03) 1], an — (A1 + O3)by

§01|067/\‘.

Proof. Presuming that (7) holds, then it is enough to show that

3(2)
(201 +05) 2L — (20, +05)

. (a0; — 03) LB (30, — 03) 1‘

r ] @01=09) D, é £ — (20, - 05) :
" Re ,
(201 +03) 2L — (10, +05)

<1

We have

| 001 - 05) T € (r0y - 03)
(20, + 03) 2 7f

-1

— (A0 4+ 03)

) (201 — 05) 2L — (20, - 05) :
_Re 1\
(aol+o)ZDﬂf(Z) (AO; + 03)

(201 — 05) 2L — (20, - 05)

< (k+1) -1

’

(201 +05) 2L — (204 +05)

8(z) —zDyf(z)

=200 D) [ (00, +03) 2D, () - (401 + 03)52)

’

Lia {bn = [y an} ="
O (a—MNz+Y2, {(ao1 +03) [n],an — (A0; + O3)bn} o

=20;3(k+ 1)

203k +1) Ty { b — [ aa |}
" 01— Al = K |(aO1 + Os) [y an — (AOy +O3)bn|

21
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The expression (8) is bounded above by 1 if

gk

[203(k+1)

+ |(@01 + 03) 1], an — (AO1 + O3)b

J

by, — [n]q an

3
U

2
(O1) [ = Al

IN

|

Corollary 2. ([40]) Let f € A. Then, f is in the class k — L{Kqél(/\, o, B,v) = k—UK(Aa,B,7),
if the following condition holds:

e

{2(k+1) |by — nay| + |(« + D)nay, — (A +1)by|} < Ja — A

n=2

Here, g — 1 represents the limiting value of q as it approaches 1.

Theorem 3. Let f € A. Then, f is in the class k — U Q4 (A, a, B, y), if the following condition holds:

}

¥ ln], [205(k+ 1)
n=2

SO]‘D{*)\‘.

bu — 1], au| + | (€01 + Os) 1], an — (AO1 + O3)b,

Proof. By Theorem 2 and relation (6), the proof is straightforward. [

Corollary 3. ([40]) Let f € A. Then, f is in the class k — UK ;1 (A, a, B,7) =k —UQ(A, &, B,7), if

Y n{2(k+1) |by — nan| + [(a + Dnay, — (A4 1)bu|} < o — A
n=2

Corollary 4. ([43]) Let f € A. Then, f is in the class 1 — UK ;1 (1 — 27, -1,1, 1) = UK(7) if

1—
Y o] < ——
— 2
n=2

Theorem 4. Let f € k —UCV,(B, ), is of the form (1). Then,

_ 1 (1900015 —) —4q 1,
[aa] < mnm:o 4q [m + 1]q ¢

where §(k) is given by (3).

Proof. By Lemma 3 and relation (5), the proof is straightforward. [

For g — 17, Theorem 4 brings to the following corollary, proved by Noor [39].

Corollary 5. Let f € k —UCV(B, ). Then,

|un| < %H"mfo (l‘s(k)(lg — 7) — 2m7‘> ,

2(m+1)

where 5(k) is given by (3).
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Theorem 5. If f € k —UK;(A,«,B,v) and g € k — ST 4(B,y), then,

H" 2 [80001 (B=7)—4qlm]1 |
m= 4q[m+1]

jan| <
S 7 Wi | fron olﬁ:pizﬂ Al
where §(k) is given in (3).
Proof. Let us take

where
hek—Py(Aa)and g € k—ST4(B, 7).

Now, from (9), we have
zDyf(z) = g(z)h(z),

which implies that
z4 Lo [n]ganz" = (14 Toenz") (2 + Lilobnz")

By equating z" coefficients
[n]qanfb +2 1bcn ya=1b=1
This implies that

(1] lan] < [bal + 7 (b [en—s] -

Since h € k — Pq(/\, «), therefore, by using Lemma 2 on (10), we have

0(k)O1(A — _
il el < o] + LA W )

Again g € k — ST4(B, ), therefore, by using Lemma 3 on (11), we have

3(k)Or (B—) —4q[m]qy
H <| 14q[nz+1] : |>
‘an| < ) |
5(K)O; (A S(k)O1 (B—)—4q(m],y
+74[2] Sr 11,2 <4q[m+1]q )

O

Corollary 6. ([£0)If f € k — Z/{IC,Hl(/\, o, B,7) =k—UK(A, B, ), then
2
1Hm 2 ( )(ﬁ(m"i)l) mvl)

Azx 2
+AREynotry, 2, (MRl g > o,

|un| <

23
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where §(k) is defined by (3).
Corollary 7. ([26])If f € k — LHCLHl(l, —1,1,-1) = k— UK, then

lan| < % +@ 7:1%

Corollary 8. ([44])If f € 0 —UK;1(1,-1,1,-1) = K, then
lay] <n, n>2.
Theorem 6. If f € k —UQ4(A,w, B,7), then

T2 2]5 )O1(B—7)—4q[m ,n|
4q[m+1]q

(wq)

‘an| <

" 3(k)O1 (B—7)—4qljlyr
o (O[I]A) )2” 1H] | ’ 14q[]+1] : |

nz=2,
where 6(k) is defined by (3).
Proof. By Theorem 5 and relation (6), the proof is straightforward. [

Corollary 9. ([40])If f € k—UQ,1(N, &, B,v) = UQ(A,a, B, ) and is of the form (1), then

2m
nznm 0( )<2ﬂ(m1>1) "Y|)
|un| <

2
2;12 En lnm 0 ( (Zﬁ(m’«ykl) nry\) , n>2.
Theorem 7. If f € k —Py(B,v) and x € C, then f x x € k —Py(B, ).

Proof. Here, we prove that

2D, (x(2) * £(2)
@) CFPAN
Consider
D, (x(2) £(2)) _X(2)+£() (FE7)
(X F(@) XE @
X fR¥E)
X f@)
quf(z)

where o = ¥(z) € Py(B, 7). By using Lemma 4, we obtain the required result. [
Theorem 8. If f € k — UK (A, o, B,) and x € C, then f x x € k —UK;(A, &, B, 7).

Proof. Since f € k —UK;(A, &, B,7), there exist g € k — ST 4(B,v), such that ZD;(iégz) € k—"Py(A x).
It follows from Lemma 4 that x x g € k — ST 4(B, 7).
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Consider

where F € k — ST 4(A, a). By using Lemma 4, we obtain the required result. []

4. Conclusions

In this paper, we use Quantum Calculus to define new subclasses k — CVy (By), k—=U Kq(A, e, 8,7)
and k — U Qqﬁl (A, &, B, ) of analytic functions involving conic domain and associated with Janowski
type function. We then investigate many geometric properties and characteristics of each of these
families such as coefficient inequalities, sufficient condition, necessary condition, and convolution
properties. For verification and validity of our main results, we have also pointed out relevant
connections of our main results with those in several earlier related works on this subject.

For further investigation, we can make connections between the g-analysis and (p, 4)-analysis,
and the results for g-analogues which we have included in this article for 0 < g < 1 can be possibly
be translated into the relevant findings for the (p,q)-analogues with (0 < g < p < 1) by adding
some parameter.
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1. Introduction and Preliminaries

Let U denote the open unit dick in the complex plane C. A function w : U — C s called a Schwarz
function if w is a analytic function in U with w(0) = 0 and |w(z)| < 1 for all z € U. Clearly, a Schwarz
function w is the form

w(z) = wiz+ wyz2 4.

We denote by () the set of all Schwarz functions on U.
Let A be consisting of all analytic functions of the following normalized form:

f@) =2+ Y and", M
n=2

in the open unit disk U. An analytic function f is said to be univalent in a domain if it provides
a one-to-one mapping onto its image: f(z1) = f(z2) = z1 = z. Geometrically, this means that
different points in the domain will be mapped into different points on the image domain. Also, let S
be the class of functions f € A which are univalent in U. A domain D in the complex plane C is called
starlike with respect to a point wg € D, if the line segment joining wy to every other point w € D lies in
the interior of D. In other words, forany w € Dand 0 < t <1, twy + (1 —t)w € D. A function f € A
is starlike if the image f(D) is starlike with respect to the origin.
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For two analytic functions f and F in U, we say that the function f is subordinate to the function F
in U and we write f(z) < F(z), if there exists a Schwarz function w such that f(z) = F(w(z)) for all
z € U. Specifically, if the function F is univalent in U, then we have the next equivalence:

f(z) < F(z) <= f(0)=F(©0) and f(U)C E(U).

The logarithmic coefficients 7y, of f € S are defined with the following series expansion:

log <f(z)> :zi%(f)z", ze . @)

z n=1

These coefficients are an important factor in studying diverse estimates in the theory of univalent
functions. Note that we use 7, instead of v, (f). The concept of logarithmic coefficients inspired
Kayumov [1] to solve Brennan’s conjecture for conformal mappings. The importance of the logarithmic
coefficients follows from Lebedev-Milin inequalities [2] (Chapter 2), see also [3,4], where estimates of
the logarithmic coefficients were used to find bounds on the coefficients of f. Milin [2] conjectured
the inequality

n m

)N (km\z—@ <0 (n=1,23,--),

m=1k=1

which implies Robertson’s conjecture [5], and hence, Bieberbach'’s conjecture [6]. This is the famous
coefficient problem in univalent function theory. L. de Branges [7] established Bieberbach’s conjecture
by proving Milin’s conjecture.

Definition 1. Let g, n € N. The q*" Hankel determinant is denote by Hy (1) and defined by

ay Ap+1 - arH»qfl
An+1 n+2 - n+q
Hy(n) =1 . o o ®)
Apntq—1 An+q -+ OAny2q-2

where ay (k =1,2,...) are the coefficients of the Taylor series expansion of a function f of the form (1). Note
that ay = 1.

The Hankel determinant Hy(n) was defined by Pommerenke [8,9] and for fixed ¢, n the bounds
of |Hy(n)| have been studied for several subfamilies of univalent functions. Different properties of
these determinants can be observed in [10] (Chapter 4). The Hankel determinants Hy(1) = a3 — a%
and Hy(2) = apay — a3, are well-known as Fekete-Szegd and second Hankel determinant functionals,
respectively. In addition, Fekete and Szegd [11] introduced the generalized functional a3 — Aa3,
where A is a real number. Recently, Hankel determinants and other problems for various classes of
bi-univalent functions have been studied, see [12-16].

For a € [0,1), we denote by S*(a) the subclass of A including of all f € A for which f is a starlike
function of order a in U, with

Re ZJ{;S) > (zel).

Also, for a € (0,1], we denote by S*(«) the subclass of A consisting of all f € A for which f is
a strongly starlike function of order « in U, with

() < e

Note that §*(1) = §*(0) = S*, the class of starlike functions in U.
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For & € (0,1], we denote by C(«) the subclass of A including all of f € A for which
‘Arg (f’(z))‘ < % (z € ).

Note that C(1) = C, the subclass of close-to-convex functions in U. Here we understand that Argw
is a number in (-7, 77].
For a € (0,1], Nunokawa and Saitoh in [17] defined the more general class G(«) consisting of all

f € Asatisfying
zf"(2) ®
Re<1+ f’(z)><1+2 (zel).

They proved that G(«) is a subclass of §*. Ozaki in [18] showed that every function G(1) is
univalent in the unit disk U. In the following, Umezawa [19], Sakaguchi [20] and Singh and Singh [21]
obtained some geometric properties of G(1) including, convex in one direction, close-to-convex and
starlike, respectively. Obradovi¢ et al. in [22] proved the sharp coefficient bounds for the moduli of the
Taylor coefficients a, of f € G(«) and determined the sharp bound for the Fekete-Szeg functional for
functions in G(«) with complex parameter A. Also, Ponnusamy et al. [22,23] studied bounds for the
logarithmic coefficients for functions in G («).

Here, we introduce a class as follows:

Definition 2. For «, 6 € (0,1], we define the subclass G («, ) of A as the following:

G (,8) = {feA:‘Arg(zza—3<1+zj{,ﬁ(g)>> <‘577T (ZEU)}.

o

It is clear that G (a,1) = G(a) for & € (0,1]. Letw,é € (0,1], identity function on U belongs to
G (a,8) which implies that G («,§) # @. By means of the principle of subordination between analytic
functions, we deduce

"(z a z\° o
g(lx’&):{fEA:1+Z]]:/(.(z))_<_2<1jz> -i-2J2r = ¢(z) (ZEU)}. (4)

Since the function f defined by

f(z):/ozexp ./Oxg(tdt dx (zeD)

satisfies

we deduce f € G (a,0).

The aim of the present paper is to study some geometric properties for the class G («, ) such
as strongly starlikeness and close-to-convexity. Also we investigate sharp bounds on logarithmic
coefficients and Fekete-Szegd functionals for functions belonging to the class G («, §), which incorporate
some known results as the special cases.
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2. Some Properties of the Class G (, )

We denote by Q the class of all complex-valued functions g for which g is univalent at each

U\ E(g) and ¢’ (&) # 0 for all ¢ € 9U \ E(q) where

E(q) = {C €dU: limg(z) = oo}.
z—¢
The following lemmas will be required to establish our main results.
Lemma 1 ([24] (Lemma 2.2d (i))). Let g € Q with q(0) = a and let p(z) = a + puz" + ... be analytic in U
with p(z) # 1and n > 1. If p is not subordinate to q in U then there exist zy € Uand &y € oU \ E(q) such
that {p(z):z €T, |z| < |zo|} € (),

p(z0) = 4(%o)-
Lemma 2. (see [25,26]) Let the function p given by
p(Z) =1+ Z cnz"
n=1

be analytic in U with p(0) = 1 and p(z) # 0 for all z € U. If there exists a point zg € U with

Jarg (p()| < BT (2] < o)

and

for some B > 0, then

2P(20) _ g (= o),

p(20)
where .
k> ata >1 when arg(p(z)) = 'BTH (5)
and .
k< _a+211 < -1 when arg(p(z0)) = —'57”, (6)
where
[p(zo)]l/ﬁ =+ia and a>0.
Theorem 1. Let o, p € (0,1]. If f € A satisfies the condition
240 2 zf"(z) 4B
’Arg( " a (l+ i) ‘ < Arctan 714 7)

then

ang (L) < B e

Proof. Let f € A and define the function p : U — C by

_zf'(z) _ > ).
p(z) e 1+,;an (ze )
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Then it follows that p is analyticin U, p(0) =1,

zf"(z) _
1+ o) p(z) +

(zel)
and p(z) # 0 forall z € U. In fact, if p has a zero zg € U of order m, then we may write

p(z) =(z—2z0)"p1(z) (mMeN=123,---),

where py is analytic in U with p1(zg) # 0. Then
24a 2 zp/(z 24+a 2 zp)(z mz
77<p(z)+ p()): 75(,](2)+ m) )

a « p(z) o pi(z)  z—2z2

Thus, choosing z — z, suitably the argument of the right-hand of the above equality can take
any value between —7t and 7r, which contradicts (7).
Define the function g : U\ {1} — Cby

B _
10 = (112) cevvap.

Theng € Q,q(0) = 1and E(q) = {1}. Itis clear that | Arg (p(z))| < ﬁ% for all z € U if and only

if p<gonU. Let | Arg (p(z1))| > ‘877[ for some z; € U. Then p is not subordinate to g. By Lemma 1

there exists zg € Uand &y € 9U \ {1} such that {p (z) : z € U, |z| < |z0|} C q(U) and p(z9) = q(&o)-
Therefore,

| arg (p2)| < £,

forall z € U with |z| < |zg| and
7
| axg (p(z0)) | = £
Then, Lemma 2, gives us that
200'(20) _ g
p(20) '

where [p(zo)}% = =ia (a > 0) and k is given by (5) or (6).
Define the function g : (0,a4) — R by

2 (Bgin(P™
gty = =& (t ° (ZHﬁ) te (0,a).

2 7T
1-— mtﬁcos%

Then g is a differentiable function on (0,4) and g’(#) > 0 for all t € (0,a). This implies that the
function 1 : (0,4) — R defined by

h(t) = Arctan (g(t)) t€ (0,a),

is a non-decreasing function on (0, a). Thus

h(a) > lim h(t) = Arctan< 2p > .

=0t 2+a
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Therefore, we have

Arctan (M) > Arctan (2—ﬁ> .

172+—Ma/5cos‘577I 2+w

Now we consider six cases for estimation of Arg (p(z0)) as follows:

B

Case 1. Arg (p(z0)) = > and 1 — y2aP cos B > 0. In this case we have [p(z )]%

2+
and k > 1. Therefore,

2+ (2 zop'(z0) B 2 g P .2 o BT
Arg( <1 2+a<p(20)+7p(20> =Arg |1 st s —ipo | alsin

= Arctan ( ZM (aﬁ sm - kﬁ) )

1-— muﬁ cos ﬁz
52 (aPsin BT 4 B
< Arctan M
1— maﬁ cos 52
aﬁ sin £ /3)
= — Arctan
— maﬁ cos /3"

< — Arctan (

Now applying (8) and (9) we get

ia (a > 0),

s (50 (1 (0 +5653)) ) = a1 2 (o0« 5557

v (1 s (e

% aP sin M +/3)
< — Arctan 2 5. P
1-— maﬁ cos 5~
2B
<

— Arctan (

which contradicts (7).
Case 2. Arg (p(z0)) = ‘6771 and 1 — malg cos '52 = 0. In this case, we have p(z)
isin ﬁ") and k > 1. Thus —m (a’jsm Ex +k/5) < 0and so

(552 57) -

T 2B
=3 < — Arctan <m> ,

which contradicts (7).
Case 3. Arg (p(z0)) = ‘6771 and 1 — ﬁaﬁ cos 'B < 0. In this case, we have p(zg) =
lsm/3 ) and k > 1. Thus
2+ (aﬁ sin ﬁn + kﬁ)

1— maﬂ cos 2

> 0.
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za (uﬁsin‘%-[ +kﬁ>>
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Therefore,

Arg (2+a (1—2ia (P(Zo)ﬂ“zf(,%;;)))) = Arg (1_ 2ia”ﬁcosﬁ7n_i242r (”ﬂsmi;+kﬁ>>
lemt )
= —7 + Arctan

1 y2gab cos by
s
< 77‘[‘9’5
_ s
2

2
< — Arctan (—ﬁ> ,
2+

which contradicts (7).

Case 4. Arg (p(z0)) = —% and 1 — maﬁ cos ﬁ > 0. In this case we have p(z) = aP(cos ﬁT -

isin ﬁ”) and k < —1. Thus — 5 ( aP sin ’Bn + kﬁ) < 0. Now , applying (8) we get

2+:x
(aﬁe 2 +1kﬁ)>

s (50 (1 (e + 2257) ) ) = (155

—2 (—aPsin B + kB
= Arctan e ( )
1-—- maﬁ cos ﬁn
—>2_(—aPsin ﬁﬂ -B
> Arctan e ( )
1-— maﬁ cos ﬁn
2 (aPsin B + B
= Arctan M
1- ﬁaﬁ cos 5771
> Arctan < 2p > ,
2+

which contradicts (7).
For other cases applying the same method in Case 2. and Case 3. with k < —1 we obtain

(3512 o0+ 75))) 2 o 2.

which contradicts (7). Hence the proof is completed. [

Corollary 1. Let a, € (0,1) and 6 = 2 Arctan <2+a) Iff € G(a,0), then f € S*(B).

Theorem 2. Let o, p € (0,1]. If f € Aand
240 2 zf"(z) 2B
’Arg ( Fa— <l + 02) )) ‘ < Arctan <?> , (10)

| Arg (f(2))] < 57” (z € U).

then
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Proof. Define the function p : U — C by

and p(z) # 0 for all z € U. If there exists a point zg € U such that

| arg (p(2))] < 7,

for all z € U with |z| < |zg| and

| Arg (p(z0)) | = £

Then, Lemma 2, gives us that
zop'(20) _ .
=2 = kB,
pa) P
where [p(zo)}/% = +ia (a > 0) and k is given by (5) or (6).
7T

For the case Arg (p(z9)) = > when

=

p(z0)]F = ia (a>0)

and k > 1, we have

v (5 (s (0 5))) =2 (- 2 (4 56)

= Arg (1 - % (1+ ikﬁ))

which contradicts (10).
Next, for the case Arg (p(z)) = — % when
p(zo) =i (a>0)
and k < —1, using the same method as before, we can obtain
v (50 (s (0 5))) (s (0 5)
= Arg (1 - 24—% (1+ ikﬁ))

= Arctan <ikﬁ>
o
> Arctan <%> ,
o
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which is a contradicts (10).
Consequently, from the two above-discussed contradictions, it follows that

|Arg (£(2)] < Y zew)

and hence the proof is completed. [J

Corollary 2. Let o, € (0,1] and 6 = 2 Arctan( ) Iff € G(0), then f € C(B). In other words, if
f € G (a,d), then f(z) is close-to-convex (univalent) in U.

3. Coefficient Bounds

In this section, we give a the general problem of coefficients in the class G («, §) like the estimates
of coefficients for membership of this, bounds of logarithmic coefficients and the Fekete-Szegt problem
with sharp inequalities. In order to achieve our aim we need to establish some knowledge.

Lemma 3 ([27] (p. 172)). Let w € Qwith w(z) = OZO‘, wyz" forall z € U. Then |wq| < 1and

n=1

lw,| <1—|wi* foralln € Nwithn > 2.

Lemma 4 ([28] (Inequality 7, p. 10)). Let w € Qwith w(z) = Y. wyz" forall z € U. Then

n=1
|wy — tw?| < max{1,|t|} forallte C.

The inequality is sharp for the functions w(z) = z% or w(z) = z.

Lemma 5 ([29]). If w € Qwith w(z) = E wyz" (z € U), then for any real numbers qq and qo, we have the
n=1
following sharp estimate:

3 + qrwrws + g2w3| < H(q1;92),

where

1 if (q1,92) € DyUDU{(2,1)},
|92 it (q1,492) € U{_3Dx,

1
3|l +1) (73(\17'1'1\1?1#:12)) *if  (q1,42) € Dg U D,
1
2_4 24 \2 )
5 (,724,,2) (3(‘7171271)> if  (q1,q2) € DiUDn \{(21)},

%(\ml—U(%) it (q1,92) € D2,

H(q1;q2) =

[N

and the sets Dy, k =1,2,...,12 are stated as given below:

{WW\m<—mK@
{(ql 7))y < Il <2 = ((\q1\+1) ) —(lql+1) < g2 gl},

@mm\m<—m<4}
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{q1@ TES: Am<ffwn+n}

{(q1,92) : I £2, 92 2 1},

(1,02) :2< || <4, g2 > *(lh +8)}

(qua):lml =24 922 3 (\‘h\*l)}

4
(91,92) 7<mwz—4mww<@<—0mww)4mwn}

{m@\m>z—4mun n< ym@ug}

- q +2|q1| + 4

2|q1‘(‘q1‘ 1) 2
:2< <4, S— - <qgp < — +8) 7,

2 +1 2 -1
Dy — %%‘m>4wmm ) wwn>}

‘7 2| 4 2= 2|q1| +4
2\‘11\(\?1\ 1) 2
Dy = i) |gp| >4, SR 2) (gl -1) 5.
12 {(‘71 72) ¢ ml TR <= S(nl-1)

We assume that ¢ is a univalent function in the unit disk U satisfying ¢(0) = 1 such that it has
the power series expansion of the following form

@(z) =1+Biz+Byz> + B3z’ +..., z€ U, with By #0. 11)

Lemma 6 ([30] (Theorem 2)). Let the function f € K(¢). Then the logarithmic coefficients of f satisfy the
inequalities

|B1]

< == 12
ml == (12)

%‘ if  |4By + B2| < 4|By],
72| < ) (13)

4B B
|247§1‘ it |4By + B3| > 4(By],
and if By, By, and Bs are real values,

73| < ‘ ‘ H(q1;q2), (14)

4By

By
where H(qq;q2) is given by Lemma 5, g1 = "B and g =

Theorem 3. Let f € G (w,6). Then

wd i%) %)
oo < 5, laal <%, sl < T Hgii02),

where H(q1;q2) is given by Lemma 5,

_ —3ad
n=—

3¢ a2 2 1
2 < =
+26 and q275<2 +2+3>+3.

The first two bounds are sharp.
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Proof. Set g(z) =: zf'(z), where f € G («,0) and suppose that g(z) = z+ Y byz". Hence b, = nay,
n=2
for n > 1. Then from (4), it follows that

z9'(z) w (1+z)° 24a

=1— bz — ad?2? — %a&(Z(SZ +1)2° +

:=14Biz+Byz> + B33 + - --

Now, by the definition of the subordination, there is a w € Q with w(z) = Y57 w,z" so that

=1+ Bywyz + (Bywy + Byw?)z? + (Byws + 2wy wyBy + Baw$3)z® + - - -
From the above equality, it concludes that
by = Bywy
2b3 — h2 = Bywy + Bzwl
3by — 3byb3 + bS Biws 4+ 2wiwy By + ngl

First, for by, from Lemma 3 we get |by| < ad, and so |ap| < "‘75. Next, utilizing Lemma 3 for b3 and
using |B, + B?| < |By|, we have

|B1|(1 = |w1[*) + By + B [wy |

bl <
bs] < 5
|By|+ [|B2+ B2| — |By]] |un|?
B 2
Bl _w
-2 2

Ultimately, utilizing Lemma 5 for a4, we have

By
<21
|ba <=

3, L 28 Sy L B
C3+(281+Bl)w1wz+<232+28 B, wy

B
S@lH(!h;qz),

where

1
L

3 2B, —30d 3 1 B3 5 [ —3ua 2
q17§B1+Bif 5 +26 and 72 = Bz+231+3775 T+7+3

The extremal functions for the initial coefficients a, (n = 2,3) are of the form:

n 3 B
o= fen([ ML) i o B

obtained by taking w(z) = z" in (4). Therefore, this completes the proof. [

Theorem 4. Let f € G (w,6). Then

%) «d
ml< 7, Inl<sg hnls< 24H(111r‘12)
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o _ gt 2224
where H(qy;q2) is given by Lemma 5, g1 = =254 and gy = —* +2 3

. The first two bounds are sharp.

Proof. The results are concluded from Theorem 6 by setting ¢ := ¢. Also, two first bounds are sharp
for fy(z) for n = 1,2, respectively. Therefore, this completes the proof. [

Theorem 5. Let f € G («,6). Then we have sharp inequalities for complex parameter p

5 3
) %)1—0{—&-7”0(‘ for ‘y—&—%(l—aﬂzﬁ,
)QS a Wz‘ = 5 2 2

s for [ut 2 (1-w) < 2.
Proof. Let f € G («,6), then from (4), by the definition of the subordination, there is a w € Q) with
w(z) = Y wsz" so that

1+ Zj:;;iz)) = 4)((‘](2)) =1+ Bjwiz+ (Blwz + Bzw%)zz 4o

Therefore, we get that

2ay = Byw, and 6as — 4u% = Byw, + B2w%.

Form the above equalities, we have
2| _ 1 2
’113 - ;4112’ = 8\B1| }wz +vw1‘ .

The results are obtained by the application of Lemma 4 with v = {g—? + Bi(1— 3%')], where
By = —ad and By = —ad?. Equality is attained in the first inequality by the function f = f; and in the
second inequality for f = f,. [

Remark 1.

(i) Taking into account 6 = 1 in Theorem 3, we get the result obtained in [31] (Theorem 1) for n = 2,3, 4.
(ii) Setting & = 1 in Theorem 3, we have the result obtained in [23] (Theorem 2.10).
(iii) Letting 6 = 1 in Theorem 4, we obtain a correction of the result presented in [31] (Theorem 2).
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Abstract: The purpose of this paper is to introduce g-analogues of generalized Lupas operators,
whose construction depends on a continuously differentiable, increasing, and unbounded function p.
Depending on the selection of g, these operators provide more flexibility in approximation and the
convergence is at least as fast as the generalized Lupas operators, while retaining their approximation
properties. For these operators, we give weighted approximations, Voronovskaja-type theorems, and
quantitative estimates for the local approximation.
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1. Introduction

Approximation theory rudimentarily deals with the approximation of functions by simpler functions
or more easily calculated functions. Broadly, it is divided into theoretical and constructive approximation.
In 1912, S.N. Bernstein [1] was the first to construct a sequence of positive linear operators to provide
a constructive proof of the prominent Weierstrass approximation theorem [2] using a probabilistic
approach. One can find a detailed monograph about the Bernstein polynomials in [3,4]. Cardenas
etal. [5] in 2011, defined the Bernstein type operators by B, (fot~!)ot and showed that its Korovkin
set is {eo, T, TZ} instead of {eg, e1, €2 }. These operators present an interesting byproduct sequence of
positive linear operators of polynomial type with nice geometric shape preserving properties, which
converge to the identity, which in a certain sense improves B, in approximating a number of increasing
functions, and which, apart from the constant functions, fixes suitable polynomials of a prescribed degree.
The notion of convexity with respect to T plays an important role. Recently, Aral et al. [6] in 2014
defined a similar modification of Szdsz-Mirakyan type operators obtaining approximation properties
of these operators on the interval [0, o).

Very recently motivated by the above work, Ilarslan et al. [7] introduced a new modification of
Lupas operators [8] using a suitable function p, which satisfies the following properties:

(p1) p be a continuously differentiable function on [0, c0),
(p2) p(0) =0and l[nf )p( u) > 1
The generalized Lupas operators are defined as

Lh(fru) =27t Z 2/1: ( o) <%> @

1=0

Mathematics 2020, 8, 68; do0i:10.3390/math8010068 43 www.mdpi.com/journal /mathematics
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for m > 1, u > 0, and suitable functions f are defined on [0, c0). If p(u) = u then (1) reduces to the
Lupas operators defined in [8].

flarslan et al. [7] gave uniform convergence results on a weighted space, where the weight function
is ¢(u) = 1+ p?(u) satisfying the conditions (p1) and and (p») given above, in the sense of Gadjiev’s
results [9,10]. For the rate of convergence, the authors used a weighted modulus of continuity stated by
Holhos in [11] using the weight function. They obtained a Voronovskaya-type result and monotonicity
of the sequence of operators E’,Jn (f;u). Moreover, they obtained some quantitative type theorems on
weighted spaces.

The purpose of this paper is to define the g-analogue of operators (1) which depend on p.

Before proceeding further, let us recall some basic definitions and notations of quantum calculus [12].
For any fixed real number g > 0, the g-integer [I],, for I € N (set of natural numbers) are defined as

(1-¢")
(1= a1 #1
1, g=1,

and the g-factorial by

1]yt = {yw ~Uge-[1ly, =1

The g-Binomial expansion is
(+y)y = (u+y)(u+a)u+qgy) - (u+q"y),

and the g-binomial coefficients are as follows:

7] -t
! q' (g!m —1gt

The Gauss-formula is defined as:

m

(wty)i =} { I } g U2y,
q

j=0

After development of g-calculus, Lupas [13] introduced the g-Lupas operator (rational) as follows:

1 -1 _
() 7]
q

TT{(1—u) + ¢}
j:l

Ling(fru) =

I

and studied its approximation properties.
Similarly, Phillips [14] constructed another g-analogue of Bernstein operators (polynomials)
as follows:

1=0 [m]q

m m—1—1
Bm,qu;u):z{ﬂ W TL =g 7 (), e o ®
q s=0

where By, 5 : C[0,1] — CJ[0, 1] defined for any m € Nand any function f € C[0, 1], where C[0, 1] denotes
the set of all continuous functions on [0, 1].

The basis of these operators have been used in Computer Aided Geometric Design (CAGD) to
study curves and surfaces. Then it became an active area of research in approximation theory as well
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as CAGD [15-17]. In the recent past, g-analogues of various operators were investigated by several
researchers (see [18-23]).

The g-analogue is a very interesting idea. It can also be used in statistical and biological
physics, multi- type directed scalefree percolation, and modeling epidemic spread with awareness and
heterogeneous transmission rates in networks.

Persuaded by the above mentioned work, we introduce the g-analogue of operators (1) which
depends on a suitable function p, as follows:

Definition 1. Let 0 < q < 1and m € N. For f : [0,00) — R, we define g-analogue of generalized Lupas

operators as
00

Lhg( i) = 27t mz]lq[? * (for7?) <%> ?

where ([m]go(u)); is the rising factorial defined as:

([mlgo(u))o = 1,
([mlgo () ([m]qp () ([mlgp () + 1) ([mlgo(u) +2) - - - ([mlgo(u) +1-1), 1=>0.

The operators (4) are linear and positive. For g = 1, the operators (4) turn out to be generalized
Lupas operators defined in (1). Next, we prove some auxiliary results for (4).

Lemma 1. Let Epm,q be given by (4). Then for each u > 0 and m € N we have

(i) Epmq(l,u) =1,
(it) Ling(o;u) = p(u), :
(iii) Lhq(p%u) = p*(u) + <[,:]3>p<u>,
(i) Lha(pin) = P + SR ) 1 LD o)
q
(0) Lhy(ohu) = p(u)g® + 646+q5[:1]2:4+343>p3(u) n (1146+3q5+6q[44]r21043+3q2+34)pz(u)
g
(69°+20°+49* +74°+39>+3+1)
+ nl} pu).

Proof. By taking into account the recurrence relation ([m]zo(u))o = 1,([m]go(u)); = ([m]ze(u))
([m]gp(u) +1)1-1,1 = 1, we have

)

) — oDty 3 ([Mlgp ()1
o v

(if)

ﬁfn,q(P;H) = 2*["1]49(14)277
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(iii)
”l ll . ( )) [l}z
Lhg(0%u) = el ; g2 Zﬁ
_ o= [mlgp(u) oo ([m]qu) mz
ml = (28 °7
B 2*([”1]4#(”)“)[”1},1‘()(14) & ([m]go(u) +1),
_ (1+9)
= o*(u)+ [l o(u).
(iv)
et & ([lapC0)) (1
crspy = e e 1
Now by using [/ 4 1]; = (14 ¢[l];) and shifting [ to [ + 1, we have
2= ([mlgp(1)+1) [y, u) & ([m u 1
E’:n,q(p3;u) _ [m]g[ Jao( )lgo([ ]45](q!;l+ )l[1+1]§
2 Umap D (1) 0 (1) & ([m]gp(u) +1),; 2
= i Z:Zé 7,2 (1+4q(lq)
27 e ] o (u) i ([mgp(u) +1);
[m]2 = 02
2*([m]qﬂ(ll)+1>[m]qp(u) ([mlgo(u) +1); 5 5
—+ [m]g = [l]q'Zl q [l]q
2*(["’]4?(“)*1)[m]qp(u) & ([m]go(u) +1),
= A+ B+C(Say).
Now, let us calculate the values of A, B, and C
A 2~ ([mlgp(u D [m]ge(u) & ([mlgp(u) + 1),
[m]3 = 2
p(u)
[m]7
_ 2 et o () & ([mlgp(u) +1),
B = [m]q = q[l]qlzl z[l]z
—([mlqp(u)+2)
_orn ([[;”]}g”() 22 m]qp X 4,
2~ ([mlgp()+2) ([ ® ([m
_ [[m]}gp Uy “P o+ gl
_ s 3PWE 20 pP(w)g? P(u)ff
= p’(u)g + oF + [m]?, + [m]q + [m][zl
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Also,
2=+ ] o () &, ([m]go(u) + 1),
€= [m]3 : =0 qmq!zl 2l
~20%(u)g | 2p(u)g
[m]g [m]% .

On adding A, B, and C we have,

3 2 3 2
Chg (@) = (g + +[rZ]q+2@ () + 21 +q[m]+22q o).
q

(v)

) = o[t GMP(D[W

Now, by using [l + 1]; = (1 + q[l];) and shifting I to  4- 1, we have

T [m]4[m}qp< ) ;([w&%ﬁ”l[zmg
_ z*dmw[:;;?p(u) » ﬂmhﬁ}“@f Dt gp,)?
_ 2—<[»anfEZ]>3+l>p( )go [m]q{l)]qul 1)
L 2t ]qu:ﬂ gnp( ) 2 ([mh{;}(;@f ) Pl
N zfﬂmw[zgl)p( >§<[qu5]<‘7'; SRR
. z—amw[zgnp( >l:0 “’”“{l’](‘f;,“) 3qlll,

= D+E+F+G(Say).

Now, let us calculate the values of D, E, F, and G

2~ (a0 o (1) & ([m]gp () +1),
(m]3 = [
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—([mlgp(u)+ © ([m]go(u) +1
P e p(u)lgo([ Jﬁ ) D

2= ([Imlgp()+2) o (1) ([m] g (u) + 1) 32 ([mgp(u) +2);
[m]a [l} 12!

2~ (Imlap 0 ¥2) o () ([m]go(u) + 1) 32 ([mgp(u) +2);
(3 [1]412!

—(mlgp(u)+2) m 1) m
o ]>q<[ Joo(w) + 32 ( h{ﬂ]( W e + 2l

<p4(u)+6p () , 11p2w) (u)) oo < [3(u) +34[,2(,;) +2p(té)>q5

[m]g [m]3 [m]3 mlg mlg [m];

20°(u) | 6p%(u) | 4p(u) p(u
([m]q g T {m]ﬁ)q ( 12+ })‘7

= ([m]gp(u)+1) ® (Im
P oo 2 ‘[’m]: P(”)lgo([ ]q[n‘l’](qL;;l+1)l3q2[Z]$

_ <3p3<u>+9p(> 6p(u>> 3+<3p2<u>+3p<u>> 3

g 2 w3 mZ

[1+1]3

F(1+ql)?

+

Similarly,

Also,

2= (Imlap+1) (1) &, ([m 1
G — o p(ﬁ)’g([ ]q{l’}(q'glJr )laq[z]q

30%(u) | 3p(u)
( 7 " [m]s>"'

On adding D, E, F, and G we have,

66+ 5+24+33
(69 q[m}qq ) 65 (u)

(114° + 3¢° + 6g* + 104° + 34> +3q) ,
2 P (u)
q

(64° +29° + 49* + 74° + 34> + 3 + 1)
(m]3

Lhq(ptu) = p*(u)g®+

p(u).
O

Corollary 1. For n = 1,2,3,4 the nth order central moments of Lf, g defined as phom(q; 1) = Lh, a((o(t) —
p(u))g;u), by using linearity of operators (4) and by Lemma 1 we have

(i) qu( (t) = p(u);u) = Log(p(t);u) —p(u)Lhq(Lu) =0, .
(ii) Lhg((p(£) = p(u)Z 1) = Loy, (02 (£); 1) + (1) Loy g (1 1) — 20(u) Ly g (p(1);11) = T p(1r),

(i) Lhyg((p(8) — p(u))5) = Lhng(0(1)50) = 2(0) Log (1) = 3p(a) L (2(0);0) — 30°() g
(p();w) = (2 = V)P (u) + B3 2 () 4 CELE2D o),

(i0) Lhg(p(t) ~ p() 1) = Lhg(p* (1)) + p* () Loy (1) + 602(u g (P2 (1):) — 40°(0)Lhg
(p(t)iu) — 4p(w) Loy (W) = (4 — 4¢3 +3)pt(u) + CEFCR I IE 2006 3,y

m q

(119°+3¢°+6q* +2¢° —*—50—4) 2 (69°+2¢°+44* +7q +3¢%+39+1)
[m]gl P (u) + [m] p(u)
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Remark 1. We observe from Lemma 1 and Corollary 1, that for ¢ = 1, we get the moments and central moments
of generalized Lupas operators [7].

2. Weighted Approximation

We start by noting that p not only defines a Korovkin-type set {1, , 0>} but also characterizes
growth of the functions that are approximated.

Let ¢(u) = 1+ p?(u) be a weight function satisfying the conditions (p1) and and (p;) given above
let By[0, ) be the weighted space defined by

Byl0,00) = {f : [0,00) = R||f(u)| < Kpp(u),u >0},
where Ky is a constant which depends only on f. B,[0, c0) is a normed linear space equipped with

the norm ()
u
I £ llg= u:}(ﬁi) o)

Also, we define the following subspaces of B0, 00) as

Cp[0,00) = {f € By[0,00) : [ is continuous on [0,00)},

C;[0,00) = {fecq,[o,oo): 151;;22; :/cf},

where Ky is a constant depending on f and

Up[0,00) = {f € Cp[0,00) : ; EZ; is uniformly continuous on [0,0)}.

Obviously,
C4[0,00) C Uy[0,00) C Cp[0,00) C By[0, 00).

For the weighted uniform approximation by linear positive operators acting from Cy[0, 00) to
By[0, ), we state the following results due to Gadjiev in [9,10].

Lemma 2 ([9]). Let (A )m>1 be a sequence of positive linear operators which acts from Cp[0, c0) to By[0, )
if and only if the inequality
[Ap(p;u)] < Kugp(u), u>0,

holds, where K, > 0 is a constant depending on m.

Theorem 1 ([10]). Let (Au)u>1 be a sequence of positive linear operators, acting from Cy[0,0) to By[0, o)
and satisfying
Tim || L' = p=0, i=0,1,2.

Then we have

im || Li(f) = f llp=0, for any f € C4[0,00).

m—00

Remark 2. Itis clear from Lemma 1 and Lemma 2 that the operators Eﬁw act from Cy [0, 00) to By[0, c0). Also the
convergence of these operators are applicable in studying switched linear systems, see: Subspace confinement for
switched linear systems, also see in [24,25].
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Theorem 2. Let q,, be a sequence in (0,1), such that g, — 1 as m — oo. Then for each function f € Co [0, 00)
we have

im | L, (F) — £ llg="0.
Proof. By Lemma 1 (i) and (ii), it is clear that

| £g (L11) =1 = 0.

| £hq,, (054) = p [lp= 0.

and by Lemma 1 (iii), we have

1+ u 14+
| L (0% 1) — p* 9= sup (I+qpm) _1+g

P Tl (U p2()) = iy ©

Then from Lemma 1 and (5) we get liin I Ef,,,qm (o)) —p llp= 0,i = 0,1,2. Hence, the proof
m—o0
is completed. [

3. Rate of Convergence or Order of Approximation

In this section, we determine the rate of convergence for E’:M by weighted modulus of continuity
Wp (f;6) which was recently considered by Holhos [11] as follows:

F@—fOl 5o

wy(f;0) = sup , (6)
’ wzel00) Jp(z)—p(u)|<s P(2) +¢()
where f € Cy[0, %), with the following properties:
(i) wp(f;0) =0,
(i) wp(f;6) >0,6>0for f € Cyl0,00),
(iii) lims_gwp(f;8) =0, for each f & Uy[0,c0).
Theorem 3 ([11]). Let Ay : Cp[0,00) — By[0, ) be a sequence of positive linear operators with
[ Am(PO) _PO ”4;0 = am, (7)
[l Aw(p) —p ||¢% = b, (8)
| An(@®) =0y = cm )
| Aun(p®) = 0° g = dm (10)
where the sequences ay, by, ¢y, and d,, converge to zero as m — oo. Then
| An(f) = f ||4)% < (7 +4am + 2cm)wp(f;(5m)+ I f H¢ Am, 11)

forall f € Cy[0, c0), where

Om = 2\/(am +2by, + Cm)(l + ﬂm) + ay + 3by + 3¢ + din.
Theorem 4. Let for each f € Cy[0,00) with 0 < q < 1. Then we have

2(1+9) ,
1 2hs) =l < (74 2D )l frdmg),
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where wy is the weighted modulus of continuity defined in (6) and

3(1+9)
[m}q

(1+4q)
[m]q

5m,q = 2 +

3 2 3 2
+<(q31)+(3q g +29) (24 +g +2q+1)>.

[m]q [m]?
Proof. By using Lemma 1, we have
Il L (0%) = 0° llgo= amg =0,

I ['fn,q(.o) —p ||<P%: bm,q =0,

and (1+q)
Jr
| Lha(0®) =0 o< 0 = ema.
[m]q

Finally,

B +q*+29)  (20° +4*+29+1)

3 _
= VT il

[ L;Jn,q(fﬁ) - P3 I

3 =dm,-

¢

Thus, the sequences a4, bm,q/ Cm,q, and dp, 4 are calculated. The sequences ay;, by, cm, and dy,
converge to zero as m — oo. Then

” ['fn,q(f) 7f ” 3< (7+4am,z] +25m,q)wp(f;5m,q)+ || f ||(p Am,q, (12)
4]2

for all f € Cy[0, ), where

g = 2\/(am,q + 2bum,g + Cmg) (1 + amg) + amg + 3bmg + 3cm,g + dm,g-
Hence, by substituting the values of a4, by q, cm,q and dy; 4 we obtain the desired result. [
Remark 3. For %in}) wp(f;6) = 0 in Theorem 4, we find
—

Jim | L () = £ 1l 3= 0, for f € Uplo,e0).

4. Voronovskaya-Type Theorem

In this section, using a technique developed in [5] by Cardenas-Morales, Garrancho and Raga, we
prove pointwise convergence of Eﬁllq by obtaining Voronovskaya-type theorems.

Theorem 5. Let f € Cy[0,00), u € [0,00) with 0 < gy < 1,qm — 1as m — oo. Suppose that (fop’l)/ and
001" exist at o(u). If (foo~1)" is bounded on [0, 00), then we have
P P P

. 0 1\
Jim ]y, [L0uq, (Fi0) = F)] = p(u) (fop™) " (p(u)).
Proof. By using the g-Taylor expansion of (fop~!) at p(u) € [0, ), there exist a point w lying between
u and z, then we have

fw) = (for ) (o)) = (fop™) (p(w)) + (fop") (plaw)) (plaw) — pla)) 13)

(fop™)" (p(w)) (p(w) — p(u))?

(1 —o(u 2
2], +Au(w) (p(w) —p(u)”,

+
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where o i
A(w) = L7 (p(@) = (fop™) (p()
2l
Therefore, by (14) together with the assumption on f ensures that

(14)

Al (w)] < K, for all w e [0,00)

and is convergent to zero as w — 1. Now applying the operators (4) to the equality (13), we obtain

(For™) (0(0)) Lhugs, ((p(w) — p(u));u)
(for™)" (p() Lhg,, ((0(@) — p(y))% 1)

(L (f) = Fa0)]

15
- (2] (15)
+ Lo, (M) (p(w) = p())? 1)) -
By Lemma 1 and Corollary 1, we get
W%ilgo[m]qm‘cfnﬂm ((p(ZU) - P(u));u) - Or (16)
and
i m]g,, Lo, ((P(w) - P(u))z;u) = [2lgp(u). 17)

By estimating the last term on the right hand side of equality (15), we will get the proof.
Since from (14), for every € > 0, liLn A" (w) = 0. Let & > 0 such that |A]" (w)| < € for every
w—u
w > 0. Using a Cauchy-Schwartz inequality, we have

Tim [m)g, £, (1M ()] (0(w) = p() ) <€ lim [m)g, £h,q,, ((p() = p())2,;u)

K .
+ 55 lim ], 6, ((p(w) = p(w))], 1)

Since
. Y 4 . —
Jim [y, 26,5, ((0(w) = p()),5u) =0, as)
we obtain

tim (1], 6,4, (1AL ()] ((w) = p(1))7, 3) = 0. (19)

m—o0

Thus, by using Equations (16), (17) and (19) to Equation (15) the proof is completed. O

5. Local Approximation

In this section, we present local approximation theorems for the operators L'f",q. By C3[0, ),
we denote the space of real-valued continuous and bounded functions f defined on the interval [0, c0).
The norm || - || on the space Cg[0, %) is given by

[ fll= sup [f(x)].

0<u<oo

For 6 > 0and W2 = {s € C[0,0) : s,s" € C3[0,0)}. The K-functional is defined as

Kalf,0) = inf{ll f=s ] +3 18" I}
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By Devore and Lorentz ([26], p. 177, Theorem 2.4), there exists an absolute constant C > 0 such
that

K(f,8) < Cwn(f, V). (20)

The second order modulus of smoothness is as follows,

wa(f, Vo) = sup sup | f(u+2h)=2f(u+h)+f(u)|

0<h<+/6 ue(0,00)

where f € Cp[0, c0). The usual modulus of continuity of f € Cg[0, o) is defined by

w(f,8) = sup sup | flu+h)—f(u)].

0<h<d uel0,00)

Theorem 6. Let f € Cp[0,00) with 0 < q < 1. Let p be a function satisfying the conditions (p1), (p2), and
[l0" || is finite. Then, there exists an absolute constant C > 0 such that

| Lhq (f3u) = f(u)|< CK (f, (1+q)p(u)> .

[m}q

Proof. Lets € W? and u,z € [0, o). Using Taylor’s formula we have

’ (z) "
s(2) = s(u) + (s0p™) () (p(z) —p()) + [~ (plz) o) (s0p )" (o)do. @1)

p(u)

Using the equality

(s0p™)" (plw)) = (;,”((u”)))z _SH(”)(ZH(%' @2)

Now, put v = p(y) in the last term in equality (21), we get

0(2) N o F s"(1)e'(y) — ' (y)e" (v)
[ 0@ =0 (sop1)" e = [“(p(2) —pt)) | L g
L N () IS
_ /,, N )7 RO 23)
e S ) (0 @)
/p<u> (b(z) ~) (' (p~1(0))3 .

By using Lemma 1 and (23) and applying the operator (4) to the both sides of equality (21), we
deduce

(2)

e Zws/(p*()) Vo)
o f1 00 =00 G )

As we know p is strictly increasing on [0, 00) and with condition (p;), we have

| Ll (s51) = ()| < My () (118" [+ 115l 110”11).

where
MO () = Lh o ((p(t) — p(u)2 ).
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For f € Cp[0, 0), we have

[Chatsa)] < lfop 2ot 3 LTI
=0 q:
< A1) = NI£]- (24)
Hence we have
|£ﬁm(f;u)ff(u)| < |£ﬁ1lq(ffs u H}qu s;u) — s(u)|+|s(u) — f(u)]
< 2ff-gll+ (1[+]:) () (IIs"1l + HS'HHP"H)-
If we choose C = max{2, ||o”||}, then
[Chatri = o] ¢ (20f = g1+ Grlowls e ).

Taking infimum over all s € W? we obtain

[Chatri) = ] i (7, S o).

O

Now, we recall local approximation in terms of a order Lipschitz-type maximal functions given
in [27]. Let p be a function satisfying the conditions (1), (02), 0 < « < 1and Lipa¢(p(u); &), M >0is
the set of functionsf satisfying the inequality

1£(2) = f(w)]|< Mlp(z) — p(u)|*,u,z > 0.

Moreover, for a bounded subset £ C [0,00), we say that the function f € Cg[0, ) belongs to
Lippm(p(u);e), 0 < a < Lon & if

|f(z) — fw)|< Ma,f‘p(z) —o(w)|ue& and z>0,

where M,  is a constant depending on a and f.

Theorem 7. Let p be a function satisfying the conditions (01), (p2.) Then for any f € Lippy(o(u);a),
0<a<lwith0<q < 1and foreveryu € (0,00),m € N, we have

b o (f) — f(u)| < M (( +q)p(u))j, 25)

[m]
Proof. Assume that « = 1. Then, for f € Lipy((x;1) and u € (0, o), we have

Lig(1f(2) = f(u) ;u)
MLy g(lp(z) = f)]; ).

|Lhng (fiu) = ()]

<
<
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By applying the Cauchy-Schwartz inequality, we find

IN
o

Lo (fru) = f )] M [Lhng((p(t) = p())% )]
i, Ao
[m]q

IN

Let us assume that « € (0,1). Then, for f € Lippq(a;1) and u € (0,00), we have

|Lhnq(fiu) = f(u)] - <
< ML& (I (z) = f)|%5u).

From Holder’s inequality with p = L and g = {1, for f € Lip(p(u); ), we have

|Lhg(fru) = fF)] < M[LG(1((t) — p(u)];0)]".

Finally by the Cauchy-Schwartz inequality, we get

(2hatrim0 — < (G *q)pw))%.

[m]

|

A relationship between local smoothness of functions and the local approximation was given by
Agratini in [28]. Here we will prove the similar result for operators Ef",q (m € N) for functions from
Lip pq(p(u)) on a bounded subset.

Theorem 8. Let £ be a bounded subset of [0,00) and p be a function satisfying the conditions (p1), (p2). Then for
any f € Lipp(p(u);a), 0 <a < 1on € a € (0,1], we have

gt = ] My { [SL D] ot far ) e o me s

where d(u, &) = inf{|lu—y| :y € £} and M, s is a constant depending on a and f.

Proof. Let & be the closure of £ in [0,00). Then, there exists a point g € € such that d(u, &) = |u — u|.
Using the monotonicity of ﬁﬁzlq and the hypothesis of f, we obtain

[Cha(Fi) = F)] < Lhg (F(2) = (o) ;1) + L (1 () = Fluo) ;)
< Moy { L0 (Ip(z) = p(uo) | 1) + p() = p(uo)|* }
< Mg {Lhg (l0(z) = p()|*) +2lp(u) = p(uo) .

By choosing p = 2 and g = 52, as well as the fact [p(1) — p(uo)| = ¢’ (u)|p(1) — p(up)| in the
last inequality. Then by using Holder’s inequality we easily conclude

ERGDE |<Maf{[ 0o ((p(z) — p(u))% )]t + 200/ (w)o(u) — p(uom“}.

Hence, by Corollary 1 we get the proof. [
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Now, for f € Cp[0, o), we recall local approximation in terms of & order generalized Lipschitz-
type maximal function given by Lenze [29] as

aR(f;u)= sup M, u € [0,00) and « € (0,1]. (26)
z#u,z€(0,00) |Z - u|

Then we get the next result

Theorem 9. Let f € Cp[0,00) and « € (0,1] with 0 < q < 1. Then, for all u € [0, c0), we have

|28y () — F(u)| < GR(fru) ( ths q’pw)) .

[m]g

Proof. We know that

[Chng(fiw) = Fa)] < Log(IF(5) = Fu)]; ).

From Equation (26), we have

|Lhng(fiu) = f)] < @R(fru) Lhg(lp(z) —p()|%u).

From Holder’s inequality with p = 2 and g = ;2

5=z, we have

@

(g (Fi) — )] < G50 Loy (p(8) — pla0) )]
< @fu) (“[;]j)mm)j.

which proves the desired result. [

6. Conclusions

Here, the g-analogue of the generalized Lupas operators are constructed. We have investigated
convergence properties, order of approximation, Voronovskaja-type results and also quantitative estimates
for the local approximation. The constructed operators provide better flexibility in approximating functions
and rate of convergence which are dependent on the selection of the function p and extra parameter 4.
These operators also possess interesting properties and depending on the selection of g, can obtain
better approximation while g # 1. The basis of these operators can be used to draw curves and surfaces
in Computer Aided Geometric Design (CAGD).
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Abstract: This paper introduces a new integral operator in g-analog for multivalent functions.
Using as an application of this operator, we study a novel class of multivalent functions and define
them. Furthermore, we present many new properties of these functions. These include distortion
bounds, sufficiency criteria, extreme points, radius of both starlikness and convexity, weighted mean
and partial sum for this newly defined subclass of multivalent functions are discussed. Various
integral operators are obtained by putting particular values to the parameters used in the newly
defined operator.

Keywords: p-valent analytic function; Hadamard product; g-integral operator
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1. Introduction

The study of g-extension of calculus or g-analysis motivated the researchers due to its recent use in
different applications. In [1,2], Jackson introduced the theory of g-calculus. We have seen applications
of g-analysis in Geometric Function Theory (GFT). They were introduced and applied systematically to
the generalized g-hypergeometric functions in [3]. Later, Ismail et al. [4] used the g-differential operator
to examine the geometry of starlike function in g-analog. This theory was later extended to the family
of g-starlike function with some order by Agrawal and Sahoo [5]. Due to this development in function
theory, many researchers were motivated, as we have seen by Srivastava in [6]. They added significant
contributions, which has slowly made this research area more attractive to forthcoming researchers.
We direct the attention of our readers to [7-12] for more information. Moreover, Kanas et al. [13] used
Hadamad product to define the g-extension of the Ruscheweyh operator. They also discussed in detail
some intricate applications of this operator.

Mohammad and Darus [14] conducted an elaborate study of this operator. We have also seen
similar work by Mahmood and Sokét [15] and Ahmad et al. [16]. Recently, new thoughts by Maslina
in [17] were used to create a novel differential operator called generalized g-differential operator with
the help of g-hypergeometric functions where the authors conducted an in-depth study of applications
of this operator. For further information on the extensions of different operators in g-analog, we direct

Mathematics 2019, 7, 1178; d0i:10.3390/mat7121178 59 www.mdpi.com/journal /mathematics
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the readers to [18-22]. The aim of the present article is to introduce a new integral operator in g-analog
for multivalent functions using Hadamard product and then study some of its useful applications.

Let2, (p € N={1,2,...}) contain multivalent functions of all forms f that can be defined as
holomorphic and/or analytic in any given subset D = {z : |z| < 1} that is part of a complex plane C
which also has the series form shown as:

flz) =2\ + Z an+pz”+”, (zeD). 1)
n=1
For any two given functions that are analytic in form f and g in ID, then we can clearly state that
f is subordinate to g, mostly symbolically if it is presented clearly as f < g or f (z) < g(z), if and
only if there exists an analytic function w with the given properties as w (0) = 0 and |w (z)| < 1 such
that f(z) = g(w(z)) (z € D). Moreover, if and only if g can be seen as univalent in D, then we can
clearly have:

f(z) <g(z) (zeD) <« f(0)=¢g(0) and f(D)C g(D).
For analytic functions f of the form Equation (1) and g of the form
g(z) =2\ + i buepz"F, (z € D), )
n=1
the convolution or Hadamard product is defined by
(feg)z) =2 + ilambwz”ﬂ’, (zeD).
n=

For given g € (0, 1), the derivative in g-analog of f is given by

f(z) — f(42)

qu(z): Z(l—q) I(Z#O/q7él) (3)

Making use of Equations (1) and (3), we can easily obtain for n € Nand z € D

Dy { Z a”+PZW+p} = 2 [n+ P]q ’111+pzn+p71, (4)
n=1 n=1
where
1— qn n—1 P
[”]q:ﬁ=1+k_zlq, [0}, =0. ©)

Forn € Z" := Z\ {—1,-2,...}, the g-factorial is given as:

(1] '_{ 1, n=0,
q (1], [2;---[n],, neN.
In addition, with t > 0, the g-Pochhammer symbol has the form:

1, n=0,
[tgn = ([t]q)n - { [Hglt+1]y---[t+n—1]y, neN,

where [t]; is given by Equation (5).
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For t > 0, the gamma function in g-analog is presented as
Ty (t+1) =[t], Ty () and Ty (1) = 1.

We now consider a function

]-'l;/\l+p(z) =zP + nEZI‘Fn,pasz"*p, (A>—-p,zeD), 6)
with 7 ]
+ Plgn+i—p
Y, ,=——""———. 7
TP 41— plg! @

We can see that the series given in Equation (6) is absolutely convergent in ID. Now, we introduce
the integral operator ._’7,{”” -t 2, — Ay by

TP = (Foly + DE) = 2 4 Y ¥ gty (zED), ®
n=1

where A > —p. We note that

P _ zP
lim F,}, ()= ——— 5 and lim J 77 f(z) = P —
im F 5, (2) 1=z and  im Iq f(z) = f(z) + 1=z

Various integral operators were obtained by putting particular values to the parameters used in
the newly defined operator as given by Equation (7):

(i). Making p = 1 in our newly defined operator Jq)‘ﬂl - f, we obtain the operator \7,7)‘ f which
was introduced by Arif et al. [20] and is given by

Jqu(Z) = (f[]j}}‘Fl *f) (z) =z+ lePn—larH—lzn-H (zeD).
n=
(ii). When g — 17, the operator defined in Equation (7) leads to the following well-known Noor
integral operator for multivalent functions introduced in [23].

TP (z) = (_F);lp wf)(z) =2F + Y ¥npanipz" T, (z€D).
n=1
(iii). If we set p = 1 along with ¢ — 1~ in Equation (7), then the operator J**?~1f reduced to the
following familiar Noor integral operator studied in [24,25].

TM(z) = (Fyly @) = 2+ 3 Yaoranaz™, (ze D).
n=1

For more details on the g-analog of differential and integral operators, see [17,26,27].
Motivated from the work in [28-35], we now introduce a subfamily H?,q (a, 1, B) of Ay, by using

quﬂFl as follows:

Definition 1. Let f € 2. Then, f € ’H;,\/q («, u, B) , if it satisfies the relation

2D (=) ~ [l
28 [P Dy P f(2) — alply] — [2 DTy T () - [ply]

1

where%<ﬁ<1,0<zx<§,0<y<1und0<q<l.
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By varying the parameters values in the class #y, , («, i, B), we get many new classes; we list
some of them.

(i). For p = 1, we have qu (a, 1, B) = Hy (a, 11, B) .

(ii). Taking the limit g — 1~, we get the class 7-[;) (o, 1, B) -

(iii). Putting g = %, y# =1and « = 0, we obtain H;},q (0, 1, %) .

(iv). Further,if weputp =land g — 17 in ’H;\'q (O, 1, %), we have the class ’H{‘ (O, 1, %)

Note that we assume throughout our discussion, unless otherwise stated,

<B<LLO0<a<],0<u<,A>—p 0<g<1

NI =

and all coefficients g are positive.

2. The Main Results and Their Consequences

Theorem 1. If f € R, has the form of Equation (1) and satisfies the inequality

il%-p -+ pl, (L4 26— 1)) lawsp] < 208 [p], (1— ), 10)

then f € H;,\,q (o, 1, B) .

Proof. To show that f € H;},q («, 1, B) , we just need to prove Equation (9). For this, consider

e D T (z) -1

26 [, 2 Py () — ] = [ Ry () -1

21D, J“” (@)~ [ply
28 [217Dy 7, P (2) — alply] - [P0 T () — )]

Using Equation (8) with the help of Equations (3) and (4), we can easily obtain

r Ynp [n+ P}q an+pzn
L = n=1
26 [P}q (1—a)+28 ;1 Foup [n+ P]qﬂn+pZ" - ;1 Yuop [n+ p]qﬂn+pzn
):1 Yop 1+ ply anipz"
— n=
216 [p]q (1 - “) + (2/3 - 1) Z lYnfp [71 + P]q an+pzn
Z Yup [+ plg lanspl
< n=1 <

219l (1) = 2B =1) £ ¥y [n+ pl ol

where we have used the inequality in Equation (10) and this completes the proof. [

Making B = %, p = 1 along with ¢ — 17, we get the following result.
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Corollary 1. If f € 2 and satisfies the inequality

Vo1 (n+1) lan| <p(1—a),

n=1
then f € H* (a, y,%) .
Theorem 2. If f € H;,\'q («, u, B) has the form of Equation (1), then

P —8r <|f(z)| <rP +¢r |z =r<1,

where
- 2up[pl, (1 —a)
(I+p2B-1)¥1-p[1+p],
Proof. Consider
fz)] = |zZF+ Z an-%—pznﬂl
n=1

|2l + 3 |antp| 121"

n=1

[e9)
P+ Z |un+p}r"+’”.
n=1

IN

Since0 < r < land "7 <7,

@< +1 Y [ans]- (11
n=1
Similarly,
lf)| =" —r ) |anpl- (12)
n=1

It can easily be seen that

Wi (L 2B 1)1+ p), ¥ Janep] € 3 ¥y (14 (28— 1)) [n+ pl, [y
n=1 n=1
By using the relation in Equation (10), we obtain

Fip (@B =1) (144l  fonsy| < 2B1p], (1-0),

which gives
i 2uplpl,(1-a)
n§1|“n+rf| S w A D,
Now, by using the above relation in Equations (11) and (12), we obtain the result. [

Setting B = %, p = 1 along with g — 17 in the last theorem, we have
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Corollary 2. If f € H* (06, W, %) , then for |z] =7 < 1

(-25) == ()

Theorem 3. If f € H;,\/q («, 1, B) has the form of Equation (1), then

Ply = 0r < [Dof()] < [plyr bl =r <1,
_ 2uPlpl,(1—a)
where § = T D%,
Proof. By using Equations (3) and (4), we can have

Dy () = [ply 27+ Lot plyansy?

n=1

Since |z[P7! = P71 < 1, 1+P1 < rand

(=)

\qu(z)| < [p]q”pi1 +r Z [n+ F’]q |‘1n+p| .

n=1
Similarly,

|Daf(2)] = [plgr? ™t =7 i [n+plg |antp| -

n=1

Now, by using Equation (10), we get
Y1y (1+pu(28-1)) 21 [n+ P]q |’1n+p| <
n=
£ a1+, (14 1 28— 1) lane |
n=

This implies that

© 2uBlpl,(1-a)
,El [n+ P]q |ansp| < (l+y(2ﬁjl))‘1’1,p'

Finally, by using above relation in Equations (13) and (14), we have the result.

For g — 17, we have the following corollary.
Corollary 3. If f € "H;,‘ (a,u, B), then for |z| =r < 1
prit—9r < |F'(2)| < prP=t 4 9r,
where

__ 2up(-a)p
(I+u(2p—1)¥1-p

Theorem 4. If f € My, (a, 1, B) , then f € S, () for |z| < r1, where

o <<pa><1+u<z/s1>>‘fnp[n+mq>i
e wp(1—a)(6—p)[p], '
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Proof. Let f € My, (a, 4, B). To show that f € S; (5), we have to prove that

pAa
@ -pfe) |,
zf'(z) + (p — 20)f(2)
Using Equation (1), we conclude that
5 (M) || [2]" < 1. (15)
n=1 pP- 0

From Equation (10), it can easily be obtained that

© (Wl ply (14 (26-1)|
Z( 2T >|“"+P| < L

n=1

The relation in Equation (15) is true, if the following holds

’

Y;;—P[”*P]q“*ll(zﬁ*l))‘) |ll N
n+p

,El <‘;%§> |antpl 12" < ng ( [Pl 2up(T—a)

which implies that
(p—=0)A+pu(2p—1))¥npn+pl,

2up(1—a) (6 =p)[pl,

|2I"

Therefore,

2] (p=6)(1+p(2B—1)¥upln+pl, %_r
2up(1—a)(6—p)[pl, -

Hence, we get the required result. [

Letting p = 1 and g — 17 in the last theorem, we get the result below.

Corollary 4. If f € H* (a, 11, B), then f € S* (8) for |z| < r1, where

o ((1—5)(1+V(2/3—1))[(n+1)‘1’n71>%
' 2up(1—) (6 - 1)

Theorem 5. If f € My, (a, 1, B) , then f € Cp (8) for |z| < ry, where

(P8 A B ) Fup L,
? 2uB(1—a)[pl, (6—p) (n+p)
Proof. Since f € Cp (9),

2f"(z) = (p=1) f'(z)
2f"(z) + (1 =20+ p) f'(2)

By using Equation (1) and after some simplifications, we get

Now, from Equation (10), we can easily obtain that

S [ +pB—1)¥u—p[n+pl,
)y ( Z;lﬁ(lfoc)[p]q >|a"+l7| < 1L

n=1

n=1
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The relation in Equation (16) is true if
S (5=p)(n+p) n S (1+}‘(2/3*1))Yr17p[”+15’]q
,El ( p(p=9) ) janspllal" < ,El ( 2uB(1=a)[pl, |anspl,

which gives

" < (P(P—‘s) (I+p(2-1))¥np [n+p}q>
2up (1 —a)[pl, (6 —p) (n+p)

Hence,

" p<p5><l+u<zﬁ1>>‘Pnp[n+p1q>ir
2uB(1—=a) [p], (0= p) (n+p) z

Thus, we obtain the required result. [
Substituting p = 1 and taking g — 17 in the last theorem, we get the corollary below.

Corollary 5. If f € H* (a, 1, B) , then f € C () for |z| < rp, where

(=) p(2B—1) ¥\
“‘( 2up(1—a) (65— 1) 1)

Theorem 6. Let fy (z) = z” and

2up (1 —a) [p]
A+ p (26— 1))qu72'; [k]qakzk’ (k>n+p). 17)

fe(z) =2 +

Then, f € HA (a,u,B),if and only if it can be expressed in the form
pg \& y p

R =02+ Y AMfi(2), as)

k=n+p

where Ay > 0, >0, k>n+pand A+ Y, A =1
P P P k=n+p

Proof. We suppose that f can be written of the form of Equation (18), thus

f@) = Mt Y (D)

k=n+p

P 2}!,5 (1 - “) [p]q k

k=n+p
© 2up (1 —a) [pl, Ax ‘
P L AR 1) Yoy W,

k=n+p
This implies that
O (4p(2B-1)) Fi—op K] « 2up(1-a)[pl,
s, R, TR Fep Wlyar K
= L M
k=n+p
=1-A, <1
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Conversely, we suppose that f;, € H;,\/q («, 11, B) . Then, by using Equation (10), we have

2up (1 —a)[p],
R ET TR ) T RE
By setting
A+ p(2B-1)) Yoy [k]qa
O mp-oll, "
then

f(z) = 2"+ i axZk

k=n+p
B 2uB (1— ) [y, .
= *kz%p A+ 1 (26— 1) Y ap W, a5

= '+ Z 2" = fi (2)] A

k=n+p
- (1 » Ak>zp+ 5 k@)
k=n+p k=n+p

= /\pr+ E /\kfk(Z).
k=n+p

This complete the result. [

Puttingp =1,8 = % and g — 17 in the above theorem, we obtain the upcoming corollary.

Corollary 6. Let f (z) = zand

fi(z) =z + %Zk, (k>n+1). (19)

Then, f € H, (a, U, %) , if and only if it can be expressed in the form

f@=Azt Y Mfi(a), (20)

k=n+1

where A >0, Ay >0, k>n+1and A+ Y, A =1.
k=n+1

Theorem 7. If f, g € M3, (a, 1, B), then (f x &) € Hyp o (w, i, B), where

21 (1 —a) [p]

Proof. We have to find largest y such that

® (14+pu2—1))¥up[n+p]
)y 2uB (=) [, ety <1
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Letf, g € H;,\/q («, 11, B) . Then, using Equation (10), we obtain

and

£ (L 1CB— 1) ¥yt )
L -0,

Iln+p S 1 (22)

1+1(28 1)) ¥n_p [n+p]

oo( g
L wmaowp, st @3

By using Cauchy-Schwarz inequality, we have

o (1+l(2ﬁ_1))‘1}n7 [n+p]
nzzl 2p(1—-a) [p?q T fanspbiip < 1. (24)

Thus, we have to show that

that is

(14128 =1))¥n—p[n+p], )
216 (1- ) [p], Ay

(1+p(2B=1)¥np[n+p]
2uB (1) [P, by

o b LA+ u(2p—1))
Antpbpip < m (25)

In addition, from Equation (24), we can write

2B (1- 1) [p],
Vet = 4T g = 1)) ¥y I 4, 20

Consequently, we have to show that

218 (1—a) [p], I(1+pu(28—1))
A+1B=1)) ¥ pln+pl, ~ pA+I2p—1))

By simple calculation, we get

21B (1 —a) [p]
1> <WZ(2ﬁ1)),

which completes the required result. [

Theorem 8. Let f1 and f, be in the class 7-[;,\,4 (a, 11, B) . Then, the weighted mean wq of fy and f is also in the

class M3, (e, 1, B) -

Proof. From the definition of weighted mean, we have

Wq

(1 —=9) fi (2) + (1 +49) 2 (2)]

1
2
{(1 —q) (z?’ + i ﬂn+p2"+p> +(1+q) (Zp + i bnwznﬂj)}

n=1 n=1

=1
P -+ 2 E [(] — q) ﬂ11+p + (1 + q) bn+p] Z?I+p_
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Now, using Equation (10), we have
n
Y Wnp[n+ply L+ p (28— 1) anrp < 2up[pl, (1 - a)
n=1

and

é%-p [+ pl, (L4 g (1= 28)) by < 20B (9], (1 — ).

Consider

Ynpn+ply1+p(2p— 1))} E (1= q) @nsp + (1+9) busy]

Ie

7

(1) X ¥arp 4 pl, (14 (26— 1)) sy

n=1

N =

43 (L00) L ¥ o pl, (L4 B = 1)) by
< U= q)2uBlpl, (1-a) + 3 (1+q) 2By, (1—a).
This shows that w, € "H;,‘,q (o, 1, ). O

3. Applications

The g-calculus has played an important role in the study of almost every branch of mathematics
and physics, for example, in the theory of special functions, differential equations, combinatorics,
analytic number theory, quantum theory, quantum group, special polynomials, numerical analysis,
operator theory and other related theories. Quantum calculus is considered as one of the most active
research areas in mathematics and physics. For more details, please refer to [22,36—41].

4. Concluding Remarks and Observations

In this paper, we introduce a new integral operator J,{Hp*l in g-analog and define the class
H;,\,q (a, 1, B) of multivalent functions by using this operator. Several useful properties such as
sufficiency criteria, distortion bounds, radius of starlikness and radius of convexity, extreme points,
weighted mean and partial sum for this newly defined subclass of multivalent functions are
investigated. In addition, we observe that, if we take some suitable parameters p, g, a, i, § in the
results involved, we get the corresponding properties for g-analog of differential and integral operators
mentioned in the Introduction.
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Abstract: In this article, we define an extended version of the Pochhammer symbol and then introduce
the corresponding extension of the 7-Gauss hypergeometric function. The basic properties of the
extended 7-Gauss hypergeometric function, including integral and derivative formulas involving the
Mellin transform and the operators of fractional calculus, are derived. We also consider some new and
known results as consequences of our proposed extension of the T-Gauss hypergeometric function.
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1. Introduction

Throughout this article, we denote the sets of positive integers, negative integers, and complex
numbers by N, Z~, and C, respectively. We also set

No=NuU{0} and Z; =7 U{0}.

During the past few decades, various extensions and generalizations of well-known special
functions have been studied by various researchers (see, for example, [1-6]). For example,
a two-parameter extension of the gamma function I'({) with the parameters p and v) was defined
in [2] by

\/%./omt&% e 'K,y (?) dt (min{R(p), R(v)} > 0; ¢ € C),

T'p(2) (v=0; R() >0),

To(&p) = 1)

Mathematics 2019, 7, 996; doi:10.3390/mat7100996 73 www.mdpi.com/journal /mathematics
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where K;(z) is the modified Bessel function (or the Macdonald function) of order v and T',(&) was
studied in [2,7]. Indeed, if we set v = 0 in (1) and make use of the following relationship:

Ki(z) = o e’?,

1

2
then this extended gamma function Iy (¢) is given by (see [2,7])

r,(2) :/0 Ele bt (R(p) > 0; R(Z) > 0). )

In the year 2012, Srivastava et al. [8] (see also [9]) defined the incomplete Pochhammar symbols

in terms of the incomplete gamma functions. Another generalization of the Pochhammer symbol was
defined in [10] by

Tp(E+p)
e (R(p) >0; & ueC),

@pp={ © 3
(O (p=0; & peC\{0}).

Here, in our present investigation, we first introduce a new extension (; p, v), of the Pochhammer
symbol (; p), in (3), which is defined by

BELEL (minfR(p), R(e)) > 0; & € ©)
(Gpo)u= @)
(&P (0=0;¢,peC\{0}),

where, as we mentioned above in connection with (3), the generalized Pochhmmer symbol (; p), was
studied by Srivastava et al. [10]. The integral representation of the extended Pochhammer symbol

(& p,v)y is given by

. _ [2p 1 ® itn-3 P
@roh = g fy e K (F) )
which, in the special case when v = 0, yields the following result due to Srivastava et al. [10]):
1 o 4
;0,0), = (& = — / o=l o=t=7 gt 6
Ep )]4 (€ p)y @) Jo (6)

(R(p) >0; R(E+pu) >0 when p=0).

By using the definition (4), we now define an extension of the generalized hypergeometric function
pFq (with p numerator parameters and q denominator parameters) as follows:

(01:1,0), 02, Pp; o
_ (p1; P, 0)n (02)n -+ (Pp)n i
vFq I %)

- (o n!’
01,0, 0q )Vl ( q)n

where
pjeC (j=1,---,p) and 0;€C\Z; (j=1,---,9).

Another interesting extension of the Pochhammer symbol and the associated hypergeometric
functions was recently given by Srivastava et al. in [11].
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We next recall that Virchenko et al. [12] studied the following 7-Gauss hypergeometric function
2RI (z) defined by (see also [13,14])

2 (61)n T(62 +n7) 2"
2R—lf( ) =R (51/ 02;03;T; Z ; 53 + HT) m (8)
(t>0; [z| <1, R(63) > R(6) >0 when [z =1),
for which they derived an integral representation in the form
1 ~00
Ry (61,0203, T;2) = o / P2l (1= )2 (1—27) "0 gt 9
2R1(01, 62,0375 2) B2 —0) o (1-1) ( ) )

(t1>0; |arg(1—z)| < m; R(d3) > R(5) > 0)

in terms of the classical beta function B(«, ) defined by

/0 e (1 gy g (min{R(a), R(B)} > 0),
B(a,B) := (10)

L(a)L(B) -
T@tp) (2, € C\Zy).

Remark 1. For T = 1, (8) and (9) would immediately yield the definition of the Gauss hypergeoemtric function
2F1(61,62; 65; z) and its Eulerian integral representation (see, for details, [15]).

Remark 2. The so-called T-Gauss hypergeometric function in (8) is, in fact, a rather specialized case of the
widely-studied Fox-Wright extension ¥ q of the generalized hypergeometric function Fq in (7) involving p
numerator and q denominator parameters (see, for example, [16]).

2. An Extension of the 7-Gauss Hypergeometric Function

In this section, we first introduce the following extension of the T-Gauss hypergeometric function
2R{(z) in terms of the Pochhammer symbol (&; p, v), defined by (4) for 61,6, € Cand d3 € C\ Z:

2R1[(61;p,0), 82,83, T; 2]

_ I'(43) i (51;?,1())14 (6, +nt) 2" a1

I(62) = T'(63+ nt) n!

(p20;v>0; T>0; |z[ <1; R(d3) > R(62) >0 when [z] =1 and p =0).

Remark 3. The following are some of the special cases of T-Gauss hypergeometric functions defined by (11).
(i) When v = 0, (11) reduces to the following extended T-Gauss hypergeometric function (see [17]):

2 (6;p (62 + nt) 2"
2R [(61;p), 6263752 = Z ! 53+;211) )ﬁ (12)

(p20; T>0; |z| <1; R(63) > R(62) >0 when |z] =1 and p =0).

(ii) When T = 1, (11) will yield the following extended Gauss hypergeometric function:

> (61;p,0)n (6 z"
2F1[(61;p,0);6263;2] = ) (1P, (G —-
n=0 ( 3);1 n:
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(iii) When v = 0 and T = 1, (11) will reduce to the following extended Gauss hypergeometric function (see [10]):

(52);1 z"
nl’

o0 5,
2F1[(81;p); 02; 63; 2] Z !

3. Integral Representations and Derivative Formulas

In this section, we obtain the Eulerian and Laplace-type integral representations and some
derivative formulas of the extended T-Gauss hypergeometric function defined by (11).

Theorem 1. The following Eulerian representation holds true for (11):

2R1[(01;p,0), 62; 03 T 2]

1 b1 53671
- — 2 — 3 2 . P T
SO, _52)/0 2271 (1 1) Fol(6;p,0);— ;2t7) dt 13)

(R(p) >0; v>0; T>0; |z| <1; R(3) > R(62) > 0),
where B(a, B) denotes the classical beta function defined by (10).

Proof. Using the following well-known identity involving the beta function B(«, B):

(03)tn ~ B(6203—02)  B(62,635—02) Jo

(%(53) > R(6) > 0)

(62)rn _ B(d2 + 11,85 — 52) 1 ) /1 o=l (] _ p)ds=0-1 gy

in (11) and using the definition (7), we get the desired assertion (13) of Theorem 1. [J

Theorem 2. The following Laplace-type representation holds true for (11):

t

2R [(61;p,0), 6203 T;2) = V / 3 e K, (B) 10 [0 0052t] at (14)

R(p) >0, v>0; >0 R(z) <1; R(&1) >0),

where 1@ [8y; 03; zt ] is the T-Kummer hypergeometric function defined by

197 (z) = 197 [02;03;2t] = — (15)

(t>0,0,€C; 53 C\Zy).
Proof. By first utilizing (5) in (11) and then applying (15), we obtain the assertion (14) of Theorem 2. [
Remark 4. When T =1, (13) and (14) yield the following special cases:
2F1[(61;p,0); 62; 035 2

1 1 s
- m/o 271 (1= %021 Ry (8 p,0);— ;2] dt (16)
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and

21 [(81; p,0); 62 833 2] 7” /t"l" - %(g) VF1[62; 85;24] dit,

(17)

respectively. Similarly, when v = 0, our integral representations (13) and (14) reduce to the following known

results (see [17]):

2Ry [(61;p), 02:03; T3 2]

1 Lo 5
T B(02,03— 02) /0 2 (1= Ro[(0p)i— 2] dt

and

2R [(81;p), 6203, T;2] =

I'(é1) /0 97 e 0 (803 2t] dt,

respectively. Moreover, when T = 1 and v = 0, (13) and (14) yield the following known results (see [10]):

2F1 [(61;p), 625 63: 2]
1 n o
= Bensy b 0 ARl ) e
and
1 " 5—1 —t—F
2F1[(01;p,), 02, 03; 2] = W/o et Fy [0 05 2t] dt,
respectively.

Theorem 3. Each of the following derivative formulas holds true for the extended T-Gauss hypergeometric

function defined by (11):
d‘l’l
o L 2Ral(0up,0), 803w |

_ (01)n T (02 4+ nT)I' ()
(33 +n7)T'(2)

2Ry [(61 + 1;p,0), 82 + nT; 03 + nT; T; 2]

and

dW

dz"{ 2% 2Ry [(61;p,0), 02; 83; T;wzf]}

B 253771711"((53)
1"((53 — n)

Proof. Upon differentiating both sides of (11) with respect to z, we get

2R1[(81;p,0),62;03 — n; T; wz"].

2 (615 p, (6 +nt) z2'1
R 5 P 5 ,5 s Ly - )
dz {2 11(813p,0), 0203, 2 } ,; 53+n1') (n—1)!
Replacing n by n + 1 in (20), we have
d . - 51/’7/ n+1 F(<52+(n+l) ) z"
£{2R1[(51,P/ v), 02,6372 } ;1;0 T (05 + (n+1)7) n’
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which, after simplification, yields

d
%{ 2Ry [(01;p,0), 62; 03, T; 2 }

_ HI(5)T 52+T i (6141 p, 0)y T(62 + T+ nt) 2"
n r((53+’l' =0

0 T(6)T (52+T) . . o
= TG TG oR1[(61 4+ 1;p,0), 00 + T; 03 + T; T; 2]

T'(63+ 7+ n71) n!

By iterating this differentiation process n times, we are led to the desired assertion (18) of
Theorem 3.

Similarly, in order to prove the assertion (19) of Theorem 3, we observe that

d" [ 51 .
ﬁ{z 37 aRy [(81;p,0), 62,63, Ty w2z ]}
_ r(53) i (Jl;prv)m r(fSZ +mT) w" ﬂ{fiﬁ‘(ﬂl—l}
I'(62) = T(65 +mt) m! dz"
_ I(%) i (61;p,0)m T (62 + mT) ™
(&) = [(83 + mt) m!

: {(53 m—1)(63 +Tm —2) - (05 +Tm — 1 — 1)} ZoatTm=—n—1

_ Z03-n-1 I'(63) i (61;9,0)m T (02 + mT) (wzF)™  T(63+ mt)

I'(6) = I'(03 + mT) m!  T(63+Tm—n)
_ 2% 1T (§3)T (83 — n) i (61, ,0)m T(62 + mT) (wz™)™
T T(5—n)T(d) = T(6+Tm—n) m!

which, in view of (11), gives the derivative formula (19) asserted by Theorem 3.
4. Application of the Mellin Transform

The well-known Mellin transform of a given integrable function f(t) is defined by
MEF(E) £ — s} = /O°° 571 £(e) dt, 1)
provided that the improper integral in (21) exists.
Theorem 4. The Mellin transform of the extended T-Gauss hypergeometric function,
2R [(01;p,0),62;03; T 2],
is given by
93?{ 2R1[(61;p,0), 00503, T;2) : p — S}

251 s—v s+o+1
:ﬁ(él)sl"< 5 )F<T> 2R1((51+S;(52,(53,’T;Z) (22)

(R(s —v) > 0; R(61 +3) > —1).

Proof. Applying the definition (21) of the Mellin transform on both sides of (11), we get

93?{ Ry [(él;p,v),§2;53;1’;z] p— s}

78



Mathematics 2019, 7, 996

I'(65 4+ nt) n!

g (;(@) $% (1P, 0T (0 + 1) ) i

0
o0 n o0
STy Moy 2 | T+ mip) dp. 23)
I( ) ) Jo
Using the following result given by Chaudhry and Zubair ([2], Eq. 4.105),

o 2571 _ 1
/0 P571 Ty(61 +n;p)dp = NG I <5 2 v) r (#) T +n+s), o

in (23), we find that

fm{ 2R1[(01;p,0),00;03;T52) 1 p — s}
2l /s s+o+1 T(05)T(é1 +5)
T F( 2 )1‘( 2 ) T'(81 4 5)I'(61)T'(d2)

i 51+n+5) (6 +nt) 2"

I'(d3 4 nt) n!
i s—v s+ov+1\ T(d)
_ﬁ(msr( 2)r( ) T
2 (81 +58)n (63 + n1) 2"
; (53 +n7) n!’ 5)

which, in view of (8), yields the Mellin transform formula (22) asserted by Theorem 4. [

5. Use of the Operators of Fractional Calculus

In this section, we recall the operators J,1 and ©, of the fractional integral and fractional
derivatives of order y € C (R(u) > 0), which are defined by (see [18,19])

<Jg+f)(x):ﬁ/ox$dt (1 € C; R(p) > 0) (26)
and
(0hf) 0 = (T N} (e R >0 n=[RG0) +1), @)
respectively.

We now prove the following fractional integral and fractional derivative formulas associated with
the extended 7-Gauss hypergeometric function:

2R1 [(51; P, U), 52; 53,' T;Z} .

Theorem 5. Let p € Ry = [0,00), 81,02,63,w € C, and min{R(mu),R(3), R(t) > 0}. Then the
following formulas hold true for x > p:

(3,@# [(ffp)‘sr] 2R1[(51;P/U)/52;53?T"“’(t7P)TH)(x)

Ry [(61;p,0),00; 63+ 1; T;w0(x — )T 28
r(53+ﬂ) 21[(1]7)23 H ( p)} ()
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and

<©g+ [(t — )% R [(81;p,0), 0203 Tw (t — P)TH ) (x)

— o) —p—1
= % 2R [(615p,0), 82,83 — ; T, w(x — ). (29)

Proof. Using the following well-known relation (see [18,19]),

(3+ (e =)> 1) () = %(x —p) (x> p), (30)

we have
(3 [0 =02 2Ra[(G:p,0), 0505 T (= 0)7] ] ) ()
_ (J‘L [1"((53) i (51; P,U)n r(52+1/lT) w" (t—P)53+1n71})

INE) I'(63 + n1) n!
(x — )11 (3) .
= Ry|(81;p,0),02; 63+ u; T, w(x — p)7],
TGt 70 2R1[(61;,0),02; 03 + p; T w(x — p)7]

which proves the assertion (28) of Theorem 5.
Next, in view of (27) and (11), we have

(@f,; {(t — )57 Ry [(81;p, ), 82; 33 T ot —p)TH>(x)

= 2 (5 [ -0 Ri[(@p,0) butsimiantt = )] ) )}

- qn (x _ p)z53+n—;¢—1 F(53)
T dxn T(65—p+n)

2R1[(61;p,0), 6005 + 1 — 1; T;0(x — p)7] } . (31)

Finally, by applying (19) to the equation (31), we are led to the assertion (29) of Theorem 5. [

6. Concluding Remarks

In our present investigation, we have first introduced an extension of the T-Gauss hypergeometric
function in terms of a certain extended Pochhammer symbol. We have then derived its various
properties, including (for example) integral representations, derivative formulas, Mellin transform
formulas, as well as the fractional integral and fractional derivative formulas. We have observed that
by letting v = 0, the various results derived in this paper will reduce to the corresponding results
proved earlier in [17]. Moreover, if we set T = 1, then we get several interesting new or known
formulas for the extended Gauss hypergeometric function. Finally, we have observed that, if v = 0
and T = 1, then we get some new or known results for the extended Gauss hypergeometric function
defined and studied by Srivastava et al. [10].
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1. Introduction

Let A be a class of analytic functions in the open unit disk D = {z € C: |z| < 1}, of the form
flz) =z+ Y a,Z" (zeD). 1)
n=2

Let S be the class of functions f € .4 which are univalent in D. A function f € A is said to be
starlike, if it satisfies the inequality

zf'(2)
Re<f(z)>>0 (z € D). @)

We denote by S* the class which consists of all functions f € A that are starlike. A function f € A
is said to be close-to-convex if there exits a function g € S* such that it satisfies the inequality

e<zgfé‘§)> >0 (zeD). %)

We denote by C the class which consists of all functions f € A that are close-to-convex. We note
that S* C C C S and that |a,| < nfor f € S*.

For two functions f and g which are analytic in D, we say that the function f is subordinate to g,
and write f(z) < g(z), if there exists a Schwarz function w, that is a function w analytic in D with
w(0) =0and |w(z)| < 1inD, such that f(z) = g(w(z)) for all z € D. In particular, if the function g is
univalent in D, then f < g if and only if f(0) = ¢(0) and f(D) C g(D) [1].
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In 1976, Noonan and Thomas [2] defined the g-th Hankel determinant for integers n > 1 and
q=1by

an A+l -+ Antg-1
Ayl Aug2 oo Angg
Hy(n) = : : : : (a1 =1).
Ant+q-1 Gn+q -+ An429-2

In general, one of the important tools in the theory of univalent functions is the Hankel determinant.
It is used, for example, in showing that a function of bounded characteristic in ), that is, a function
which is a ratio of two bounded analytic functions with its Laurent series around the origin having
integral coefficients, is rational [3]. For the use of Hankel determinant in the study of meromorphic
functions, see [4]. For detailed information, the readers are encouraged [5,6]. Various properties of these
determinants can be found in [7] (Chapter 4). The investigations of Hankel determinants for different
classes of analytic functions started in the 1960s. Pommerenke [8] proved that the Hankel determinants
of univalent functions satisfy |H,(n)| < Kn—(3+P)3+3 where n, g€ N, g>2 8> 1/4000 and K
depends only on g. Later, Hayman [9] proved that |H, ()| < An? where n € Nand A is an absolute
constant for areally mean univalent functions. Pommerenke [10] investigated the Hankel determinant
of areally mean p-valent functions, univalent functions as well as of starlike functions. For results
related to these determinants, see also [11,12].

Note that
az as

’

and  Hy(2) = 0 g

where the Hankel determinants Hy (1) = a3 — a3 and Hp(2) = apa4 — a3 are well-known as Fekete-Szego
and second Hankel determinant functionals, respectively. Further, Fekete and Szeg6 [13] introduced
the generalized functional a3 — Aa3, where A is some real number. In recent years, the research
on Hankel determinants has focused on the estimation of |H>(2)|. Problems in this field has also been
argued by several authors for various classes of univalent functions [14-24].

The Koebe one-quarter theorem [1] ensures that the image of I under every univalent function
f € S contains a disk of radius 1/4. Thus every function f € S has an inverse f 1, such that

1
FUE =z GeD),  and (@) =w (ol <n0)nt) =),
where the inverse f~! has the power series expansion (see [25])
Y (w) = w—aw? + (Za% - u3> w — (5&1% — bazaz + a4) wha - 4)

A function f € A is said to be bi-univalent in D if both f and f~! are univalent in ), in the sense
that f~! has a univalent analytic continuation to D. Let £ denote the class of bi-univalent functions
in . For a brief history of functions in the class ¥ and also other different characteristics of these
functions and the coefficient problems, see [25-32] and the references therein.

In 2014, Hamidi and Jahangiri [33] defined the class of bi-close-to-convex functions of order
a (0 < & < 1) that this class is denoted by Cy,(«) and in particular, Cx(0) = Cyx.

Definition 1. A function f € X is in the class of bi-close-to-convex functions of order w if the following
conditions are satisfied:

zf'(2)
Re(g(z) > > (zeD) (5)
and
Re <w§(£§)})) > (weD), (6)
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where the function F(w) = f~(w) is defined by (4), g(z) =z + ¥ byz" € S* and
n=2

G(w)=w+ Y B,z" € §*. )
n=2

Recently, Giiney et al. [34] obtained the bound for the second Hankel determinant H,(2) for
the class Cy, of bi-close-to-convex functions as follows:

Theorem 1. Let the function f given by (1) be in the class Cs, and G(w) = g~ (w). Then

353
= — a2 < —.
‘H2(2)‘ ’ﬂ2a4 aS‘ = 36

Remark 1. By means of the subordination, the conditions (5) and (6) are, respectively, equivalent to

zf'(z) 1+z wF'(z) 1+w
a <=
8(z) 1-z Gw)y 1-w

The main purpose of this paper is to determine bounds for the functional H(2) = ayas — a% for
functions belonging to the subclass Cs. of bi-close-to-convex functions, which is a much improved
estimation than the previous result given by Giiney et al. [34]. We note that our proof method is by
means of the subordination and more direct than those used by others and so we get a smaller upper
bound and more accurate estimation for the functional |Hy(2)| for functions in the class Cx.

2. Main Results
Theorem 2. Let the function f given by (1) be in the class Cs, and G(w) = ¢~ (w). Then

227
Hy(2)] = [azay — | < 2.
[H2(2)] = |a2ay — 03| < =~
In order to prove our main result, we need the following lemmas.

Lemma 1. [1] (p. 190) Let u be analytic function in the unit disk D, with u(0) = 0, and |u(z)| < 1 for all
z € D, with the power series expansion

u(z) =Y cuz".
n=1
Then, |cq| < 1forall n € N. Furthermore, |c,| = 1 for some n € N ifand only if u(z) = ez", 6 € R.

Lemma 2. [20]If ¢(z) = ¥ $uz", z € D, is a Schwarz function with 1 € R, then
n=1

lP2=x(1*lP%>r
gs= (1-93) (1= xP) s —wn (1-v}) 2

for some x, s, with |x] < 1and |s| < 1.
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Lemma 3. [35] Let the function f € S* be given by (1). Then, for any real number y,

3—4p if pu

IN
M=

‘a3 — ],m%‘ 1 if

IN

p<1

Nf—

dp—3 if pu>1.
Lemma 4. [19] Let the function f € S* be given by (1). Then

\Hy(2)] = ’a2a4—a§‘ <1

Equality holds true for the Koebe function k(z) =

(1-2)*
Lemma 5. [36] Let the function f € S* be given by (1). Then
|azas — ag] < 2.

Equality holds true for the Koebe function k(z) =

(1-2)>

Proof of Theorem 2. As noted in Remark 1, if f € Cys, then by definition of subordination, there
exist two Schwarz functions u and v, of the form u(z) = Y. ¢,z" and v(z) = Y dnz", z € D that
n=1

n=1
we can write

zf'(z)  1+u(z)

=142c1z+ 22+ ZC%)ZZ + (2c3 + 4c1c0 + ZC%)ZS +

g(z)  1—u(z)
b 14ow)
zF'(z +o(w 2\ o 3\ 3
=2 142 2dy + 2 2ds + 4dydy + 24
e 1= o) +2dyw + (2dy + 2d7)w” + (2d3 + 4d1dy + 2d7)w” +
Equating coefficients in two above relations then gives
2&12 — bz = 2C1, (8)
3az — by — 2ayby + b3 = 2¢y + 22, )
4ay — by — 2ayb3 + 2baby — 3azby + 2a2b3 — b3 = 2¢3 + 4cjcp +2c5, (10)
and
—2ay + by = 2d., 11)
—3az + by — 2ayby — b3 + 6a% = 2d, + 242, (12)
— 4ay + by — 2aybs — 3byby — Bazby + 2a:b% + 2b3 — 2043
+20a2a3 + 6a3by = 2d3 + 4dydy + 243, (13)

respectively. From (8) and (11), we get that

c1 = —dy, (14)
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Also, according to the proof of [34] (Theorem), it is enough that we set 2c;, 2c; + ZC%, 2c3 +
4cicp + ZC? instead of ¢1,co, c3,and 2dy, 2d, +2d?, 2d3 + 4dqdy + 2d% instead of dq,dy, ds in relations
(2.5)-(2.10) in [34], respectively. Thus we can write (2.20) in [34], as given below:

‘112114 — Il%l = %(bzb4 - bg) + 71*2b§ + %(b4 - bzb3)C1 - }Tgbzbgcl

+zi (bs-%83) &

1 (”3 - %bﬁ) b3 —3 (bS - %bﬁ) (c2—dy)
1

*%bzcl 46% — %(62 — dz) - %b% ( 5)

16C1 |:8C1 3C1(C2 — dz) (C3 — d3) — 4C% —4cq (Cz + dz):|

+%b2 |:2(C3 — d3) + 4C% + 4C1 (Cz + dz):| — %(Cz — dz)z

According to Lemma 2 and (14), we find that
0 —dy = (1 fc%) (x—y) and c+dy= (l fc%> (x+y) (16)
and

3= (17c1) (1,‘3(‘ )sfcl (176%).’)(2 and d3 = (17171%) (lf\y|2>t7d1 <17d%)y2,

where
¢ —dy = (1=c}) [(1=[x)s = (1= yP)t] —er(1 = D) (2 + ) 17)

for some x, y, s, t with |[x| < 1, |[y] < 1, |s| < 1and |t| < 1. Applying (16) and (17) in (15),
it follows that

10
g(b4 — bab3)cy — §b2b3cl

4 2 7 2
+24<b3 4)1 144(173 ﬁb2>b2

16 a 864+ 4
9% 161 161 16

2 _ 1 _ > 8 4 ,
+2<1 c1>(x y)[ 5 b3 sz +%bzcl+ﬁc1

+2¢; (1,(3%) (x+y){4c1+ bz}

1 1
)u2u4 — a%‘ :‘g(b2b4 — b%) —+ —b% +

— 33}]26:13 + b2c1 sz?

+201-) [0~ s = A= yPr] | o1 + i

—20(1- )P 4y )Pc1 +—b2} = (1-8) -y
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Since by Lemma 1, |c1]| < 1, we assume that c; = ¢ € [0,1]. So by utilizing the triangle inequality
we have

‘a2a47u§‘
‘bzb4*b3’+72 ‘b3‘+§|b4*b2b3\c+g b3*%b% c|ba]
= br—bz 114 by — gb% 43|
+’7—+—‘|b2| 3+ ’—%+186 *
+2(1-2) [5ta- 28|+ geliale-+ ] el + )

+2¢(1-8) [feer Zial] (ol + )
+200-) [ 2ot Loal] [0 - 1)+ (- W)}

261 =) e+ geltal]| (12 + 1) + 55 (1-2)° (1 + )2

10 13
8‘b2b4 h3’+72‘b2’+ b2b3\c+—8 by — 183 bl
1,
= ,72 2 o _ 7 2
+ AL +144 b b2 ‘b‘+\b2\c+ S

41— PH —|b2|}

16
+ (2|2 + 20 e+ 55 2l vl Zot 2y (1=¢) (21 + ly)
9 9% 16" 16"

+2( et geltal) €= (=) (1eP o+ ) + g (1) (1l + )

_72
b3 16b2

We now apply Lemmas 3-5 in order to deduce that

‘a2u4—a3)

1 1 2 22 40 , 17 1, 8 5

<44 Ze4+ o+ = = 1— 1

<gtsTit: T3 c+36+2c +2c +16( ) (c+1)
7 16 4 2

+(2{%+%C+Ec}+2c{ﬁc+l6b(1—c>(\x\+|y\)

RTARVI A

o (1-2) (il + 1

U.)

Now, for A = |x| < 1and y = |y| < 1, we obtain

o203 = @] < i+ (A )+ A2+ )3 + (At 0)%s = LA, ),
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where

26 34 40, 1, 8 )
= 7+7 — - >
Ji=J(c) = > c+24c +2¢3 +2c +16(1 c)(e+1)>0

h:m:@ st o
Js=J3(c) = (1 <o

Ja = Ja(c) = ;(1—3) >0,

We now need to maximize the function L(A, i) on the closed square [0,1] x [0,1] for ¢ € [0,1].
With regards to L(A, i) = L(p, A), it is sufficient to show that there exists the maximum of

H(A) = L(AA) = J1 +2AT, +2A%(J3 + 2Jy), (18)

on A € [0,1] according to ¢ € [0,1]. We let ¢ € [0,1]. Considering Equation (18) for 0 < A < 1 and
J3 +2J4 < 0, we consider for critical point

P lS(% + it gCZ) (1-&) 18(1—78 +5ct ga)
Ao = -2 _ ; - . >1
2(J3+2]y) 2k (1—c2) (1-c2)
for any fixed ¢ € [0,1], where k = —(J3 +2]J4) > 0. Therefore, for Ay = i—i > 1, it follows that

k< ]23 < Jp,andso J, + J3 +2]J4 > 0. So,

HO)=J1 < +2(Ja+J3+2]4) = H(1).

Therefore, it follows that

max {H(A): A € [0,1]} = H(1) = J1 +2]2 +2]3 + 4]a.

Therefore, max L(A, i) = L(1,1) on the boundary of the square.
We define the real function W on (0,1) by

W(e)=L(L1) =J1 +22+2]5 +4]s.
Now putting J1, J>, /3 and 4 in the function W, we have

84 15, 11, 43 70
W(e)=—¢ SSC+ o
(€)= =g 6 T 6 Tt 3
By elementary calculations, we get that W(c) is an increasing function of c. Therefore, we obtain
the maximum of W(c) on ¢ = 1 and

227
max W(c) = W(1) a6
This completes the proof. [
Example 1. If we choose the functions
z 2
fe)=2+%, s@)=2-3,
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then will have 5

3
w w

=, G — o1 — Z
- Glw) =g '(w) =w+

and so these functions satisfy in Definition 1. Thus function f € X is bi-close-to-convex, that is, f € Cy, (see for
3

more details, [33]). Therefore, Theorem 2 holds for f(z) = z + % .

Fw) = f Y(w)=w—

Remark 2. The obtained bound for |a2a4 — a%‘ in Theorem 2 is smaller than and more accurate the estimation
given in Theorem 1.

3. Conclusions

In the present paper, we find a smaller upper bound and more accurate estimation for
the functional |H,(2)| for functions in the class Cs, with G(w) = ¢~ (w) which is an improvement
of the result obtained by Guney et al. [34]. Obtaining a sharp estimate for |H»(2)| of the class Cy with
G(w) = g~ (w) is still an open problem.
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Abstract: Foeplitz and Loeplitz matrices are Toeplitz matrices with entries being Fibonacci and Lucas
numbers, respectively. In this paper, explicit expressions of determinants and inverse matrices of
Foeplitz and Loeplitz matrices are studied. Specifically, the determinant of the 1 x 1 Foeplitz matrix
is the (n + 1)th Fibonacci number, while the inverse matrix of the n x n Foeplitz matrix is sparse and
can be expressed by the nth and the (1 + 1)th Fibonacci number. Similarly, the determinant of the
n x n Loeplitz matrix can be expressed by use of the (1 + 1)th Lucas number, and the inverse matrix
of the n x n (n > 3) Loeplitz matrix can be expressed by only seven elements with each element
being the explicit expressions of Lucas numbers. Finally, several numerical examples are illustrated
to show the effectiveness of our new theoretical results.

Keywords: determinant; inverse; Fibonacci number; Lucas number; Toeplitz matrix; Hankel matrix
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1. Introduction

Toeplitz matrices often arise in statistics, econometrics, psychometrics, structural engineering,
multichannel filtering, reflection seismology, etc. (see [1,2] and references therein). Furthermore, they
have been employed in quite wide fields of applications, especially in the elliptic Dirichlet-periodic
boundary value problems [3], solving fractional diffusion equations [4-6], numerical analysis [7], signal
processing [7], and system theory [7], etc. Citations of a large number of results have been made in a
series of papers and in the monographs of Iohvidov [8] and Heining and Rost [9].

It seems to be an ideal research area and current topic of interest to specify inverses of Toeplitz
matrices as well as the special Toeplitz matrices involving famous numbers as entries. Some scholars
showed the explicit determinant and inverse of the special matrices involving famous numbers. The
authors [10] proposed the invertibility of generalized Lucas skew circulant matrices and provided
the determinant and the inverse matrix. Furthermore, the invertibility of generalized Lucas skew
left circulant matrices was also discussed. The determinant and the inverse matrix of generalized
Lucas skew left circulant matrices were obtained respectively. The determinants and inverses of
Tribonacci skew circulant type matrices were discussed in [11]. The authors provided determinants
and inverses of circulant matrices with Jacobsthal and Jacobsthal-Lucas numbers in [12]. The explicit
determinants of circulant and left circulant matrices including Tribonacci numbers and generalized
Lucas numbers were shown based on Tribonacci numbers and generalized Lucas numbers only in [13].
Moreover, four kinds of norms and bounds for the spread of these matrices were discussed respectively.
In [14], circulant type matrices with the k-Fibonacci and k-Lucas numbers were considered and the
explicit determinant and inverse matrix were presented by constructing the transformation matrices.

Mathematics 2019, 7, 939; doi:10.3390/mat7100939 93 www.mdpi.com/journal /mathematics



Mathematics 2019, 7, 939

Jiang et al. [15] gave the invertibility of circulant type matrices with the sum and product of Fibonacci
and Lucas numbers and provided the determinants and the inverses of the these matrices. Jiang and
Hong [16] studied exact form determinants of the RSFPLR circulant matrices and the RSLPFL circulant
matrices involving Padovan, Perrin, Tribonacci, and the generalized Lucas number by the inverse
factorization of a polynomial. It is worthwhile to note that Akbulak and Bozkurt gave the upper and
lower bounds for the spectral norms of the Fibonacci and Lucas Toeplitz matrices [17].

In this paper, we will show the explicit determinants and inverses of the Foeplitz matrix and
Fankel matrix both involving Fibonacci numbers (see Definitions 1 and 2 below), and the Loeplitz
matrix and Lankel matrix both involving Lucas numbers (see Definitions 3 and 4). The main results are
obtained by factoring the considered matrices into structured factors, whose determinant and inverse are
computed exactly, and then reassembling the factorization. This paper provides a novel characterization
of Fibonacci or Lucas numbers as the determinant of Toeplitz matrices containing numbers from the same
sequence. In fact, the main contribution of this paper is that Toeplitz matrix, tridiagonal Toeplitz matrices
with perturbed corner entries, the Fibonacci number, and the Golden Ratio are connected together.

Here the Fibonacci and Lucas sequences (see, e.g., [18]) are defined by the following recurrence
relations, respectively:

Fii1 =F,+F,_1(n>1), where F=0 F=1,
Lyy1=L,+L,1(n>1), where Ly=2 L;=1,

F_(ny1) = —Fn +F,(,,,])(n >1), where F=0F =1,

L gyp1)y=—Low+L_(py(n>1), where Lo=2 L j=-1

The following identities are easily attainable

Fop=(=1)""Fy, Loy=(=1)"Ly, 6
”i:z Wlii = %Ly — 0L +a" Ly g+ ”nL;1—2+k’a " -1+V5 )
= a2+a—1 2 7

"iza,vaii _ —@Lyy — @Lg 1 +a" 'Ly (y_g) +0"Ly_(4 o) - 1+ \/5. @)
= a2 —a—1 ! 2

Definition 1. An n x n Foeplitz matrix is defined as a Toeplitz matrix of the form

Fl FZ anl Fn
F_, F Fia
Trn = : : , @)
F7n+1 K i3] 13}
Fou Foup -+ Fo R )
where Fy, Fip, -+, Fi, are the Fibonacci numbers.

Definition 2. An n x n Fankel matrix is defined as a Hankel matrix of the form

Fy, Fn,1 s Fz Fl
E1 - - R F,
HF,n: , (5)
%) FR 7 Fup
I3 Fo - F711+1 F_p

nxn
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where Fy, Fi», ---, Fi, are the Fibonacci numbers.

Definition 3. An n x n Loeplitz matrix is defined as a Toeplitz matrix of the form

Ly L, Ly1 L
L, Ly Ly-q
TLn = ’ (6)
Lopyr oLy Ly
L_p L7n+1 oo Lo Ly nxn
where Ly, Liy, -+, Liy are the Lucas numbers.
Definition 4. An n x n Lankel matrix is defined as a Hankel matrix of the form
Ly Ly -+ Lo Ly
Ly - Ly Lo
Hp, = : , @)
Ly Ly 7 Loan
Ly Lo - L7n+1 L_n nxn
where Ly, L4y, -+, Ly are the Lucas numbers.
It is easy to check that
HF,n = TF,nin ’ (8)
HL,n = TL,nfrz ’ (9)

where I, is the counteridentity matrix, the square matrix whose elements are all equal to zero except
those on the counter-diagonal, which are all equal to 1, which provide us with basic relations between
Tr,, and Hp,, and Ty , and Hp ,, respectively.

Lemma 1. ([19], Lemma 2.5) Define an n x n bi-band-Toeplitz matrix by

&« 0 v ee o0
o
0 :
Fap=| " P o
: B« O
0 0o B a)
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the inverse of Fy(«, B) can be expressed as

A 0 B
Dy M '
Ay Ay A :

Fula, p)" = : : ,
A
Apr Apo o . Ay AL O
Au BDut Bua - DAy A Ay )

where

Remark 1. This Lemma is a special case of ([19], Lemma 2.5).

2. The Determinant and Inverse Matrix of Foeplitz, Fankel, Loeplitz, and Lankel Matrices

In this section, we study the determinant and the inverse of Foeplitz, Fankel, Loeplitz, and Lankel
matrices by factoring the considered matrices into structured factors, whose determinant and inverse
are computed exactly, and then reassembling the factorization. We establish the relationship between
the determinant of these matrices and Fibonacci or Lucas numbers.

2.1. Determinant and Inverse Matrix of a Foeplitz Matrix

In this subsection, the determinant and the inverse of the Foeplitz matrix Tf , are studied.
Theorem 1. Let Tr,, be an n x n Foeplitz matrix defined as in (4). Then Tr ,, is invertible and
detTr,, = Fyy1, (10)
where F,, 1 is the (n + 1)th Fibonacci number.
Proof. For n < 3, it is easy to check that detTry = 1 = F,, detTrp, = 2 = Fzand detTr3 = 3 =

Fy. Therefore, Equation (10) is satisfied. Now, we consider the case n > 3. Define two additional
nonsingular matrices,

—_
—_
o
[e]

0 1
“F ., 1 -1
A= 0 1 -1 -1 B = 10
0 1 -1 —1 o 01 0 -0/
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Multiplying Tr ,, by A; from the left, we obtain

R B B - Fa E
0 ay a3 -+ wy_q ay
B2 Bs -+ PBu-1 Pn
AlTF,n = ’
o --- 0 1 0
0 0 1 0 0 axn
where
aj=—F_yF+F i 1,(i=23,,n), (11)
Bi=—FyaF+F 2 (=23 ,n-1),
Bn=—F_y_1Fn. (12)
Then, multiplying A Tr ,, by By from the right, we have
hR F Fa -+ B B
0 ayp ap1 -+ a3 @
0 ﬁn ﬁn—l e IS3 ,32
A1TpBy = 0 0 1 o --- 0 ’ (13)
0 O o 1 0/,.,

and

det(AlTp,nBl) = det(Al) det(Tp,”) det(B])

=R [(=1)"" Bty — (—1)" " azfn]

=(=1)" "R [(=F-nFu + F)(=F_n 1B+ F-y) 4+ Fy 1 Fu(=F-nFa + F_y11)].
From the definition of A; and By, we get

(-1)(n-2)

detA; =detB; = (—1) 2
Therefore, we have

detTe, =(—1)" " [(—F_uFy + F1)(—F_y_15 + F_y)
+ F—n—an(*anpz + F—n+1)}

=In+1-
Since F, 41 # 0, the n x n Foeplitz matrix is invertible. Thus, the proof is completed. [

Remark 2. Theorem 1 gives the relationship between the Foeplitz matrix and the Fibonacci number. From the
perspective of number theory, the (n + 1)th Fibonacci number can be represented by the determinant of an n X n
Foeplitz matrix.
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Theorem 2. Let Tr,, be an n x n Foeplitz matrix defined as in (4). The inverse matrix of Tr ,, is

Ey — (="
Fi1 e 0 0 0 Fii
1 -1 -1 0 0 - -« -~ 0 0
0 1 -1 -1 0 0
1 -1 -1
To=| . o ; , (14)

0 v e e e o 01T =1 -1

_ 1 Ey
Fi1 0 0 1 Faya nxn

where F, and F,1 are the nth and (n + 1)th Fibonacci numbers, respectively.

Proof. For n = 1, it is easy to check that

F
Tra=1and Ty = ¢
! 2

For n = 2, we have

=
N
I
VRS
—_
—
==
N~
)
j=]
Q.
=1
o
Il
VRS
NI—=N=
.
NI,
N~

and for n = 3, we have

_ I

1
-1 -1
-1 -1

1 2
Trz = -1 1 1 and T7 ! =
1 2
1 -3 1 5

F3
2 -1

which are in agreement with Equation (14). Now, we consider the case 1 > 4. The explicit expression
of the inverse of the Foeplitz matrix can be obtained by use of Equation (14). Define addtionally two
nonsigular matrices

1 0 - oo oo —o 0
0 1
0 b
Ay=| + . 0
o
0 0o 0 1
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and
o 1 e I
1 0 0
B, = ,
: 1 0
0 1

where a; and B, are defined as in (11) and (12), respectively.
Multiplying A1 Tr ,B1 by A, from the left and by B, from the right, we obtain

ATpB = AyA1Tr,B1B;

F 0 0 0 0 0
0 ay 0 0 0 0
0 0 ﬁnfl_ﬁ”s:izil ﬁn—Z_ﬁ’%W .83_{5;75(3 132_18:4752
= : 1 0 0 )
1
0 0 1 0
nxn
where
1 0
—F, 1
,BHF*PI F 1 ﬁi l
o, —n—1 o,
A=A = 0 1 -1 :
0 1 -1 -1 wxn
Fooy n n
0 . 0 1
: - 1 0
B = BBy, = . ) ) ) . ,
1 0 0
.
0 1 7Tx1 7;’% 7% nxn

with «; and B, are defined as in (11) and (12), respectively. In addition, the matrix ATr,B admits a
block partition of the form

ATe,B=N& M, (15)
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where N @& M denotes the direct sum of the matrices N and M, N = diag(F;, «,) is a nonsingular

diagonal matrix, and

‘Bnp‘n 1 +,B ﬁn;’z: -2 +‘B DS 5;5‘3 +/33
1 0
M= 0 1
0 0 1

From (15), we obtain
Ter=B(N"ToM A

Based on the defintions of N and M, we have N~1 = diag(Ff S0

X

_ Bura + ‘B
0

(n—2)x(n—2)

0
1

_ Baxn—Pnas

0 1 0
M=
0 e e 0
An _ Bun18n—Bnon_1 .. Badn—Bnay
Boan—Pnaz Boan—Pnaz Baan—Pnaz
By direct computation, we have
FVI —
s 1 0 O
1 -1 -1 0 0

Tor=B(N'TeM A=

Fup1

O

Batn—Pntz 7/ (n—2)x(n—2)

,1)"
0 Fui1
0 0

0

Fy
1 Fin nxn

Remark 3. It is well known that if you divide F, by F,. 1, then these ratios get closer and closer to about
0.618, which is known to many people as the Golden Ratio, a number which has fascinated mathematicians,
scientists and artists for centuries. Equation (14) can be appreciated in many different ways, and it is easy to see

that top-left and bottom-right corner entries of

Ty ; get closer and closer to the Golden Ratio. In fact, Toeplitz

matrices, tridiagonal Toeplitz matrices with perturbed corner entries, the Fibonacci number, and the Golden

Ratio are all connected by Equation (14).

2.2. Determinant and Inverse Matrix of a Fankel Matrix

In this subsection, the determinant and the inverse of the Fankel matrix Hf , are studied.
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Theorem 3. Let Hp,, be an n x n Fankel matrix defined as in (5). Then Hf ,, is invertible and

(n=1)n

deth,n :(71) 2 Fyi1,
where Fy, 11 is the (n + 1)th Fibonacci number.

Proof. From (8), it follows that det H, = det I, det Tr,,. We obtain this conclusion by the fact that

detl, = (71)"(”2 “ and Theorem 1. [J

Remark 4. This Theorem gives the relationship between the Fankel matrix and the Fibonacci number. From the
standpoint of number theory, the (n + 1)th Fibonacci number can be expressed as the product of the determinant

of an n x n Fankel matrix and a sign function.

Theorem 4. Let Hr,, be an n x n Fankel matrix defined as in (5). Then inverse matrix of Hr ,, is

-0 0o 0 0 -~ 0 0 1

+1 Fup1

Fy
0 B | D T I— |
1 -1 -1 0

Hey=| o 1 , (16)

0 1 -1 -1 :
1 1 =1 0 e e e e 0

Fu _ . ="
o 1 0 0 0 0 0 0 Frt e

where F, and F, 11 are the nth and (n + 1)th Fibonacci numbers, respectively.
Proof. We obtain this conclusion by formula (8) and Theorem 2. [

Remark 5. Equation (16) can be appreciated in many different ways, and it is easy to see that bottom-left and
top-right corner entries of H;i get closer and closer to the Golden Ratio. In fact, Hankel matrices, sub-tridiagonal
Hankel matrices with perturbed corner entries, the Fibonacci number, and the Golden Ratio are all connected by
Equation (16).

2.3. Determinant and Inverse Matrix of a Loeplitz Matrix

In this subsection, the determinant and the inverse of the Loeplitz matrix Ty , are studied.
Theorem 5. Let Ty , be an n x n Loeplitz matrix defined as in (6). Then Ty , is invertible and
detTy, = (—=1)""L,.q —2", forn>1, 17)
where Ly, 1 is the (n + 1)th Lucas number.
Proof. For n < 3, itis easy to check that

det T1=1, det Tpp=-8 and det T3 =—1
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Therefore, Equation (17) is satisfied. Now, we consider the case n > 3. Define additional nonsingular
matrices,

1
L, 1
L, 1 -1

A= 0 1 -1 -1

0 1 -1 -1

nxn
Multiplying T; ,, by Aq from the left, we obtain
Ly Ly Ly -+ Lyp2 Ly1 Ln
0 a a3 - ay2 ay1 4y
0 by b3 -+ byo byq by
o - - 0 2 -1 0

A1 TL,n =

nxn

where

aj=—L yLi+L_yqi1,(i=2,3,---,n—1),

ap = —L_yLy + Ly,

bj=—-L_, 1L; + L yii-o, (l =23, ,n— 2), (18)
by1=-L yaly1+L1—L

bn = 7L—n—1L14 + Ly — Ll-

Then, multiplying ATy ,, by B; from the right, we have

Ly Ly Lyq Lyo -+ L3 Lo
0 apn ay1 ay—2 -+ a3 @
bn bn—l bn—Z e b3 bZ
MTpBi=| @ 0 —1 2 0 --- 0 , (19)
: -1 2 0
0 0 0 -1

nxn

and
det(A1TL,,,B]) = det(Al) det(TL,n) det(Bl)

n—2 . n—2 .

=Li(an Y, 2" 2 by = by Y 2" 0y )
i=1 i=1

:2n73[(*[‘77/17] Ly1+ L — L—Z)(*L—nLn + L]) - (*LfnLnfl + L—Z)

n—2 .
(—LopaLa+Lo)l + Y 2" 2 [(=L oy 1Ly—i+ L_i_5)(=L—nLy + L1)

i=2
- (_L—nLnﬂ‘ + L—i*l)(_Lfn—an + LO)}'
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From the definition of Ay and By, we get
detA; = detB; = (—1)" 42,
By formulas (2) and (3), we obtain
det Ty, = (—1)"" L4 —2",

which completes the proof. [

Remark 6. This Theorem gives the relationship between the Loeplitz matrix and the Lucas number. From the
perspective of number theory, the (n + 1)th Lucas number can be expressed as the sum of the determinant of
n x n Loeplitz matrix and scalar matrix.
Theorem 6. Let Ty , be an n x n Loeplitz matrix defined as in (6). Then
: : 13 : 8 -9 5
T, =1T,= 3 51 T = 5 =17 -9 |,
8 8 -13 15 8

71 .
and forn > 3, TL,n is

Q3 Q  2"78Qp - 2201 204 Q1
Q4 Qs Q2 L2201 20
) 2Qy Qs Qs o220
TL/n: 206 ’ (20)
2140, : Qs Q@ 2P
21780, 2"4Qg -+ 2Q6 Qs Qs Q2
Q7 2"3Q4 2"%Qs - 2Qs Qs axn
where
5
Q= det TL,n’
Q =1+2"7Q,
- detTL,n_l
Q= detTL,n !
oy = V(Lo + Lysa)
4 detTL,n !
Qs =3+2""1Qy,
Qe =5+2"Qy,
Qy = 22+ (Z)" L] + (-1)"
7 detTL,n !

detTp, = (71)"+1Ln+1 -2",

and L (j=1, £2, ---, £n)is the jth Lucas number.
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Proof. For n < 3, itis easy to check that

0|

_1 8 -9 -5
T/111,T/21< § > a=1 15 -17 =9

Now, we consider the case n > 4. The explicit expression of the inverse of the Loeplitz matrix can be
found by use of Equation (20). Define additionally two nonsigular matrices.

[el[e8)

1
8

1
1
by
eSS o 1
1
nxn
and L
1 7Lf;’ Ty—1 - T3 T
ay_ 3
0 1 B ﬂnl 7% 7%
0 1 0 0
vzz ’
0 0 0
nxn
where
L”Fli Li .
_ _Zl(j=12 -1 21
= (=23 n- 1), e

with a; and b; are defined as in (18).
Multiplying A1Ty, , By by A, from the left and by V, from the right, we get

Ly 0 0 0 - 00
0 ay 0 0 e 00
S0 Yn-1 Yn-2 - Y3 N2
AT,V = MM T B1Vy = 0 -1 2 0o --- 0 ,
- 0
0 0 0o -1 2
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where
1
—L_, 1
bnﬂL”—n _ Lfnfl 1 uin -1
A=0hr = 0 1 -1 -1 g
0 1 -1 -1
nxn
1 %—’1’ T-1 -+ T3 T
0 0 1
1 0
V =BV, = ,
1 0o .- 0
a,_
0 1 B llnl 7% 72 nxn
bua; .
Y= — +b,(i=273, --,n-1),

n

with a;, b; and 7; are defined as in (18) and (21), respectively. In addition, the matrix ATy ,V admits a
block partition of the form

AT,V =N oM, (22)

where N/ @& M denotes the direct sum of the matrices A" and N'. N = diag(Ly, a,) is a nonsingular
diagonal matrix,

Yn-1 Tn-2 Tn-3 - Y3 N2
—1 2 0 oo 0
0 -1 2
M =
-1 2 0
0 0o -1 2

(n—2)x(n-2)

Denote £ = y,_1 — vcu # 0, where V.= (7,2 7n-3 - 73 '72)1><(n73)f

2 0 0
-1 2
C= 0
-1 2 0
0 0o -1 2

(n—=3)x(n—3)

and U =(-10 --- 0)1Tx<n73). From (22), we obtain

T =VNTaM A
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Based on the definitions of A" and M, we have N’ =1 = diag(Ly Lam. By Lemma 1, we get
()} @1 .

@3 [0 1

cl= : : ,
@p—5
Wp—4 @Op-5 @y @ 0
@n-3 @n-g @p-5 - @ @ @1/ 3,0, 3
where
1 .
wl:5,1§z<n73

From Lemma 5 in [20], we have

=

1 _
Ml( 140 1 _1ZV5 1 1)
—pClu et getuve )y
where
Ve = (i1, fin-s),

1
-1 -1 -1 -3
Chygetuve !t = (mp ),

n—2—i

i = 2 Tn-1-j@i, 1 <i<n-3,
i=1

-

M= @ - L, 1< j<i<n-3,

mgrjzf%,1§i<j§n73.
Therefore, we get
1 0 0 0
0+ 0 0
1 _n _n /=
00 g 7 7 7
1 1 [ m’ m' m!
NteoM ' = 7 1,1 12 1,1-3
@ / / /
N m; 4 mp, My 3
@y_3 ! ! /
0 0 7 m,_s1 My_32 My 31-3 / ,xn
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Multiplying NTtpm1 by A from the right, we obtain

1 0 0
an O O an
€11 €12 €13 C1,4 €15 Cl,n
N T MDA = €21 €22 023 C24 025 Con ,
31 €32 €33 C3,4 €35 C3,n
Cn—21 Cn-22 Cn-23 Cp-24 Cn-25 Cn—2n nxn
where
1 anfn ;1 anfn .
c1a= (P — L), g = (P L), 2K i <=2
0\ ay, (n+1))s ¢ an (n+1)/7 4
_ 77n—3 o < i< 2
12 = — 7 Cip=Mj_1,-3 «¢>S1SN—2
771174 ﬁnfl’; / / .
C3=—" T 3= My My 2SS N2,
fn-1-j | fn—j | fn+1-j .
Clj = — 7 7+714§]S”_]/

— ! !/ / . .
Cij =M gy 1 =M gy j—Mi 141 jp2<i<n—24<i<n-—1,

1 —by,

j @;_1,—b
C1p = Z( ; Uit _ Wi

_1) + 7/ Ci,n =

n 14 an

By formulas (2) and (3), we have

Qs Qs Q2
2Q4 Qs Qs

-1 _ ~1 “I\A _ )
T, =VN T eM A= : 20
2"y : Qs
2"3Q, 2"Q o 2Q6 Qe
Qr  2"73Qy 27Qy oo 204
where Q;(i=1, 2, -+, 7) is the same as in Theorem 6. [

2.4. Determinant and Inverse Matrix of a Lankel Matrix

Qs Q 2"3Q - 220

(=2 -1 —mj 1, 2<i<n—2

20, Q1
2201 24
‘. 22Q1
Q 2%
Qs Q2
Qs Q3 wxn

In this subsection, the determinant and the inverse of the Lankel matrix H, , are studied.

Theorem 7. Let Hy ,, be an n x n Lankel matrix defined as in (7). Then Hy , is invertible and

n(n-1)

detHp, =(-1)"2 [(=1)""'L,1 —2"],

where Ly, 11 is the (n + 1)th Lucas number.
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Proof. From formula (9), it follows that det Hy ,, = det I, det Tr,,- We obtain the desired conclusion by
using det [, = (—1) “% and Theorem 5. [

Remark 7. This Theorem gives the relationship between the Lankel matrix and the Lucas number. In terms of
number theory, the (n + 1)th Lucas number can be expressed as the sum of the determinant of n x n Lankel
matrix and scalar matrix.

Theorem 8. Let Hy , be an n x n Lankel matrix defined as in (7). Then

s 13 15 8
1 ~1 § 38 1
H,=1H,= < S ) s Hp;= 15 =17 -9 |,
5 8 8 -9 -5
and forn > 3, Hgi is
Q7 2"3Qq 277Qu -+ 2Qs Q4 Qs
23Q, 2 - 2Q6 Qs Qs Q2
270 ST Qs @ 27
H]j — 206 . . K )
2Q4 Qs Qs S22
Q4 Qs Q2 ST 220 20
Qs Q  27%Qp - 22Q1 2 Q i
where Q;(i =1, 2, ---, 7) is the same as in Theorem 6.

Proof. By formula (9), we have H L_ ,11 =1, TL_, ; Thus we get the desired conclusion from Theorem 6. [

3. Example

In this section, an example demonstrates the method which was introduced above for the
calculation of the determinant and inverse of the Foeplitz matrix and the Loeplitz matrix.

Example 1. Here we consider an 8 x 8 Foeplitz matrix:

1 1 2 3 5 8 13 21

-1 1 1 2 3 5 8 13

2 -1 1 1 2 3 5 8

Trg = -3 2 -1 1 1 2 3 5
’ 5 -3 2 -1 1 1 2 3
-8 5 -3 2 -1 1 1 2

B3 -8 5 -3 2 -1 1 1

-21 13 -8 5 -3 2 -1 1

8x8

From formula (10), we obtain

det Trg =Fy = 34.
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As the inverse calculation, if we use the corresponding formulas in Theorems 2, we have Fg = 21, Fy = 34.
So we get

21 1
5 1.0 0 0 0 0 5
1 -1 -1 0 0 0O 0 O
0 1 -1 1 0 0 0 O
ti_| 0 0 1 -1 -1 .0 0 0
=1 0 o 0o 1 -1 -1 0 0
0 0 0 0 1 -1 -1 0
0 o 0 o o 1 -1 -1
1 21
-z 0 0 0 0 0 1 35 /¢4
Example 2. Here we consider a 5 x 5 Loeplitz matrix:
1 3 4 7 1
3 1 3 4 7
Ts=| —4 3 1 3 4
7 —4 3 1 3
—11 7 -4 3 1 /55
From formula (18), we obtain
detTy5=— (2Ly — Lg) —2° = —14.
As the inverse calculation, if we use the corresponding formulas in Theorem 6, we have Qq = — 2, Q» =
2,0 = Qu=20=-2,0=-%2,Q = - Sowe get
27 13 0 _5 _
4 7 7 7 14
20 _v B 0 _5
7 7 7 7 7
-1 _ 40 45 19 13 10
Ts= 7 7 7 7 7
80 90 45 19 13
7 7 7 7 7
_143 80 40 20 27
7 7 7 14/ 5x5
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Abstract: In this paper, we study periodic tridiagonal Toeplitz matrices with perturbed corners.
By using some matrix transformations, the Schur complement and matrix decompositions techniques,
as well as the Sherman-Morrison-Woodbury formula, we derive explicit determinants and inverses of
these matrices. One feature of these formulas is the connection with the famous Mersenne numbers.
We also propose two algorithms to illustrate our formulas.

Keywords: determinant; inverse; Mersenne number; periodic tridiagonal Toeplitz matrix;
Sherman-Morrison-Woodbury formula

1. Introduction

Mersenne numbers are ubiquitous in combinatorics, group theory, chaos, geometry, physics,
etc. [1]. They are generated by the following recurrence [2]:

My11 =3M, —2M, 1 where My=0, M;=1,n>1; 1)
3 1 1
M,(n+1) = EMfy, — EM*(”*U where MO = 0, M_1 = *E, n Z 1. (2)

The Binet formula says that the nth Mersenne number M,, = 2" — 1 [3]. One application we
would like to mention is that Nussbaumer [4] applied number theoretical transform closely related to
Mersenne number to deal with problems of digital filtering and convolution of discrete signals.

In this paper, we study some basic quantities (determinants and inverses) associated with the
periodic tridiagonal Toeplitz matrix with perturbed corners of type 1, which is defined as follows

15} 2h 0 0 Y1
0 -3r . 0
a=| 07 , )
2h 0
0 —3h 2h
oy 0 0 h Tn

nxn

where a1, ,, y1, Yn, it are complex numbers with i # 0. Let I, be the n x n “reverse unit matrix”,
which has ones along the secondary diagonal and zeros elsewhere. A matrix of the form B := I.AL is
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called a periodic tridiagonal Toeplitz matrix with perturbed corners of type 2, we say that B is induced
by A. Itis readily seen that A is a periodic tridiagonal Toeplitz matrix with perturbed corners of type
1 if and only if its transpose AT is a periodic tridiagonal Toeplitz matrix with perturbed corners of
type 2.

Tridiagonal matrices appear not only in pure linear algebra, but also in many practical applications,
such as, parallel computing [5], computer graphics [6], fluid mechanics [7,8], chemistry [9], and partial
differential equations [10-15]. Taking linear hyperbolic equation as an example, some scholars have
studied some matrices in discretized partial differential equations. Chan and Jin [16] discussed a linear
hyperbolic equation considered by Holmgren and Otto [17] in one-dimensional and two-dimensional
cases. Here we restate the linear hyperbolic equation in the two-dimensional case,

ou(xy, xp,t du(xy, xp,t du(xy, xp,t
( L ) 4o, (axl ) 4o, (ax2 ) _g,

where 0 < x1, xp < 1, t > 0, u(x1,0,t) = f(xqg —at), , u(0,x1,t) = f(xp —at), u(xy,x2,t) =
f(x1 +x2),8 = (v1 +v2 —a)f'. Here v, v, and a are positive constants and f is a scalar function with
derivative f'. Denote s1, s, k as the two spatial steps and time step respectively. For simplicity, assume
that v; = v, = vand s; = s, = s. The linear hyperbolic equation discretized based on trapezoidal rule
in time and center difference in two spaces, respectively. It’s coefficient matrix is a tridiagonal matrix
with perturbed last row:

2 o 0 0
-2
0
P = ,
0
: -0 2 %)
0 o or e 0 20 2420

nxn

where @ = vk/s. On the other hand, some parallel computing algorithms are also designed for solving
tridiagonal systems on graphics processing unit (GPU), which are parallel cyclic reduction [18] and
partition methods [19]. Recently, Yang et al. [20] presented a parallel solving method which mixes
direct and iterative methods for block-tridiagonal equations on CPU-GPU heterogeneous computing
systems, while Myllykoski et al. [21] proposed a generalized graphics processing unit implementation
of partial solution variant of the cyclic reduction (PSCR) method to solve certain types of separable
block tridiagonal linear systems. Compared to an equivalent CPU implementation that utilizes a single
CPU core, PSCR method indicated up to 24-fold speedups.

On the other hand, many studies have been conducted for tridiagonal matrices or periodic
tridiagonal matrices, especially for their determinants and inverses [22-30]. Two decades ago,
Wittenburg [31] studied the inverse of tridiagonal toeplitz and periodic matrices and applied them to
elastostatics and vibration theory. Recently, El-Mikkawy and Atlan [32] proposed a symbolic algorithm
based on the Doolittle LU factorization and Jia et al. put forward some algorithms [33-35] based on
block diagonalization technique for k-tridiagonal matrix. In 2018, Tim and Emrah [36] used backward
continued fractions to derive the LU factorization of periodic tridiagonal matrix and then derived
an explicit formula for its inverse. Furthermore, some scholars were attracted by the fact that one
could view periodic tridiagonal Toeplitz matrices as a special case of periodic tridiagonal matrices.
Shehawey [37] generalized Huang and McColl’s [38] work and put forward the inverse formula for
periodic tridiagonal Toeplitz matrices.
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The rest of the paper is organized as follows: Section 2 describes the detailed derivations
of the determinants and inverses of periodic tridiagonal Toeplitz matrices with perturbed
corners through matrix transformations, Schur complement and matrix decomposition with the
Sherman-Morrison-Woodbury formula [39]. Specifically, the formulas on representation of the
determinants and inverses of these typies matrices in the form of products of Mersenne numbers and
some initial values. Furthermore, the properties of the periodic tridiagonal Toeplitz matrices with
perturbed corners of type 2 can also be obtained. Section 3 presents the numerical results to test the
effectiveness of our theoretical results. The final conclusions are given in Section 4.

2. Determinants and Inverses

In this section, we derive explicit formulas for the determinants and inverses of a periodic
tridiagonal Toeplitz matrix with perturbed corners. Main effort is made to work out those for periodic
tridiagonal Toeplitz matrix with perturbed corners of type 1, since the results for type 2 matrices would
follow immediately.

Theorem 1. Let A = (“i,]')?jzl (n > 3) be an n x n periodic tridiagonal Toeplitz matrix with perturbed
corners of type 1. Then

detA = (—h)""2{[2My—sa; — 4(My—3 + 1)an] i+ Myy_1 (€175 — an71) }, @
where M; (i =n —3, n—2, n — 1) is the ith Mersenne number.
Proof. Define the circulant matrix
€ = (€)ij=1/ (%)
where

1, i=nj=1,
€ij = 1, jii-‘rl,

0, otherwise.

Clearly, € is invertible, and

dete = (—1)"3. 6)

Multiply A by € from right and then partition Ae into four blocks:
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Since Ay, is upper triangular, its determinant is clear which is

det Ay = 1" 2, (®)

As we assume /1 # 0, so Ay is invertible. It is known (see, e.g., ([29], Lemma 2.5)) that Agzl =

(iii,j)?j:1 where
) M];Hl’ i< ]-/
i ;=
i,j . .
0, 1>,
and M,; is the ith Mersenne number.

Next, taking the determinants for both sides of (7) and by (see, e.g., ([40], p. 10)), we get
det(Ae) = det Ay det(Aq — AppAsAgy). ©)
Therefore

det Ay, det(An — A12A51A21)

tA =
de dete

. (10)

To find det A, we need to evaluate the determinant of (Aj; — AlZAEZIAzl). From (7) we have

_ —2M,, vy —4M,,_3h way —2M, _oay
A1 — A A 1A _ T n—2rn n n
Ho R < My _17n +2M, ok M qap

and so
det (A — ApAsAgy) =[4(My_3 + 1)ay — 2My_saq | — My_1 (017 — &u1)- (1)

Finally, applying (6), (8), and (11) to (10), we get the determinant of A, which completes
the proof. [

Theorem 2. Let A = (al‘,]‘);ljzl (n > 3) be a nonsingular periodic tridiagonal Toeplitz matrix with perturbed

corners of type 1. Then A~1 = (ﬁi,j)szl, where
2My oh+My 17n . .
- 9 i=1,j=1,
AMy3h=11+2My 270 i=1j=2
(Mn—2+1)“n, i= 2/] _ 1,
2Mu—3”"1h+Mn—§(“l'7n*”‘vl"/l) i=2j=2
3(Mn 3(;’1)"%, i= 3,] _ 1,
’ji,j = (M"*371)"‘1h+(MH*Ztlli];thrMn%(”‘l%x*"‘1171)’ i— 3,j —2, (12)
Bitij_1 — 2ij 2+ }, ie{23},j=i+1,
y y i€{1,23},i+2<j<m
it j1— 20, o
3<j<i<n,
85 1y . je{l2}4<i<n;
Eulfl,] - zazfz,]/ 4<i< ] <n
= 2Myparht — (My—1 + D)anft + My 1 (010 — anv1), (13)

and M; (i = n —3, n—2, n — 1) is the ith Mersenne number.

114



Mathematics 2019, 7, 893

Proof. Let A~! = (d;7)};_ and the identity matrix I, = (ei,j);szl, where

ij=

1,i=j,
eji =
g 0, otherwise.

For a nonsingular A,
ATTA=AAT =1,

According to (15), we get

Ei,]' = Zdi,j,lh — 3ﬁi,jh + ziz-,th,
ei,j = ﬁifl,jh — 3&,‘/]'?1 + 2111'+1,]'Fl,

Based on (14),we get from (16) that
djj = 3d;j1 — 20, {

and ﬁ,‘/,‘+1 = 31\1'1',[ — 211,',1',1 + % fori=2,3.
Similarly, from (17), we get that

2 2

3ﬁ,‘,1’]‘ _ di72,j jG {1,2},
la<i<j<n

1<i<m2<j<n—1,
3<i<n—1,1<j<n.

ie{1,23}i+2<j<um
3<j<i<n,

4<i<m;

(14)

(15)

(16)
(17)

(18)

(19)

Therefore, based on the above analysis, we need to determine six initial values, that is, dj (ie
{1,2,3},j € {1,2}), for the recurrence relations (18) and (19) in order to compute the inverse of A.
The rest of the proof is devoted to evaluating these particular entries of A~".

We decompose A as follows:

A =hA+FG,

where A = 3T F = (£, fI),G = ( ? ) with
. 2
2M,h
= (i +
fl ( ! Mn+1

(M, + 1)1
= AT 0. 0
fa=(n M, OO

1= (1,0,,0),,,,
§2=0-,01),,

and M,; the ith Mersenne number as before.

It could be verified that A~ = %(ti]') where

n
ij=1/

and M_,, is givenin (2) form =1,2,....
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Applying the Sherman-Morrison-Woodbury formula (see, e.g., ([39] p. 50)) to (20) gives

Al = (A +FG) ! = %A’l - %A*F(In + %GA*P)*GA*. (21)

Now we compute each component on the right side of (21).
Multiplying respectively A~! by G and F from left and right,

Gal =1 < n ) 22)
3 172
sE=3(a &), @)

where 77 and 7, are row vectors, ¢; and ¢, are column vectors,

m = (M),

2 = (=2Mj_p-1)j_1,

= (& —31,81,81, &),

Gi1 =My_ip10n —2M_jay, i=1,2,---,n,
& = (My—is1vn — 2M_jy1 +2My 1) .

Then multiplying (23) by % from the left, further adding I, and computing the inverse of

the matrix

G )71 _3n ( —2M_ 1+ +30 —(71 4+ My +2M,_1h) >

Li+—=A'F) " =
( nt h h 2M_pq — oy wy + Mo,

where h = M, [Ml_,,(acl'yn — apy1) + Mp_poqh — ocnh] Multiplying the pervious formula
(I + %A*IF ) - by A~F from the left and by GA™! from the right, respectively, yields

1 _
ATF(L + EGA*P) ot = (ki) 11, (24)
where
o O + (0] 11 + 0"y ) Mjh 1<i<
1= 3’ sj=n
Mn+1¢ 3
(rxm{j + ann{]{)hz + (agyn — txn’Yl)Wf]’/h . .
i = , 2<i<nl1<j<n,
3Mn+1¢
§ = 2My_paqh — (My—1 + D)anh + My_q (170 — an71),
07 = 3M;(My 1 +1) = My 1M, _j1 (M + 1), l<j=mn,
07 = MyM; = M,,_j 11 (Mj_1 +1), 1<j<n
0" = Mj(My—1+1) = MyM,,_ji1 (M1 +1), l<j=mn
'71{]' = ZMnMn_,'Mj — 3M1‘M]‘(Mn_,‘ + l) + Man‘—an—j+1 (Mj—i+1 + l)/ 2<i<nl1<j<m,
i = MioiMy i1 (Mpyjo1 +1) = My o Mj(My g +1), 2<ismls<js<n,
1 = My [MyiMj + M 1My (M + 1)), 2<isml<j<n
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From (21) and (24), we have

o 1, _ 1
(@)1 = 378 = ?(kij)gj:p (25)
where
Mg ki -
dij = ]3hl —#, 1<i<j<mn, (26)
5 2M; g ki o
ajj =— éhl *#, 1<j<i<n (27)
By (26) we compute,
. 2My o+ My 17
a1 = - 9
L AM, 3l — y1 +2My 27
4,2 = I ,
_ o 2Mysaqhi 4+ Mo (@17n — 1)
dpp = —ph .
By (27) we compute,
. (M,,,z + 1)“14
a1 = —p ’
< 3(M11—3 + l)an
a3y = —p ,
3y = (My—3 — Daafi + (Mp—2 + D)anft + My_3(a17n — an71)
, " .

This completes the proof. [

Remark 1. Formulas (26) and (27) would give an analytic formula for A=1. However, there is a big advantage
of (12) from computational consideration as we shall see from Section 3.

The next two theorems are parallel results for type 1 matrices.

Theorem 3. Let A be a periodic tridiagonal Toeplitz matrix with perturbed corners of type 1 and B be a periodic
tridiagonal Toeplitz matrix with perturbed corners of type 2, which is induced by A. Then

detB = (—7)" 2{ [2My 201 — 4(My_3 + D)an |7t + My_1 (2170 — an11) }-

Proof. Since detB = det [,, det A det [,,, we obtain this conclusion by using Theorem 1 and det I, =
n(n—1)

(-1) 2. O

Theorem 4. Let A be a periodic tridiagonal Toeplitz matrix with perturbed corners of type 1 and B be a periodic
tridiagonal Toeplitz matrix with perturbed corners of type 2, which is induced by A. Then

1 o
B = (u11+1—i,n+1—j)1(fj:1/
where d; ; is the same as (12).

Proof. It follows immediately from B 1= f; 1A’1f; 1= [,A"1, and Theorem 2. O
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3. Algorithms

In this section, we give two algorithms for finding the determinant and inverse of a periodic
tridiagonal Toeplitz matrix with perturbed corners of type 1, which is called A. Besides, we analyze
these algorithms to illustrate our theoretical results.

Firstly, based on Theorem 1, we give an algorithm for computing determinant of A as following:

Based on Algorithm 1, we make a comparison of the total number operations for determinant of
A between LU decomposition and Algorithm 1 in Table 1. Specifically, we get that the total number
operation for the determinant of A is 21 + 11, which can be reduced to O(logn) (see, [41] pp. 226-227).

Table 1. Comparison of the total number operations for determinant of A.

Algorithms Number Operations
LU decomposition algorithm 13n — 15
Algorithm 1 2n+11

Algorithm 1: The determinant of a periodic tridiagonal Toeplitz matrix with perturbed corners
of type 1
Step 1: Input aq, &y, y1, yn, 11, order n and generate Mersenne numbers
M;(i=n-3,n—-2n—-1)by(1).
Step 2: Calculate and output the determinant of A by (4).

Next, based on Theorem 2, we give an algorithm for computing inverse of A as following:

Algorithm 2: The inverse of a periodic tridiagonal Toeplitz matrix with perturbed corners of
type 1
Step 1: Input aq, &y, v1, vn, 11, order n and generate Mersenne numbers
M;(i=n-3n-2n—1)by (1)
Step 2: Calculate ¢ by (13) and six initial values ;1,1 2, 421, d2,2, 31, 432 by (12).
Step 3: Calculate the remaining elements of the inverse:

1
3 =32 =21 + 7,

g B 5 1
d34 = 3d3 — 231 + 7
dij =37 1—24;; 5, 1€{1,2,3},i+2<j<n,
ﬁ,‘/]' = 3&,‘,]',1 — Zﬁi,j,z, ie {1,2,3},3 < ] < i <mn,

o 3. 1, . .
fij = Sl = 52, ] € {1,2},4<i<n,

. 3. 1, .
ajj = ill,‘,ll]' — Ea,‘,z/]', 4<i <] <n.

Step 4: Output the inverse A~ = (“i,j)ﬁj:y

To test the effectiveness of Algorithm 2, we compare the total number of operations for the inverse
of A between LU decomposition and Algorithm 2 in Table 2. The total number operation of LU
decomposition is 57”3 +3n + % — 21, whereas that of Algorithm 2 is 77”2 — 31 4+ 30.
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Table 2. Comparison of the total number operations for inverse of A.

Algorithms Number Operations
LU decomposition algorithm 57”3 +3n% + % =21
Algorithm 2 77”2 - 37" +30

4. Discussion

In this paper, explicit determinants and inverses of periodic tridiagonal Toeplitz matrices with
perturbed corners are represented by the famous Mersenne numbers. This helps to reduce the total
number of operations during the calculation process. Some recent research related to our present
work can be found in [42-48]. Among them, Qi et al. presented some closed formulas for the
Horadam polynomials in terms of a tridiagonal determinant and derived closed formulas for the
generalized Fibonacci polynomials, the Lucas polynomials, the Pell-Lucas polynomials, and the
Chebyshev polynomials of the first kind in terms of tridiagonal determinants.

5. Conclusions

Mersenne numbers are remarkably wide-spread in many diverse areas of the mathematical,
biological, physical, chemical, engineering, and statistical sciences. In this paper, we present explicit
formulas for the determinants and inverses of periodic tridiagonal Toeplitz matrices with perturbed
corners. The representation of the determinant in the form of products of the Mersenne numbers and
some initial values from matrix transformations and Schur complement. For the inverse, our main
approaches include the use of matrix decomposition with the Sherman-Morrison-Woodbury formula.
Especially, the inverse is just determined by six initial values. To test our method’s effectiveness,
we propose two algorithms for finding the determinant and inverse of periodic tridiagonal Toeplitz
matrices with perturbed corners and compare the total number of operations for the two basic
quantities between different algorithms. After comparison, we draw a conclusion that our algorithms
are superior to LU decomposition to some extent.
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1. Introduction

By H (U) we denote the class of functions which are analytic in the open unit disk
U={z:z€C and |z| <1},

where C is the set of complex numbers. We also let A be the class of analytic functions having the
following form:

f)=z+)Y az" (VzeU), 1)
n=2
and which are normalized by the following conditions:
f(0)=0 and f'(0)=1.

We denote by S the class of functions in .A, which are univalent in U.
A function f € A is called starlike in U if it satisfies the following inequality:

R (i{}g) >0 (VzeD).
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The class of all such functions is denoted by S*. For f € S§*, one can find that (see [1]):
|11n‘ § n for n=23,.. (2)

Next, by K, we denote the class of close-to-convex functions in U that satisfy the following

inequality:
zf'(z)
%(g@)>>0 (Vzel),

for some g € S*.
An example of a function, which is close-to-convex in U, is given by:
_ L2in 2
F(z) = 22 0% 0<a<m)
(1—einz)
which maps U onto the complex z-plane excluding a vertical slit (see [2] where some interesting
properties of this function are obtained).
Moreover, by SL*, we denote the class of functions f € A that satisfy the following inequality:

(R -

Thus a function f € SL* is such that ZJ{/(Z) lies in the region bounded by the right half of the

Z
lemniscate of Bernoulli given by the following relation:

<1 (Vzel).

‘wz - 1’ <1,
where
L@
f(2)

The above defined class was introduced by Sokoét et al. (see [3]) and studied by the many authors
(see, for example, [4-6]).

Next, if two functions f and g are analytic in U, we say that the function f is subordinate to the
function g and write:

f=g or f(z)=8(2),

if there exists a Schwarz function w(z) that is analytic in U with:
w(0)=0 and |w(z)| <1,

such that:
fz)=g(w(2)).

Furthermore, if the function g is univalent in U, then we have the following equivalence
(see, for example, [7]; see also [8]):

f(z) <g(z) (z€U) = f(0)=g(0) and f(U) C g(U).

We next denote by P the class of analytic functions p which are normalized by p(0) = 1 and have
the following form:

p(z) =143 paz", 3)

=1
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such that:
R(p(z)) >0 (Vzel).

In recent years, several interesting subclasses of analytic and multivalent functions have been
introduced and investigated (see, for example, [9-16]). Motivated and inspired by recent and ongoing
research, we introduce and investigate here a new subclass of close-to-convex functions in U which are
associated with the lemniscate of Bernoulli by using some techniques similar to those that were used
earlier by Sokét and Stankiewicz (see [3]).

Definition 1. A function f of the form of Equation (1) is said to be in the class ICL™ if and only if:

O

<1 @)

for some g € S*. Equivalently, we have:

zf' (2)
16 <V1+z (Vzel)

for some g € S*.

Thus, clearly, a function f € KL is such that Zg éz)) lies in the region bounded by the right half of

the lemniscate of Bernoulli given by the following relation:
0?1 <1

A closer look at the above series development of f suggests that many properties of the
function f may be affected (or implied) by the size of its coefficients. The coefficient problem has been
reformulated in the more special manner of estimating |a,|, that is, the modulus of the nth coefficient.
In 1916, Bieberbach conjectured that the nth coefficient of a univalent function is less or equal to that of
the Koebe function.

Closely related to the Bieberbach conjecture is the problem of finding sharp estimates for
the coefficients of odd univalent functions, which has the most general form of the square-root
transformation of a function f € S :

1(z) = \/f () = 2+ c32° + c52°...

For odd univalent functions, Littlewood and Parley in 1932 proved that, for each postive integer n,
the modulus |cp,41| is less than an absolute constant M. For M = 1, the bound becomes the
Littlewood—Parley conjecture.

Letn 2 0and g = 1. Then the gth Hankel determinant is defined as follows:

an ap+1 - - - Opygl
An+1

Hy (n) =
Antq-1 - s Ang2(g-1)

The Hankel determinant plays a vital role in the theory of singularities [17] and is useful in the
study of power series with integer coefficients (see [18-20]). Noteworthy, several authors obtained
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the sharp upper bounds on H; (2) (see, for example, [5,21-29]) for various classes of functions. It is
a well-known fact for the Fekete-Szegt functional that:

‘ag — a%‘ = Hz (1) .
This functional is further generalized as follows:
s =1

for some real or complex number . Fekete and Szeg® gave sharp estimates of |a3 — pa3| for y real and
f € S, the class of normalized univalent functions in N. It is also known that the functional |azas — a3|
is equivalent to Hj (2). Babalola [30] studied the Hankel determinant Hj (1) for some subclasses of
analytic functions. In the present investigation, our focus is on the Hankel determinant Hj (1) for the
above-defined function class KL*.

2. A Set of Lemmas

Lemma 1. (see [31]) Let:
pz) =1+ piz+p2° +---

be in the class P of functions with positive real part in U. Then, for any number v:

—4v+2 (v0)
|p2—vpd| 4 2 (0v1) ®)
4v -2 (v1).

When v < 0 or v > 1, the equality holds true in Equation (5) if and only if:

1+z
plz) =1

or one of its rotations. If 0 < v < 1, then the equality holds true in Equation (5) if and only if:

1+ 22
p) =10

or one of its rotations. If v = 0, the equality holds true in Equation (5) if and only if:

_(1T+p\1+z 1-p\1-2z
p(z)’< 2 >1—z+< 2 >1+z (0p1)
or one of its rotations. If v = 1, then the equality in Equation (5) holds true if p(z) is a reciprocal of one of the
functions such that the equality holds true in the case when v = 0.

Lemma 2. [32,33] Let:
p(z) =1+ piz+pz + -

be in the class P of functions with positive real part in U. Then:

2= p}+x (4 p})
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for some x (|x| £ 1) and:
aps=pi+2(4=pt) pr— (4= pd) p+2 (4= ) (1- 1) 2
forsomez (|z] £1).

Lemma 3. [1] Let:
pz) =1+ pz+pz+ -

be in the class P of functions with positive real part in U. Then:
pel =2 (keN).

The inequality is sharp.

3. Main Results and Their Demonstrations

In this section, we will prove our main results.

Theorem 1. Let f € KL" and be of the form of Equation (1). Then:

75 (62— 75p) (n< %)
o3 — pa3| <4} (B<us®)
75 (751 — 62) (n>%).

It is asserted also that:

1 38 21 38 62
‘ﬂ3—ﬂ“5‘+§<3ﬂ—g>|a2| §§ <%<V§%>

1 /86 21 62 86
‘a3fyu%‘+§<ﬁ73y>\uz| gi <%<y§%),

Proof. If f € KL*, then it follows from definition that:

and:

zf' (2) *
< ¢(z for some ¢ € §¥),

fE <0 (orsomeg e s)

where: )
¢(z)=(1+2z2)2.
Define a function p(z) by:
(2)771+w(z)71+ 4 pazt 4
PE=1"% (z) Pz p2 ’

It is clear that p (z) € P. This implies that:
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In addition, from Equation (6), we have:

zf' (2)
g(z)

=<¢(2)

with:

1
_( 2(x) \?
e = ()
We now have:
2p(2) \*_q 1, [, 5 LY, _5, 18 s,
p(z)+1 4”1 4”2 32”1 t g T 1Pt gh

cr, 5, e 5, 4 L),
4”4 16”1’73 1287217 35P2 7 04811

3

Similarly, we get:

!
Zg(g) =1+ [2a2 —b]z+ {3”3 —2aby — b3+ b%] z

+ {4114 - 2!12b3 — 3!13172 + 2b2b3 + 2112[7% - b4 — bg] Z3 +ee

Therefore, upon comparing the corresponding coefficients and by using Equation (2), we find
that:

5

=2 7
a2 = gp1, 7)

119,
a3 = g2+t gepi ©)

7 9 91
ay = @PS‘*‘@MPZ“‘@FH- (C)]
We thus obtain: . .

o3 — pad| = § P2 — 5 (751 —38) pi] . (10)

Finally, by applying Lemma 1 in conjunction with Equation (10), we obtain the result asserted by
Theorem 1. [

Theorem 2. Let f € KKL" and be of the form of Equation (1). Then:

‘ 2‘ < 9105

aray —az| = 36416 11)

Proof. Making use of Equations (7)-(9), we have:

2 (35 45 455 1 19 ,\?
a5 = 384p1p3+512p1p2+12288p1 BV
S S SN VA S L
384/1P3 16p2 15367172~ 36864 F1

1 i i 4
= Seai (3360p1ps —2304p3 — 408pipa — 79p1)
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With the value of p, and p3 from Lemma 2, using triangular inequality and replacing |x| < 1 by p
and p; by p, we have:

e e

+0? (4 - pz) (264;12 — 1680p + 2304)]
=F(pp). 12)

Differentiating Equation (12) with respect to p, we have:

?Tﬁ = ﬁ [324 (4= p?) P2 +20 (4 — p?) (264p* — 1680p +2304) ] .
It is clear that:
oF(p.p) _
dp !

which shows that F(p, p) is an increasing function on the closed interval [0,1] . This implies that the
maximum value occurs at p = 1, that is:

max{F(p,p)} = F(p,1) = G(p).

We now have:

— 1 _ 4 2
G(p) = 36864{ 569p* + 48p +9216}. (13)

Differentiating Equation (13) with respect to p, we have:

1
(1) = 3e5e1 | —2276p* + 96p |

Differentiating the above equation again with respect to p, we have:

" _ 1 o 2
(P) = 35c [~6828p2+-96] <.

For p = 0, this shows that the maximum value of G(p) occurs at p = 0. Hence we obtain:
9105
Joans = | < s

which completes the proof of Theorem 2. [

Theorem 3. Let f € KL" and of the form of Equation (1). Then:

7
_ <
|azaz —ag| = TR

Proof. We make use of Equations (7)—(9), along with Lemma 2. Since p; < 2, by Lemma 3, let p; = p
and assume without restriction that p € [0,2]. Then, taking the absolute value and applying the
triangle inequality with p = |x|, we obtain:

151? {550° + 100pp (4~ p?) +112 (4~ p?)

+560% (p—2) (4 - p*) }
=: F(p).

|azas — ay]
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Differentiating F(p) with respect to p, we have:

F(p) = 15136{100p(4 7)) +1120(p-2) (4= %) }.

For 0 < p < 1and fixed p € (0, 2), it can easily be seen that:

$<0.

This shows that F; (p, p) is a decreasing function of p, which contradicts our assumption.
Therefore, we have:

maxF (p, p) = F(p, 0) =G (p).
This implies that:
¢ (p) = — {165 —224 }
P)= 1536 1P P

and:

"
(p) = 1536 {330p — 224} < 0

for p = 0. Thus, clearly, p = 0 is the point of maximum. Hence we get the required result asserted by
Theorem 3. [J

To prove Theorem 4, we need Lemma 4.

Lemma 4. If a function f of the form of Equation (1) is in the class K.L*, then:

859

85
d
il S g and o <

5 31
< Z
o2l = 3 lasl = 5 =64

These estimates are sharp.

Proof. The proof of Lemma 4 is similar to that of a known result which was proved by Sokét (see [6]).
Therefore, we here choose to omit the details involved in the proof of Lemma 4. [J

Theorem 4. Let f € KCL" and be of the form of Equation (1). Then:

Hy(1)] < 1509169
=~ 1092480°
Proof. Since:
|3 (1)] < [as] | (a20 = a3) | + laal | (0205 = 0) | + lns| | (mas — a3 ). (14)
By Theorem 2, we have:
9105
‘a2a4 - a%‘ < e (15)
In addition, by Theorem 3, we get:
7
|a2a5 —ay| < 7. (16)

Now, using the fact that a; = 1, as well as Theorem 1 with y = 1, Lemma 4, Equations (15) and
(16) in conjunction with Equation (14), we have the required result asserted by Theorem 4. [
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4. Conclusions

Using the concept of the principle of subordination, we have introduced a new subclass of
close-to-convex functions in U, associated with the limniscate of Bernoulli. We have then derived the
upper bound on Hj (1) for this subclass of close-to-convex functions in U, which is associated with the
limniscate of Bernoulli. Our main results are stated and proved as Theorems 1-4. These general results
are motivated essentially by the earlier works which are pointed out in this presentation.
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1. Introduction

Fors € C, letos(n) = Y4, d° be the sum of positive divisors function. For 7 in the upper half

plane $), consider
eZm’nT

& 1
S—
2 n 1 — g2mint * (1)

()
A(t,s) = Y g1 (n)e?™mT =
n=1 n=1

A(T,s) is an entire function of s for every T € £ and a Lambert series in g = 27 for every s € C.

The study of transformation of A(7,s) under the action of the modular group

at+b
ct+d

((2h) esL(2,2)) @)

has been a classical subject. Since A(T,s) is manifestly invariant under translation T — 7 + b for
b € Z, one only needs to consider transformations (2) with ¢ > 0. The main result of this article is the
following transformation formula of A(t,s). For T € §,s € Cand (7}) € SL(2,Z) with ¢ > 0,

—s at+b B 1, . -
(ct+d) A(cHdIS)*A(TfSHE(l (ct+d) ) (1-5)
_ - ‘ ‘ A .
s Lsec 2t 1 -1 ‘ id . ; (
W/C(*Z) c+j:0cotn<l\/mzf?> COtn<\/ﬁ75> dz

where C is the Hankel contour that encloses the nonnegative real axis in the clockwise direction but
not any other poles of the integrand (see Definition 1 and Theorem 1).

Many previously known transformation formulas can be derived as special cases of (3) by
considering some particular values of s (see Corollary 1). When s is an even positive integer, A(T,s)
appears in the Fourier series of the holomorphic Eisenstein series of weight s and satisfies a simple
transformation law [1,2] (Corollary 1 (i) and (ii)). The case s = 0 is closely related to the Dedekind
eta-function

77(”[’) _ eTL’iT/lZ IO_OI (1 _ E2711'71-r) (T c ﬁ)
n=1
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as a branch of log 7 on §) is given by

log () = 5= — A(x,0). @
12
We can thus derive the transformation law of log #(7) by setting s = 0 in (3) (Corollary 1 (iii)). Among
many other proofs of the eta-transformation formula, we mention the work of Siegel [3], who gave a
simple proof of it under T — —1 by considering a certain contour integral of a product of cotangent
functions. This method was generalized by Rademacher to the full modular group in [4].

The transformation property of A(t,0) also has many applications; for example, it is used in
Rademacher’s derivation of an analytic formula of the partition function [5], which improved the result
of Hardy and Ramanujan [6]. The formula also brings out the notion of the Dedekind sum, which has
interesting arithmetic properties [7]. In Corollary 1 (iii), we obtain the cotangent sum representation of
the Dedekind sum directly from (3).

The transformation formula of A(7,s) when s is an even negative integer, which led to the idea of
generalized Dedekind sums, was found by Apostol [8]. A computational error in [8] was corrected
by Mikolas [9] and Iseki [10]. We obtain this formula in Corollary 1 (iv), also with cotangent sum
expressions for the generalized Dedekind sums.

The general transformation property of A(t,s) for complex s was first studied by Lewittes [11] in
connection with certain generalized Eisenstein series. Berndt derived a transformation formula
involving an integral expression in [12], which is further generalized in [13]. We note that the
formula (3) involves an integral expression different from the formula in [12]. Studying the behavior
of an integral of a more general cotangent sum may be an interesting topic for further investigation.

Throughout this work, logarithms and powers are taken with the principal argument.

2. Transformation Formula

Definition 1. Let ¢,d € Z with (c,d) = 1and ¢ > 0. For T € $and s € C, we denote p = v/ct+d

and define
Csfl o1 c—1 ) ]d iz ]
La(t,s) = 8 /C(—z) ¢+ ) cotm <zpz — ?> cot <E - E) dz (5)

j=0

where C is the Hankel contour that encloses the nonnegative real axis [0, c0) in the clockwise direction excluding
any other poles of the integrand.

Consider the integrand in (5). Since

) eZm’z
cotrmz = —i <1+2m), (6)

cot 7tz — —i exponentially as Im z — 0. Since both ip and i/ p are in the upper half plane, the integrand
in (5) decays exponentially as Rez — oo and thus (5) is an entire function in s.

We also note that for s € Z, the integral (5) along C reduces to the integral around the origin, and
I. 4(7,5) = 0 whenever s is an odd integer as the integrand becomes even.

We write the following standard argument as a lemma.

Lemma 1. For Res < 0,

mics~1 e jd iz
Lg(t,s) = — ) Res ((—z)51 Y cotm (ipz - —) cot 7 <7 - —) 7)
‘ 47 LET\0w0) =0 ¢ P c

where the sum denotes the sum of all residues in C\ [0, o).
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Proof. Let Ky = Cy + Sy be the keyhole contour in C\ [0, o0), where C is the part of C in Definition 1
in the region |z| < N, and Sy traverses along the circle |z| = N.

We can choose a sequence N — o such that each Ky stays well away from the poles of the
integrand of (5). The integral over Cy is 27ti times the sum of the residues inside Ky minus the integral
along Sy.

The lemma follows since the integral along Sy vanishes as N — co for Res < 0. Under this
assumption, the sum of the residues in C\ [0, ) is absolutely convergent, and the term (—z)*~'c of
the integrand can be ignored as it is holomorphic in the slit plane. [

We now restate and prove (3) using the notation introduced above.

Theorem 1. For T € §and s € C, let A(t,s) be the series given by (1). For v = (2Y) € SL(2,Z) with
¢ > 0, we have

(ct+d)°A(yt,s) = A(t,s) + % (1= (ct+d)*)(1—s)+ (sec %) I.4(7,5) 8)

where yT = %, I 4(7,5) is given by (5) and {(s) is the Riemann zeta-function.

Proof. Since both sides of (8) are entire in s, it suffices to prove the equality for Res < 0. We use
Lemma 1 to compute I 4(7,s).

For each 0 < j < ¢, the factor cot7(ipz — jd/c) of (7) has poles at z = (k + jd/c)/(ip) for
k € Z with residue 1/ (7tip). Hence the contribution to I 4(7,s) from the residues of (7) at these poles,
excluding z = 0, is given by

s . s—1 . .
Ly .1<7 <k+ﬂ> i) cotn<<k+ﬂ>%71> )
40° rezi0%j<c 1P cjip c)pr ¢

where the prime in the sum indicates that the term with (k, j) = (0,0) is omitted.
Since (c,d) = 1, every integer can be uniquely written in the form kc + jd fork € Zand 0 < j < c.

Let —n = kc + jd. Since ad = 1 mod ¢, we have na = —j mod ¢, and (9) equals
:s—1 1 s—1
Yoy 2 (2} cotm(——a-+ M), (10)
4p wzo 1o \ipc p’c ¢

We now use the fact that cot z is odd. For n positive,

) ) O e 2w ) ()

and by (6), (10) becomes
1 2ni<7ﬁ+%)
s e
5% 08 o {(1—s)+2 Znsfl— (11)
0 n>0 2m‘<7'2—’+%)
1—e e
Furthermore, since
n Q_n(uT+m%l)_naT+b
p2c ¢ ct+d  cr+d’
the sum in (11) is in fact
s1 2rintEt at+b
Z n atih A /8-
=0 1 — 2rintetd cT+d
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We now treat the other poles in a similar fashion. For 0 < j < ¢, the factor cot 7t(iz/p — j/c) of
(7) has poles at z = (k+j/c)(p/i) for k € Z with residue p/ (7ti). Summing over the residues of (7) at
these poles, excluding z = 0, we obtain

:5—1 . s—1 . .

c_ Y 3.(— (k+1> 9.) cotn((k—i—l)pz—E). 12)
40° rezlo%j<c ! €/t ¢ ¢

Let n = kc + j, and (12) equals

ics—1 npys—1 np®  nd
i %?(—i) Cotn<%7—>. (13)

For n positive,
1 (O I IO S I

2
) 2i( -2t
7S e
—-cos— | {(1—s)+2 el |,
27772 L ()
—e

and thus (13) is

(14)

and since np?/c —nd/c = n(ct +d)/c — nd/c = nt, the sum in (14) is

e2mnr

~1 _
;ns 1 — e2mint A(T’S)'
n
Finally, adding (11) with (14), we obtain
1 s 1 TS
La(t,s) = PP cos (C(1=s)+2A(yT,8)) — 5 €08 = (C(1—=s)+2A(T,s))

and the theorem follows by dividing both sides by cos Z*. [l

3. Discussion of Some Special Cases
Corollary 1. Fort € $yand y = (¢ 3) € SL(2,Z) with ¢ > 0, we have the following transformation formulas

for A(T,s) for s an even integer.

(i) For any integer m > 2,
(et +d)"2A(yt,2m) = A(t,2m) + % (1 — (et + d)_zm) (1 —2m)

and thus, if we define Gy, (7) = %g (1 —2m) + A(t,2m), itis a modular form of weight 2m.
(ii)
S
24

ic

(ct+d)2A(y1,2) = A(7,2) — 4nt(ct +d)’

<1 — (et + d)_2> +
and thus, if we let Go(7) = —J; + A(7,2), then

Gal7) = (c7 + AP Gal0) + 1o (et +d).
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(iii)

1
A(y1,0) = A(7,0) — Elog(cTer) + Z - % (

ct+d

where the Dedekind sum s(d, ¢) satisfies

= id j
c) = @]; cot 7t (?> cot 7w <E> ,

and

ib
10g17(T+h):%+10g?7(T) (bez)

1 i i d .
log(y7) =logn(t) + Elog(cr +d) — % + % —mis(d,c).

(iv)  For any integer m > 0,

(et +d)?A(yt, —2m) = A(t, —2m) + % (1 — (et + d)2m> Z(1+2m)

m+1

i 2 7(2k)7(2m +2 — 2k) (cT + d)% 1

re2m+1

7r
where cot(™ z = % (%)n cotz.
Proof. (i) and (ii) follow from (8) since
(=D)"Iea(t,2m) =0 (m =2)

Ttic . iz ic
—I4(7,2) = “ap I}Zeg (z cot 7t (ipz) cot 7t <E>> = R

Let us show (iii). Since lim;_o 3 (1 — (¢t +d) %) {(1 —s) = — ] log(cT + d), we have

A(yT,0) = A(T,0) — % log(ct +d) + L4(t,0)

where

-1 ; o
I4(7,0) = 81c / (—z)7! <c+ 2 cot 7t <ipz - ]j> cot 7t (% — i)) dz

j=0
7t 1< jd iz
Z+Zc§ ( Zcotn(zpzf?>cotn<p E) .

The j = 0 term in (15) gives

—Res 1co‘c7r(i z) cot 7 Ey)yo_m ! +et+d
4c z=0 \z P p)) 12c\ct+d ’
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2m+1 2m c—1 d (2m—k) ] :
+ T ; Y cotlk ( ) cot U (E) (ct+4d)

(15)
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and the sum over 0 < j < cin (15) becomes
licicotn i cot 7t Iy = mtis(d,c)
de c c) T

proving the claim for A(7,0) in (iii). The transformation formula for log 7 (7) now follows from (4)

and the equality
i (aT+Db 7t 1 _ mi(a+4d)
E(cr+d7’r>+@<c7+d+cr+d>i 12¢
For (iv), let s = —2m in (8) for a positive integer m. Then,

(cT+d)?" A(yt, —2m) = A(T, —2m) + % (1 (et + d)Zm) 21+ 2m) + (=1)"L4(t, —2m)

where

i n2m m c—1 H H H
_ mipT™(-1) 1 ) jd iz ]
(=1)"I 4(t, —2m) = TS 1}53 Tl ]E:O cotrt | ipz — 7= | cotn o)) (16)

From the Laurent expansions

cot 7t (ipz) = —% Y- 2(2k) (ipz)* !
k>0

()3 g (5)”

k>0

the j = 0 term in (16) is

P2m(__q\m -\ 2kp—1
2 ¥ sk e (1)

kn+hp=m+1 p
i -
= gt L L(@2Kk)I(2ky)prHa)
ky+ky=m+1
i m+1
= —rt Y ¢(2k)g(2m +2 = 2k) (T + d)* 1,
k=0

and from the Taylor expansions for 0 < j < ¢,
cot 7w (ipz — E) - 2(—7ripz)k cot® 77 (J—d>
c = c

. . .\ k .
cotrt (E - l) = - 2 (—E> cot®) 71 <l> ’
poc o\ P ¢

138



Mathematics 2019, 7, 840

the sum over 0 < j < cin (16) is

:2m m c—1 . . o\ k2
i (1) 0 (1) ot (1) (it ()
— T cot' (= | cot" 7 ( £ ) (—mip) | ——

4c2m+1 k]+g;:2m ]; c c 0

n.2m+1l‘

T (k1) jd (k2) I\ omtki—k
s L yeot™ (S5 cot) ()

ky-+hp=2m j=1

2m+1; 2m c—1 . .
= % ¥y cot®) 71 (%j) ot 7 (%) (et +d)F,
k=0 j=1
as claimed. [

For x € R, we define the periodic Bernoulli functions B, (x), n > 0, by the following identity as
formal power series in f:

© o (EMD e R\Z

Bl = e ek a7)
= n! Lt ifxeZ

n=0 t—1 2 ’

where {x} = x — [x] is the fractional part of x. Under the condition of Corollary 1 (iv), the series
A(t, —2m) for any integer m > 0 is known to satisfy the formula ([8-10,12])

(cT +d)®" A(yt, —2m) = A(t, —2m) + % (1 — (et + d)zm) ¢(1+2m)
(27i)2mt1 242 oy g o\ _ - (18)
sz & )]zé By(7/€) B 1jd/ ) (~ (et + ),

while the sums
Cc

71 _ _
By(j/¢)Bamya—i(jd/c)
=0

which appear in (18) are regarded as generalized Dedekind sums.
Remark 1. The notation By, (x) is often used for B, (x) in (17), but it is also used for
Bu(x) =Bu({x})  (n20) 19

where By,(x) denotes the Bernoulli polynomials. With (19), B, (x) and By (x) only differ by % when n =1 and
x € Z. Form > 0and 0 < k < 2m + 2, one can see that the equality

c—1 c=1 _
Y Bi(ja/c)Bopso—k(jB/c) = Y Bx(ja/¢)Boyio—k(jB/c)  (a,B,c € Z;c>0) (20)
=0 =0

holds as By 11(xX) = By (X) is a periodic odd function, vanishing at 0 and % Therefore, (18) can be stated
in the same way in either notation.

In Corollary 1, we have already obtained the cotangent sum representations for the Dedekind sum
and its generalizations in (18). On the other hand, we should also be able to obtain Corollary 1 (iv) by
assuming (18) and expanding it in discrete Fourier series. We now present this alternative derivation
of Corollary 1 (iv).

We first give a proof of the following lemma (cf. [14]), using the generating function (17).
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Lemma 2. For j,c € Zwithc > 0andn > 0,

o B, iIN"E 1) (kY ik
Bu(j/c) = o 7&1+ n! % Y cot (2] e
n k=1 n>1

where the first term is not present for n = 1 (so that it is only present for even n) and the second term only for
n
n>1,and cot(m z = % (%) cotz.
Proof. Let Fy(t) denote the right-hand side of (17). For u = 2™/, we let
c—1 "
Fye() =} a(hpw*  (j€Z). @1)
]

k=0

By multiplying both sides of (21) by /' and summing over j mod c,

c—1 a c=1 4olj/o)t P
ca(t) = Y Fye(hp =) w45 (0<I<o). (2)
=0 j=0
Now, as formal power series in f and x,

=1 (/o) -1 _ _ bac

te t t 1—e'x
j — ey = 2~~~ 2
j=0 -1 et—ljg(e %) et —11—et/cx’ @3)

By putting x = ! in (23), we obtain from (22)

_ f/C t _ (t/c)EZm‘l/cft/c t
al(t) - et/cy—l 1 27:‘ - 1 — e2mil/c—t/c + 2?;

For | = 0, we have

t/c t B, t"
ag(t) = +—= Y —S—
et/c—1 2 nstms €' 1!
Forl #0,
(t/c)ermil/etle it e (AN (]
u’(t)_il_ebﬁl/cft/c +27C_27CC0t T+?C —nz>0t ch cot 7T E .

The lemma follows by taking the coefficient of % in(21). O

Proof of Corollary 1 (iv). We consider the following sum in (18),

(27i)2mHl 2042 oy p o\ S ‘ _
m kg ( k >];)Bk(]/C)BZersz(]d/C)(*(CT+d))k L (24)

We expand By(j/c) and Byy,o_x(jd/c) in (24) by Lemma 2 and sum over j. The first cross terms give,
fork = 2I,

(27i)?>m L L (2m + 2\ S By Bowso—oi 211
2emi2) B\ 2 ) L e (T @)
= j=
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Since 7(2n) = (—1)"*1 @np By, and as the identical sum over j gives a factor of ¢, (25) simplifies to

2(2n)!

m+1

m%;m 12 2Nz @2m+2 =20 (ct +d)¥ 1. (26)
=0

The rest of surviving cross terms give

(Zni)2m+l 2m+1c—1

Z Z ((i>kczlcot(k_1) . (g) ezmju/c)
2 2) = c

k=1 j=0

i 2m+2—k ¢—1 /5 B
X (Z) Yy cot@m+1-k) - (E) 2B ) (—(cT +d))F!

p=1

which, since

equals

Eeznif”‘/ceznifdﬁ/c _Je ifatdp=0modc
i=0 0 otherwise,
2m+1; 2m+1c—1 d
n27m+11 Y cottV 7 (—‘B> cot2m 1K) <E> (et +d)F 1, 27)
4c o | c c

Hence (24) equals to the sum of (26) and (27), which proves equivalence of (18) and Corollary 1 (iv). [
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Abstract: In this paper, we present some Euler-like sums involving partial sums of the harmonic
and odd harmonic series. First, we give a brief historical account of Euler’s work on the subject
followed by notations used in the body of the paper. After discussing some alternating Euler sums,
we investigate the connection of integrals of inverse trigonometric and hyperbolic type functions to
generate many new Euler sum identities. We also give some new identities for Catalan’s constant,
Apery’s constant and a fast converging identity for the famous {(2) constant.

Keywords: Euler sums; Catalan’s constant; Trigamma function; integral representation; closed form;
ArcTan and ArcTanh functions; partial fractions

1. Historical Background and Preliminaries

1.1. Euler’s Work

We begin by touching on the historical background of Euler sums. The 20th century British
mathematician G. H. Hardy remarked in A Mathematician’s Apology (1940): “ ‘Immortality’ may be a
silly word, but probably a mathematician has the best chance of whatever it may mean.” Leonhard
Euler (1707-1783), the versatile and prolific Swiss mathematician, achieved immortality through his
pioneering work on infinite series and products which began when he was 22. He gained instant
fame in youth by solving the Basel problem (suggested to him by Johann Bernoulli who had tried and
failed) which asked for the exact sum of the series of reciprocals of squares of natural numbers. He

. 1
generalized the problem and introduced the famous Euler zeta function: ) il > 2. Euler extended
n=1
the concept of factorial to positive rational numbers. His investigation (motivated by Christian
Goldbach, the secretary of the Petersburg Academy where Euler worked) laid the foundation for
another famous function, the gamma function, the digamma function (the logarithmic derivative of

the gamma function) and the polygamma functions formed by repeated differentiation of the digamma

— 1
function. Nicholas Oresme (1323-1382) had showed that the sum Z X diverges. Euler investigated

k=1
n

1
its partial sums (called harmonic numbers), 2 = detected their link with logarithms, and introduced
k=1
his ubiquitous constant 7 in the process: ¢ = lijn {H, —log(n)}, where n is any positive integer.
n (o]

17 _xn
He also gave the formula: H, = / 1 *_ dx which can be established by writing the integrand as a

geometric progression and then integrating it term by term.

Mathematics 2019, 7, 833; d0i:10.3390/ mat7090833 143 www.mdpi.com/journal /mathematics
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Euler sums have their origin in the correspondence between Goldbach and Euler after Euler’s
departure from Russia in 1741. In his letter of 6 December 1742, Goldbach informed Euler that he had
calculated the sums of the following series ([1] p. 741):

LY S DN ST SR A R AP S S A
U T2 )3T Ts) e\ttt T
1 1\ 1 11\ 1 1 1 1

1 1 1 1 1 1 1 1 1 1
20z (1) m(13rs) (2t 1) 4

However, in his next letter (24th December), he modified his claims stating that they arose out of
an error which led to serendipitous discovery of Euler sums:

when I recently reconsidered the supposed sums of the two series mentioned at the end of
my last letter, I perceived at once that they had arisen by a mere writing mistake. However,
of this indeed the proverb says “If he had not erred, he should have achieved less”; for on
that occasion I came upon the summations of some other series which otherwise I should
hardly have looked for, much less discovered.

Goldbach then ([1] p. 747) proposed to compute the sum:
1 1 1 1 1
1+ o, <1+ﬁ> +2 <1+ﬁ+374> +..

where m, n are not equal even integers. He further gave the sum 77%1 for series with m = 1,n = 3. This
led Euler to investigate this sum. In his reply of 5 January 1743 to Goldbach, he recorded various sums
including ([1] p. 752, G, I):

1 1\ 1 1.1
1—§<1+§>+§<1+5+3>—

1 1\ 1 1 1\ 1 1 1 1 2 log*(2)
1*5(17)*5(17*5)*1(1*§+§*1>+“'—E+ 7
which appeared in §108 (page 509) of his Continuatio Fragmentorum ex Adversariis mathematicis

depormtorum (Opera Postuma 1, 1862, 487-518) now numbered E819.
Their correspondence culminated in a 47-page paper [2] by Euler (1776) using a

1 1,1 2 log?(2)
<1+7+7+7>+~~~7§— >

cumbersome notation:

1 /1Y 1 1 1 1 1
/ﬁ ) = () tam (g +o
In the paper mentioned, he employed three methods (which he called Prima Methodus,

Secunda Methodus and Tertia Methodus) to discover formulas representing these sums in terms of
zeta values. First, he multiplied the involved series to obtain this formula (§4, p.144):

1 1 1 1 1 1 1
e v S y SN EIERI
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After investigating cases with combined exponents of z,y = 2,3,...,10, he considered the
sum with # = 1 in the notation given earlier. He recorded a general formula (§22, p. 165) which,
form =2,3,4,..., can be written as:

an:

mZ
m+2§( +1) —7ng Kk +1). 1)

1.2. Post-Euler Development

Nielsen (1906) built on and supplemented Euler’s work by supplying proof of the general
Formula (1) using the method of partial fractions in ([3] pp. 47-49). Ramanujan noted a few Euler
sums in his notebooks sometime in the 1910s. Sitaramachandrarao, an Indian mathematician,
obtained identities for various alternating Euler sums in 1987 while discussing a formula of
Ramanujan [4].

Georghiou and Philippou [5] established Euler’s formula as well as:

0 Hn 1 2s .
)» 254 ) Y (-1)"i(r)g2s+2-7r), s>1

n=1 r=2

They also gave this formula:

HP
n2q+1 = é(z)g(zs + 1) -

+25§(7— 1)g(2r—1)g(2s+4-2r), s>1,
r=2

{(2s+3)

[N gk

(s+2)(2s+1)
2

where Hﬁlm) = 2721 (7", m > 1,n > 1. They remarked at the end that it was still an open question

)
to give a closed form of Y5 ; H;: for any integers p > 1 and q > 2 in terms of the zeta function.
Surprisingly, they did not mention Euler or his work even once.

The publication of De Doelder’s paper [6] in 1991 and three papers submitted during July,
August and October 1993 by the Borweins and their co-researchers [7-9] produced a revival of
interest in these sums among a number of mathematicians. Crandall and Buhler [10] established

o n—1
1
various series expansions of Z E - Various approaches have been employed to get such sums.
n=2 m=1
De Doelder summed some series by evaluating integrals and using the digamma function. A quadratic

2
sum )7 W =Y (,ﬁ"l) = 13160 was derived by De Doelder and an associated sum
conjectured by Enrico Au-Yeung (an under-graduate student at Waterloo, ([7] p. 17) and ([8] p. 1191))

on the basis of his computations was established by means of generating functions and Parseval’s

identity for Fourier series by the Borweins. In fact, the associated sum }; ; (H” )2 = % had been
computed by Sandham [11] in 1948, but it remained generally unknown. Chu [12] made use of the
hypergeometric method for deriving some Euler sums. Jung, Cho and Choi [13] use integrals from
Lewin’s book to evaluate different Euler sums. In particular, they show that } 5 ; (nﬂﬁ = ga ) can
be obtained from the integral (7.65) recorded in ([14] p. 204). Flajolet and Salvy [15] used contour
integration. Freitas [16] transformed De Doelder’s sum into a double integral and then evaluated the
integral directly. Experimental evaluation of Euler sums involving heavy use of Maple and Mathematica
led to the discovery of many new sums; some of these were established later. Euler sums have been a

popular topic for engaging many mathematicians for last many years.
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1.3. Notations and Representations of Harmonic Numbers

We use the following notations throughout our paper:

noq n (_1)k+1
1. H”:Z:E H;:k; T
_(yv1 » _ v 1
2 _<¥k> ; Hy _k;k7'
- n 1 1 . ;o n (_1)k+l
3 h”_zqu_Hz"*EH"’ i = 2k—1°

k=1 k=1

H,(ip >, the generalized harmonic number of order p, is sometime denoted by {,(p) (Louis
Comtet’s Advanced Combinatorics, 1974, p. 217, [7b]). The alternating harmonic numbers, H,
have been termed skew-harmonic numbers. We call h,, the odd harmonic numbers and follow Berndt’s
notation ([17] p. 249, (8.2)) in preference to the symbol O, used by Borweins [8].

Taking the log of the two sides and then differentiating this product representation

1 _ ad X —x/
m—er"H(lJrE)e x/n

n=1

yields

v =1 2 (G ea) = B G )

n=1

leading to the telescoping sum:

& 1 1
pl+x) ;<x+n—l x+n>:;

and for integral arguments n > 1, ¢(n+1) — (1) = H, with (1) = —7.

We also have:
h 1 |: ( 1> (1>:|

Choi ([18] Equation (3.7)) defined the harmonic numbers in terms of log-sine functions

s

H, = —411/2 log (sin x) sin x (cos x)*" ! dx )
0

s

= —411/2 log (cos x) cos x (sin x)*" ! dx.
0

An unusual, but intriguing representation has recently been given by Ciaurri et al. ([19]
Equation (10)) as follows:

-1 cos (UntDmx fcos(ﬂ)
n=71'/0 (xé)( ( Zsm(?f) 2 )dx. 3)

2

We may introduce here the Lerch transcendent,
el Z"l

D (z,t,a) = e
m=0 (m + a)t
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which is defined for |z| < 1 and R (2) > 0 and satisfies the recurrence
D (z,t,a) =z ®(z,t,a+1)+a!
The Lerch transcendent generalizes the Hurwitz zeta function atz =1,

o ta)=y —

m=0 (m + ‘1)’
and the polylogarithm, (see [14]), or de-Jonquieére’s function, whena = 1,
o0 m

Lir(z) = Y th ,

m=1

t € Cwhen |z| < 1; R(t) > 1 when |z| = 1.

The polylogarithm of negative integer order arises in the sums of the form

i I i
Z]nz]:Lln(z):MZ< ];l >Zn i

=1 1-2"" %

where the Eulerian number { . > Z’“ (=1) ( > (i—j+1)", see[20]. The polygamma

)
function of order k for z # —1, —2, ..

d* ad 1
)= Ayp)} = (DY ——
YRR = @) = DR
and has the recurrence .
k k (=1)"k
pOE+1) =W+

The connection between the polygamma function and harmonic numbers is given by

HYY = (a+1) + (;1!)“4;<“> (z+1),z#-1,-2,-3,... )

and the multiplication formula for a positive integer m is (Abramowitz and Stegun, Handbook of
Mathematical Functions, p. 260, 6.4.8)

m—1
M) (mz) = b0 log(m m 2 pl ( ) ®)

where ., is the Kronecker delta.
We define the alternating zeta function (or Dirichlet eta function) 1 (z) as

o (_q n+1
2 )

n=1

(1 - 2H> 7(2), (6)

where 17 (1) = log 2. If we put
()" Y
nd
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in the case where p and q are both positive integers and weight (p + ¢) is an odd integer, Flajolet and
Salvy [15] gave the identity:

={1-(=D)"} 2@ +np+aq
w2017 & (T e neaw

i+2k=q \ P

—2 g (TN cuinaen ne, )

jrok=p \ AT

where 77 (0) = 1, 5 (1) = log2, { (1) = 0,and ¢ (0) = —J in accordance with the analytic continuation
of the Riemann zeta function. For odd weight (p + ¢q), we have from [9] and ([15] Th.3.1):

e Hﬁm _ 4 p+q—2j—1 . .
BW(pg) = ¥ —(71)']];( 1Tt +a-220)
o (5] i
+%@<p>¢(q>+<—1>r’jﬂ ("I N ra-2pi@)
e ()0 e

where [x] is the largest integer contained in x. It appears that some isolated cases of BW (p,q) , for even
weight (p +¢), can be expressed in zeta terms, but, in general, almost certainly, for even weight
(p+4q),and p > 2, no general closed form expression exists for BW (p, q) . Some examples with even
weight are
é ) L § HY 13 o

=20 500, L = 6,

nt

Mz

n=1

There are also the two general forms of identities,

o H(ZFH’l) )
22 — =02p+1)+7(4p+2),

and

= HY (4p)!B3,
2L o <1z<<zp>!>234p>“4”)

n=1
for p € N and where B), are the signed Bernoulli numbers of the first kind.
Sofo [21], furthermore, developed the half integer Euler sums. For positive integers m, p and odd
weight m + p,

M
% ,(_1)pi2m—l m+p—1—r %
=

= m-—r

n
[BW(rm+p r) —=S(r,m+p—r)
oy (M e g

W (m,p) =

HMS

= 2 m-—r
p-1 11—
(- 1>P“k:22(2,,—3<*”+57,} etz +p-r. ©)
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In addition,
H(m)

B L,
n=1

We obtain the alternating Euler identity at half integer value,

(m)
H,
Y

n>1

(71)714»1 H(nm)
E = W) 2 BW (). (10
n>1

Some other Euler identities are given in [22-37].

1.4. Cauchy Product and Relevant Generating Functions

The multiplication of series by Cauchy’s rule (Ch.VI of A. L. Cauchy’s Cours d’Analyse de I'Ecole
Royale Polytechnique, 1821) is given by:

(i ukxk> <i bkxk> = i o X
k=0 k=0 k=0
with ¢ = Y5

=0 ajby_;. Cauchy showed (pp. 147-8, Th.6) that if the two convergent series on LHS
are composed only of positive terms, i.e., they are absolutely convergent, then so is their product.
Abel’s theorem (1826) states that if all three series (including conditionally convergent) converge to
sums, say Sg, 5p, Sc respectively, then s, - s, = s, necessarily.
(o)
A function G(x) represented by the power series: G(x) := Y a,, x" is known as ordinary generating

n=0
function for the sequence {a, }.

The Cauchy product of (1 — x) ! and log(1 — x) yields the generating function ([38] p. 54, 1.514.6):

Clog(l—x) &
gl — Z (11)
while the Cauchy product of (1 — x)~! and log(1 + x) yields:

log(1+x) ,
- Zer (12)

both series converging for |x| < 1.

1.5. Few Sums for Further Use

® (1 k+1
The Cauchy product of the numerical series ) % with itself gives:
k=0
o n+1 1 o H 0 (71)n+1
1 n+1 n+1 ) .
n; n+1 < ot ) ; n+1 ”;(n+1)2

Furthermore, if 1y, up, u3, ... is a decreasing sequence of positive numbers with limit 0, then the
series 11 — %(m +up) + %(ul +up +u3) — ... is convergent. Hence, the series on LHS converges (with
sum = 2(—1log2)?) and so does the first series on RHS because the second series too is convergent
with sum = —2(1 — 711—;) We thus get:

& H log?(2)
_1\n+1 n_o_ g
Z( 1 n+1 2
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From this, we deduce by a shift of the index:

5 (cayibn _ 7 log’)
— n 12 2

3

leading to
=] H 7'(2
,171+]7n:771 22‘
n;l( ) n(n+1) 12 8 2)
_ v =D
The Cauchy product of arctan x = ,,;0 Pt
(arctanx)? =} (—1)"*! hlx2n.

n

The series are absolutely convergent when |x| < 1 and convergent when x = 1.

p- 81, Ex.2) Therefore,
= (71)n+1h7” _ 7T2
=1

n 16"

n

It occurs in ([41] pp. 322-323).
The software WolframAlpha gives:

1
/O (arctan x)? dx = %(n+4log2) -G,

(1!

where G is Catalan’s constant defined by G = ,1;1 -1y = 0.9159655 .

Thus, we have:

hn 2h, | m?
16

= n hﬂ _ = n
L (-1) +1n(2n+1) =Y -y [n T+l

n=1 n=1

Putting the value from Equation (14) in Equation (15) leads to:
i(fl)”“ hn _ G _mlog2
2n+1 2 8

n=1

WolframAlpha gives:
1 (arctan x)? 1
/0 A dx = 4G - 72(3)]
yielding ([4] p.14, (4.16)):
h 77(3)
1M _
nt n—; =G ==

gk

(1)

n=1

2. Euler-Like Alternating Sums

2.1. A New Sum
It is easy to see that

1 2
H3, = <§Hn +hn> = EH% + Hyhy + 2.

150

mlog2
4

x" with itself is the series ([39] p. 162, Ex. 13):

G.

(13)

(40]

(14)

(15)

(16)

(17)
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Therefore,
o H2 =) ( l)n+1H2 o ( 1)n+1H h 00 ( ])n+1h2
Yo (-t — v L) +3, 2, (18)
n=1 nooa 4 n=1 n n=1 n
We discovered this sum independently
o q1\n+1lpg2 2 3
5 (—=1)"**Hg _ 30(3) m°log2 n log (2), (19)
= n 4 12 3

i (—D)"H2  7(3)  7log2 log’(2)

e 4 1 3
so that \

i (—1)"+1H2 —(3) - 72 log?2 N 21log”(2)

= n(n+1) 6 37

and we have an identity for Apery’s constant,

i "+1(2n +1HZ  (3)
= (n+1) T2

Later on, we found the first two formulas recorded in ([12] Equations (4.4b) and (4.4c)), borrowed
from De Doelder ([6] Equation (12)) who recorded the first sum with a typographical error.

We may also record here a related sum

© (1 MH” 2 log2
2 CUH _ g3 - e, 20)
obtained via the formula of Flajolet and Salvy noted above.
We find this sum in ([6], Equation (21)):
0 )11+] h2 7@(3)
; T @1)
This sum occurs in ([12], Equation (4.3b)):
i(—l)”“ H, 1+ H, Iy = 70(3) n210g2/
n= n 8 8
that is,
o 2H,h o h 77(3) m?log2
n+1<tnttn n+1 o _
o2 Pty T e
We thus obtain using Equation (17):
e "“thn 77(3) m*log2  nG
; S T TR 22)
Using the values from Equations (19)-(22) in Equation (18), we deduce this new sum:
0 H2 2 3
2(71),”1& _ 3Z(3) _ m*log2 n log®(2) n G 23)

1 2n 32 24 24 4

n
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2.2. Double Sums for Catalan’s Constant

We discovered this nice sum:

(1)1—(1—%)%+(1—%+%>%—--»_M(—1)”+1ﬂ:6. (24)

a W, & 1 11— (=1)"x
n+1 — n+1 dx
Y (- Y- |

1+ x2

1
n+1 d
1 / 1+ x2 x

2n
2n+1x L,
n ) 1+ x2 x

T 1 log(1 — x2
‘IOg(Z)Z*/o %d"

= Tlog2— |7 log2) - G| =G,

[
Mz

o\’_k
/\
HMS

as
Tlog(1—=x%) , ! log(l+x) 1 log(1—x)
/0 1+ x2 dx*/o 1+ 2 dx+/0 112
and ([38] p. 556, (4.291.8), (4.291.10)):
Tlog(l+x) , 7 ) log(1— x) T
Jy S = log2 /o Tipw T gle2-GH

We also found this sum by shifting the index in Equation (16):

o G
_1\n+1 ” o
n;( 1) m—1-3 " 10g2 (25)

2
for which Chu derives a wrong value T~ + 7tlog(2) in ([12] Equation (4.5¢)).
The combination of Equations (16) and (25) yields:

2 (=1)"*h nlog?2
Z 21 T8 26)

and a new double sum for Catalan’s constant:

=7 27)

We discovered this related sum:

m—1_ 32 28)
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11 _ (_1\n,2n
(_1)n+12n1 1/ 1 ( 1) X dx
- 0

I
e

o "
-1 n+1 n
Z( ) 2n—1

n=1 =1 1+ x2
ad 1 11
_ 1 n+1 / I |
n;( Tl i
-1 0 x2n 1
_ 1 2n+1 d
/0 (nzl( 1) e ™
7T\2 1 xarctan h(x)
= (- "
( 4 ) + /0 1+ x2 *
R
16 32 327
3. More Alternating Sums
3.1. Miscellaneous Double Sums
We derived these sums earlier:
= (71)11+l Hrl _ logzz, i(fl)nJr]ﬂ — nj _ 10g2 (2)
= n+1 2 1A n 12 2

Furthermore,

P (n+1)2 8 ’ = n2 8
. _ H?l .
Since Hy, = hy, + 5 we deduce:
o 1 h T i h 2
-1 n+l_ 0 8 — 1 2; -1 n+12n
LD = gp B g2 ) (FUME =g

and

_ _1\n+1 — 717 o
Y (1) CES R ST G+ m —2log?2.

n=1

We also have these:

o 4 21002 4
(1)1 1;1123,, — 5Li (1) n 137*  35((3)log2 n 5mlog” (2) 5log (2)
=1

2 192 8 24 24

n

<1> N 1r*  77(3)log2 N n?log* (2) log*(2)

2 360 4 12 12

& H
+1Hn .
L (=) s = 2L (5

n=1 n
Its terms (except the one with ) are 2/5 times of the previous one. See the next sum with the

same terms (except the one with 7#):

> H2 1\ 417t 77(3)log2  m*log*(2) log(2)

_q\ntlitn oy - _ g g _ g
n;( V" g = 2 (2) * 1410 i T 4
This sum is simpler:

”(_1);1H»(«3), TLis(-x) ;197" 3((3)log2
— n Jo x(14+x) 1440 4 7

n
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= h (1) 1517*  77(3)log2  mllog® (2) log*(2)
_qynt1llitn —
L1 ( >+ 2880 2 s 6

> 4 2 1602
Y (—1)mH Hon  _ 5Li, <l> _ 181n N 357(3)log2  5m*log” (2)

= (n+1)3 2 2880 8 24
5logt2  37(3) 2
24 *T*?+27rf4log2,
5 (c1y Ho o0 (1) 157 77(3)log2  m’log® (2) N log? (2)
= (n+1)3 “\2) 720 4 12 2

i(_l)nﬂhin =4Liy <1> - 151 | 7((3)log?2 _ n2log? (2)
n=1

(n+1)3 2 2880 2 6
log*(2) 37(3) n?
+ 3 2 6 + 2 —4log2.

3.2. Sums Involving Harmonic Numbers with Multiple Arguments

For multiple arguments, we know that, for p € N, h,, = Hopn — %H,m. From [42], we obtain

y (—1)"H,, 1+ p2€(2) B % jgjlogz <zsin <M>) ,

n>1 n 4p %
Z (_l)n+1Hpn _ (—1)n+1Hpn _ Z (_1)n+1Hpn _ Bg(Z)
= on(n+1) e~ n L a1 5
p—1 Qj+1) 7 ="
s o (on (34 o, ).
p—1 ]§) & 2p 2 ]; j 72/7 7(%)
from which we ascertain
(71)n+1hpn _ 3p 1
,;1 W - Zg (2) + 5 (Hzp—l — H}J—l) IOgZ
#3 Dtog? (2sn (H5 07 2pzllo 2sin (@ +D)
g 2 g t

Hpn 1 nl
an(n—&-l) p ]

and, therefore, after some simplification
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A simple calculation gives us

h2n 1 3
yg w@niT) =log(2) + 37T Zg(z).

3.3. Few Relations between Pairs of Sums

We discovered these relations:

i )n+1h2 i( )n+1h nj 7T10g2(2)
= am-1 = (2nt1? 8 16 7
and
i (=1)"'h3 Ly (=)"h, _ 7 mlog’(2)
= 2n+1 = (2n+1)2 96 16
Thus,

i ()" & (=) m® log?(2)

2n—1 —  2n+1 96 8 !

n=1 n=1

leading to the sum:
i )"“h2 e N mlog?(2)
a1 192 16

This relation was deduced from ([12] Equation (4.6c)):

i )n+1h2 i n+lh _7.[73 N 7T10g2(2)
— 2n—1 = 2n- 1)2 9% 16
We thus have:
i (—1)m+1K2 i )”“h o N mlog?(2)
= 2n—1 o} (2n+1)2 T 48 16
0 ( 1 n+1h 0 n+1h 00 )n+1
n; 2n—1)2 g (2n+1)2 ; 2n713'
© h oo
™7
P 1 PTCESY 3 2 +log2,
ad h 2
_qyntl_ "m0 _
’12:1( 1) 20 1 3 2 4log?2.

The two preceding sums have similar terms yielding a nice sum for (2) :

> 2n+1 \2 2
_q\n+1 (T -~
T () = 29)
& h 15174 m2log?(2)
_q\n+1 n — o g
n;( R e S v A
log*2 37(3) 772 . (1
-5+t —8m+16log2—8Lis ).
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4. Integrals and Euler Sums

In this section, we will explore the connection of integrals involving inverse trigonometric and
hyperbolic functions with Euler sums, thereby producing a number of interesting and new identities.
Theorem 1. Leta € RT U {0},5 € RT\ {0},p € NU {0} and q € RY; then,

1

/ x® (tanh ™! (6x9))2log” (x) dx
0

I(a,d,p,9)

52nhn
Sin(2qn4a+1)PY

(=1)Fp!

where 1 1
hy = Hoypy — EHH =log(2) + EH”’%

and H,, Ha,, are harmonic numbers with unitary argument and double argument.

Proof. We have that 5 ,
njy y2qn
(tanh ™! (5x7))> = 1 ™
n>1 n
therefore

(5274],[”

I(a,6,p,9) =)

n>1

1
/xzq"“7 log? (x) dx,
0

and, integrating by parts, yields

I(a,6 Y= (=1)F |ZL
P p.nzln(an+a+1)P+1'

|

Certain particular interesting cases can be explicitly represented and we detail some cases in the
next few corollaries.

Corollary 1. Leta = —1,6 = +1,p € NU{0} and g € RY; then,

(tanh ™! (£x7))? logF (x) dx

><\>—\

1
I(-1,£1,p,9) = /

0
(=
(

>_|

))p+1 2 npj—z

n>1

2q

Forp =0,

—_

I1(-1,£1,0,9)

=

1
/7 (tanh ! (x7))? dx
0

- 121,12_*g

n>1
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Forp=1,
P 1
[(~1,41,1,9) = / _ (tanh ™1 (7)) log (x) dx
0
35
- ( 22‘41”3*7( (3)—§C(4)>,
where 11 7 1 1 1
L) = 00~ ) log2-+ 3T () log? (2) — g log! (1)~ 21 5 ). 30)

For p even, let p =2(m—1),m € N

1
[(~1,41,2(m—1),q) = /% (tanh ™! (£29))10g2" 2 (x) dx
0
(Zm 2)! (2m —2)!
= 2m+1 Z n2m = 2m+1 Q( )
(29)
where, from paper [44],
h 22m+1 —1
Qm) = ), =" C@m+1 (31)
n=>1

7% i <22m72j+1 _ 1) C(2/)¢(2m—2j+1).

For

where we have the identity

,;1 % = Liz (;) +{(3)—Lis (g) log(2) — Lip <g> log <g> — log? <§> log 3.

Corollary 2. Leta =2q—1,6 = +1,p € NU{0} and g € R™; then,

1

1(29—1,£1,p,q9) = /% (tanh ™! (£x7))? log? (x) dx
0
(=

,_.
~—
‘c
=
B
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Forp=2,q=1
1
1(1,£1,2,1) = /x(tanh (1)) log? (x) dx

0

_ 1 hn
4n2]n(n+1)
1 1 501

= Y
4,121 ”< (71+1) ]Zz(n-i-l))

where we have evaluated

hn Ty
L) =282 L e =6 - 4lesl2) 4 12 6),
hy - - 35
@m =27(2) — 4L (3) —8log2 4+ (3) + S 7(4).

_ 41
Foré = +3,

1
I(1,%£:,0,1
(2501)

1 2
1 1 h
x {tanh™! (iﬂ() } dx = = P
0/ { 3 2 r; 9"n(n+1)

= 15log2 —9log3 — log?(2),

where H 1 9
Pt L, Z) —41 2 (7 )
n; T nln 1) 2 (9) 4log” {3

We can decompose the two sums into:

> hn o 1 2 . s hn _ 1 5 10
n;lgnn = 4log (2); n;19n+1 CES 410g (2) 3 log?2 +2log3,
and
o H, . (1 1, 2/(9) & H, 9
;12:19"”_le<§>+§10‘% (§>’ Zm log < )
Moreover,

Lomrn 1 %% (5) -0 (5)] = 38 () s ()

An interesting connection with these given four sums is the alternating identity
00 1)11+1 H, 3 4
== 10
; ey~ (3).
from which, by extrapolation, we are able to obtain the very fast converging alternating identity

n+1h
g(Z 722 3”)1Tl )

n=
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Corollary 3. Fora = —1—¢q

I(—qg—1,%£1,p,9) 1 (tanh~! (£x7))? log? (x) dx

I
ﬁ o

_ U

(217)”+1 izt n(2n—1)P*

—1)" p! (=1)F p+1 (,1)P+1+f
h +2 .
qr’+1 n;l " < (2n—1) ]; (2n—1)

p! p+1
qp+1 ( + 2 Z 1+] V >

where, from paper [44], we have evaluated, for j even,

. hy 1 . . 1 . .
Vi) = E;Eai?i—Z(ﬂr+U+nU+1D+§(ﬁﬂ+nUDbg2
1 3
o L (1) e@ g2kt ). (32)
k=1
For the case
1
1(-2,+1,2,1) = -/x’z (tanh™! (+x))?log? (x) dx = 2L (3) — l‘%g(4)
0
+§§ (3)log2 — 4ZC (3) =3¢ (2)1log2+27 (2),
where we have the results
fin hy 3 7
gm = §(2)/ng = 15(2)1082""%“3)/
hy 21

n; (2n—1)°

1
2 4=
I< 2, 2,0,1)

For

/1x’2 tanh ! ilx zdx—zhin
. an 2 T Lo an—1)

0
1 1. /1 1 243
= E@ (2) — ELIZ <§> - glog ( > log 3,
where we have the identity

Hon 5 S10g (2) = Liog2 - 31, (2) = 2100 (2
Zm_4g(2)+2log<z> 2log2 2L12<3> 210g<2>10g3.

n>1

Higher powers of the tanh~! (x) function yield more Euler sum identities, and we have the
following corollary.
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Corollary 4.
/1x“ (tanh™' (x))dx = ) hn y 1 /1x2n+2]'+a71dx
0 n>1 n j>1 (Zj—l) 0
- LYot
i s (2 =1) (2n+ 2 +a)
y Ty (2 log(2) + Hn+%>
= n(@nta+1)
Various cases follow, for a = —1,
/ hy (2l0g(2) + H, >
e g D) g
Fora =1,

L Iy (210 (2)+H 1)
- 1 8 wtl
O/x (tanh 1 (x))3 dx = = A1)

4

n>1

! 2hn 2o\ 3
:12 (n(n+1)(2n+1)+n(n+1)> —4*5(2).

n>1

From here, we have the identities

iy 2 1
———— =((2) — 2log 2, —1 = _7(2)+2log2,
ngn(n+1)(2n+l) ¢(2) —2log n;n(nﬂ) 26 (2)+2log
and we have the new identities
2 . 1
g(2)_§,§1n(n+1) (h"+2n+1)’
hyHa 21 9 1
a4 — 7 log? -
Lot 1) 16€(3) 2log (2)+2G+2§(2).
Fora = -2,
1
1 1 3 1 Iy (2log(2) + Hy—1)
— (tanh™ " (x))” dx = =
,O/xz( (*)) ZE n(2n—1)
_ Z hylog?2 h,H, B hy, _ §C (3)
S Z\n@n-1)  2m(2n-1) 2n2(2n-1)) 2 ’
From here, we have the identities
hy hy, 7
— =10(2), — =-0(3),
;1;”(2”*1) 2(2) n;”z 150
hwHy, 5
ngl wn—1) Zé(?’) 20 (2)log2+27(2).
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Consider the quartic,

1 ol
0/ % (anh ! () = 5 1 Y o = %g 5).

n>1j>1

1
1 -1 1 1 h I’l

—— (tanh —x1 dx* E E

0/ x( <2 ) 2,552 g ( ”+]+1)

=367(3) +2210g°(3) — g log*(3) — 481og(2) log?(3) + 48log(3)Li, (—%) + 48Li3 (—%) .

For powers of the arctan x function, we shall find some further alternating harmonic Euler sums.

Theorem 2. Leta € RTU{0},5 € R™\ {0},p € NU {0} and q € RT; then,

1
J(a,6,p,9) = /x“ arctan? (6x7) log? (x) dx
0

(71)n+1 §2nhn

p1’

= (=1)"p! PR N A L
( )pnzln(an—s—a-i-l)

where . 1
hn = HZn - EHn = log2 + Ean%
and H,, Hy,, are harmonic numbers with unitary arqument and double argument.

Proof. We have that

n+1 2 2

arctan? (5x7) = Y M;

n>1 n

therefore,
( )n+1 52nhn 1 )
Jadpa) = ¥ [ ogh (x) dx
n>1 0
— (_1)P !Z M
Sinqn+a+1)t!
|

Certain particular interesting cases can be explicitly represented and we detail some cases in the
next few corollaries.

Corollary 5. Leta = —1,6 = £1,p € NU {0} and g € R™; then,

arctan? (+x7) log? (x) dx

R\H

1
J(=L*Lpq) = /

0
W (),
(2q)p+1 = nb+2
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For p = 1, and using the results of the previous sections,

J(—1,4+1,1,9)

_/

. 1
(29)?

% arctan? (+x7) log (x) dx

{Se@ - Je@)tog2+ 2 @2)10g?(2) - g log! (2~ 4t 5

B 1 (_1)H+1 T

n3

(2‘1)2 n>1

1
2

Corollary 6. Leta =2q—1,6 = £1,p € NU{0} and g € R™; then,

] (2‘7 - 1r :tlr p.q

1

/xzq_l arctan? (+x7) log? (x) dx
0
(D pt e (=D

@) S (P

For p = 2, and using the results of the previous sections,

J(29—1,%1,2,9)

1 7IG+151C(

@)

—4Lig(3) —

(=17 p! g (1 o
hy | = — .
(25])p+1 n;l n n ]; (H + ])]
1>
/xzq_1 arctan? (£x7) log? (x) dx
0
2 1 3
( n+ h ( >
(zq)pﬂ rg ]:l )

4) - 77(3)log2+ ¢ (2) log?(2) — L log* (2)

3T+ 32(2) +7log2 - (3)

Corollary 7. Leta = —q—1,6 = £1,p € NU {0} and q € R, then,

J(—g—1,+1,p,q)

x~171 arctan? (+x7) log? (x) dx

0
_ PPt ()R
gr+1 ns1n(2n — 1)””rl
(1) p! arty [((CDPTD R (1) jp
= —1 h +2 - ].
qp+1 rgl( ) n ]; (21171)]

Forp =0,

J(2g—1,41,0,9)
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Higher powers of the arctan (x) function yield more Euler sum identities, and we have the
following corollary.

Corollary 8.

1 (_1)74+1 13 1
/x” arctan® (x) dx = ) ~———" /xZ”“ arctan (x) dx
o iz g

L

n>1

(=1)"* py, (70 + Housoz = Hais
4n 2n+a+1)

Various cases follow, for a = 0, and using the double argument of the polygamma function

! _q)ntl T+ Huo — Ho
/ arctan® (x) dx = ) (D™ ( £ 4)
0

& an n+1

(_1)n+1 T,
Si4n(2n+1)

(7'[ —2log(2) + 2H, — 2H,2,x)

L
64
Manipulating this integral identity gives us the new Euler sums,

63 3 18

(1" hy (Hy —Ha) 1 3 1
( 2 )—325(3)4nG+4nlog2(2)2G10g2,

h2n o 7'[73
L n(2n+1) —10g2+§ 16(2)'

n>1

(_1)71+1 Tt
n>1 8712

- e () (0)

9 3
— LGB,

1 3
p arctan’ (x) dx = (ﬂJrH%_% *H%,Q

St

j+1
where the Dirichlet function p (4) = Y, 22_],1)]1)4 . Here, we note that
jz1 7

p® (%) _—e <411> = 87" — 7688 (4) — (87* + 7686 (4) ) = ~15368 (4);

163



Mathematics 2019, 7, 833

moreover, using the integral identity, we obtain the new Euler sum

(_1)n+1 hn
n2

L

n>1

(H%{H ) = 3@(2)G712ﬁ(4)+2n§(3)+4nG

n_1
271

—7¢(3) +8G —3C(2) —2mlog?2.
For the quartic

(1)

1
1 .
— arctan” (x) dx = —
0/x ( ) rg:ljzl ]n(]+n)
1 4 93 3
= 7 G+33§(5)+§”ﬁ(4)/

and

(—1)rHitkL i

1
x arctan® (x) dx = 0 el
0/ S is 2k (j+k+n+1)

_ 15 5., 20925, . 45 3 5
= ROt 10 ¢ ) B~ g
945 675 405
+m§ (6) — ﬁg (4) log2 + ﬁg(Z) 7(3).

5. Conclusions

In the first three sections of the paper, we treated miscellaneous Euler sums, particularly,
the alternating sums. We developed many new Euler type identities. In particular, we have developed
some new identities for the Catalan constant, Apery’s constant and Euler’s famous  (2) constant.
In the fourth section of this paper, we have demonstrated and explored the connection of integrals
involving trigonometric and hyperbolic functions with Euler sums. We have evaluated particular
integrals related to Euler sums, many of which are not amenable to a mathematical software package.
Integrals dealing with powers of arctangent and hyperbolic functions will be further developed in a
forthcoming paper.
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1. Introduction

In a recent article [1] we noted that the first and second type Chebyshev polynomials can be used
to separate the real from the imaginary part of the Appell polynomials. This is just one of the countless
applications of these classic polynomials in Function theory. The purpose of this article is to highlight
another of their applications, which is, in some way, analogous to the previous one. In fact everybody
knows that the even and the odd part of a function F(x) are derived, in a trivial form, by the equations
L[F(x) + F(—x)] and 3[F(x) — F(—x)].

However, in the case of more complicated expressions of the F function, for example in relation to
the Appell-type functions, the result is not so obvious, and it will be shown here that it can be obtained
using another property of the first and second kind Chebyshev polynomials.

The article is organized as follows. In the first section we use a formula, similar to that of Euler,
to separate the even part from the odd part of a binomial power containing hyperbolic functions,
showing a connection with the Chebyshev polynomials considered outside their orthogonality interval.
Then the results are applied to the case of the Appell polynomials and, in the following sections, to the
case of the first kind Bessel functions and to the recently introduced Appell-Bessel functions [2].

It is noteworthy that the study of Appell’s polynomials, and of their various extensions,
has been considered in both earlier [3] and recent times [4-6]. In these articles have been shown
applications to difference equations, expansions in polynomial series and has been analyzed the
relative internal structure.

2. Recalling the Chebyshev Polynomials

It is well known that the first kind Chebyshev polynomias T, (x) can be defined outside the
interval [—1, 1], by using their expression in terms of hyperbolic functions [7].

Mathematics 2019, 7, 679; doi:10.3390/ mat7080679 167 www.mdpi.com/journal /mathematics
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Putting x = cosh6, and f(6) = cosh 6 + sinh 6, we can write:

(/2]

[f(0)]" = (coshf + sinh 0)" = h;) (;;) [cosh 6]" 2" ([cosh 0]% — 1)+
+ sinh 0 [("*21)/2] ( >[cosh 0]" =21 ([cosh §]> — 1) = @
= \2h+1 B

= E[fO)" +O[f ()",

where E[f(0)]" and O[f(0)]" denote the even and odd part of the [f(0)]" function.
Therefore, using the explicit expression of Chebyshev polynomias, we find

[f(6)]" = (cosh® +sinh )" = T, (cosh #) + sinh  U,,_1 (cosh ), ()
and
E[f(9)])" = Ty(coshb), O[f(6)]" = sinh 6 U,_1(cosh6). 3)

Equations (2) and (3) can be interpreted as an Euler-type formula, owing the analogy with the
classical one:

[n/2]

lexp(i6)]" = (cos b +1sinf)" = ;;) (2”]1) [cos 8] ([cos ]2 — 1)+
Ll ~2h-1 2y 4)
+ isinf ;;) <2h+1) [cos 0]" ([cosf]= —1)" =

= Rl(exp(i0))"] +i3[(exp(i0))"].

Consequences of the Euler-Type Formula

Using the expansions proven in [8] (but in the case of hyperbolic functions), we find:

Theorem 1. The Taylor expansions hold:

oo o
X T — PR
e*Tcosh(yT) = Ecn(x,y) ol
. ., (%)
e*Tsinh(yt) = Y Sulx,y) Ly
=0 n!
where
3 /2] py o
Calxy) =), ( .>X”’2’y2’
=0 \2
6
9 A T X
Su(x,y) = Jg <2j+1>x y7T.
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Proof. The result follows by using the product of series:
I. Cauchy product involving an even function.

3]

k=0

o0 k
C d < >c d T—.
Z k7T k' Z k 7o 2k =) [110 op ) Ck=2h h} i

IL. Cauchy product involving an odd function.

2k+1 0 L; T
Z”k Kl Zbk 2k+ 1) kg,) ; <2h+1)ak—2h—1bh T

As a consequence of Equations (5) and (6) we find:

&% cosh(y 1) +sinh(y 7)) = e = 3 [y ) + Suley)] oy,

n=0

and putting x = cosh 6, y = sinh

exp|(cosh @ + sinh 0) T Z (cosh @ + sinh 6)" ;—

I
e

n=0

Therefore, we conclude that

Cp(cosh@,sinh @) = T, (cosh )

Sy (cosh,sinh @) = sinh 6 U,,_1(cosh ),

and furthermore:

3. The Even and Odd Part of Appell Polynomials

In this section we show how to represent the even and odd part of Appell polynomials.
Consider the Appell polynomials [9-11], defined by the generating function [12]

Il
=
ir-e
=
=

where

Putting y := v/x2 — 1, we have

169

[Cn(cosh 6,sinh 6) + S, (cosh 8, sinh 0)] ;— .

n

Co(, Va2 —1) =Ty(x),  Su(x, V22 —-1)=Vx2-1U,_1(x).

@)

®)

)

(10)

(11)

(12)

(13)

(14)

(15)
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where
An(x,y) = An(x, Va2 — 1) = ap(x + Va2 = 1). (16)

By using the Cauchy product we find:
n

2( ) L (4 1) = E[An(x,y)] + O[An(x,v), a7)

and putting x = cosh6, y = vVx? —1 = sinh#,

n

=) < >ﬂn ¢ (cosh 6 + sinh 0)F = i <Z> ay i [Ce(x,y) + S (x,y)] =

k=0 k=0
= k’:ZlO <Z> Ap—k [Tk(x) +y U1 (x)] .

Therefore, by recalling (2) and (3), we conclude that

£l V1)) = 3 () s ),

k=0

Ola(x, V1] = V=T 3 () aas Uia (00
k=0

(18)

Remark 1. Note that Erzuatzon ( 18) can be applzed in general, since, when |x| > 1, the position x + /x> —1 =
u is equivalent to x = ”

= , so that Equation (13) becomes:

A(t) e't = ian(u)%. (19)

n=0

Therefore, we can conclude with the theorem.

Theorem 2. The even and odd part of the Appell polynomials ., (u) defined by the generating function (19)
can be represented, in terms of the first and second kind Chebyshev polynomials, by the equations:

Elan(u)] = é;’) (Z) ayx Tx (“ H) ,

(20)

Ol (u)] = -1 ): (Z) ayk U1 (”2231) :

k=0
4. 1st Kind Bessel Functions

We consider here the first kind of Bessel functions with integer order [13], defined by the
generating function [12]:

N\k

Z Ju(x) £ (1)

n=-—oo

Putting, for shortness:

Jo(x)=3Jo(x),  Ji(x):=Ji(x), (k=1). (22)
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Equation (21) writes:

Note that, using the notation
eilt-) = ¢ [e%(f—%)] +0 [g%(f—%)] ,

the even and odd part must be understood with respect to both f and x, and we find:

Representation by Chebyshev Polynomials

Inverting the equation 7 = 1 (t — %), we have:

t=T1+V12+1.

Theorem 3. The generating function (21) can be represented in terms of Chebyshev polynomials by:
T =23 Jon(x) Tou(T) + 2V T2+ 1 ) Joup1(x) Uan(7),
n=0 n=0

so that the even and odd part of the Bessel functions defined by Equation (21) are given by

£ { Y ) tk} —2 Y ) Tu),
k=0

k=—o00

O{ 5 ]k(x)tk} “2VTETTY o Une(1).
k=0

k=—0c0

Proof. Equation (21) writes:

AT — i Jon (%) <t2n +t—2n> T i Jan (%) (t2n+1 _ t—(2n+1)) ,
n=0

n=0

so that
(t2n + an) = 2Ty, (1), (t2n+1 _ t—(2n+l)> =2V £ 1Up(7),
and the result is proven. [

5. Appel-Bessel Functions

(23)

(24)

(25)

(26)

27)

(28)

(29)

(30)

Several mixed-type (or hybrid) functions have been recently considered. The starting point of
these type of special functions can be found in [14,15]. In this section we consider the Appel-Bessel

functions introduced in [2].
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Definition 1. The Appel-Bessel functions [2] are defined by generating function:

=)

Gl = A5 - 1] exp [3-1)] = X Lk, 31)
where
r)zk;ioak;—f, (a9 £0). @)
Since
Gt = L L] # = k L L] e, @)
we find
[a] k()] = (= 1)F [afi(x)] . (34)
Furthermore, from
Gl ) = G(-x) = io A] (1 = io (=) &, 35)
we find
[aJk(=2)] = (=1)F [aJx(x)]. (36)

That is, the same symmetry properties of the ordinary 1st kind Bessel functions still hold for the
Appell-Bessel functions.

5.1. Representation of the Appell-Bessel Functions

Even in this case we put, for shortness:

[afo()] =3 [aho(x)],  [ak@®)]:=[ak(x)], (*k=1). (7)
Theorem 4. The generating function (31) can be represented in terms of Chebyshev polynomials by:
A(xT)e T =2 Z[A]Zn | Tou(T) +2V 12 +1 Z Alon+1(x)] Uan (7)), (38)
n=0
so that the even and odd part of the Appell-Bessel functions are given by

{ Yo [adk(x ]fk} =2 Z (4 T2k (x)] Tok (),

k=—o0 k=0
(39)

{ Yo lalk(x ]tk} =2vV12+1 Z[A]ZkJrl Uni (7).
k=—co

Proof. Using the symmetry properties (34) and (36), the same technique applied in Section 3 gives the
result in the present case. [
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5.2. Connection with the Appel-Bessel Functions

Theorem 5. The following equation holds:

i Zk: (Z) Ak—h (xkr!)k =

k=0h=0
(40)
=2 ) [afn ()] Ton(T) +2 VT2 +1 ) [af2ns1(x)] Uz (7).
n=0 n=0
Proof. By using the Cauchy product we find:
N PG L N € M S S (A DR o
A(xT)e :kgé)ak = k;:) T :I;”E) L) A (41)

Therefore, the result follows by comparing Equations (38) and (41). [

6. Conclusions

It has been shown that the first and second kind Chebyshev polynomials play an important role in
separating the even part from the odd part of several polynomials and special functions, which include
the Appell polynomials, the first kind Bessel functions and the recently introduced Appell-Bessel
functions [2]. This is another remarkable property of Chebyshev’s classic polynomials within Function
theory, which seems to be the counterpart of another, highlighted in [1], which showed its role in
separating the real from the imaginary part of Appell’s polynomials.
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Abstract: Starlike functions have gained popularity both in literature and in usage over the past
decade. In this paper, our aim is to examine some useful problems dealing with g-starlike functions.
These include the convolution problem, sufficiency criteria, coefficient estimates, and Fekete-Szeg6
type inequalities for a new subfamily of analytic and multivalent functions associated with circular
domain. In addition, we also define and study a Bernardi integral operator in its g-extension for
multivalent functions. Furthermore, we will show that the class defined in this paper, along with the
obtained results, generalizes many known works available in the literature.

Keywords: multivalent functions; g-Ruschweyh differential operator; g-starlike functions;
circular domain; g-Bernardi integral operator

1. Introduction

The study of g-extension of calculus and g-analysis has attracted and motivated many researchers
because of its applications in different parts of mathematical sciences. Jackson was one of the main
contributors among all mathematicians who initiated and established the theory of g-calculus [1,2]. As
an interesting sequel to [3], in which the g-derivative operator was used for the first time for studying
the geometry of g-starlike functions, a firm footing of the usage of the g-calculus in the context of
Geometric Function Theory was provided and the basic (or ¢-) hypergeometric functions were first used
in Geometric Function Theory in a book chapter by Srivastava (see, for details, [4] (pp. 347 et seq.)). The
theory of g-starlike functions was later extended to various families of g-starlike functions by Agrawal
and Sahoo in [5] (see also the recent investigations on this subject by Srivastava et al. [6-11]). Motivated
by these g-developments in Geometric Function Theory, many authors added their contributions in
this direction which has made this research area much more attractive in works like [4,12].

In 2014, Kanas and Rdducanu [13] used the familiar Hadamad products to define a g-extension of
the Ruscheweyh operator and discussed important applications of this operator in detail. Moreover,
the extensive study of this g-Ruscheweyh operator was further made by Mohammad and Darus [14]
and Mahmood and Sokét in [15]. Recently, a new idea was presented by Darus [16] that introduced a
new differential operator called a generalized g-differential operator, with the help of g-hypergeometric
functions where they studied some useful applications of this operator. For the recent extensions of
different operators in g-analogue, see the work in [17-19]. The operator defined in [13] was extended
further for multivalent functions by Arif et al. in [20] where they investigated its important applications.
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The aim of this paper is to define a family of multivalent g-starlike functions associated with circular
domains and to study some of its useful properties.

Background

Let A, (p € N={0,1,2,...}) contain all multivalent functions say f that are holomorphic or
analytic in a subset D = {z : |z] < 1} of a complex plane C and having the series form:

f@) =2+ Y a2, (zeD). &
=1
For two analytic functions f and g in I, then f is subordinate to g, symbolically presented as

f < gorf(z) < g(z),if wecan find an analytic function w with the properties w (0) = 0 & |w (z)| < 1
such that f(z) = g(w(z)). Also, if g is univalent in D, then we have

f(z) <8(z) <= f(0) = ¢(0) and f(D) C g(D).

For given g € (0,1), the derivative in g-analogue of f is given by

f(z) - f(q2)

D,f(z) = 2L 22120 (2 #£0, 1). 2
Making (1) and (2), we easily get that for n € Nand z € D:

Dq { Z an+p2n+p} = Z [i’l + p]q an+pz”+i’*1, (3)

n=1 n=1

where
1— qn n—1 ;
[n], = =g :1+Z;‘7/ [0,q9] =0.

Forn € Z* :=Z\ {—1,-2,...}, the g-number shift factorial is given as

)1 = 1, n=0,
“o 2, ], neN

Also, with x > 0, the g-analogue of the Pochhammer symbol has the form

[, glon = 1, n=0,
W= xgllk+ L) [x+n—1q, neN,

and, for x > 0, the Gamma function in g-analogue is presented as
Ip(x+1) =[x,q]T;(t) and T (1) = 1.

We now consider a function

Dy (g, p+1z) =2 + Z Antp 2P, (> —1,z€D), (4)
n=2
with [ Ll
p+1qln+p
A L A 5
n+p [”"‘p]q! ( )
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The series defined in (4) converges absolutely in . Using ®,, (g, #;z) with u > —1 and idea of
convolution, Arif et al. [20] established a differential operator Eg el A, — A, by

['gﬂj_lf (2) =@y (q52) * f(z) =2 + Z Antp ansp2"™P, (z€D). (6)
n=2
We also note that

zP
(1 _ Z);H—l

2P

; L) — ; ptp-1 _

Jim @, (0,057) = and lim 77 = @) ¢
Now, when g — 17, the operator defined in (6) becomes the familiar differential operator

investigated in [21] and further, setting p = 1, we get the most familiar operator known as

Ruscheweyh operator [12] (see also [22,23]). Also, for different types of operators in g-analogue,

see the works [16,17,19,24-26].

Motivated from the work studied in [3,18,27-29], we establish a family Sj, (9,1, A, B) using the

operator L} P71 a5 follows:
Definition 1. Suppose that q € (0,1) and —1 = B < A < 1. Then, f € 2, belongs to the set Sj; (q, 11, A, B),
if it satisfies

quU;”*lf (z) 1+Az

- , @)
pal ey ) 1Bz
where the function ﬁ‘g; is known as Janowski function studied in [30].
Alternatively,
qu£g+p71f(z)
baeE )
FeSi(qmAB) e | LI B |y ®)

_ zD,iE;‘er*lf(z)
palch ™ f(z)

Note: We will assume throughout our discussion, unless otherwise stated,

-1SB<A<1,q€(0,1),peN, andp > —1.

2. A Set of Lemmas

Lemma 1. [31] Let h(z) = 1+ ¥ dpz" < K(z) =1+ ¥ ku2" in D. If K(z) is convex univalent in D,
n=1 n=1
then,
|du| < ||, forn = 1.
Lemma 2. Let W contain all functions w that are analytic in I, which satisfies w (0) = 0 & |w(z)| < 1if the
Sfunction w € W, given by
w(z) = Y wzt (zeD).
k=1

Then, for A € C, we have

‘wz—/\w%’ < max{1; [A|}, )
and 1 1
w3 + w2 + Rw? <1 (10)
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These results are the best possible.

For the first and second part, see references [32,33], respectively.

3. Main Results and Their Consequences

Theorem 1. Let f € 2, have the series form (1) and satisfy the inequality given by
2 Aty ([n+p,a] (1= B) = [p,q) (1= A)) |ansp| < [p,q] (A= B). (1
n=1

Then, f € S5 (9,1, A, B).
Proof. To show f € S} (g, 11, A, B), we just need to show the relation (8). For this, we consider

quE‘l;+”71f(z)
palch ™' f(z)
-~ quLZ+p71f(z)
(Al f ()

2D LY (2) — [pgl £ (2)
Alp,q L5777 f (2) — BzDg ) P F (2) |

Using (6), and with the help of (11) and (3), we have

[P4)2P+ X At pnsp[n+pg)z" P =[p,g) (2P + Xy Autpnspz" )
Alpg) (2P0 AntpanspzP ) =B([p.glzP + sy Autpnsp[n+pglz'+P)
‘ Yoy An+pﬂn+P([”+pf‘7]_ [pa))z"*P

(A=B)[p.qlzP+ 521 Antpantp(Alpgl—Bln+pq))z"?
Yot /\n+p‘”n+l"([”+p"7]_[pt’?]) ‘Z‘nﬂ
(A=B)[pallzl" 5y Autplanty|(Alp.g)—Blutpal) |z
Yot Antplanrp|([n+p.q]—[pa])
(A*B)[P,q]*ii"zl /\n+p|”n+p‘(A[P/q]*BW*Pr’ﬂ)

<1,

where we have used the inequality (11) and this completes the proof. O

Varying the parameters y, b, A, and B in the last Theorem, we get the following known results
discussed earlier in [34].

Corollary 1. Let f € A be given by (1) and satisfy the inequality

gk

([n,q)(1—B)—1+ A)|a,| £ A-B.

n=2

Then, the function f € S;[A, B].

By choosing § — 17 in the last corollary, we get the known result proved by Ahuja [22] and,
furthermore, for A =1 — & and B = —1, we obtain the result for the family S* () which was proved
by Silverman [35].

Theorem 2. Let f € Sj (q, 1, A, B) be of the form (1) . Then,

A-B
|apa| = % "
and forn = 2,
(AfB)tPn“( [p.q] (A—B) )
iy AT D)W 14—, 13
janp] < An+p E T prta-lpa) )
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where

— _ [p.4]
N TR BT o

Proof. If f € S; (g, 1, A, B) , then by definition we have

DLy () 1+ Aw(z)
gl L5 f(z) 1+ Bu(z)

(15)

Let us put
> 1+ Aw(z)
— n __
p(z)=1 +n§:1d,,z = 15 Bu(s)

Then, by Lemma 1, we get
|dn| = A= B. (16)

Now, from (15) and (6), we can write

[ee] (o) (o)
P+ 3 ["[;f]j‘” Apsp Angpz" P = <1+ Y d,,z") <zp+ Y Antp an+Pzn+V>. 17)
n=1 n=1 n=1

Equating coefficients of z" 7 on both sides,

Nawp (n+pal = [pa) ansp = [p,a] Aurp—1 anspordi + -+ [p, 9] AMsp A1 pdn—1.
Taking absolute on both sides and then using (16) , we have
n—1
Ay (11 -+ poa] = [poa]) [ansp] < [p,q] (A= B) (14 X Acep|aesy| ]
k=1

and this further implies

/\n+p

A—B . n—1
Jansy| < LA=EVn (1 + L Ay 1%,,) , (18)
=1

where ¢, is given by (14) . So, for n = 1, we have from (18)

(A*B)ll’l/

<
|ul’+1| = /\1+P

and this shows that (12) holds for n = 1. To prove (13), we apply mathematical induction.
Therefore, for n = 2, we have from (12):

A— B) 2]
< (A=B)¥, 1+A
|ap1a| = Moty (L4 Aepap])
using (12), we have
|ap+a| < A=B)92 14 (a—Byyy),
Notp

which clearly shows that (13) holds for n = 2. Let us assume that (13) is true for n < m — 1, that is,

g%rﬁ(1+(1¢1_3)%).

|am—1+p‘ /\m+p71 =1
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Consider

A—B m—1
|amip| = (A=) <1+ Y. Metp )“kﬂf‘)
k=1

/\m+p

- (ABW'“{H(AB)¢1+...+<AB>¢m1'ﬁ<1+<AB)w}

Am+p t=1

_ A-BynT(  [pal(A-B)
N Amitp t:1< +([P+t/q]—[MD>'

this implies that the given result is true for n = m. Hence, using mathematical induction, we achieve
the inequality (13). O

Theorem 3. Let f € Sj (q, 1, A, B), and be given by (1) . Then, for A € C

A— By,
Ayin — Ad> < (7 1; |v|},
p+2 p+l| = Ap+2 { | |}
where v is given by
Api2tt
v= (Bf(AfB)lpl)nLAg wl (A—B)A. (19)
p+172

Proof. Let f € S ; (g, 1, A, B), and consider the right-hand side of (15), we have
1+ Aw(z) S S B
wlz k k
— = |1+A Wz 1+ B Wiz ,
1+ Bw(z) ( k:zl > < k:zl )
where -
w(z) =Y, wezk,
k=1
and after simple computations, we can rewrite

1+ Aw(z)

m:1+(A73)w12+(A*B){wszW%}zer.... (0)

Now, for the left hand side of (15), we have

quﬁgﬂJ_lf (2)

-1
o [+ p,q] " o n
_t - = 1+ A ApipZ 1+ A Ayt pZ
Pl 7 ) ( AN "R

n=1
A1+p Npyplziyp A%ﬂv u%+P 2
= 14+ —a112+ — Al S 21
4}1 1+p 4}2 1’01 ( )
From (20) and (21), we have
%}
a = A — B)w, (22)
p+1 Ap+1 ( ) 1
(A-B)p, 2
a = — = w4+ ((A—-B —B)wi . 23
pe2 A mt (A= By - But) @)
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Now, consider

A—B) 2
apia— A2y | = (APTIPZ{W (A By —B)wi} A A‘?H(A—B)Zw2
- AB,, {( (A= By + Dyt (AB)A}w%,

Api2 +11P2

using Lemma 2, we have

‘ g (A B)lPZ {1 |U|}

2
‘aPJrZ - )Laerl

where v is given by

v=(B—(A—B)y)+ Apiafi (A - B)A.
p+1l/)2

This completes the proof. []
Theorem 4. Let f € Sj (q, 1, A, B) and be given by (1) . Then,
3

q+2 A1+pA2+p 1 A1+p 3
PHq+1l Az 2t [3,q] A apﬂ

ap43 —

2
<(A-B) {4(238A31+),, 1 } .

where Py, and N+ p are defined by (14) and (5), respectively.

Proof. From the relations (20) and (21), we have

2 AspA 1 A A—B)
(upH 9+ LtpT 2ty 1P g3 —(J{wngBwlwz+B2 },

— Apy20 + a
FHa+1 Az PP Bl Asy, Azyp

equivalently, we have

po A2 A1+pA2+pa M O 1 A%+p3
PRI Rrg+1 Aayy PP Bl Asyy e

_ (A-B)ys 1 1 3 16B2 — 1 ,\  16B*>—-32B -5

= Aary w3 + 4w1w2 + 16 16 <wz wl) + 16 wy
_ 2 _ 2_30p—

< (A—B)ys {1+ 1682 —1 168 — 32B 5}
Astp 16 16

- (A-B)ys {16B2716B+5}

s Aory 8 ,

where we have used (9) and (10) . This completes the proof. [

Theorem 5. Let f € 2, be given by (1) . Then, the function f is in the class S, (q, p, A, B) , if and only if
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for all
_ _([pg—1)e
No= Ne=2, ga-n)
(25)
_ (e +IpgA)
o= b= qa-5)

and also for N =0, L = 1.

Proof. Since the function f € Sj (g, p, A, B) is analytic in D, it implies that E; -l f(z) # 0 forall
z € D* = D\{0}—that is

LELd N pripz 20 @ e),

and this is equivalent to (24) for N = 0 and L = 1. From (7), according to the definition of the
subordination, there exists an analytic function w with the property that w (0) = 0 and |w(z)| < 1
such that .
DL () 14 Aw (2)
+p-1 =
pal ey () 1HBe()

(zeD),

which is equivalent forz € D,0 < 6 < 27

DL () 1 A

—, (26)
-1 0
Py f(z) - 1+B
and further written in a more simplified form
(1 + Bei9> quLg+p71f (z) = [p.q] (l + Aeig) £Z+p71f (z) #0. (27)

Now, using the following convolution properties in (27)

L @y =L () and LY (2) ¢ i = DL T (2),

then, simple computation gives

1 1 (1+ Be®) zP [p.q] (1+ Ae®) 2P
zkﬁpf“”<anuw) (1-2) )}#a

or equivalently

which is the required direct part.

Assume that (11) holds true for Ly — 1 = Ny = 0, it follows that

i6 —
Mﬁgﬂf*lf (z) #0, forallz € D.
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zD,,L'q B f (z) .
palcy " f(2)
and (11) are equivalent, therefore we have

Thus, the function & (z) = is analytic in D and & (0) = 1. Since we have shown that (27)

quﬁgﬂ’*lf (2) y 1+ Aef?

(zeD). (28)

o) £ f (z) T 14 Bet
Suppose that
1+ Az
H(z) = 158 eD.

Now, from relation (28) it is clear that H (dD) N/ (D) = ¢. Therefore, the simply connected domain
h (D) is contained in a connected component of C\ H (dD)) . The univalence of the function &, together
with the fact that H (0) =/ (0) = 1, shows that 1 < H, which shows that f € S; (9,1, 4,B). O

We now define an integral operator for the function f € 21, as follows:

Definition 2. Let f € . Then, L : A, — 2y is called the q-analogue of Benardi integral operator for
multivalent functions defined by L (f) = F; p with > —p, where Fy,, is given by

Fyp(z) = 11+p,q] /’f'7 F(t) (29)
_ [+ p.4] n+
= Zp+z[q+p+nq] 2", (z D). (30)

We easily obtain that the series defined in (30) converges absolutely in D. Now, if § — 1, then the
operator F; , reduces to the integral operator studied in [29] and further by taking p = 1, we obtain
the g-Bernardi integral operator introduced in [36]. If § — 1 and p = 1, we obtain the familiar Bernardi
integral operator [37].

Theorem 6. If f is of the form (1), it belongs to the family Sy, (q, 1, A, B) and

Fyp(z) =20 4+ ) buypz"t?, (31)
n=1

where Fy,p is the integral operator given by (29) , then

lbpan| < L1 EPal_$1(AZB)
PP Tp+p+Lal Mgy

and forn = 2

!bp+n

[1+pq (A=—B)yp, [p.q] (A—B)
SWtptnal Ay ib <1+<[p+t,q}—[p,qn>

where Yy, and N+ p are defined by (14) and (5), respectively.
Proof. The proof follows easily by using (30) and Theorem 2. [J

Theorem 7. Let f € Sy (q, 1, A, B) and be given by (1) . In addition, if Fy,, is the integral operator is defined
by (29) and is of the form (31) , then for 0 € C

bpiz =V =Tr+p+24 Ap

183
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where )
Apiopp [7+pally+p+24
—(B—(A—B Cpi214 B : 32
=B )+ 2 ¢ ) +p+iq? o

Proof. From (30) and (31), we easily have

by — nEpd o
g l+p+1q"
by = _nEpa
! h+p+24""
Now,
2,q]
boor o2, | = Ltpal | [t pallntpt2a] o |
2= ethn| = [y Do g e (fr+p+1a)* "

By using (22) and (23), we have

[m+pq (A-B
n+p+2.4] Apia

2

’

) ‘wz—vw

’bP+2 - ‘Tb?wrl‘ T

where v is given by (32) . Applying (9) , we get

[W"FP;Q] (A_B) {1,|U|}

byip—0ob?, | <
‘ p+2 (o p+1‘ = [’7+p+2,q] Ap+2

Hence, we have the required result. [

4. Future Work

The idea presented in this paper can easily be implemented to define some more subfamilies of
analytic and univalent functions connected with different image domains [38—40].

5. Conclusions

In this article, we have defined a new class of multivalent g-starlike functions by using multivalent
g-Ruscheweyh differential operator. We studied some interesting problems, which are helpful to study
the geometry of the image domain, and also used some of the achieved results to find the growth of
Hankel determinant. The idea of this determinant is applied in the theory of singularities [39] and in the
study of power series with integral coefficients. For deep insight, the reader is invited to read [38—44].
Further, we have generalized the Bernardi integral operator and defined the multivalent g-Bernardi
integral operator. Some useful properties of this class of multivalent functions have been studied.
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Abstract: Based on the new approach to Lindeldf hypothesis recently introduced by one of the
authors, we first derive a novel integral equation for the square of the absolute value of the Riemann
zeta function. Then, we introduce the machinery needed to obtain an estimate for the solution of
this equation. This approach suggests a substantial improvement of the current large f-asymptotics
estimate for { (% + it).
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1. Introduction

It is well known that the leading asymptotics for large t of {(s) can be expressed in terms of a
transcendental sum,

[t] 1
S) ~ —, s=0c+it, 0<o<1, t—oo, 1)
{(s) m;"f'

where throughout this paper [A] denotes the integer part of the positive number A. Lindelof’s
hypothesis, one of the most important open problems in the history of mathematics, states that
for o = 1/2, this sum is of order O(#*) for any € > 0.

The sum of the rhs of (1) is a particular case of an exponential sum. Pioneering results for the
estimation of such sums were obtained in 1916 using methods developed by Weyl [1], and Hardy
and Littlewood [2], when it was shown that {(1/2 + it) = O('/6*¢). In the last 100 years some slight
progress was made using the ingenious techniques of Vinogradov [3]. Currently, the best result is due
to Bourgain [4] who has been able to reduce the exponent factor to 13/84 ~ 0.155.

It is interesting that, in contrast to the usual situation in asymptotics where higher order terms in
an asymptotic expansion are more complicated, the higher order terms of the asymptotic expansion of
{(s) can be computed explicitly. Siegel, in his classical paper [5] presented the asymptotic expansion
of {(s) to all orders in the important case of x = y = \/t/27. In [6], analogous results are presented
for any x and y valid to all orders. A similar result for the Hurwitz zeta function is presented in [7].
Some of the results of [6] are used in [8] and the latter results are useful for the estimates presented in
this paper.

A major obstacle in trying to prove Lindel6f’s hypothesis via the estimation of relevant exponential
sums is that in estimates one “loses” something (the more powerful the technique, the less the loss).
Here we follow the new formalism for analysing the large t-asymptotics of the Riemann zeta function,
introduced in [9]. For the sake of clarity of presentation we restrict our attention to the case o = 1/2.
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We start with the following integral equation derived in Equation (1.6) of [9]:

14! (it —itt) . a2
,y{tol { (12§ i) (l/2+zrt)}\§(l/2+zrt)\ dt+G(1/2,t)

+0 (E—m 14) —0, t = oo, 2
61>0,04 >0, 614 = min(§1,54),

where I'(z) denotes the usual gamma function, the principal value integral is defined with respect to
T =1and G(1/2,t) satisfies the estimate

G(1/2,t) =Int+0(1),  t— oo. ®)

In [9] the computation of the large t asymptotics of (2) is obtained by first splitting the interval
[~t%171,1 + %~ 1] into the following four subintervals:

Ly = [, Lo =[], %70,
Ly=[t2"1,1 %71, Ly=[1—5"1 14471, (4)

with ; € (0,1), j = 1,2,3,4. We employ the same splitting in (2) and hence the asymptotic evaluation
of (2) reduces to the analysis of the four integrals,

ot T (it — itt) , 2
Ii(t) _7.%1/ %{ml’(l/2+zrt)} [C(1/2+itt)|"dT, t >0, (5)

where Iy, I, I3, Iy also depend on &1, 03, (62,03), (83,04), respectively, Ly, L, L3, L4 are defined in (4),
and the principal value integral is needed only for I4.

Organisation of the Paper

In Section 2 we derive a linear integral equation for |7 (s)|?
Sf and SiD are defined by (18) and (19), respectively.

In Section 3 we present the methodology for deriving the main result of this paper, namely the
linear Volterra-type integral equation for |{(s)|? given by Equation (8) below. In this connection,
we first estimate the double sum S} appearing in the linear integral Equation (23):

. This equation is given by (23) where

%{Sf(t,&)}:O(teglnt), t — oo, )
Then, we present heuristic arguments regarding the estimation of 5P, which suggest that
; s
s3P =0 <t%’%(lnt)2> +0 (t% lnt> , bt oo @)

Replacing in (23) Sf and SZD by (6) and (7), for 0 < 6, < 1/2 and 3 = 1/3, we find the main
result of the paper:

1 N\ 1 1\ I
‘C (§+zt> =~ | Ko, t) ‘C <§+lp> dp+0 (té(lnt) ) t— oo, ®)
where the kernel K(p, t) is given by
_ I'(it —ip) .
K(p,t) —W{mr(lﬂ—i—zp)}. )
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For the rigorous derivation of (7) we make crucial use of some of the results of [10].
For completeness of presentation, the relevant results of [10] are reviewed in Section 3.

In Section 4 we derive (7). This derivation is based on the following: first, on a lemma for partial
summation in two dimensions, which is crucial for the analysis of some parts of the sum S5P. Second,
on the asymptotic estimates of the function EP (t,5) appearing in the definition of S§° which are
given in [11]. Third, on the splitting of S;P into three cases involving certain sums denoted by s,

(i), 5l Relatively straightforward estimates yield that both $(%) and () are O (t% In t) , t— oo

The estimation of V) is quite complicated; details are given in Section 4.3.
Section 5 summarizes the basic results in this paper and discusses future directions.

2. Derivation of a Linear Integral Equation for |{(s)|?

The main result of this section is the linear integral Equation (23) which is obtained from (2)
by computing the contribution of the integrals {I]'}‘ll. In this direction, we first recall the estimates
for I; and I, and then we introduce a methodology that computes explicitly the leading asymptotic
behaviour of I4. In addition, this methodology avoids the need to compute the asymptotics of I3.

2.1. The Contribution of I and I
Using Lemma 4.1 of [9], it can be shown that for J; sufficiently small, I; satisfies the estimate

L(t,6) =0 (rl/2+%5l), t— oo (10)

Furthermore, by employing the classical estimates of Atkinson, and following the steps of
Lemma 4.2 of [9], it can be shown that that I, satisfies the estimate

L(t,6) =0 (t_%MZ In t) L 0<8 <1, oo 11)
Thus, for sufficiently small é; and J, Equations (10) and (11) yield
L =0(1) and I, =0(1), t— oo, (12)

2.2. The Contribution of the Leading Order Term of Iy

Let Iy denote the contribution of the leading order term of I;. This term is defined by replacing
{(s) with the leading term of its large t-asymptotics in (5) for j = 4. Using the change of variables
T=1-1, I, becomes

L 1 T(1/2+it—ix)) = NT
Lu(t,63,64) = E?{m m{r(zx)w} 1C(1/2+ it — ix) [P dx, 13)

where the principal value integral is with respect to x = 0, and

5 . . 2 [t [t 1 mq ix 1 .
Ca/2+it—ix))P= Y ) (—) , 8= _+it (14)

S 1118
mi=1m,=1 MMMy \112 2

Thus, we obtain the following expression for the leading behaviour of I:

B 1 11 m 1
L(to3,0) =R Y, ) —o—)a (‘”"52"53'@) ;o s=5tit, (15)
2

s
my=1mp=1 mym
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where Jj is defined by

" 1;‘53 _ T(1/2+it—ix) (m\*
bos,0n — ) == ¢ Tlix)—Lo o (T) g
Ja < 103,04, mz) = (ix) T(1/2 +if) e X,
t>0 0<d3<1, 0<ds<1, m]-:1,2,...,[t], (16)

with the principal value integral defined with respect to x = 0.
Theorem 6.1 of [9] gives the estimate

Li(t,63,04) = { Z Z +2a%{s4}+m{s§f’}}{HO(R&M1)], t s 0o

my=1my= pm (17)
1
S:§+it,0<(53< 5 0<(54< 5347max{53,(54}
where Sf and SED are defined as follows:
1"12
Yoy = L% e (18)
My, m2€M4 2
with m
= =dm = P = il R
My := My(63,t) {m] 1,....[1,j=12 o € (t ,t)},
and q i
SiPo) =Y ) ESD (t,63); (19)
my=1my=1 1
ESP satisfies the asymptotic estimate

. it93
ESP ~ —y/ elft** *”‘531}1(53*1)“3; (@)l t— o0 (20)
4 Ve In (%tp&s) 1y / ’

my 16
when 72779 # 1.

Remark 1. According to the analysis of [9], the derivation of (17) involves the computation of the contribution
of an integral along the so-called Hankel contour. The function S} is related with the contribution of the pole
wp = 71.%1‘1,53 and SiD is related with the contribution of the Hankel contour after deforming it so that it

passes through the point of steepest descent wsp = —i. Hence, we call S§ and S3P as the Pole and Steepest
Descent contribution, respectively.

2.3. The Contribution of I3

Let I3 be defined by (5), with j = 3. By making the change of variables p = t7, we obtain

1t T(it—ip) ‘ 2
L(t,02,03) = ;./Mz %{ml‘(l/ZJﬂp)} |2(1/2+ip)|" dp. (21)

2.4. A Volterra-Type Integral Equation

It is shown in Appendix A that the first term of the rhs of (17) is the leading asymptotic term of
|Z|?. Hence, (17) becomes

Lu(t, 85, 64) ~ —|C(s) 2 + 2R {s}f} + R {siD}, s= % tit, oo, 2)
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By replacing in (2), I; and I; by (12), I3 by (21) and I by (22) we obtain the following Volterra-type
integral equation:

21t (it —ip) . 2
[C(1/2 +it)] e %{mf(l/Z—&-zp)}\g(l/Z—l—zpﬂ dp

+2R{sf} +R{S{°} +nt+0(1), t— oo

(23)

where Sf and SED are given in (18) and (19), respectively.

3. The Methodology for Deriving the Integral Equation (8)

In this section we derive Equation (6) and we also provide heuristic arguments for supporting
the validity of Equation (7). The employment of the estimates (6) and (7), evaluated at 63 = 1/3,
in Equation (23) yields (8).
3.1. An Estimate for S¥

In order to estimate the sum Sf , we use (1.30) of [9], namely (See Appendix B)

S3(t,83) = S5 (t,63) [1 +0 <t253_1)] ,  t—ooo, (24)

with " 1
S3(t,63) = —_—, s=—+it, (25)

(mlgz:z)zelMg mi(ml +my)3 2

and M3 is defined by
my 1
M == Ms(d3, 1) {m]_l f,j=12 me}- (26)
Using results of [6], it is shown in Theorem 5.1 of [8] that

S5(t,63) = O <t073 In t) Lt oo @7)

Thus, (6) follows.

3.2. An Estimate for S3P

The definition of Si D, given in (19), implies

1
ssP=0 ( 5 ) ) (28)
t2

In order to estimate the sum SED , we employ the classical techniques of [10,12-14]. These
techniques can be used for the estimation of the sums of the form

2 Z oyt a it

1<m<n<[t] M

[t [ 1 1

oL (F5), 305 1 (12155

my=1mp=1 m12+l

In this connection we recall the following well known result (see, for example, Theorem 5.12
of [13]):

M,ﬁ

M n7+’f (te In t) t 5 co. (29)
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The above result can be further improved, see, for example, Theorem 5.18 of [13]:

2
1

+it

-0 (ﬁ) , t — 0. (30)

[T

(]
)
n=1

n

Using similar arguments, it is straightforward to show that

2
:o(ﬁ), t— co. 31)

It turns out that the techniques of [10] can be directly applied to estimating sums involving the
lhs of (31). In this way it can be shown that

G 1 1
_ 3 2
L bi(ep) 3i(i—1%) — © (“(lnt) ) For e
2

my=1my=1 my

The sum in the rhs of (28), in comparison to the above sum contains the extra term W
Fortunately, this term satisfies the properties needed for the partial summation procedure. Ac]tually,
a slight modification of the partial summation technique used in [10] suggests the estimate (7).

We note that the second term of the rhs of (7) is identical with the estimate of (6). This is due to
the fact that the estimation of S37 involves the splitting of the relevant set of the summation of in three
parts, and in one of these parts the summand has the form of the summand of (18).

3.3. Review of Techniques for Estimating Euler-Zagier Double Sums

We summarise some of the techniques used in [10] that will be needed in the estimation of the
sum S3P. In what follows we use the terminology of [10].

In [10] estimates of the Euler-Zagier double sums are obtained by employing techniques
from [12,14]. Indeed, letting s; = o +itj, with 0 < ¢; < 1, j = 1,2 and |t/\ ~ ¢jt, for some
positive constants cj, estimates as t — oo are derived for sums of the form

1 1
L

1<m<n
A special case of Theorem 1.1 in [10] yields

1 1
.
n§+1t

1
— =0 (t3(Int)?).
1<m<n m%+lt ( )

The above result, as well as the estimates of Theorem 1.1 therein, provide a ‘sharp’ generalisation
for double sums of the classical result for the single sum of Theorem 5.12 in [13]. In this sense,
the results of [10] improve significantly the analogous results of [15].

Here we are interested only on the part of the analysis of [10] concerning the sums of the form

1 1
1= o
1<m<n<t

and in particular for the case that o5 = 02 = 1/2. The above sum is estimated by splitting it into two
classes of sums:
[ In2t ]

si= 3, [r(2)+u ()],

j=1
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where 11 i i
T(M) = Y. and um= Yy — Y —.

M<m<n<am M1 172 1<mem M pMcngam
The estimation of the sum U(M) is straightforward since it can be reduced to the estimation of a
single sum; this is given by employing the Theorem 5.12 of [13], namely
— 051 d L _ofn
—O(t6 nt) an Z W_()(té)'
M<m<2M

1

/20t
1<m=Mm ™

Thus,

Tz

: 1
Y u(27t)=0(t3(Int)?), t— oo
L u(z)=o(dumy)

The estimation of the sum T(M) is more elaborate and is based on Lemmas 3.1-3.5, therein.
Lemma 3.1 appears in [14], Lemmas 3.2-3.4 appear in [12], and Lemma 3.5 is a variation of the classical
and widely used partial summation technique (see for example [13,14]).

Since the latter Lemma plays an important role in our analysis we find it helpful to restate it:

Lemma 1 (Lemma 3.5 in [10]). Let M and N be positive integers such that M < N, f(x,y) be a C>-function
on [M, N] x [M, N], g(m,n) be an arithmetical function on the same domain, and

Gloy) = Y.), glmn).

x<m<n<y

Suppose that
Gy <G [fxynl<x, [yl <r, [fuylxy)l <,

for some positive constants G, 1, K2, k3, and for any M < x, y < N. Then, we have

Y'Y f(mn)g(m,n) gG[f(M,N)+(K1+K2)(N—M)+K3(N—M)2] (32)

M<m<n<N

In order to estimate the sum T(M) the set of summation is divided in three regions corresponding
to the following three cases:

@@ M<ts
(b) B <M<t
(c) <M<t
For case (a) it is sufficient to observe that T(M) = O (M), which yields

[lnzt

In

)

!

T(Z’ft> =O<t%lnt), t — oo.

wIN

=13 4]

For case (c) Lemma 3.4 is used to treat the oscillatory part of the sum, i.e., it is shown that
1 1

P O(tInt). Then, applying partial summation using Lemma 3.5 which shows
M

M<m<n<2
that T(M) = O (ﬁt In t), it follows that

1

In

E]

[

(S,

J

j=1

ol

T (2*11) =0 (t%(lnt)z) .t oo
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Case (b) is conceptually the same with case (c) but involves more technicalities: Lemmas 3.1-3.3 are

1 1
used to treat the oscillatory part of the sum, i.e., to show that Y — =0 (M t5 (Int) %> .

Menizwzay M 0t
Then, applying partial summation by using Lemma 3.5 in order to obtain that T(M) = O <t% (Int) : ) ,
it follows that

Y T(Z’H) :o(ﬁ(lnt)%), t— oo

Summarising the above results it follows that

5= Y %%:O(t%(lnt)z), t = oo, 33)
1<m<n<t

Remark 2. From the above analysis it follows that it is much more complicated to estimate the sums of the form
T(M) in comparison to those of the form U(M); the latter ones correspond to set of summations which can
be decoupled, whereas the set of summations corresponding to the former ones cannot be decoupled. The latter
observation necessitates the use of the Lemma 3.5 in [10], which is related with the partial summation technique.
The sets of summation in our work are more complicated, requiring more general forms of that Lemma. In this
connection, in Section 4.1 we state a general form of Abel’s summation formula for double sums; its proof is

presented in [11].

4. Derivation of the Estimate (7)

In what follows we let §3 = ¢, and throughout the rest of the paper we have s = 1/2 + it.
In order to derive (7), we split the sum S ED in three different sums S, §(i1) §(il) in accordance
with the analysis of Section 4.2, below. We analyse these three sums in Section 4.3:

o The estimation of S(%) is straightforward.

e The estimation of () involves the use of partial summation technique described in [14].

o The estimation of S() is based on the the analysis of [10], but some of the parts of the sum require
the use of a partial summation which is more general than the one derived in [10]. In this direction,

we will use a lemma on Abel’s summation in two dimensions stated below.

4.1. A Lemma for Partial Summation in Two Dimensions

Lemma 3.5 of [10] is a two-dimensional form of the so-called Abel’s summation formula,
see Appendix C. The difficulty appearing in the proof of Lemma 3.5 of [10] is due to the fact that the
set of summation is given by an expression which does not allow the double sum to be decoupled in
two single sums. In the separable case the simple form of the Abel’s summation formula for double
sums is given in Lemma A1, and is straightforward to derive it by applying twice (A1). However,
for our analysis we need to generalise Lemma 3.5 of [10]. This generalisation is given by Lemma 2
below, whose proof is given in [11]. It is this form of Abel’s summation formula for double sums that
is needed for the analysis of the sums (3b) and (4b) appearing in the sum Séi), which is analysed in
Section 4.3.

Lemma 2. Let 0(-) be a linear function and ¢(-) be its inverse. Particular such functions are 6(x) = t°1x,
¢(x) = H'7%x. Let M < N be positive integers and f(x,y) be a C>-function on [0(M),8(N)] x [M, N,
g(m, n) be an arithmetical function on the same domain, and

Glxy)= Y)Y glmn).

x<p(m)<n<y
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Suppose that
IG(x, )| <G, |felx,y)| <1, |fy(xry)| <Ky, |fxy(xry)‘ < K3,

for some positive constants G, k1, ko, k3, and for any (x,y) € [0(M),0(N)] x [M, N].
Then, we have

Y.).  flmn)g(mn)

M<¢p(m)<n<N
<G[F(6(M), N) +x1 (8(N) = 0(M)) + k2N = M) + x5 (6(N) — 0(M)) (N = M)] . (34)
Remark 3. The above formulation is adapted to the subregion (4b) of the splitting presented in Section 4.3,

but the choice of function 6 (respectively ¢) is wider than the particular forms chosen in Lemma 2. The result and
the proof is the same if we substitute in the above formulation ZZ with ZZ , thus this result

x<Pp(m)<n<y x<n<p(m)<y
can be adapted to the subregion (3b).
4.2. The Different forms of E5P
Equation (19) with 63 = 6 becomes
AU
=Y (t,0). (35)

my=1my= l
Leta = %tl_d. It is shown in [11] that the term EfD is given by the expression below.

(i |a—1] > ¢ > 0, with the constant ¢ independent of t:

EED ~ =1/ 76%67”5%L0{”(5, t — oo. (36)
T 5 Ina

The condition | — 1| > ¢ > 0 yields that (.- = O <%> is bounded.

@i 1>fa—-1> I't%, for some constant T > 0 independent of ¢:

EED ~ =4/ 76%e*itdéia”§, t — oo. (37)
T 5 Ina

The condition 1 > | — 1| > I3, yields that = O(l)t%, thus the term 1L is bounded.
H

lnzx
Furthermore, this condition restricts the set of summation in a sufficiently small set, so that we
will use a different technique to estimate the relevant sum compared to the case (i).

(i) a=1+7t2 A>2, y€eR,for any constant y independent of :

The leading contribution is equal to the pole contribution multiplied by some constant ¢ depending
only on 7, with |c(7)| < 2 and ¢(0F) = £1.

IfA= %, then, using the analysis in [11], we obtain

M2y o2 1 ir 01
ESP ~c(y)e 'mlemi T 4 ——eTem ™, 1 — 0. (38)

If A > %, then, similarly to the above derivation and using the Plemelj’s formulae we obtain
my —
ESD  sign(y) e M e T (1+0(1572)), t— . (39)
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The sets of summation corresponding to cases (ii) and (iii) are bounded by the two red lines in

Figure 1.
m
t
(2b)
| v (22)
(1b) ot
-
4b
(4b) ¢
i
I+c
(a)
: v v
tl-?i
1 (la) (4a) (3b) L n

Figure 1. The subregions of the set of summation.

Remark 4. In Equation (39) one observes that for A > % the dominant contribution of ESP is given by “plus”
or “minus” half of the pole contribution (depending on the sign of «y), where the pole contribution is given in (18).
Noting that v < 0 < my,my € My, with My defined in (18), one observes that the dominant contribution of
the expression 25} + S$P appearing in (17), is equal to S} forall v € Rand A > §.

The analysis of the case A = % is included in (ii). Equation (38) elucidates the mechanism responsible for
switching the contribution of E5P from the form (37) to the form (39).
4.3. The Estimation of the Three Parts of S3P

In what follows we will estimate the three sums corresponding to the above three forms of the S3°.

4.3.1. The Estimate of Case (iii)

Recalling Remark 4, we treat the sum associated with the case (iii) similarly to the derivation

of (6), but for a smaller set of summation; hence, it yields the estimate O (t% In t).

4.3.2. The Estimate of Case (ii)

We treat the sum associated with the case (ii) similarly to Lemma 5.1 in [8], but for a smaller set of

summation. Hence, it also yields the estimate O (t% In t).
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(40)

It is sufficient to estimate the following sum
1-0
S(ii) B l 0 comipt 1 1 1
= — — —,
E2 my=1 ) —cy mp 10 miﬂto mi i In <%t170>

where ¢ and ¢; are two positive constants with ¢, < 2¢q
Remark 5. The constraint c; < 2cy is satisﬁed by taking a sufficiently small positive constant c in case (i)

Indeed, if ¢ < 1 then the condition |a — 1| < 1, yields
3
Zmztlfé <mp < Emz

19,

Thus, the condition 1> |a — 1| > res gives rise to two sums of the form (40) with 3 < ¢1 < ca < 3, thus
c2 < 2c¢y. In particular, we obtain § < ¢1 < ¢ < 1 for the first sum and 1 < ¢y < ¢z < 3 for the second sum

_L = O(1), we will first estimate the sum
2 41— o)

Recalling that %
t2 1 (’"1
3 comiptt=d 11

5/

A DR DR

my=1my=cymyt! =9

where ¢; and c; are two positive constants with ¢; < 2c¢;. Thus, by using partial summation we will

estimate the sum S(/)

Observing that m, takes relatively “small" values in the set of summation of S4, we use the
following inequality without losing crucial information
comyptl=d 1

¥
Sal < X 73 pral
my=1 mZ/ my=cyniptl—¢ y

Then, we estimate the 117-sum using Theorem 5.9 of [13], namely
Y nt=o(t)+o(at).

a<n<b<2a
Following the partial summation technique appearing in the proof of Theorem 5.12 of [13] and

19 we obtain

using the fact that a > cymp
comptt=d
vy Lo (t%t 2(1-0)y 1) t— co.
ms my ’
my=cymytl=0 1
Thus,
[]
1 s J
Sa= Y. —O<t7>=O(tflnt), t— co. (41)
mpy=1 ma

Using the estimate (41), the monotonicity properties of the term (mz 0 A) appearing in (40),
) = O(1), the partial summation technique, as described in [14] and the

1

'"2t1 -5
t — oco.

-

and the fact that %
7 In
Appendix B of [8], ylelds )
sl =0 (t% In t) ,
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Remark 6. The above approaches do not fully exploit the smallness of the set of summation, thus we expect that
the above estimates can be sharpened (we recall that the sets of summation corresponding to cases (ii) and (iii)
are bounded by the two red lines in Figure 1). In order to exploit the smallness of the set of summation one could
follow the techniques presented in [8], which make use of the results of [6]. However, the estimates provided here
for $Ui) and SUid) are sufficient for the purpose of this paper, since they are the same as (and not weaker than) (6).

4.3.3. The Estimate of Case (i)

In order to estimate this sum we will use techniques similar to the ones used in [10] for the
estimation of the double zeta function, but with two main differences: first, we will split the set of
summation in more regions, and second, for some of these regions, we will use Lemma 2 needed for
the partial summation for double sums, which is a more general form of the Lemma 3.5 in [10].

The term involved in the partial summation is now of the form

1 1 1
my,mz) = 75 "1/5 7o . N/
I ) w2 w2 1 (%tlﬂ’)

instead of the term 11
f(m, =——, 0<o<l,
Flomom) = o

appearing in [10]. However, f shares the same properties with f needed for the application of the
partial summation technique, provided that the quantity %tlf"‘ is not arbitrarily close to 1; this is
ensured by the condition |a — 1| > ¢ > 0, with the constant ¢ independent of ¢. Furthermore, {;}}
remain the same as in the [10], with the exception of the occasional appearance of a logarithmic term,
due to m However, this term does not affect the relevant estimates; in fact it is slightly helpful
n
since now {IK]'}‘;’ are divided by Int.
The term involving the exponential sum now has the form

1 1
g(my,my) = Wm,
instead of the corresponding term of [10]
N 1 1
§(my,my) = —=—, t <X b
my= 1y

Remark 7. The formalism t < ty in [10] means that t; = O(ty) and t; = O(ty). This is compatible with the

selection of our ty and ty. Furthermore, the fact that t — t° ~ t implies that all relevant estimates are the same.

It should be noted that the condition |t + t| > 1 in [10] is imposed because the double Riemann zeta function

considered in [10] gives rise to sums which for ty = —t, are not defined. In our work we deal only with sums

where the set of summation is [1,t] x [1,t]. In analogy, the single Riemann zeta function {(s) and the relevant
t

. . 1 .
single sum are not defined at s = 1, however, the sum Z — can be estimated to be O(In t).

m=1
In summary, the analysis in [10] can be applied to the sums appearing to our work.

The Estimate of SY)

First, we treat the part of the sum where m; > my: in this case, it is sufficient to estimate the sum

) tom
o 1 1 1 1

1 ot _ (42)
C R e i ()
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First observe that since t > my > my > 1, we obtain that 1~ < Z—Zt“é < 279 thus the quantity

l(lﬁ is bounded both from above and below by ﬁ multiplied by some positive constant that

=]

(21

epends only on d. For our purpose it is sufficient to work for 0 < § < 1/2, thus we obtain that

[SE N

1 1 2
Int ln(%,pol) Int

The sum Sil) is estimated through the analysis provided in [10] with m; = m, my = n. Indeed, we
follow the methodology presented in Section 3.3 above by splitting the set of summation in subsets
corresponding to the forms U(M) and T(M). For the former case we follow step-by-step the analysis

of [10]. Then, we incorporate the contribution of the term m through the analysis used for the

sum S() above. This involves the use of partial summation as described in [14] and the Appendix B
of [8]. For the latter case we use f(m,n) = ml% ﬁ m and apply the analysis appearing in [10]
and described in Section 3.3 above, with the only difference occurring in the application of Lemma 3.5
of [10], where now the bounds will be multiplied by the term h}—f Thus, we obtain the estimate

I | 1

ito  §—itd _
my=1m;=1 mi-H m; " 1n (%tl 5)

:o(t%lnt), t = oo, 43)

which yields
5@ -0 (t%% In t) ., t— oo (44)

Furthermore, the part of the sum where m, = m; becomes the following single sum

1\ &1 1 _s
O(fg) ), iy :O(t z),

m=1

The Estimate of Sg)

Next, we will treat the sum in the domain m, < my; this sum presents more difficulties. We first
have to split this domain in several subdomains. In each of these subdomains we use the techniques
of [10]. Furthermore, in some cases the partial summation requires more general forms of the Lemma
involving the partial summation in double sums; for this reason we employ Lemma 2.

Our splitting is motivated by the following observation in the analogue approach of [10]: if the
double sum can be decoupled, namely if the domain of summation (in two dimensions) is a rectangle,
then estimating this double sum can be reduced to estimating two single sums; this occurs for sums
of the form U (M) appearing in [10] (see Section 3.3 above). If the double sum cannot be decoupled,
namely if the domain of summation (in two dimensions) is bounded by at least one curve which
depends on both the horizontal and the vertical coordinates, then a more sophisticated approach is
required, both for the treatment of the double exponential sum and the partial summation technique;
this occurs for sums of the form T(M) appearing in [10] (see Section 3.3 above).

Let us use the notation m; = n, my = m. Furthermore, let us denote by D, the remaining set of
summation, i.e., for (n,m) € [1,t] x [1,¢t], let (n,m) € D, iff

m<n and n<mt(1-c),
or (45)
m<n and mi (1 +¢) < n,
for some sufficiently small constant ¢ > 0 (independent of t); these restrictions are induced by the
condition |& — 1| > ¢ > 0, with & = 21,

In D; there are two types of regions that correspond to sums of the form T(M) in [10]. The first
type is bounded by the line n = m and the second type is bounded by the lines n = (1 &+ ¢)mt! =9,
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for some sulfficiently small ¢ > 0. For both cases the treatment of the exponential sum follows the
arguments presented in [10] (which first appeared in [12,14]). Considering the partial summation,
the Lemma 3.5 in [10] is sufficient for the treatment of the first case, however, Lemma 2 is required for
the second case.

Thus, in order to estimate the sum

| =

1 1 1
Z)g) ns+it’ 5—itd In (%tl—é) ’

(n,m

(46)

si) =

IS,

t

we split D, into four different regions, where, in addition to conditions (45), the following
conditions hold:

1. Forl<M< %tl’J, two subregions:

(lay m< Mand M < n <2M.
(Ib) M<m<n<2M.

2. For }t1=% < M < 1t, two subregions:

() P <m<Mand M < n < 2M.
2b) M<m<n<2M.

3. Fort'7% < M < t, two subregions:

(Ba) M<mt!=® <2Mandt'=% <n < M.
(Bb) M<n<mtl=?<2M.

4. For =9 < M < t, two subregions:

(4a) M<mt'™% <2Mand2M < n < t.
(4b) M<mt'=? <n<2M.

The first subregion of each of the above regions, namely (1a), (2a), (3a) and (4a), are of rectangular
shape, see Figure 1. The corresponding sums are treated similarly to the U(M) sums in [10]. It is
straightforward to modify the relevant techniques therein according to the discussion of the case ng)

and obtain the essential bound of the rhs of (44). In fact, observing that in these regions m =

O(1), one obtains the estimate O 3 (Int)?), t— co.

The subregions (1b) and (2b) are of triangular shape, see Figure 1, thus the corresponding sums
are treated similarly to the T(M) sums in [10]. The sums in these regions are treated in [10], via Lemma
3.5. It is straightforward to modify accordingly this approach and obtain the same bound as the rhs
of (44).

The subregions (3b) and (4b) are also of triangular shape, see Figure 1. In order to analyse these
sums we have to modify the approach of estimating the sums T(M) in [10]. It is straightforward to
modify the analysis of the oscillatory part of the sum, namely the part which uses the Lemmas 3.1-3.3
therein. For the analogue of the partial summation we need to use Lemma 2 instead of Lemma 3.5
in [10]. Then, we obtain the essential bound of the rhs of (44). In fact, observing that in these regions

m = O(1), one obtains the estimate O (t%_%(ln t)z) , t—o0.
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4.4. An Alternative Way to Estimate Sg)
It is possible to estimate Sg) using a different and less technical approach. Let us use the notation
D, = {(n,m) e Lt x[Lt], m< n}. Then, we rewrite

1

t2 Z; ns+n“5 ms— zt‘5 In (%tl—é) ’ (47)
(n,m)eD;
* 1 1 1 1 1
— —F(n,m ————H(n,m), 48
% (nzneZ ns+zt‘5 ms—it? ( ) - t% (n,n%ég\D,- ns+itd 5t ( ) (48)
where the functions F and H are C2 and are defined as follows
%, X, €D ,
F(x,y) = In(§11=9) (x.y) ! (49)
H(x,y), (x,y) € D2\ Dy,

with D, defined by the conditions (45). Furthermore, the function P(x,y) : D — R, which is defined

by P(x,y) := %, belongs to C? and has the following properties:

1 1
P(x,y) =0 (7x1/2y1/2) , Py(x,y) =0 <7x3/2y1/2> ,

(50)
P =0 () Pule) =0 ()
’ x1/2y3/2 )7 YAt x3/2y3/2
From (49) the set where we have to assure that P(x,y) € C?(D,) is given by the constraint
%tlf‘s = 14 ¢, for some sufficiently small positive constant c. Hence, it is sufficient to determine the
function H(x,y) = d (£¢1~°) , with the following six properties:

1 / = !
d1+e) = gy d(lic)_m’ 51
d"(1+c) = 2+ 129 h

[n(1+¢)]>(1+ )2

for some fixed and sufficiently small ¢ > 0.

Furthermore, the conditions (50) are satisfied if the functions d(r),d’(r),d” (r) are bounded in the
intervalr € (1 —¢,1+c¢).

Thus, it is sufficient for d(r) to be a fifth order polynomial which satisfies the conditions (51).
Now, the sum Sg)
two arguments:

has the appropriate form, so it can be analysed through the following

e  The first term of the rhs of (48) can be analysed in the same way as the sum SY) , with the only
difference that in the current analysis we find it more convenient to employ the simpler version of
partial summation technique described in Lemma A1l.

e The second term of the rhs of (48) can be embedded in the analysis of the sum SUi)_ In this case it is
more convenient to employ a combination of partial summation techniques, as they are described
in Lemmas 2 and A1, respectively.

The resulting estimate remains invariant.
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5. Conclusions

The main result of this paper is the derivation of the Volterra-type linear integral Equation (8).
In order to derive this equation starting from (1.6) of [9] it is necessary to:

(i)  replace Iy by I; defined by (22).
(ii) replace Sf by (6).
(iii) replace SED by (7).

The derivation of (i) is based on replacing in the definition of I, the term|{(s)|? by its leading
asymptotics. The proof that the error term is indeed small is presented in [11].

The derivation of (ii) is given in Section 3.

The derivation of (iii) is given in Section 4 under the assumption that the function EP appearing

SSD is given by Equations (36)—(38); the latter proof is given in [11].

The importance of the derivation of (8) is a consequence of the following considerations: taking
into account that the variable p appearing in the T functions in the integral of (8) satisfies p > %2 and
t —p > t1/3, it follows that these T' functions can be simplified as t — co. Indeed, Equations (4.4), (5.7)
and (5.8) on [9] yield

I (it —ip) 2 i1 it[(1-2) In (1-2)+£1n (£)]
r(1/2+it)r(l/2+1p)f ; e 47(1 %)1/23 3 P)trin(f
x {1+O(t*523) .t oo,
with 03 = min{&z,(%}.

Hence, for the specific choice of §, = 3 = %, replacing in Equation (8) the combination of the
Gamma functions by the rhs of the above equation, we find

‘g <%+it> \/7/15 t1/3 { p’il/ze,‘t[(l‘,’)In(lf)+71n(7)]} 'g <%+ip>

x [1+O(t*1/3)] + O(t%(lnt)z), t— oo,

2
dp

(52)

It is straightforward to show that the ansatz |{ (1/2 + it)|* = O (tl/ 6(In t)z) provides a solution
of (52). The rigorous proof that the above ansatz provides the unique solution of the linear Volterra
integral equation will be presented in [11]. This estimate implies that { (1/2+it) = O (tl/ 2Int),
which is a dramatic improvement of the current best estimate of the large ¢ behaviour of { (1/2 + it).
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Appendix A. Asymptotics of |{(s)]|?
Equation (1.3) of [6] for s = % + it and n = 27tt, yields

=Yk ro(rh).
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Multiplying the above equation with its complex conjugate and using the classical estimate from
Theorem 5.12 of [13], which states that

i{(s)=0 <t%1nt>,

we obtain
) Ut 1 .
o)=Y ¥ ——+0(rimt).

my=1my=1 M1

Appendix B. Derivation of (24)

Using the constraint % < 1571 <« 1, we rewrite Sj as follows:

5= LYY = LY 1)

m5 (my + my)® s "
(my,mp)€M3 2(m1 +m2) (my,mp) M3 M5MY (1 + Wi

- Yy 1 1 lze—itln(lJr;%)

5118 /
(myma)eMs "2 (1 + %)
1

— EZ mlms (1 +0 (tisfl)) e—it[%.,.o(,zﬁyz)]

5
(my,mp)eMz " 271
1

= LX

(my,mp)€M3

it (1 ) <t2§3—1)) —sP {1 +0 <t25371)} , t— oo

5 145
maimy

Appendix C. Abel’s Summation

The so-called Abel’s summation formula for a single sum is given as follows: let (a,)$_; be a
sequence of real or complex numbers. Define the partial sum function

A(y)= Y, an, forany real number y.

0<n<y

Fix a real number x, and let p be a continuously differentiable function on [0, x]. Then,

Y aupln) = Ap(x) — [ AGw)p'(u) du. (A1)

0<n<x 0

The simple form of the Abel’s summation formula for double sums is given in Lemma A1 below,
and is straightforward to derive it by applying twice (A1).

Lemma Al. Let A, B,C, D be positive integers such that A < B, C < D and f(x,y) be a Cz—function on
[A, B] x [C, D], g(m,n) be an arithmetical function on the same domain, and

G(x,y) = ZA ch(m/n)-

Suppose that
Gl <G [yl <m, [yl <k, [fuylxy)l <k,

for some positive constants G, k1, iy, k3, and for any (x,y) € [A, B] x [C,D].
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Then, we have

B D

Y f(m,n)g(m,n)

m=An=C

(A2)
< G[f(B,D)+x1(B ~ A) + ka(D — C) + x5(B — A)(D ~ C)].
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Abstract: In this paper, we introduce a new generalized differential operator using a new generalized
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1. Introduction and Motivation
Let A(a, k) denote the class of functions of the form
f(z)=az+ Y a,z" (a>0keN\{1} ={2,3,---}), 1)
n=k

which are analytic in the unit disk U = {z : |z| < 1}. Obviously, A(1,2) = A denotes the class of
functions f(z) normalized by f(0) = f'(0) — 1 = 0 which are analytic in U.
Set T (a, k) be the class of functions of the form

f(z) =az— i lan|z" (a>0,ke N\{1} ={2,3,---}).

n=k
which are analytic in U. It is easy to see that 7 (a,k) C A(a, k).
Let fi(z) € T (a,k)(i = 1,2) be given by
filz) =az =) layl2"(i = 1,2), @
n=k

then the quasi-Hadamard product (or convolution ) f1 * f; is defined by
(fixfo)(@;2) =a*z— ) lanalanalz".
n=k
For any real numbers p and g, we define the generalized quasi-Hadamard product f; A f, by

(A DR)Pgaz) =az= Y lanllanal'2" = (2 2 fi)(p.q;a,2). ©)
n=k

Mathematics 2019, 7, 620; doi:10.3390/ mat7070620 205 www.mdpi.com/journal /mathematics
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Clearly, for p = q =1, (f1 & f2)(1,1;4,z) reduces to the above quasi-Hadamard product (f; *
fo)(a;z); fora =1, (fi A f2)(p,g;1,z) reduces to the generalized Hadamard product (f1 A f2)(p, 4;2)
defined by Jae Ho Choi and Yong Chan Kim [1];and forp =g =1,a =1, (fi A f2)(1,1;1, z) reduces
to the quasi-Hadamard product (f1 * f2)(z). Fora = 1,p,q € N\{1}, (f1 & f2)(p,4; 1, z) reduces to the
quasi-Hadamard product (f1 * - - f1 % fo % - - - f2)(z) (see [2], also see [34]).

S——

In 1975, Schild and Silverfnan [5] stuqdied closure properties of the quasi-Hadamard product
(f1 * f2)(z) for a starlike function of order « and convex function of order a with negative coefficients
in A. In 1983, Owa [2] obtained closure properties of quasi-Hadamard product (f1 * fo * - - - * f,)(2)
and (fy % fo* -+ f % g1 % g - - - * g)(2) for the same function classes in A. Later Kumar [4] improved
some results in 1987. In 1992, Srivastava and Owa [6] studied closure properties of quasi-Hadamard
product (f1 * fo % - - - % fi;)(z) for p-valent starlike function of order « and p-valent convex function of
order « class with negative coefficients in .A. In 1996, Jae Ho Choi and Yong Chan Kim [1] introduced
the generalized Hadamard product (f; A f2)(p, g;z), and obtained the closure properties of (f; A
f2)(p, q; z) for a starlike function of order a and convex function of order « with negative coefficients
in A. Since then, a lot of authors considered and studied closure properties and characteristics of
the quasi-Hadamard product (f * g)(z), (f1 * fa* - f)(z) or (fi* fo*x -+ fu* g1 * Qo % -+ - g)(z) for
some classes of normalized analytic functions and normalized meromorphic analytic functions, see,
for example, [7-15].

Although the closure properties of Hadamard product or quasi-Hadamard product have already
been studied in A, our focus is to introduce generalized quasi-Hadamard product, generalized
differential operators, and generalized function classes on non-normalized analytic functions, and to
discuss the closure properties on generalized analytic function classes.

Now by using the generalized quasi-Hadamard product (f1 A f»)(p, g;4,z), we introduce the
following differential operator D" (m € N) as follows:

DY(firfa) = (AL fa),

D' (i f) =D(fi & fo) =2(fi D f),
D"(fi & f2) = D(D" (AL A f2)).
We define the generalized differential operator D} (u > 0) as follows:

D (fi A f2) = (1—pu)D"(fL A fo) + uD"™ N (fL A fo).

If f1 A f, is given by (3), then we can obtain that

D"(fi & f2)(p,g;0,2) = @z = Y 0" |ay1|P|an|72"
n=k

and

[eS)

DI (fi & fo)(p,gi0,2) = a*z = }_[1+ (n = pln"aya||ana|2".
n=k
Clearly, D§'(f1 & f2)(p,g;0,2) = D"(fi A& fz)/ZD8£f1 A L)(pgiaz) = (fi & f)(p.g:a2)
Fora=p=q=1,fi(z) =z Yy |an|z", fo(z) = =5, D" (fi A f2)(1,1;1,z) becomes Sdldgean
operator (see [16]). Also, by specializing the parameters y, p, 4, we obtain the following new operators:

D;f(fl Af)(1,1a,z) = D;f(fl * fo)(a;z) = a2z — i[l + (n—=1)uln"|ay1||anz|z"
n=k
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and

D' (fi & f2)(1,1;a,2) =: D™ (f1 * fo)(a;2) = a°z — Z n" a1 || an2]2".

n=k

For two analytic functions f and g, the function f is subordinate to g in U (see [17]),
written as follows

f(z) <8(2),z €T,

if there exists an analytic function w, with w(0) = 0 and |w(z)| < 1 such that

f(z) = 8(w(z)).

In particular, if the function g is univalent in U, then f(z) < g(z) is equivalent to f(0) = g(0) and

f(U) C g(U).

We define two generalization classes satisfying the following subordination condition.

Definition1. A > 0,a > 0,A,B € R, |A| < 1,|B| < 1,A # B. A function f(z) € A(a,k) is in the class
Q. (a,k, A, B) if and only if
_nf@ g < 20 +42)
-2 vape) <

For suitable choices A, a,k, A, B, the class Q, (a,k, A, B) reduces the following subclasses.

1) Qu(ak1-28,-1) = Qy(akp) = {f(z) € Aa k) : (1—A) L& L Af/(z) < L2 g gy
Oboiously, Q5 (1,2, ) =: Qr(B) (see [18]);

@ Qi(L,2,A,B) = Q\(A,B) = {f(z) € A: (1 - )IE 4 Af/(z) < T2y,

3)  Qolak A B) = R(akAB) = {f(z) € Ala k) : L2 < 2ltaa)y,

4)  Qi(ak A B) = H(a,kAB) = {f(z) € Ala,k) : f'(z) < "L} Oboiously, H(1,k, A, B) =

Pe(A,B) = {f(z) € A(Lk) : f'(z) < 1242, —1 < B < A < 1}(see [19]).

Definition 2. Let A > 0,a > 0,A,B € R, |A| < 1,|B| <1,A # B. A function f(z) € A(a, k) is in the
class Jy(a,k, A, B) if and only if
a(1+ Az)

f1(z) +Azf"(z) < 11 Bz

Clearly, we have the following equivalence:
f(z) € Jy(a,k, A B) < zf'(z) € Q)(a,k, A, B). 4)

Let
TQ/\(['ZI kr Ar B) = T(ll, k) m Q/\(ﬂ, kr Ar B)r

TTr(ak,A,B) =T (ak) ﬂJA(a,k,A,B).

Our object of this paper is to the closure properties of the generalized quasi-Hadamard
products, the generalized differential operators for the above generalized classes 7 Q) (a,k, A, B)
and 7 J (a,k, A, B). Our results are new in this direction and they give birth to many corollaries.

2. Preliminary Results

Due to derive our main result, we need to talk about the following lemmas.
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Lemmal. A > 0,a > 0,A,B € R, |A| < 1,|B| <1,A # B. If the function f(z) = az+ Y a,z" €

A(a, k) satisfies
2[1 (n —1)A](1+ |B|)|an| < alA—B|,

then f(z) € Qx(a,k, A, B).

®)

Proof. We assume that the inequality (5) holds true. According to Definition 1, the function f(z) €
Qi (a,k, A, B) if and only if there exists an analytic function w(z),w(0) = 0,|w(z)| < 1(z € U)

such that
a(l1+ Aw(z))

F(z) = 1+ Boo(z) (z €U,

where
F@) = 1-0IZ +ap),

or equivalently
F(z)—a
aA — BF(z)

‘<l(z€U),

it suffices to show that
|F(z) —a| — |[aA — BF(z)| < 0.

Therefore, if we let z € 0U = {z : z is complex number and |z| = 1}, we find from (6) that

[F(z) — | ~ oA — BF(2)
i[l—i—(n—l)/\}anz" - - ia(A—B)— i[l—i—(n—l)/\]Banz”
n=k n=k n=k
< L1+ 0= DAYl " —al A Bl + T [1+ (n = DAIBlle =1

IA
agk

(14 (n =1A](1+ |B)|an| —alA - B| 0.

3
Il
~

(6)

Hence, by the maximum modulus theorem, we have f(z) € Q,(a,k, A, B). Thus we complete the

proof of Lemma 1. O

Lemma 2. Let A > 0,a > 0, and the function f(z) = az — Y o |aq|z" € T (a, k).
(1) If-1<B<A<1,B<O0,then f(z) € TQx(a,k A, B) ifand only if

i[1+ (n—1)A](1 — B)|au| < a(A— B).

n=k

(2) If-1<A<B<1,B>0,then f(z) € TQx(ak, A,B) ifand only if

2[1 (n —1)A](1+ B)|ay| < a(B— A).

The result is sharp for the function f(z) given by

alA — B|
f(z) = az - [1+(k—1))q(1+\3|)2k (ke N\{1} = {2,3,---}).

Proof. Since T Q,(a,k, A, B) C Q,(a,k, A, B), according to Lemma 1 we only need to prove the ‘only if’

part of this Lemma.
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Now let us prove the necessity of case (1).
Let f(z) € TQx(a,k, A,B),—1 < B < A <1,B <0. Then it satisfies (6) or equivalently

Yol + (1 = 1)A][an|z" !
a(A—B) + oyl + (n— DABJagiz 1|~ F Y
Since |R(z)| < |z|,z € U, we have
Yo+ (1 = 1)A][ay |2
éR{a(A—B)—i—Zfk[1+(n—1)/\]Ban|z"1 <lzel. ®

Choose values of z on the real axis so that (1 — /\)@ + Af’(z) is real. Upon clearing the
denominator in (8) and letting z — 1~ through real values, we obtain (7).
Similar to the above proof for case (1), we can prove that case (2) is true. Thus we complete the

proof of Lemma 2. [

Using arguments similar to those in the proof of Lemmas 1 and 2, we can prove the following
Lemmas 3 and 4.

Lemma3. Let A > 0,a >0,A,B € R,|A| <1,|B| <1,A # B. If the function f(z) = az + Y, a,z" €
A(a, k) satisfies

[1+ (n = 1A](1+ |B])|n|an| < alA - B,
n=k

then f(z) € Jx(a,k, A, B).
Lemma4. Let A > 0,a > 0, and the function f(z) = az — Y o |aq|z" € T (a, k).

(1) If-1<B<A<1,B<O,then f(z) € TTA(ak, A, B) ifand only if

i[l + (n—1)A](1 — B)nja,| < a(A— B).
n=k

(2) If-1<A<B<1,B>0,then f(z) € TTA(ak, A, B) ifand only if
2[1 + (n—1)A](1+ B)nja,| < a(B— A).
n=k

The result is sharp for the function f(z) given by

alA — B]
flz) =az— k[1+ (k—1)A](1+ [B])

ZF (ke N\{1} ={2,3,---}).
3. Main Results
Theorem 1. p > 1and the functions fi(z)(i = 1,2) defined by (2) belong to T Q,(a, k, A, B).

@ F-1<B<A<1B<00<a< W' then %D}T(fl Afz)(%r’%l;a,z) €
T Qx(a,k, A, B), where

a(1—B)A—[1+ (k—1)u|(A - B)
a(1—B) — [1+ (k—1)|u(A — B)km

< B < min{A4,0}.
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2 If-1<A<B<1B>00<ac< % then 1Dm(flAf2)( 1;a,z) i
T Qx(a,k, A, B), where

a(1+ B)A+ 1+ (k—1)u](B— A)k™

max{A,0} < B < a(1+B) —[1+ (k—1)u](B— Ak

Proof. (1) Suppose that =1 < B < A <1,B < 0. According to Lemma 2, we need to prove

+ (= Dpln"

7"111l| |”n2‘ p <L (9)

& (14 (n—1)A|(1-B)[1+
L 2(A=B)

Since f;(z) € TQx(a,k, A, B), by Lemma 2 we have

(i = (2(21%}3()1 B Ian,1> <1

and

By the Hdlder inequality we get

Z[1 (n—1)Al(1-B)

1 p1
a(A—B) |an,1‘p‘an,2| r <L

Hence the inequality (9) will be satisfied if

[+ (= Du(1—B)n" _ 11— (
a(A—B) - A-B

m,n € N,n>k)
or if
[a(1 = B) = [1+ (n—1)p](A = B)n™|B < a(1—B)A —[1+ (n —1)u)(A — B)n™ (m,n € N,n > k). (10)
Now define the functions F; (1) and Gy (1) by
F(n)=a(1-=B)—[14 (n—1)u](A—B)n"

and

Gi(n) =a(1—B)A—[14 (n—1)u](A—B)n"
When 0 < a < W, we obtain that F; (n) is a decreasing function of n(n € N,n > k)
and F(n) < Fy(k) < 0. Thus the inequality (10) will be satisfied if

Gi(n) a(1—B)A—[1+ (n—1)u](A—B)n"

B2 5 = al=B) [+ (n=1)u|(A=B)n"

(m,n € N,n>k). (11)

We see that the right hand side of (11) is a decreasing function of n(n € N, n > k). Therefore the
inequality (10) is satisfied for all n(n € N,n > k) if

Gi(k) a(1—B)A—[1+ (k—1)u](A— B)k"

B> Rk~ a(l—B)—[1+ (k—1)u|(A—B)k"

(m € N),

which evidently completes the proof of the case (1).
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(2) Suppose that -1 < A < B <1,B > 0. According to Lemma 2, we need to prove

é [+ (= 1A+ B)[1+ (n—1)y

A n ‘ |l| ‘kl 1 (12)
a Pla r <1.
IZ(B ) a n,1 n,2 >

Similar to case (1), the inequality (12) will be satisfied if

[1+ (n —1)u](1+4 B)n™ . 1+B

= >
(B A) _B_A(m,neN,n_k)

or if
[a(1+ B) — [1+ (n — )] (B — A)n™|B > a(1+ B)A + [1 + (n — 1)u] (B — A)n™ (m,n € N,n > k). (13)
Now define the functions Fy (1) and Gy () by
Fy(n) = a(1+B) — [1+ (n — 1)u](B — A)n"

and
Gy(n) =a(1+B)A+[1+ (n—1)u](B— A)n™.

When 0 < a < W, we obtain that F»(n) is a decreasing function of n(n € N,n > k)

and F>(n) < F(k) < 0. Thus the inequality (13) will be satisfied if

Ga(n) _ a(l+B)A+[1+4 (n—1)u](B— A)n™
Fy(n)  a(l+B) = [1+ (n = 1)pu|(B - A)n™

B< (m,n € N,n > k). (14)

We see that the right hand side of (14) is an increasing function of n(n € N,n > k). Therefore the
inequality (13) is satisfied for all n(n € N,n > k) if

Go(k)  a(1+B)A+[1+ (n—1)ul(B— A)k"
(k) a a(14+B) — [1+ (n—1)u](B— A)k"

B< (m € N),

which evidently completes the proof of the case (2). Thus we complete the proof of Theorem 1. [

Theorem 2. Let [1+ (n—1)u]|A — B|n™ < [1+ (n—1)A](1+ |B|). If the functions f;(z)(i = 1,2) defined
by (2) belong to T Q(a,k, A, B), then %D]'f (fi * f2)(a;z) € TQa(a,k, A, B).

Proof. Suppose that =1 < B < A <1,B < 0. According to Lemma 2, we need to prove
0 nm
Y[+ (n = DAL= B)[L+ (1 = 1l "yl anz| < a(A = B). (s)
n=k

Since fi(z) € TQal(a,k, A, B) (i =1,2), by using Lemma 2 we get

e

[1+4(n=1A](1 = B)[an| < a(A—B) (16)

n=k

and
(o]

(14 (n = 1)AJ(1 = B)|ayp| < a(A—B). (17)
n=k
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Therefore, by the Cauchy-Schwarz inequality, we obtain

(14 (1~ DAL — B)\/Jamalana| < a(A — B). as)

n=k

This implies that we only need to show that

(14 —=1AJA=B)[1+ (n— 1)#}%|an,l||an,2| < I+ (n = DAL = B)y/lanallanz| (n = k)

Vl0anallanz| < m (n > k). (19)

From (18), the inequality (19) is satisfied for all n(n € N,n > k) if

or, equivalently, that

1+ m—-1ul(A=B)n"™ <[1+(n—1)A|(1—-B) (n > k).

Based on the given condition, we get (15).
Also applying Lemma 2 we can prove %D]’f(ﬁ * fo)(a;z) € TQx(a,k, A, B) for -1 < A<B<],
B > 0. Thus we complete the proof of Theorem 2. [

Remark 1. (1) Setting y = 0 in Theorem 1, we can obtain the closure properties of %5’" (f1* f2) (% pT’ a,z)
for TQx(a,k, A, B); (2) Setting y = 0 in Theorem 2, we can obtain the closure properties of %f);,” (fr*fo)(a;z)

for TQx(a,k, A, B).

Example 1. Let p > 1,—1 < B< A < 1,B < 0,0 < a < 4=B. If the functions fi(z)(i = 1,2) defined
by (2) belong to T Q) (a,k, A, B), then 1(f, Afz)(;, ppl,a z) € TQ/\(a,k, A, B), where

a(1— B)A— (A — B)
a(1—B)— (A—B)

< B < min{4,0}.

4. Corollaries and Consequences

On the one hand, by taking special values of parameters A, B, A, a, k we easily obtain the following
closure properties for some important subclasses in A(a, k).
Putting A =1—28 (0 < f < 1), B = —1, we obtain the closure properties for the subclass

T k) = Tk Qilak p) = (£(2) € Tk : (1 - I 1 ap(z) < LI,
Corollary 1. p > 1,0 < B < 1 and the functions f;(z)(i = 1,2) defined by (2) belong to T Q,(a, k, B).
If0 <a < [1+ (k—1)p)(1 - B)k™, then ;D' (f1 Afz)(% ”7 ,z) € TQx(a,k,1— 2B, B), where
a(1—p) —[1+ (k= 1p](1 - p)k"
a— [+ (k—D)ul(1 - pk"

Corollary 2. Let 0 < B < 1,[1+ (n—1)u](1 — B)n™ < [1+4 (n — 1)A]. If the functions f;(z)(i = 1,2)
defined by (2) belong to T Qx(a, k, B), then %DZ’ (fi* f2)(a;2) € TQx(a,k,B). Putting A = 0and A =1,
we obtain the closure properties for the subclasses

IN

B < min{1—28,0}.

a(l+ Az)

TR(a,k, A B) =T(ak)(\H(ak A B)={f(z) € T(ak): %Z) <~ 1B

}
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and
a(l+ Az)

TH(a,k, A B)="TI(ak) ﬂH(a,k,A,B) ={f(z) € T(a,k): f'(z) < 1582

}.
Corollary 3. Let [1+ (n —1)u]|A — Bln™ < (1+ |B]). If the functions f;(z)(i = 1,2) defined by (2) belong
to TR(a,k, A, B), then LD (fy = f,)(a;z) € TR(a,k, A, B).

Corollary 4. Let [1+ (n —1)u]|A — B|n™ < n(1+ |B|). If the functions f;(z)(i = 1,2) defined by (2)
belong to TH(a, k, A, B), then %D”f(fl * fr)(a;z) € TH(a,k, A, B). Putting a = 1,k = 2, we obtain the
closure properties for the subclass

TOMA,B) = T2 (A B) = (f(5) € T(,2): (1 - )T gy < LAy,

Corollary 5. Let p > 1 and the functions f;(z)(i = 1,2) defined by (2) belong to T Q,(A,B). If =1 < B <

A<1,B<0,(1+p)(A—B)2" = (1= B) >0, then Djf (fi A fo)(3,55551,2) € TQ)(A, B), where
a(1—B)A — (14 u)(A—B)2m

a(1—B)— (1+p)(A—B)2" < B < min{4,0}.

Corollary 6. Let [1+ (n — 1)u]|A — B]2™ < [1+ (n —1)A](1+ |B|). If the functions fi(z)(i = 1,2)
defined by (2) belong to T Q, (A, B), then %D’T(fl * fo)(a;z) € TQA(A, B).

Example 2. Let p > 1,0 < B < 1. If fi(z) = z— Yo la,ilz" € TOx(1—-2B,-1),i = 1,2,
then (fy A fZ)(?’T’l z) € TQx(1—2B,B), where —1 < B < min{1 —28,0}.

On the other hand, we can obtain the following closure properties for 7.7 (a,k, A, B) according
to (4) and Lemma 4.

Corollary 7. Let p > 1 and the functions f;(z)(i = 1,2) defined by (2) belong to T J »(a, k, A, B).

@ F1sB<AdsLB<00<ax M then 1D’”(f1Af2)( 1;:1,2) €
T T A(a,k, A, B), where

a(1—B)A —[1+ (k—1)u](A - B)k" < B < min{A4,0}
) < ,0}.

[
a(1—B)—[1+ (k—1)]u(A— B)k™

(2) If*l S A < B S 1,B 2 O/O < a < M then 1Dm(flAf2)(p, . ,ﬂ Z) c
T T r(a,k, A, B), where

a(1+ B)A + [1+ (k—1)u](B— A)k"

max{ A0k < B < S q R s kDB AR

Corollary 8. Let [1+ (n—1)u]|A — Bln"~1 < [1+ (n — 1)A](1 + |B|). If the functions f;(z)(i = 1,2)
defined by (2) belong to T T \(a, k, A, B), then %Dl’f (fi* f2)(a;z) € TT r(a,k, A, B).

5. Conclusions

In this paper, we mainly study the closure properties of the generalized quasi-Hadamard
products, the generalized differential operator and its related special operators for 7 Q) (a,k, A, B)
and T J x(a,k, A, B) of analytic functions with negative and missing coefficients. Also, we give two
examples and six corollaries to illustrate our results obtained. In the future, we can consider to
extend some classical analytic function classes (such as starlike, convex, close-to-convex) in A(a, k),
and discuss the closure properties of the generalized quasi-Hadamard products.
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properties and generating functions by using an umbral-type method. We discuss the link with recent
works on the subject, and show that the combinations of umbral and other techniques (such as the
Laplace and other types of integral transforms) yield a very efficient tool to explore the properties of
these numbers.
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1. Introduction

The properties of many families of special numbers have been profitably studied by the use
of methods tracing back to the umbral calculus [1]. Within this context, the definition of the
associated polynomials naturally emerges as umbral Newton binomial convolutions (see “The
Bernoulli Polynomials §4.2.2” in Reference [1]). The formalism is extremely powerful, and has allowed
for the extension of the method to generalized forms of special numbers ([2,3]). The use of umbral
techniques has been recently employed in the study of harmonic numbers, whose relationship to
Bernoulli numbers has been pointed out in Reference [4]. In this paper, we will extend the use of
umbral methods to the case of higher-order harmonic numbers.

In a number of previous papers ([5-7]), different problems concerning harmonic numbers and
the relevant generating functions have been touched. The already mentioned use of the umbral-like
formalism has allowed for the framing of the theory of harmonic numbers within an algebraic context.
Some of the points raised in ([5-7]) have been reconsidered, made rigorous, and generalized by means
of different technical frameworks in successive research ([8-15]).

The present investigation concerns the application of the method foreseen in ([5-7]) to generalized
forms of harmonic numbers, such as (We use the notation ,,h, instead of H,(zm) recommended in
Reference [4] for continuity with previous papers, where it has been adopted to avoid confusion with
higher-order Hermite polynomials):

i 1

mhn = —, n>1,

r=1 r (1)
th =0,
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namely, “higher-order harmonic numbers” satisfying the property:

1

mhn+l = mhn + W/

@
whose associated series is provided by the limit nlgrgo mhn, m > 1is, unlike the ordinary harmonic
numbers (m = 1), not diverging.

It can be argued that for negative m values, the Harmonic numbers reduce to a finite sum of
integers, expressible in terms of Bernoulli numbers, as discussed in the concluding part of the paper
(Remark 3). In the following, we will derive a number of apparently new properties and the relevant
consequences.

As an introductory example, we provide the following:

Example 1. We consider the second-order harmonic numbers (m = 2) and write

11—
2l = /0 P In(x) dx, Vné€N, 3)
which is obtained after setting
%2:/ e s ds @
0
by noting that
00 p—s(n+1) _ p—s
2hy = /0 T es -1 s ds, ®)

and then by changing the variable of integration.

It is worth stressing that the integral representation allows for the extension of harmonic numbers to
non-integer values of the index. The second-order harmonic numbers interpolates between the integer and real
values of the index, as shown in the plot given in Figure 1, where it is pointed out that the asymptotic limit of the

. LT
second-order harmonic numbers is —.

2.0

0.0 L L L L L

. : _
Figure 1. yhi, vs x and J(lgxrolo ohy = e

The relevant extension to negative real indices will be considered later in the article.
Let us first consider the generating function associated with the second-order harmonic numbers,
which can be cast in the form of an umbral exponential series, as follows.
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Definition 1. We introduce
00 tﬂ a
zhe(t) =1+ Z n (ohn) = ezhtgm (6)
— 1!

where ot is an umbral-like operator acting on the vaccum &y, such that (see [10] for a complete treatment of the
umbral method):

W& = &y = 2hy, n>0,

N 7
2h°) =142y =0 @

and
Gy = G, Vv, eR. ®)

(The action of the operator 5l should be defined as explained in Reference [10]—namely, as the action

of a shift operator on its vacuum, such as here ¢, in the following more rigorous way):

11— yztpu

0 §z+;4|Z:0 = /0 T —1 In(x) dx o

1 —xH
7/0 P In(x) dx.)

M & = et g,
z

Proposition 1. Vm € N,
>t

Zhe(tl m) a:nzhe 2 nf Zhn+m (9)

Proof. From Equations (6) and (7) it follows that, Vm € N,
ane(t,m) = 3 e(t) = el gy = o™l gy = ol + Z Zhn+m)~

|

Corollary 1. Limiting ourselves to the first derivative only, it appears evident that the generating function (6)
satisfies the identity

{at e(t) = ae(t) + (), W
2;,6(0) =1
where
> efsfl _ Ein(—t)+t
R N e e e
~ (1)
Ein(z) = /O ! 7; dc.

Observation 1. The problem of specifying the generating function of second-order harmonic numbers is reduced
to the solution of the first-order differential Equation (10). The solution writes

ne(t ( i CERE e_ten(t))> , (12)

where

en(x) = Z ) (13)
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are the truncated exponential polynomials [16]. They belong to the family of Appél type polynomials [13] and
are defined through the operational identity [17,18]:

1 x"
en(x) = T (14)
Corollary 2. We can further elaborate on the previous identities (Equations (13) and (14)), and set
o _en(t)
= Qa(t),
n; (n41)2 ®) (15)
Qa(t) fa(t)
Furthermore, since 5
e 1 T
=1, 16
Lot s e

we end up with

2 (17)
() = & — Q) !

This new result can be viewed as an extension of the generating function for the first-order harmonic
numbers derived by Gosper (see below) [19].

It is furthermore evident that the formalism allows the straightforward derivation of other
identities, such as

Lemmal. Vi € R

0 n

Z j (2hnim) = = Z < ) )(t) —2hm, (18)

where the upper index (s) denotes a s-order derivative and is a direct consequence of the identity in Equation (9).

The extension to higher-order harmonic numbers with m > 2 follows the same logical
steps—namely, the derivation of the associated Cauchy problem.

Corollary 3. LetVt e R,Vp e N:p > 1,

[} tn
n;l—nﬂpl(n“) (19)
and
0 (prel®)) = pe() + fy(t) 0
2he(0) =1
a Cauchy problem. Then, we can write the solution as:
o 1 B
Jne(t) = e (1 + Z [CES (1—e tq(t))) (21)
n=1
or
ne(t) = e Zp(t), (22)
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with
Zp(t) = (p) = Qp(t)e™,
> 1
t(p) = ;12:1 L 23)
Q1) = Y- otgyen() = T2 o0

The case p = 1 should be treated separately, because the sum on the right-hand side of Equation (21)

apparently diverges.

Observation 2. It is accordingly worth noting that, since
f — e —t-), 24)
Zom+1)
we find
El1—(t41)e " )
e(t)=¢' 1+/ — T dr) = Zy(h),
wet) =t (14 [0 0 o

Y1 (t) = e~t + Ein(t),

which is a restatement of the Gosper derivation of the generating function of first-order harmonic numbers

Further comments on the role played by the functions X, (t) will be provided in the final section

of the paper.

We conclude this introductory section with the inclusion of a further identity.
Definition 2. Here, we introduce higher-order harmonic number umbral polynomials (for m = 1, see Definition

5 in Reference [7]):
(26)

whn (%) := (x 4+ wh)" —x”+z<>

m ho(x ) =1.
The ;1 (x) are introduced in umbral form in complete analogy with those associated with the

X . .
Bernoulli polynomials. They belong to the Sheffer family, and the relevant properties can be studied

by means of the techniques discussed in Reference [17]
It has already been noted that (see Equation (31) in Reference [7])
27)

1
(1) = (1" (1- 1)),
which coincides with an analogous identity derived with Mathematica in Reference [20] and, within

the present framework from the recurrence
1 Y
(x4 1) 1hy(x) + n/ dy/ (x+2)" dz. (28)
0 0

e (9= (4 D)+ 1 (1) gy =
Analogous results can be derived for the higher-order case, as in
1hy
dhn(=1) = (=1)" (1= ), 29)
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and can be further generalized.

2. Harmonic Numbers and Integral Transforms
The identities we have dealt with in the previous section can be further generalized if the umbral

procedure is merged with other techniques, involving things such as methods of an operational nature.

Proposition 2. We note that an extension of identities of the type reported in Equation (9) is provided by
the sum

0 4n m k
Y = L { v }tk )y (i)ﬁé")(t), (30)
: k=0

n=0 5=0

where { Z } are Stirling numbers of the second kind, namely

O S O
{k }_k!/_zo( oy (1), @)

Proof. The result in Equation (30) was obtained by merging the umbral formalism with identities of
an operational nature. By noting that (see, e.g., Equation (18) in Reference [21] and Equation (1) in [22],
and for a more general use of these numbers, see [23-25])

n
(02)" = 3 { ; } x0l, (32)
k=0
and that if the following sum
L (f'an) = o(t) (33)
n=0

does exist, then the following relation holds true
i n" (F'ay) = (t9;)" i (F'ay) = (t9)" o(t) = i { " }tkg(k>(t), (34)
n=0 ! n=0 ! i k
The result contained in Equation (30) is, therefore, a consequence of Equations (9) and (34). [

Furthermore, we noticed that by combining the umbral, Laplace transform, and integral
representation methods, we could make further progress.

Example 2. Let us therefore note that (see Corollary 1 in [7])

1 (o)
=Yt +1,  [t|<L (35)
1—ht” &

The use of the Laplace transform allowed us to write the left-hand side of Equation (35) in the form of
1 s sqht
——Cp = e *e®1"ds &, 36
- tCo /0 o (36)

which, on account of Equation (25), allows the conclusion controlla se I'eq " la 25

220



Mathematics 2019, 7, 577

t In(1— j
T+ Y " () =1 ni - tt) —1+ Li”f?, It <1,
n=1 . (37)
Liy(x) = ,; :7 = Polylogarithm.
The same procedure applied to higher-order harmonic numbers yields the generating functions:
d L
Y bt +1=1+ 11'"(2, It]<1, (38)

already known for the case m = 2.

The following example further underscores the versatility of the procedure we have proposed.
We will indeed show that the use of the Gaussian identity

can be exploited to infer further identities on the properties of harmonic numbers.

Example 3. Now, we consider the following generating function
=
anea(t) = Z ; (2h2u) - (40)
According to our formalism, the corresponding r.h.s. can be written as
2
nea(t) = )y, (41)
which, on account of the identity (39), can be written as
1 —+o00 . A
Lnea(t) = NG /_ o525 Viahgs g (42)

The derivation of the sum in Equation (40) is therefore reduced to the evaluation of the following integral

. 2
Jnea(t) = % /fw (% 25 Vi — (25 \/)) ds = %et —qa(t), (43)
with | e . N
qa(t) = ﬁn;l CESIE /700 e ey (23 \/%) ds. (44)

3. Final Comments

Before concluding this paper, we show that the umbral formalism we have employed can be
pushed even further to infer new properties of the harmonic numbers. To emphasise this point, we
start from certain identities established in Reference [20] by the use of the Mathematica code, SIGMA.
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Among the examples discussed in Equation (18) in Reference [20], we pick out the following two:

1) ré <':> g = —1hy,
2 5 ()T o

r

(45)

We can transform the left-hand side of Equations (45) in a Newton binomial by an appropriate
definition of umbra.

Case 1

Regarding the first, we define the operator [7]:

1
Rpg=—, r>0,
Yo=7 46)
ROyo =1,
thus casting the first of Equation (45) in the form (see Equation (32) in Reference [7]):
1hy =1—(1—1)"yo, (47)

which can be exploited to once more derive the Gosper generating function. By multiplying both sides
of Equation (47) by %, and then by summing up on the index 1, we obtain:

0y

Y i = ¢ (1 - e*’“) . (48)

Keeping the m-th derivative with respect to both sides of Equation (48) yields:

o t o (m v
E Pl thnim =e E " atCP(f), (49)
n=0 r=0
where
p(t) =1—e¢ 'y,
o (_1)s+r
. " 00 (_1)sHrpstr - 25:0 '71,5’ r>0, (50)
holt) = - () ety = - 3 L gy = G
- 0 Pt r=20.
Case 2
An analogous procedure can be exploited to handle the second:
h
Ajo="" (51)
which allows for the derivation of the following identity
2 " o (m
Z al 2hpm = e Z (r)ag 2¢(t)r (52)
n=0""" r=0

222



Mathematics 2019, 7, 577

with

-y 7(71?“ hsyr t°, >0
ety = sl T T ©3)
00 (_t)r 1h
- 27’:1 Tr, r= O.

Remark 1. Let us now use the obvious identity (which holds for all operators):

1" =[(1—=p)+a]" 1. (54)

Expanding the Newton binomial, we find

a=m+irn=3 () e L (0 e -

r=0 s=0

n—1 n r r n—1 n n n (55)
(BB B E @)
r=0 \'/ s \S r=0 \T s=1 \®
Remark 2. Choosing, for example, the first operator (46) and the property R" &5y = &5y = siJrr’ we can

finally elaborate (54) to get (see [24]):
n n k
202 O5 0= 0
m\r)r o \k) S \r n+r—k
while when repeating the procedure with the realization (51), we end up with
u n 1hy 1 (1’!) k <k> 1hn+ —k
— = -1) — e 57
E(r) r ]; k r;( ) r)n+r—k (57)

According to Reference [6] (see Equation (2)), it might also beconvenient to use the following
umbral definition for the inverse of an integer.

Definition 3. We introduce the umbral operator

1
n+1’

PY

a~yo =

vn € N. (58)
Proposition 3. Vn € N (see Equation 1 in [6])

1 " (n s 1
n+17§)<s>(_1)s+1' 9

Proof. It can be proved by induction that from (For n = 2 we find 427y = (1 — 24 + 42) 7y, according
to the prescription in Equation (58), we get

1 1 1
E N W I
211 141 T2x1

forn =3, 83y = (1 —3a 4+ 3a% — ﬁs) Yo, we get

1 1 1 1
1T P e )
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ﬁn"yo = (l - ﬁ)n Yo- (60)

Furthermore, by using the obvious relation

- =) ( )H)S (1-ay, (61)

we end up with Equation (59). O
We consider now the square of harmonic numbers, [1hn]2.
Definition 4. We introduce the umbral operator
ity ()80 == k" & = [1ha)?, V¥neN. (62)

Definition 5. The umbral operator (62) can be exploited to define the formal series:

[e+] t S
iy e(t) = Zn— Co = ¢ 00, (63)

specifying the associated generating function.

The derivation of Equation (63), according to the previously foreseen method, reduces to the solution
of a first-order differential Equation, as it has been shown in the following example.

Example 4. By noting that

1hy, 1
n+lz
W =Wl 42075 4 G 4
and that )
o e(t) = helt&, (65)
we easily find
) . 9 ® 1 1 s tn
9:é(t) = é(t) 71+?n§] CESY (1hn+1 - m) +n§)m (66)
or t 8 1
e’ —s—
9 #(t) = o(6) + 2 (elt) — 1) 1 / ©7)

which can be solved by the use of the same technique as before, made only slightly more complicated
by the non-homogeneous term. The Equation can be straightforwardly solved, and the relevant solution,
for&(0) =1, reads

&) =e (1+x(1), (68)

where

0 (69)
= ne(t) —t=1) = o).
Remark 3. In the introductory section we mentioned the link between harmonic and Bernoulli numbers, and
they have been paradigmatic examples of applications of umbral methods. Regarding the finite sum of power of
integers, we find, for example (according to Chapter 6 in Reference [4]),
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n
1 . .
m o __ _ m+1 _ gm+1
rgr = (= [(b+n+1) b ] 0o, (70)
where
b6y = B, (71)

is the umbral operator which provides Bernoulli numbers B;.

Proposition 4. The use of Equation (70) yields the generating function:

f s ZmH = Zo (o), VzeR:zl<2m (72)
Proof. Vz € R:| z |< 27
i il Zm+1 _$ [+ 1yrt1 — 1] o B0 = (elb+r+1= — o) gy =
= = (m+1)!
:(e”“ )ei’zeo:< (nt+1)z )2%5

)

_ <e(n+1)z _ 1) 6177290 _ < (n+1) _ 1) r;()f B,

which, by taking into account that the generating function of Bernoulli numbers is

2z z
Y i B= (73)
yields the statement in Equation (72). [

In this paper, we have provided a hint of the possible interplay between the theory of harmonic
numbers and operational methods (be they of umbral ordinary nature). Further progress will be
presented in future investigations.
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Abstract: In the paper, we introduce some subclasses of harmonic mapping, the analytic part
of which is related to general starlike (or convex) functions with a symmetric conjecture point
defined by subordination. Using the conditions satisfied by the analytic part, we obtain the
integral expressions, the coefficient estimates, distortion estimates and the growth estimates of
the co-analytic part g, and Jacobian estimates, the growth estimates and covering theorem of the
harmonic function f. Through the above research, the geometric properties of the classes are obtained.
In particular, we draw figures of extremum functions to better reflect the geometric properties of the
classes. For the first time, we introduce and obtain the properties of harmonic univalent functions
with respect to symmetric conjugate points. The conclusion of this paper extends the original research.

Keywords: harmonic univalent functions; subordination; with symmetric conjecture point;
integral expressions; coefficient estimates; distortion
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1. Introduction and Preliminaries

Let A denote the class of functions in the following form
h(z) =z+ ) a.z", (1)
n=2

where hi(z) is analytic in the open unit disk U = {z € C: |z| < 1}.

S,8%, K are denoted respectively by the subclasses of A consisting of univalent, starlike,
convex functions (for details, see [1,2]).

Let P denote the class of functions p satisfying p(0) = 1 and Rep(z) > 0, where z € U.

The function s is subordinate to t in U, written by s(z) < t(z), if there exists a Schwarz function
o, analytic in U with ¢(0) = 0 and |o(z)| < 1, satisfying s(z) = t(c(z))(see [1]). If the function ¢ is
univalent in U and s(z) < #(z), we have the equivalent results as follows,

s(0) =t(0) and s(U) C #(U).

In 1994, Ma and Minda [3] introduce a class S*(¢) of starlike functions defined by subordination,
h(z) € S*(¢) if and only if ZZ;g) < ¢(z), where h € A, ¢ € P. The corresponding convex class K(¢)

was defined in a similar way.

For ¢(z) = lﬁ’g; and —1 < B < A < 1, we denote respectively the subclasses of A by S*(A, B)

and K(A, B) satisfying (see [4]):

Mathematics 2019, 7, 548; d0i:10.3390/ mat7060548 227 www.mdpi.com/journal /mathematics
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zZW(z) 1+ Az

h “(A,B
€ S*(A,B) = ") < 11B

(he A,zeU)

and

(zW (2)) 1+ Az
heK(A,B)@W< 1582

It is easy to see that h € K(A, B) <=zl (z) € S*(A, B) and

(he Azel).

K(A,B) C S*(A,B), K(A,B) CKC S, S*(A,B) C §* C S.

Obviously, $*(1 —2B,—-1) = S*(B) (0 < B < 1) is a starlike function of order p and
K(1—2p,—1) = K(B) is a convex function of order f3 [5]. Especially, $*(1, —1) = S* and K(1,—1) = K
are well-known starlike functions and convex functions respectively.

In 1959, Sakaguchi [6] introduced the class S; of starlike functions with respect to symmetric
points, f € S; if and only if

In 1987, El-Ashwa and Thomas [7] introduced some classes of starlike functions with respect to
conjugate points and symmetric conjugate points satisfying the following conditions

) 2 (2)

————=——>0 and Re—————— > 0.
f2)+ 1) fz) = f(=2)
In 1933, Fekete and Szego [8] introduced a classical Fekete-Szegt problem for f(z) = z +

Ofl a,z" € S as follows,

n=2
3 —4yu, u<o,
‘ﬂg*ﬂﬂ%' < 1+2exp(%), 0<u<l,
4u -3, u>1
The result is sharp.

In 1994, Ma and Minda [3] studied the Fekete-Szegt problem of the classes of 5*(¢) and K(¢).
Many authors studied the problem of Fekete-Szeg6 and obtained many results (see [9-11]).

A harmonic mapping in U is a complex valued harmonic function, which maps U onto the domain
f(U). The mapping f has a canonical decomposition f(z) = h(z) + g(z) and h and g are analytic in U.
h is called the analytic part and g is called the co-analytic part of f. Let Sy denote the class of harmonic
mappings with the following form (see [12,13])

f=h+3 zel, 2)
where . .
h(z)=z+) aZ and  g(z) = Y b2k, || = a € [0,1). (3)
k=2 k=1

In 1936, Lewy [14] proved that f is univalent and sense-preserving in U if and only if J¢(z) > 0,
that is, the second complex dilatation w(z) = ¢'(z) /' (z) of f(z) satisfying |w(z)| < 1in U (see [12,13]).
Many authors further investigated various subclasses of Sy and obtained some important results.
In [15], the authors studied the subclass of Sy with h € K. Also, Hotta and Michalski [16] studied
the properties of a subclass of Sy with / is starlike and obtained the coefficient estimates, distortion
estimates and growth estimates of g, and Jacobian estimates of f. Zhu and Huang [17] studied
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some subclasses of Sy with /1 is convex, or starlike functions of order p and some sharp estimates of
coefficients, distortion, and growth are obtained.

According to the principle of subordination, we introduce the following general subclasses of Sy
of harmonic univalent starlike and convex functions with a symmetric conjecture point.

Definition 1. Let A,B € R,—1 < B < A < 1. We denote the function f be in the class HS;"* (A, B) of
harmonic univalent starlike functions with a symmetric conjecture point if and only if f € Sy and h € Sk (A, B),

that is
2zh'(z) 14 Az

h(z) —h(-z) 1+Bz’
Also, we denote the function f be in the class HK%, (A, B) of harmonic univalent generalized convex functions
with a symmetric conjecture point if and only if f € Sy and h € Ksc(A, B), that is

(4)

2(zH (z)) 1+ Az

= < , 5
(h(z) —h(—z))  1+Bz (5)

we know that h € Kes(A, B) <= zI' € S¥,(A, B). Additionally, we define the classes
HSL(A,B)= | HSi(A,B) and HK«(A,B)= |J HK%(A,B). (6)

aef0,1) aef0,1)
It is clear HK%.(A, B) C HS:" (A, B) and HK,:(A, B) C HS!.(A, B). Especially, let S%(1, —1) =
Sk, Kes(1,—1) = Kgs, HS3 (1, —1) = HSY, HKY.(1, —1) = HKY, S}(1,1 —28) = S%(B), Kes(1,1 —
2B) = Kes(B), HS (1,1 = 2) = HS (B), HK (1,1 —2B) = HKZ(B), B € [0,1).
In order to prove our results, we need the following Lemmas.
Lemma 1. [18] If the function w(z) = co + 12 + ... + cpz" + ... is analytic with |w(z)| < 1in U, then

leal <1—eo2n=12,..., (7)

and
ez — yef| < max{1, [~[}. (8)

Lemma2. Let —1<B<A<1,n=23,---.(DIfh(z) =z+ Y a,z" € Si.(A, B), then

n=2
laza| < Fu(A,B) and |agus1| < Fa(A, B), 9)
where
n—1
IT(A—B+2k)
k=0
Fi(A,B) = @ (10)

Specially, F1(A, B) = 458, F,(1, —1) = 1. The estimate is sharp if

oz 14 (A-B-1)t
0= | G- A

(2)Ifh(z) =z+ Y anz" € Ksc(A, B), then
n=2

F.(A,B)
2n

F.(A, B)

2n+1" (11)

|a2,] < and |ag,q1] <
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where F, (A, B) is defined by (10). The estimate is sharp if
T 14+(A-B-
(z) = / / + 1)t gty
0 (1-1(1-)458

Especially, if A = 1,B = —1, we have the following results. (i) If h(z) = z + of: anz" € S, then

n=2
la2n] <1 and [agy4q| < 1. (12)
The estimate is sharp if h(z) = 1%5. (i) If h(z) = z+ ¥ a,z" € Ky, then
n=2
1 1
lazy| < " and |az,41| < Ml (13)

The estimate is sharp if h(z) = —log(1 — z).

Proof. Leth(z) = z+ Y a,z" € S%.(A, B), there exists a positive real function p(z) = 1+ ¥ ppzk € P
n=2 k=1
with |pi| < A — B, satisfying
221 (z)
h(z) = h(-2)

Comparing the coefficients of the both sides of the equation (14), we have

= pl2). (14)

218z, = Pay—1 +a3P2m—3 + - +a2u-1p1, (15)
and
213,41 = Pan +A3p2n—2 + - -+ + a2u_1p2. (16)
It is easy to verify that
A—B
ozl < A Bl 0 a4 e ) (17)
and (A—B)
|a2n1| < == (L4 [as| + -+ |aza—1])- (18)

Let¢(n) =1+ |az| + - - - + |az,_1]|, from (18), we have

TT(A— B+ 2k)
k=1

p(n+1) < @ (19)

According to (17) (19), we can obtain (9).
Ifh(z) =z+ Z a,z" € Ksc(A, B), then zh'(z) € S (A, B). Using the results in (1), we can obtain
n=2
(11) easily. O

Lemma3. Let A, BER, -1 <B<A<L1LDIfh(z) =z+ ¥ anz" € S, (A,B),u € C, then
n=2

B+7V(A_B)‘}. (20)

A—-B
lag — pa3| gimax{l, 7

2
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(2)Ifh(z) =z+ OZoj a,z" € Ksc(A,B), u € C, then
n=2

B+M‘}. (21)

2
— <
|ag — paz| < 3

max {1,

Proof. Let h(z) = z+ Y a,z" € S!.(A,B). By definition 1 and the relationship of subordination,
n=2
we have
2z (z) 14 Av(z)

e —h(-z) 1+Buz)’ 22)

where v(z) = c1z + cpz% + - - - is analytic in U satisfying v(0) = 0 and |v(z)| < 1.
Comparing the coefficients of the both sides of (22), we obtain

A—B A—B A—B)B
= ¢ and a3 = 5 czf( z)c%.

a2

Therefore, we have
2 A-B ‘ll(A B) 2
a3 —uay = —— 0 — (B+—7—c7¢.

By an application of (8) in Lemma 1, we obtain (20).
The bound is sharp as follows,

h(z) = ./Oz(l + AE)(1— BE) S (14 BE) 5 d¢

or

hz) = ./02(1 +AZ)(1+ BE) A de.

Ifh(z) =z+ of: anz" € Ksc(A, B), then zl'(z) € S, (A, B). It is easy to obtain (21) and the bound
n=2
is sharp as follows,

ma) =[5 )+ A0 -5 (14 50) ' azay

or

_F1rm 2 2\ A=3B
hz) = /O ; /0 (1+ AZ?)(1+ B&2) 5" dzdy.
O
Lemmad4. Leth(z) € A,0< B <1, |z] =r€[0,1). (1) Ifh(z) € S*(B), then
(1= (1=28)r)(1+7)*3 <|W(2)| < (1+ (1-2B)r)(1—7)*3, (23)

and ([4], Theorem 4 with A=1 — 28, B=—1)

r(1+ r)zﬁ*2 < |h(z)| <r(1-— r)zﬁle (24)
(2) If h(z) € K(B), then ([19], Theorem 1 withb=1,A=1— 2B, B=—1)

L+nF2 < W (z)] < (1-r)%72, (25)
and ([19], Theorem 2 withb=1,A=1— 2B, B=—1)
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(1411 < |h(z)] < r(1—r)F7L (26)
Proof. It suffices to establish the estimate of (23). If h(z) € S*(B), then

1-(1-2p)r
147

zh'(z)
h(z)

1+(-2p)r

< 7
- 1—r

that is,
1-(1-2B)r / 14+ (1—-2B)r
P — A, < < — .
L2 ()] < o () < 2P e
According to (24), it is not difficult to verify the estimate of (23).
Using the same argument as in the proof of Lemma 2 in [20], we obtain immediately a Lemma
as follows. [

Lemma 5. Ifh(z) € S%.(B),0 < B <1, then w € §*(B). Especially for B = 0, we get the results of
Lemma 2 in [20].

Lemma 6. Ifh(z) € Kso(B),0 < B < 1, then "E-12) ¢ ko (p).

Lemma?7. Leth(z) € A, 0< B <1,|z|=re]0,1).(1)Ifh € Si(B), then

1-(1-2 , 1+(1-2
e <l < U 27)
(2)Ifh € Ksc(B), then
1 , 1
D < W (z)] < D (28)
Proof. Suppose h(z) € Si.(B), we have
1-— (11+—r2/5)r h(z) —2h(—E) < | (2)] < 1+ (11_—r2/5)r h(z) —Zh(—E) ' (29)
According to Lemmas 4 and 5, we have
r h(z) — h(-2) r
(1+7)272 = 2 T (1—r)2 (50)
By (29) and (30), we can obtain (27).
If h(z) € Ksc(B), then
1= 28)r | () "R | gy < 1H Q280 |0 R |y
According to Lemmas 4 and 6, we have
(1+r)*#2< (hz) — (=Z)) —zﬁ(—z))’ < (1—r)%2 (32)
By (31) and (32), we get
(1= (1=28)](1+1)* 73 <|(2H(2))'] < [1+ (1 —2B)r)(1 - )72 (33)
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By (33), integrating along a radial line § = te'®, we obtained immediately,

7

[ (2)] < [T+ (2B~ P = Ty

For the left-hand side of (28), we note first that zh'(z) is univalent. Let H(z) := zh'(z),I = H({z :
|z| = r}) and let {; € T be the nearest point to the origin. By a rotation we suppose that ¢; > 0. Let 7y
be the line segment 0 < ¢ < ¢ and assume that z; = H~'(&;) and L = H~(). If ¢ is the variable of
integration on L, we have that d¢ = H'(¢)dg on L. Hence

@ T _ [ T
§1=_/O d§=./0 H(Q)d@—./o |H(g)\|d§|2./0 (16t

r

2/0[1—(1—2ﬁ)t}(1+t)2ﬁ’3dr:m.

So we complete the proof of Lemma 7. [

2. Main Results

Theorem 1. If f = h+§ € HSi*(A, B), then F = H + G € HK%(A, B), where H(z) and G(z) satisfy the
conditions zH'(z) = h(z) and zG'(z) = g(z),z € U.

Proof. Let f € HS;(A,B). According to Definition 1 and Alexander’s Theorem ([1], p. 43),
the function H(z) € Kw(4,B). Also, H(0) = 0,H'(0) = lim "2 — w(0) = 1, and |G'(0)] =
zZ—

z

|11§5@\ = [¢'(0)] = a. Let T := [0,/(z)] C h(U),z € U— {0}, then
z

21 = | [atgonwp)| < [ [T o) < [ = hiz)
Hence,
6/ = tim [ 89 < im |0 — 172

It shows that F is a locally univalent and sense-preserving harmonic function in U.
Finally, appealing to ([15], Corollary 2.3), we conclude that F = H + G € HK%(A,B). O

Corollary 1. If f =h+g € HS;.(A,B), then F = H+ G € HK;c(A, B), where H(z) and G(z) satisfy the
conditions zH'(z) = h(z) and zG'(z) = g(z),z € U.

Next, we give the integral expressions for functions of these classes.

Theorem 2. If f = h+ 3 € HS;/*(A, B), then we have

7@ = [Co@ae+ [ w@e@z, (34)
where
C1+AvE)  F(A-B) [ w(h 7(-)
g”(5)’1+Bv(f;) eXp/o 2t {1+Bv(t)+1+BV(ff)}dt' (35)

and w and v are analytic in U satisfying |w(0)| = a,v(0) =0, |w(z)| < 1, |v(z)] < 1.
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Proof. Let f = h+3 € HSi*(A, B). According to Definition 1 and the relationship of subordination,
we have
§'(2) = w(z)l'(2), (36)
and
220 (z) 14 Av(z)

h(z) —h(-z) 1+ Bv(z)’
where w and v are analytic in U satisfying w(0) = by, v(0) = 0, |w(z)| < 1, |v(z)| < 1. Substituting z
by —zin (37), we get

(37)

2 (-2) _ 1+ Av(-3)
h(—z) —h(z) 1+Bv(-2) (38)

It follows from (37) and (38) that
2z(h(z) —h(-2))" 1+ Av(z) | 1+ Av(-%) )

h(z)—h(-z)  1+Bv(z) 1+By(-z)

After integrating the both sides of the equality (39) and calculating it simply, we have

h(z) —h(-Z) _ (A-B) [ wv(t) v(=1t)
7 7zexp/0 o {1+Bv(t)+1+BV(—f)}dt' (40)

From (37) and (40), we have

o 14+ Av(z) z(A-B) v(t) v(—t)
") = T Bz ©F /0 2 {1+ Bu(t) T 1+ Bu(—t

} dt. (41)
)
Integrating the both sides of the equality (41), we have

CF14+AvE)  [S(A=B) [ u(t) (1)
hz) = /o 11 Bu(e) &P /0 2t {1 TBu(D) 1+ Bu(—D } datdg. (42)

By (36) and (41), we can obtain

_[F 1+ Av(g) ¢ (A—B) v(t) v(—t)
8(z) = /0 w(®) <m> eXp/o 2t {1 + Bu(t) Ty Bu(—1) } atdc.

So, we complete the proof of Theorem 2. [

According to Theorem 2 and & € Ky (A, B) if and only if zh'(z) € S%.(A, B), we obtain easily the
following result.

Theorem 3. Let f € HK%.(A, B), then we have

=1 PONE
- [ = azdy+ [ [7 g(@)dzdn. 43
fer= [ f) o@dzan+ [“0 [T g(e)dcdy (43)
where ¢(¢) defined by (35), w and v are analytic in U satisfying |w(0)| = &, v(0) = 0, |w(z)| < 1,|v(z)| < 1.
In the following, we will get the coefficient estimates of the classes.

Theorem 4. Let f = h+g, where h and g are given by (3) and F(A, B) is defined by (10). If f € HSi*(A, B),

then )
|2 | < o (A_ZBME el
—a? n—
= A {1 + k§1(4k+ 1)Fk(A,B)} +aF,(AB), n>2,

(44)
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and 2
L#(14 A B)+ APk n=1,

b < —1
[b2uta] < Q;jf? {1 +'Y (4k+ 1)F(A, B) +2nFn(A,B)} +aF,(A,B), n>2.
k=1

The estimate is sharp and the extremal function is

dt.

win [P 1+(A=B—-1)t Z(a+(1—a2—a)t)(1+(A—B—1)t)
fe)= ], (1—t)(1—t2)A2;Bdt+/0 (1-t2(1-2)""

Specially, if f € HS", then

_ _ 2
|bu| < m=DA-0s
2
The estimate is sharp and the extremal function is
z az+ (1 — a2 —20)22 & S ((n—1)(1—a?)
H(z) = + 2 =z+4+) 2"+ <7+a>z”.
filE) =1 (1-2)2 n;z n; 2
Especially, let « = 0 and a =  in (48) respectively, we have (i) If f € H S0, then
n—1
|bu| < 7

The estimate is sharp and the extremal function is

)= = 2y fzu i n 1o
0(z) = = .
1-z 2(1 - Z)z n=2 n=1
1
(i) If f € HSu?, then
3n+1
ba] < 22
The estimate is sharp and the extremal function is
1 z 4z — 22 & 2 3n 41
2 — — n n,
L R R AT "SR "h

1
In the following Figure 1, we draw the graph of f{(z) and f{ (z) respectively.
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R ’ -1

(a) (b)
Figure 1. Three dimensional coordinates plus color, the z-axis represents the real part of the function,
and the color represents the imaginary part of the function. (a) The graph of f0(z); (b) The graph
1
of f7(z).
Proof. By using the relation ¢’ = wh', where h and g are given by (3) and w(z) = cg +c1z + 2% + - -
is analytic in U, we obtain

2n
2nby, = E papcan—p (a1 =1n2>1) (49)
p=1
and
2n+1
(271 + 1)b2n+1 = Z pPapConti—p (al =1n> 1) (50)
p=1
It is easy to show that
2n|ban| < [ean—1| +2azllcan—a| + ... + (2n — 1)|az,—1]lc1| + 2n|az, || col (51)
and
(2n + 1)|byys1| < lean| + 2|azl|can—1| + - .. 4+ (2n)|ag,||c1]| + (2n + 1) |az,41]|co]- (52)

Since g’ = wl/, it follows that ¢y = by. By (7), it can easily be verified that |c;| < 1 — a2,k =
1,2,---,2n. Therefore,

2
1’2"‘ + |ag|a, n=1,

‘b2n| < _ (53)
<1ia2> 2n—1
o 1+ kzz klag]) +alazq|, n>2,

and R
122 (14 2(ay ) + |asa, n=1,
|b21] < (54)

(1-a%) 2n
zit (1 +k22k"1k|) +alag ], n>2.

According to Lemma 2, (53) and (54), by simple calculation, we can obtain (44), (45) and (47). We
also obtain the extreme function. Thus, the proof is completed. [

Using the same methods in Theorem 4, we have the following results.
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Theorem 5. Let —1 < B < A <1, f = h+g, where h and g are given by (3) and Fi(A, B) is defined by
(10). If f € HK.(A, B), then

1a? | 2lA0R) n=1,
|b2n|§ 1
et (140" R (A, B S F(AB), n>2
™ + kgl k(, ) +ﬁn(/)/ nzz,
and )
A (1 + 458) 4 «(AB), n=1,
|b2n+1|§

2 n—1
() (1 +2 T F(4,B) +Fy(4, B)) + 551 Fa(AB), n>2.
Specially, if f € HKS., n = 3,4, -, then

_ _ a2
ol < DU
n n

The estimate is sharp and the extremal function is

fi(z) = —log(1—2) + (1= )=~ — (& +a — 1) log(1 ~2)

— — a2
—Z+Zfz n 2 (Mﬁ)zn,
Especially, let &« = 0 and & = 2 respectively, we have (i) If f € HKY,, then

n—1
|ba] <

and the estimate is sharp and the extremal function is

Alz) :—log(l—z)—i-l——i-log(l—z =z+ Z

n=1

1
(ii) If f € HKZ, then
3n—1
4n

|bn| <

and the estimate is sharp and the extremal function is

3z 1 o 1 2 3n—1
“log(1—2) = =" n,
i1z alosl=3) Z+n;2nz +ﬂ; m -

() = —log(1—2) +

1
In the following Figure 2, we draw the graph of 9 (z) and f} (z) respectively.
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(a) (b)

Figure 2. Three dimensional coordinates plus color, the z-axis represents the real part of the function,

and the color represents the imaginary part of the function. (a) The graph of f{(z); (b) The graph of
1

fi (@)

From Theorems 4 and 5, we have

Corollary 2. Let f = h+ g, where h and g are given by (3) and F.(A, B) is defined by (10). (1) If f €
HS:.(A,B), then

%+ (A-BY, n=1,

( + (4k+1)Fk(A B))?+n?F2(A,B)

|b2n| <

— , n=2,
2n(1+k2 (4k+1)F.(A,B))
=1
and
16+32(A—B)+25(A—B)? -1
48(1+A—B) / n=4

1
bania] < 4(1+:>;] (4k-+1)F(A,B)+20F, (A,B))>+(2n-+1)2E2(A,B)

- , n=>2
4(2n+1)(14 ¥ (4k+1)F(A,B)+2nF,(A,B))
k=1

12
Especially, if f € HS,, then |b,| < % (2)If f € HKsc(A, B), then

+(A B), n=1,

by < {40142 ;El Fc(A,B))2+F2(A,B)

sn(142'% F.(A,B))
k=1

and
16+16(A—B)+5(A—B)? -1
24(2+A—B) ’ n=4

n—1
|bonst] < 4(1+zkgl F(AB)+Fy(A,B))?+F2(A,B)

4n+1) (142”5 E(AB)+FA(A,B))
k=1
Especially, if f € HKs, then |b,| < 4n—17+1

4n(n—1)

Also, we give the Fekete-Szego inequality for functions of these classes.
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Theorem 6. Let f = hh+ g, where h and g are given by (3), for y € C,—1 < B < A < 1,F,(A, B) is defined

by (10). (1) If f € HSS*(A, B) , then

by — g < O {14 MG 4 ABp gy} AP max {1, B+ (4 - )|},
11 —a?) +(1+ 458, n=1,
n—1
e —baa] < 3 (1= { (G + )1+ E k4 DR(A,B) ~ Fa(AB) b+
w(E(A,B) + Ey_1(A, B)), n>2,
and
n—1
aria =t = (=0 { ey + )00+ E @+ DR(AB) + 2 Fu(4,5) |
+2aF,(A,B), n>1.
(2)If f € HK(A, B), then
Jbs — ub3| < U5 {14 30D 4 (AeBh g gyupy |} 4 AP oy {1 | 4 24P L
%1_0(2) (1+A—B) n=1,
— — " — 1)
lbon — by 1] < ¢ (1 2){ + ) (142 Z F(A,B)) nzl(AlB)}'*'
w(® (2 "2111(:413) ) nz=2,

and

bt — bl € (1— ) {(an+1 +H)1+2'E R(AB) + eha(4 B)}
aFy (A B) (g +5), 1 > 1

Proof. From the relation (49) and (50), we have
2by, = ¢1 + 2a5¢q, 3bz = ¢ + 2a5¢1 + 3ascy,

and

2n 2n+1
2nbyy, = Z papcan—p, (204 1)byq1 = 2 payCani1-p (a1 =1,n2>1).
p=1 r=1
By (7), we have

’

—a? 3
|bs — b3 S { |V|( ) +|ﬂ2\|2*3ﬂbl|}+“‘ﬂ3fﬂb1ﬂ§
+

3(1-a?)
|b2n - b2n—1| <

and

1
[byni1 — bau| < (1—a?) <2n+1 Z plapl + - 2n Z Pﬂp|> +a(lazia| + la2ul), n>1.

s
According to Lemmas 2 and 3, we can compete the proof of Theorem 6. [

Especially, we let A = 1, B = —1, we obtain the following results.

239

a(1+ |ag|), n=1,

2
l21171 1 2n—2
(1-a®)| 5 E plapl + 5 X plapl | +a(laz,| + [azu—1]), n>2,
p=1 p=1

(55)

(56)
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Corollary 3. Let f = h+g, where h and g are given by (3), for u € R. (1) If f € HS", then

1-a? 3|p|(1 — a2
by — i < ¢ 3”‘){1+ '”“4 a)+\273‘ub1\}+1xmax{1,|b1‘ufl|}, (61)

and 5 .
\bn+1fb,7|g(n27 )(170c2)+2a, n>1. (62)

1 o1
Especially, for f0(z) € HS% given by Theorent 4, we have |by 1 — by| < 3. And for f2(z) € HSy? given by
Theorem 4, we have |b, 1 — by| < 3. (2) If f € HKZ, then

sc’

—_ 2 _
by — ui] < & 3"‘){1+3‘“‘(14 @) 4 |z 3;4b1|}+ max{1| Sop 1|}, (63)

-1 1 1
Cpl<(1—a) (" n - > 1.
s~ < -+ T e (64)

1
Especially, for fJ(z) € HKS, given by Theorem 5, we have |by 41 — by| < And for f2 (z) € HKZ

n( n+1

given by Theorem 5, we have |by, 11 — by| < o n+1)

From Corollary 3, it is easy to obtain the following results.

Corollary 4. Let f = h+ g, where h and g are given by (3). (1) If f € HS},, then

2, n=1,
o =b < S 2 )
(2) If f € HKs, then
3 n=1,
[bu1 —bul < Tend 120244045 n>2 (66)
4n(n+1)(2n2-1) ’ ==

Inspired by Zhu et al. [17], we obtain the distortion estimates and growth estimate of the
co-analytic part g, Jacobian estimates, growth estimate and covering theorems of the classes of harmonic
mapping with symmetric conjecture point defined by subordination as follows.

Theorem 7. Let f =h+3g € Sy, |z| =r €[0,1). (1) If f € HS*(B), then

max{ax —r,0}[1 — (1 —2p)r] (a+7)[1+(1—2B)1]

Aanarrp® S BEIS G (67)
Especially, let B = 0, for f0(z) € H S0 given by Theorem 4, we have
el o
(2) If f € HK%.(B), then
max{a— 10} <9l < (2+1) (68)

Especially, let B = 0, for fJ(z) € HKY, given by Theorem 5, we have
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Proof. According to the relation g’ = wl/, |w(0)| = |¢'(0)| = |by| = a, it is easy to see w(z) such
that (see [21]):
w(z) —w(0) <l (69)
1—w(0)w(z)
that is,
w(0)(1—r*) | _ r(1—|w(0)P)
— . 7
ot - ] < T 7
From (70), we get
max{a —r,0} a+4r
— < < .
T _|w(z)|_1+ar,z€U (71)

Applying (71) and (27), we get (67). Similarly, applying (71) and (28), we get (68). So the proof is
completed. [

By using the same method in proof of Lemma 7, it is easy to obtain the following results.
Theorem 8. Let f =h+3 € Sy, |z| =r €[0,1). (1) If f € HS*(B), then

‘fmaX{Oé*t,O}[lf(lfzﬁ)t} r (06+t)[1+(172‘3)t}
; 01107 dt < |g(z)] S/O A tat)(i— 2 o (72)

Especially, let B = 0, for f0(z) € H S0 given by Theorem 4, we have

2
5@ < 55—

(2)If f € HK%.(B), then

" max{a —t,0} T (a+1)
b st <8< [ et (73)

Especially, let B = 0, for f3(z) € HKS, given by Theorem 5, we have

mmsﬁéﬁﬂ%uwy

In the following, we can obtain the Jacobian estimates and growth estimates of f.

Theorem 9. Let f =h+3 € Sy, |z| =r € [0,1). (D If f € HS*(B), then

[1+(1-2p)r]*(1—a?)(1—r?)
uamm%laM1r%§U@§{ ey T

(14 1) (1 + ar)? Lzt r>a

() If f € HKS.(B), then

(1)) (i
5 < ]f(z) < (17r1) (1—ar)
)

(1+7r)* %1 +ar) T r> .

r<a,

Proof. We know that the Jacobian of f = I + g is in the following form
Jp(z) = I (2) = |g' ()P = [ (2) (1 = [w(2)*), (74)

where w(z) is the dilatation of f(z).
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Let f € HS*(B), applying (27) and (71) to (74), we obtain

1-(-2B)r> (1-a®)(1-1%)
(1+n6%  (1+ar)?

Jr(z) >

and

1+(1-2B)r) a?)(1-r2
ey < 1 =2p)rF (1_ (max{(txfr),O})2) [ RS r<a
L (1—ar)?

el > .
—)6—4B 7 r->w

Therefore, we complete the proof of (1). Applying (28) and (71) to (74), (2) of Theorem 9 can be
proved by the same method in the same way as shown before. [

Theorem 10. Let f =h+g € Sy, |z| =71, 0 <r < 1. (1) Iff € HS;*(B), then

T (1-a)(1 -8 -(1-2B)] T (14+a)(1+5)[1+(1-28)¢]
/0 (1+ad)(1+¢)3 2 g < |f(2)] < /0 (+ad)(1-2)7 dg.  (75)

@) If f € HK%(B), then

! (1—04)(1—6) T (1+a)(1+0)

Proof. For any point z = re’? € U,let U, = U(0,7) = {z € U: |z| < r} and denote

d = min | £(U,)], (77)

zeU,

and then U(0,d) C f(U,) C f(U). Hence, there exists z, € dU, such thatd = |f(z,)|. Let L(t) =
tf(zr), t € [0,1], then £(t) = f~1(L(t)), t € [0,1] is a well-defined Jordan arc. For f = h+3 €
HS:(B), using (27) and (71), we have

d=1fGl = [ ldwl = [1afl = [ (nn + o]

> [IKl(1 = win)ldy|
S QLSS L. T )

= 1+ aly| (1+[n])3-2¢
7/ (1—a)( 1%/()\).[lf(leﬁ)If(t)Hdt
1+ all(t) (1o)==
(1*04)(1*6) [1-(1-2p)3],
2/0 1+ac A+op 2 ©

Applying (27) and (71) with a simple calculation, we can obtain the right side of (75).
The remainder of the argument is analogous to that in (76) and so is omitted. [

According to (75) and (76), we have the following covering theorems of f.
Corollary 5. Let f =h+3 € Sy. (1) If f € HS;(B), then U(0,Ry) C f(U), where

_ (A=) -9 — (1—25)'.3]
A e T
(2)If f € HK%.(B), then U(0, Ry) C f(U), where
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_/ (1—a)( @) gz,
(1+ad)( 1+§)2 2

Note: In this paper, the geometric properties of the co-analytic part g is obtained by using the analytic part h
satisfying certain conditions. Furthermore, the geometric properties of harmonic functions are obtained (see
Figures 1 and 2). Using the concepts dealt with in the paper, we can study the geometric properties of the
co-analytic part and harmonic function when the analytic part satisfies other conditions. So as to enrich the
research field of univalent harmonic mapping.
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Abstract: In the present article, we consider certain subfamilies of analytic functions connected with
the cardioid domain in the region of the unit disk. The purpose of this article is to investigate the
estimates of the third Hankel determinant for these families. Further, the same bounds have been
investigated for two-fold and three-fold symmetric functions.
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1. Introduction and Definitions

Let A be the family of all functions that are holomorphic (or analytic) in the open unit disc
A = {z € C:|z| < 1} and having the following Taylor-Maclaurin series form:

f(z):z—&-iakzk (zeA). (1)

k=2

Further, let S represent a subfamily of A, which contains functions that are univalent in A. The familiar
coefficient conjecture for the function f € S of the form (1) was first presented by Bieberbach [1] in
1916 and proven by de-Branges [2] in 1985. In between the years 1916 and 1985, many researchers tried
to prove or disprove this conjecture. Consequently, they defined several subfamilies of S connected
with different image domains. Among these, the families $*, C, and K of starlike functions, convex
functions, and close-to-convex functions, respectively, are the most fundamental subfamilies of S and
have a nice geometric interpretation. These families are defined as:

St = {feS Z;I(S)< tz (zeA)},

c = {feS (;((ZZ))) <1J:Z, (zeA)},
_ 2f'(2)

£ = {res:ig<o

where the symbol “<” denotes the familiar subordinations between analytic functions and is defined
as: the function 7 is subordinate to a function %, symbolically written as h; < hp or hy (z) < hy (z) , if
we can find a function w, called the Schwarz function, that is holomorphic in A with w (0) = 0 and

(z) € S*, (zeA)},

Mathematics 2019, 7, 418; d0i:10.3390/ mat7050418 245 www.mdpi.com/journal /mathematics
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|w(z)| < 1 such that iy (z) = hy (w(z)) (z € A). In the case of the univalency of h; in A, then the
following relation holds:

hi(z) <ha(z) (z€d) <= h(0)=ha(0) and hy(A) C ha(A).

In [3], Padmanabhan and Parvatham in 1985 defined a unified family of starlike and convex functions
using familiar convolution with the function z/ (1 —z)?, for a € R. Later on, Shanmugam [4]
generalized this idea by introducing the family:

SZ(¢):{f€Alm<¢(z), (zeA)},

where “” stands for the familiar convolution, ¢ is a convex, and } is a fixed function in .A. Furthermore,
if we replace h in S; (¢) by z/ (1 —z) and z/ (1 — z)%, we obtain the families S* (¢) and C (¢)
respectively. In 1992, Ma and Minda [5] reduced the restriction to a weaker supposition that ¢
is a function, with Re ¢(z) > 0 in A, whose image domain is symmetric about the real axis and
starlike with respect to ¢(0) = 1 with ¢'(0) > 0 and discussed some properties including distortion,
growth, and covering theorems. The family S* (¢) generalizes various subfamilies of the family A,
for example;

(i). Ifp(z) = H42 with —1 < B < A < 1, then S*[A, B] := & (ﬁgg) is the family of Janowski
starlike functions; see [6]. Further,if A =1 —2a and B = —1 with 0 < a < 1, then we get the
family S* () of starlike functions of order a.

(ii). The family S} := S*(v/1+z) was introduced by Sokél and Stankiewicz [7], consisting of
functions f € A such that zf'(z)/f(z) lies in the region bounded by the right-half of the
lemniscate of Bernoulli given by |w? — 1| < 1.

iii). For ¢p(z) = 1+ sinz, the family S*(¢) leads to the family S,

iv). When we take ¢(z) = €%, then we have S; := S* (¢%) [9].

v). The family S; := S* (¢(z)) with ¢(z) =1+ %%, k = v/2+ 1 was studied in [10].

vi). By setting ¢(z) = 1+ 3z + 222, the family S*(¢) reduces to S}, introduced by Sharma and his
coauthors [11], consisting of functions f € A such that zf'(z) / f(z) lies in the region bounded
by the cardioid given by:

introduced in [8].

(9% +9y> — 18x 4 5)% — 16(9x> +9y> — 6x +1) = 0,
and also by the Alexandar-type relation, the authors in [11] defined the family C¢, by:
Car={feA:zf (2) eS¢ (zeN)}; ()

see also [12,13]. For more special cases of the family S*(¢), see [14,15]. We now consider the
following family connected with the cardioid domain:

R ={f e Asf' @) <1432+ 32, e n). ©
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For given parameters q,n € N = {1,2,...}, the Hankel determinant H,, (f) was defined by
Pommerenke [16,17] for a function f € S of the form (1) given by:

an Aptl oo Apgg1
Ap+1 Ant2  --- Antg

Hy,n (f) = . . . : ©
Aptq-1 An+q -+ An+429-2

The growth of Hg, (f) has been investigated for different subfamilies of univalent functions.
Specifically, the absolute sharp bounds of the functional Hp, (f) = aza4 — a% were found in [18,19]
for each of the families C, S* and R, where the family R contains functions of bounded turning.
However, the exact estimate of this determinant for the family of close-to-convex functions is still
undetermined [20]. Recently, Srivastava and his coauthors [21] found the estimate of the second
Hankel determinant for bi-univalent functions involving the symmetric g-derivative operator, while
in [22], the authors studied Hankel and Toeplitz determinants for subfamilies of g-starlike functions
connected with the conic domain. For more literature, see [23-30].

The Hankel determinant of third order is given as:

1 a as
2 3 2
H31(f) = | ap a3 ay | = —asa; + 2aa3a4 — a3 + asaz — aj. (5)
as ag 4as

The estimation of the determinant |Hz; (f)| is very hard as compared to deriving the bound of
|Hz5 (f)]. The very first paper on Hz ; (f) was given in 2010 by Babalola [31], in which he obtained the
upper bound of Hz ; (f) for the families of S*, C, and R. Later on, many authors published their work
regarding |Hs 1 (f)| for different subfamilies of univalent functions; see [32-36]. In 2017, Zaprawa [37]
improved the results of Babalola as under:

1, for feS¥,
‘Hg,,l (f)‘ < %, for fGC,
%, for feR.

and claimed that these bounds are still not the best possible. Further, for the sharpness, he examined
the subfamilies of S*, C, and R consisting of functions with m-fold symmetry and obtained the sharp
bounds. Moreover, in 2018, Kwon et al. [38] improved the bound of Zaprawa for f € §* and proved
that [Hs 1 (f)| < 8/9, but it is not yet the best possible. The authors in [39-41] contributed in a similar
direction by generalizing different families of univalent functions with respect to symmetric points. In
2018, Kowalczyk et al. [42] and Lecko et al. [43] obtained the sharp inequalities:

|Hs1 (f)| <4/135 and  [Hz1 (f)] <1/9,

for the recognizable families K and S* (1/2), respectively, where the symbol S* (1/2) stands for
the family of starlike functions of order 1/2. Furthermore, we would like to cite the work done by
Mahmood et al. [44] in which they studied the third Hankel determinant for a subfamily of starlike
functions in the g-analogue. Additionally, Zhang et al. [45] studied this determinant for the family S;
and obtained the bound |Hs (f)| < 0.565.

In the present article, our aim is to investigate the estimate of |H3 ; (f)| for the subfamilies S,
Cear, and R,y of analytic functions connected with the cardioid domain. Moreover, we also study this
problem for families of m-fold symmetric functions connected with the cardioid domain.
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2. A LEMMA

Let P denote the family of all functions p that are analytic in A with # (p(z)) > 0 and having the

following series representation:

p(z):1+)ofcnz” (zeA). 6)
n=1
Lemma 1. If p € P and it has the form (6), then:
lenl < 2 for n>1, 7)
lemen —cke| < 4 for m+n=k+I1, (8)
Chtok — ycncf‘ < 2(1+42u); for peR, 9)
2 2
al |ca]
_ 1 < N ht) B
Q-5 S 2-5- (10)
2, 0<u<l;
_ < 11
[Cnsk = Henck| - = { 22u—1|, elsewhere. (1)
where the inequalities (7), (10), (11), and (9) are taken from [46].
3. Bound of |H3; (f)| for the Family S,
Theorem 1. If f (z) of the form (1) belongs to S;,,, then:
lap| <5, las] <4 and oy < §.
These bounds are the best possible.
Proof. Let f € S;,. Then, in the form of the Schwarz function, we have:
4
Z}[(S) 14 gw(z) + % (@ () (zea).
Furthermore, we easily get:
zf'(z) _ 2\ 2 3\ .3
) =14+az+ (2113 a2> z° 4+ (3114 3azas + az) Z
+ <4a5 —2a% — daray + 4adas — a%) A 12)
and from series expansion of w with simple calculations, we can write:
4 2 ) 2 2 3\, /2 1 3
1+§w(z)+§(w(2)) = 1+§c12+ <3cz ik + 3630102 ) 2
2 C‘l1 C% 163\ 4
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By comparing (12) and (13), we get:

a = zC
2 = 3lr
_ (50,2
Bo= 5817 32)
(g 2 a3
f = 3(3 t3% 5
1 (2 5 7 7 4 o
oo 4(f“]s+y“%+g% 9

Applying (7) in (14) and (15), we have:
lag] < % and |az| < %
Now, reshuffling (16), we get:

a :1 gC3-i—§c162—‘,-c—1 cz—ﬁ
173139 Ty 27 2 (-

If we insert |c1| = x € [0,2], then we have:

{aepes (-5))

The above function has its maximum value at x = 2. Therefore:

lasg| <

laa] < g7

Equalities are obtained if we take:

f(z) = exp (%z—&—lnz + §22>
=t M 88 B0
- 3 9 81 486
|
Theorem 2. If f € S, and it has the series form (1), then
874
H < 0.
a1 ()] < 5

Proof. From (5), the third Hankel determinant can be written as:

Hs (1) = —a2as + 2a2a3a, — a% + azas — uZ‘
Inserting (14)—(17), we get:
7 281 ey 23 2083
Ho1 () = Zgcice+ 1rgggei® + 5 + 329 ~ fi002°1

59 a0 4
259212 T 314

249

7

16

-

1,
21614

(14)

(15)

(16)

(17)

(18)
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Now, rearranging, it yields:
2083 c% c% 281, 67 5
H1(f) = 5500521 < 273 *"g 2= | 233051 (B~ 255912 ) 3761 (263 — 1)

~ ac3 _q 263 24 _ _ 7 22 7 3
648 <Cz ) + 233284 <61C3 Cz) 513 (63— €102) — 535100 — 7cr

Applying the triangle inequality:

2083 Al ey | 281 67 5
H. < _af el 4 I _
Hs1 (A= 550083 I© 2| T as |27 2| T asas ~ 255012| 3¢ 1l leacs — crcy
lea |es] |, 263 ‘ ’
6i8 127 2|t 23308 le1]* [ercs — | + o \03\ les —c1ea] + 2275 5832 ler]? Jea* + 216 leal?;

besides, (7), (10), (11) and (8) lead us to:

2083 | 4 e\ 1 le1 | 281 3.5 le1] le1 |
< _ - _ aidall el Lt 1l _
Hs1 (f)l = 550955 1 (2 2 | to\2m 2 | tres al P aglalt 50 (27
16 7

|+*+m@”+ﬂ

| 263
T5g32 141

If we insert |c1| = x € [0,2], then we have:

2083 4 x? x 281 5 5 x x?

< _ T - ol = et _ T

B (Al =< m%mx<2 2> ( 2) Te6d” "5 T \2 2
@

+@ 2+176+ﬂ 2+ ()
5832° T 81 ' 1458 say-

Then, the function ® (x) is increasing. Therefore, we get its maximum value by putting x = 2,

874

[Hs1 ()] < 75"

Thus, the proof follows. [

From the function given by (18), we conclude the following conjecture.

Conjecture 3.1. Let f € S}, and in the form (1). Then, the sharp bound is:

827
[H1 (f)] < B2

4. Bound of |H3; (f)| for the Family Ccq,
Theorem 3. If f € Ccqr and has the series form (1), then:

lao] <3, o] < B and |au < §

These bounds are the best possible.

Proof. Let the function f € Ccr. Then, by the Alexandar-type relation, we say that zf' € S, and
hence, using the coefficient bounds of the family S;,, which was proven in the last Theorem, we get
the needed bounds. [
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Theorem 4. Let f have the form (1) and belong to Cear. Then:

319
|Hs1 (f)] < B

Proof. From (5), the third Hankel determinant can be obtained as:
H3,1 (f) = —IZ%LZ5 + 2112&13&24 — llg + azas — ai.
Utilizing the definition of the family C.,,, we easily have:
97 61 1 1 617 31
H = _ 9 62 3
31(f) 7296012+ 5332051 T 7702% T 405912 ~ 3140780°1 ~ 391602

_ 7 2 M8 a0 1
32401 11664012

After reordering, it yields:

97, 617, 3, B 7
H31(f) = 349920102 = 573 ~ 1166201202 ~ 1290 ~ 3200

31 ,

7 2

F(cy — —=~c1c3)

oL
126
e 324

+76(% ~ 1052 ~ 321 (@~ 512
Using the triangle inequality, we get:

a7,
27 8731
31 2
" 108

143

1
116640 e

“7 126

+ le1 [ e

C2 —

97
H [
‘ 31 (f)‘ = 349920 ‘C1|

@ 3240 '

Jes|
324

leal

270

+

€3 — ﬁclcz

The application of (7) and (11) leads us to:

97 143 7 4 4

10935 " 7290 405 T 270 T 304
319

4374°

|Hz1 (f)]

IN

Thus, the proof is completed. [

5. Bound of |H3; (f)| for the Family R,
Theorem 5. Let f € Reqr and be given in the form (1). Then:

2 4
2] <3, las| <5, g < 5.
These results are the best possible.

Proof. Let f € Res. Then, we can write (3), in the form of the Schwarz function, as:

£ (z) :l+§w(z)+§(w(z))2, (zeN).

Since:
' (z) = 14 2az + 3a322 + 4ayz° + a5zt 4+ - - -, (19)
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by comparing (19) and (13), we may get:

m o= 3 (20)
“ = 2 (Cz - f) 1)
w = glam ), @
a5 = 11—5 <204 + % — ?% — C1C3> (23)
Using (7) in (20), we get:
ol < 2.

Applying (11) in (21) and (22), we obtain:
laz| < g and |ag4] < %

Thus, the proof is completed.
Equalities in each coefficient |a3|, |a3|, and |a4| are obtained respectively by taking:

— 22 23
filz) = z+3z +9z,
_ 45,25
fz(Z) = Z+§Z +EZ/
_ 1a, 27
f3(2) = Z+§Z +ﬁz

O

Theorem 6. Let f € Reqr and be given in the form (1). Then:

754
<=
[Haa ()] < 1

Proof. From (5), the third Hankel determinant can be written as:

H; (1) = fa%a5 + 2aazay — ag + aszas — aﬁ.
Utilizing (20)—(23), we have:
7 2 5 4 61 71 4 67 ,
H = = — — — - —
31 (f) 243012 T 3055193 T 135254 T 15201923 ~ 58301 ~ 1620
_des 107 5, G
45 19440 1?2 36
By rearranging, it yields:
7 71, 107 , 28 ,\ o 2
Hi(f) = e (CZ 84C1) 1944012\ 27 1071) 5\ 9@

B ) W SO (L A
36\ 45712 T35 2\t T 10872 )
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Implementing the triangle inequality, we have:

7 71 28 le1|? 2
H. < — 3+ _ =2 S I P
Hs1 (O] = gggplal” |2 = g 19440‘C1| ezl e2 = 7761 | + 5 e — garcs
JrM C3f6lc1c2 + ——|ca] |ea — 07 — 2
36 45 135 108 2
(7) and (11) lead us to:
04 1712 8 77 16
H < e 0D
Hsn (Ol = 1g60 + Toaa0 T 25 T 205 * 135
754
1215

Thus, the proof of this result is completed. [

6. BOUNDS OF |H3 (f)| FOR TWO-FOLD AND THREE-FOLD FUNCTIONS

Letm € N = {1,2,...}.If a rotation Q about the origin through an angle 27r/m carries () on
itself, then such a domain ) is called m-fold symmetric. An analytic function f is m-fold symmetric in
A, if:

f (ezm/mz) =e¥/mE (7)) (z€ A).

By S ('">, we define the family of m-fold univalent functions having the following Taylor series form:

FE) =24 Y a2 (ze ). (1)
k=1

The subfamilies 8;(," l), CC(Z;), and Ré,;",) of S are the families of the m-fold symmetric starlike, convex,
and bounded turning functions, respectively, associated with the cardioid functions. More intuitively,
an analytic function f of the form (24) belongs to the families SEm el and R if and only if:

zjj:;S) -1 +§ (%) +§ (%)2, pepm, 25)
}['H(()) - 143 (%) +3 (%)2 peP, 26)
fl2) = 1+§<ZE§§:)+§<%)Z,pep(m, o
where the family P(") is defined by:
P = {p €P:p(z)=1 +ﬁcnzkz"lk, (z € D)} . 28)

Now, we prove some theorems concerned with two-fold and three-fold symmetric functions.

Theorem 7. If f € 8:,,(3 ) and it has the form given in (24), then:

|Hs1 ()] <

©H\)
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Proof. Let f € S:a(,z ), Then, there exists a function p € P@ such that:

f(z) 3

2f'(z) 4<P(Z)—1) §<P(Z)—1

3 p(z)+1 p(z)+1

Using the series form (24) and (28), when m = 2 in the above relation, we can get:

az = gl
. 1<c%+2c4>,
4\18 3

Now:
H (f) = azas — a3.
Utilizing (29) and (30), we get:

7 3

C2Cy
Hs (f) = 21627 18

18 °
By reordering, it yields:

c 7
H31(f) = é <C4 - EC%> .

Using the triangle inequality long with (11) and (7), we have:

O N

[Ha1 (f)] <
Hence, the proof is done. [

Theorem 8. If f Sc*u(,a) and it has the form (24), then:

16

|H3,1 (f)' S 81

The result is sharp for the function:

9 9 81

4 1 4 17
£ =exp (Inz-+ 520 125) =z B2tk 1 o

Proof. Let f € Sfa(s ), Then, there exists a function p € PB) such that:

L)y d (21,2 (pe)

@~ Ta\p@t o)+

3

Utilizing the series form (24) and (28), when m = 3 in the above relation, we can obtain:

Then,
4
Hy (f) = —af = —=¢3.

Utilizing (7) along with triangle inequality, we have:

|Hs1 (f)] <

(29)

(30)

(C1)
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Thus, the proof is completed. [J

Theorem 9. Let f € c§§2, and it has the form (24), then:

2

1Hs1 ()] < 135

Proof. Let f € Cg,) Then, there exists a function p € P@ such that:

2fz) AP 1) 2 (p) -1\
) ‘“3<p<z>+1)+3<p<z>+1> '

Utilizing the series form (24) and (28), when m = 2 in the above relation, we can obtain:

2
- 2 2
a3 9" (32)
1 (3 2
5= 55 <18+364>' 3

Using (32) and (33), we have:
31
31 () = ~ 591652 + 270

Now, reordering the above equation, we obtain:

_a (3o
H(f) = 27 (C4 1082
Application of (7), (11), and the triangle inequality leads us to:

2
< .
1Hs1 ()| < 138
Thus, the required result is completed. [

Theorem 10. If f € CC(S,) and it has the form given in (24), then:

1Hs1 ()] < g7-

—_

The result is sharp for the function:

7

z exp <1nx + %x3 + %x's) 1 17
f(z):/ dx=z+4+ 24+ 2z
0

x 9 ers T

Proof. Let f € Cc(,?). Then, there exists a function p € P®) such that:

2f'(x) A (p)—1) 2 (px)-1)2
) —“3(;7(2)“)*3(,7@)“) ‘

Utilizing the series form (24) and (28), when m = 3 in the above relation, we obtain:

C
a4:%.
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Then:
C
Hsy (f) = —a3 = — oo

Implementing (7) and the triangle inequality, we have:

[H31 (f)] <

z| -

Hence, the proof is done. [

Theorem 11. Let f € Réﬁﬁ be of the form (24). Then:

[Hs1 ()] < 135-

Proof. Since f € Rﬁﬁﬁ, therefore there exists a function p € P@ such that:

o= () S i)

For f € RE(Z,B, using the series form (24) and (28), when m = 2 in the above relation, we can write:

B = 2o (34
12 3
as = 5 <3C4 - 6) . (35)

It is clear that for f € Rﬁ),
H3’1 (f) = aszds — ﬂg.

Applying (34) and (35), we have:

4 67
H3,1 (f) = ﬁc2c4 — %Cg

By rearrangement, we have:
4 67
Ha (f) = 352(ca = 1553

Using Lemma (7), (10), and triangle inequality, we get:

16
H < —.
[Hs1 ()] < 135
Hence, the proof is completed. [J
Theorem 12. If f € R and it is of the form (24), then:
1
[Hs1 ()l < 3

This result is sharp for the function:

_ [ 43, 25 o 125
f(z)—/0 <1+3x +3x)dx—z+32 +2lz.



Mathematics 2019, 7, 418
Proof. Since f € RSE, there exists a function p € PG such that:
4 p(z)—l) 2 <p(z)—l>2
"(z) =1+ = - .
fz)=1+3 <p(z)+1 t3\v i

For f € ’RSJE, using the series form (24) and (28), when m = 2 in the above relation, we can write:

)
ay = 6 .
Then:
2 &
H =y = — =
31 (f) ay 36
Implementing (7), we have:
1
[Hs1 (f)l < 5

Hence, the proof is completed. [J

7. Conclusions

In this article, we studied the Hankel determinant Hs 1 (f) for the subfamilies Sg;,, Ccar, and Rear
of the analytic function using a very simple technique. Further, these bounds were also discussed for
two-fold symmetric and three-fold symmetric functions.
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Abstract: The fractional Laplacian, also known as the Riesz fractional derivative operator, describes
an unusual diffusion process due to random displacements executed by jumpers that are able to
walk to neighbouring or nearby sites, as well as perform excursions to remote sites by way of Lévy
flights. The fractional Laplacian has many applications in the boundary behaviours of solutions
to differential equations. The goal of this paper is to investigate the half-order Laplacian operator
(—A)% in the distributional sense, based on the generalized convolution and Temple’s delta sequence.
Several interesting examples related to the fractional Laplacian operator of order 1/2 are presented
with applications to differential equations, some of which cannot be obtained in the classical sense by
the standard definition of the fractional Laplacian via Fourier transform.

Keywords: distribution; fractional Laplacian; Riesz fractional derivative; delta sequence; convolution

MSC: 46F10; 26 A33

In recent years, the fractional Laplacian operator has gained considerable attention due to its
applications in many disciplines, such as partial differential equations, long-range interactions,
anomalous diffusions and non-local quantum theories. There is also the physical meaning of
the fractional Laplacian operator in bounded domains through its associated stochastic processes.
However, the half-order Laplacian operator (—A)%, often appearing in various literature works and
applications, needs to be studied carefully as the first-order Riesz derivative is undefined in the
classical sense. The goal of this work is to use a new distributional approach to defining operator
(—A)% in the generalized sense by Temple’s delta sequence, as well as present fresh techniques in
computing examples of the fractional Laplacian operator of order 1/2 and applications to solving
partial differential equations related to this operator.

1. Introduction

Lets € (0,1) and A = 9%/9x% + - - - + 92/9x2. The fractional Laplacian of a function u: R” — Ris
defined as:

_ u(x) —u(g)
(—A)u(x) = CysPV. /R el M
where P.V. stands for the Cauchy principal value, and the constant C,, s is given by:

1 — cosyi ! —n/2n~2s r(ﬁzzs)
= -2 - 225\ 2 J
Cns (/Rn |y\"+25dy> N VTS

andy = (y1,¥2,- - ,yn) € R".
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On the other hand, the fractional Laplacian in R" can be written by the Fourier transform:

(~8)u() = e [0 2P e )0 = FHIEPF 0 ) )
where:
(u, e’ig")Lz = /R" u(x)e*"gxdx, () = F{lu}(Q) = W /” u(x)e*ig"dx,

FHIH) = s [y, 0000

Hence, the fractional Laplacian is really a pseudo-differential operator with symbol ||%.

Let L? be the Lebesgue space with p € [1,0), By be the space of continuous functions vanishing
at infinity, and By, be the space of bounded uniformly-continuous functions. M.Kwasnicki recently
presented ten equivalent definitions in [1] for defining (—A)® over these three spaces, including the
above Fourier definition.

There have been many studies, including numerical analysis approaches, on the fractional
Laplacian with applications in solving certain differential equations on bounded domains and in
the theory of stochastic processes and anomalous diffusion [2-10]. For example, the work in [11]
used the fractional Laplacian for linear and nonlinear lossy media, as well as studying a linear
integro-differential equation wave model. The work in [12] studied a finite difference method of
solving parabolic partial integro-differential equations, with possibly singular kernels. These arise
in option pricing theory when the random evolution of the underlying asset is driven by a Lévy
process related to the fractional Laplacian or, more generally, a time-inhomogeneous jump-diffusion
process. Using the fractional Laplacian operator, Araci et al. [13] investigated the following g-difference
boundary value problem:

D] (¢p(Diy(1) + f(Ly(t) =0, (0<t<1; 3<i<4)
with the boundary conditions:

y(0) = (Dgy)(0) = (D7y)(0),
a1(Dgy)(1) +a2(D7y)(1) =0, and  Dg,y(t)]s—o = 0.

They proved the existence and uniqueness of a positive and nondecreasing solution for this
problem by means of a fixed point theorem involving partially-ordered sets.

Let O C R" denote a bounded, open domain. For u(x): QO — R, D’Elia and Gunzburger [14]
investigated the action of the nonlocal diffusion operator £ on the function u(x) as:

Lu(x) =2 [ (w(y) ~u(@)r(xy)dy VxeQCR,

where the volume of Q) is non-zero and the kernel y(x,y): Q x O — R is a non-negative symmetric
mapping, as well as the nonlocal, steady-state diffusion equation:

—Lu=f onQ,
u=0 on R"\ Q.

An example of y(x,y) is given by:
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with ¢(x,y) bounded from above and below by positive constants. This nonlocal diffusion operator
has, as special cases, the fractional Laplacian and fractional differential operators that arise in several
applications. The corresponding evolution model was further studied in [15]. Recently, Hu et al. [16]
studied the following high-dimensional Caputo-type parabolic equation with the fractional Laplacian
by using the finite difference method:

cDyu=—(=Au+f, x€Q, t>0,
u(x,0) = uo(x),
u(x,t)=0 on x€R"\Q,

where a € (0,1),s € (0,1) and QO C R". In particular, this involves the half-order Laplacian operator
(7A)% when s = 1/2. The convergence and error estimate of the established finite difference scheme
are shown with several examples.

On the other hand, the Riesz fractional derivative is generally given as:

(RLDﬂioo,x + RLD&,X)M(X)
2 cos(am/2)

rzDyu(x) = —

@

where 0 < « < 2and « # 1, and:

ﬁdﬂ /;(x =" u(g)dg,

1 dan o orx )
RLD%, x1(x) = T —a) dx L (x— )" tu(Q)dg

RLDY o ui(x) =

forn—1<a<neZ".

Note that in space fractional quantum mechanics, the « = 2 case corresponds to the Schrodinger
equation for a massive non-relativistic particle, while the « = 1 case needs to be examined carefully,
both on physical and mathematical grounds, since Equation (2) is undefined for &« = 1.

It follows from [10,17-22] that:

d2
RLD% o, yut(x) = @[I%;‘,’fxu(x)], l<a<2
and:
1 d> x u(t)
« _ — “
RLD o cu(x) = D2 u(x) = [(2—«) dx? /700 (x — )T dt
1 &P

Maowan f, © -0k
by making the variable change { = x — t.
Applying two identities:

—a+1 _ _ oodl

= (a 1>/§ -

Pu(x—7)  Pu(x—y)
oz o2
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we get:

RLD% o ctt(X) = rf‘zila) I/Owazu(az{ ) {/;%’7} i

LI

B 1 du(x — Q) /°° dn|®
- T(l-a) 3¢ e

- 1—tx/ 7dux_

1 u(x—€)°° « [2u(x—g)
TA-a) Lzo*r(lw)/o o

_ « ® (x) « ©u(x —{)
T T(1—a) /0 ! g — I(1—a) /0 za+1 g
e a9 u )

- /0 i, 1<a<2

1 ®ou(x—{) 1
Srraeah o

I'(l—a) gutl
by removing the term:
I
0o 7’
due to the meaning of the finite part integral as the integral is divergent and the finite part:
i —a+1
—a+1f, o

With the same argument, we come to:

RLDgo, x1t(x) = l<a<2

o @ y(x+ ) —u(x)
T(1—a) /o gotl 4,

Hence, we have another representation of the Riesz fractional derivative from Equation (2):

rzDSu(x) = ag, 1<a<2.

I(1+a)sinar/2 [ u(x+¢) —2u(x) 4+ u(x — Q)
T /0 €1+tx

Similarly, we can claim that this representation still holds for the entire range 0 < a < 2 [23].
In particular,

rzDu(x) =

l/ow u(x+g)72u(x)+u(xfé)dg—7,( u(x+7))

4 z Cz'

based on the formula:

vl gty = [ HO 2 100,
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Clearly, Equation (1) becomes:

(~8)u(x) = CapPV. [ %d@

_ 1 u(x) —u(f)
_ HP.V./R G

_ 1 ou(x+0) —2u(x) +u(x — )
= = ag @)
= —rzDyu(x) @)

fors=1/2andn =1.

Therefore, investigations of the half-order Laplacian operator (fA)% on R are equivalent to
studies of the first-order Riesz derivative. We can define —(—A) 21 as the Riesz derivative rzD%u(x)
in the case of @ = 1, which is undefined in Equation (2) in the classical sense. The aim of this work
is to study the operator (—A)% on R in distribution explicitly and implicitly, using a particular delta
sequence and the generalized convolution. We also present several interesting examples, such as
(fA)%J (x) and (fA)%G(x), which are undefined in the classical sense. At the end of this work,
we describe applications of such studies to solving the differential equations involving the half-order
Laplacian operator.

2. The Explicit Approach to (—A)Y2y

In order to extend the fractional Laplacian (—A)!/2 distributionally, we briefly introduce
the following basic concepts of distributions. Let D(R) be the Schwartz space (testing function
space) [24,25] of infinitely-differentiable functions with compact support in R and D’(R) the (dual)
space of distributions defined on D(R). A sequence ¢1, P2, - - - , P, - - - goes to zero in D(R) if and only
if these functions vanish outside a certain fixed bounded set and converge to zero uniformly together
with their derivatives of any order.

The functional (") (x — xp) is defined as:

(6" (x = x0), ¢(x)) = (=1)"¢"" (x0)
where ¢ € D(R). Clearly, 6()(x — xp) is a linear and continuous functional on D(R), and hence,

o (x — xp) € D'(R).
Define the unit step function 6(x) as:

1 ifx>0,
9(")_{ 0 ifx<0.

Then, .
0(x), ¢(x) = [~ 9(x)dx for ¢ e D(R),

which implies 6(x) € D'(R).
Let f € D'(R). The distributional derivative of f, denoted by f’ or df /dx, is defined as:

(f, ¢)=~(f. ¢')
for ¢ € D(R).
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Clearly, f' € D’'(R) and every distribution has a derivative. As an example, we are going to show
that 6’(x) = &(x) distributionally, although 6(x) is not defined at x = 0 in the classical sense. Indeed,

(¢'(0), () = —(0(), ¢'(x)) = = [~ ¢/ (1)x = 9(0) = (3(x), 9(x),
which claims:
0’ (x) = 6(x).

It can be shown that the ordinary rules of differentiation also apply to distributions. For instance,
the derivative of a sum is the sum of the derivatives, and a constant can be commuted with the
derivative operator.

Definition 1. Let f and g be distributions in D' (R) satisfying either of the following conditions:

(a) either f or g has bounded support (set of all essential points).
(b)  the supports of f and g are bounded on the same side (either on the left or right).

Then, the convolution f * g is defined by the equation:

((f*8)(x), ¢(x)) = (g(x), (f(¥), ¢(x +¥)))
for ¢ € D. Clearly, we have:
frg=g*f

from Definition 1.
It follows from the definition above that:

5(">(x —xg) x f(x) = f<”>(x —Xxp)

for any distribution f € D'(R).
Let 6,(x) = np(nx) be Temple’s d-sequence for n = 1,2,---, where p(x) is a fixed,
infinitely-differentiable function on R, having the following properties [26,27]:

@) px) =0,

(i) p(x)=0for|x| >1,
(iii) p(x) = p(=x),

(iv) [ p(x)dx=1.

An example of such a p(x) function is given as:

o(x) = { e TR if x| <1,

0 otherwise

where:
1 (11
c” :/ e 1-+2dx.
-1

This delta-sequence plays an important role in defining products of distributions [28,29]. Let f be
a continuous function on R. Then,

(Fran@) = [ fle—naunar= [~ 0o (x— ot
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uniformly converges to f on any compact subset of R. Indeed, we assume that f is continuous on R,
and L is any compact subset of R. Then, f is uniformly continuous on L, and for all € > 0, there exists
61 > 0 such that:

[f(x=t) = f(x)| <e

forall x € L and |t| < 6. This implies that:

() = FEI < [ 1Fx=1) = flo (0t < e

forall x € L and 1/n < 61 by noting that:

/ Sa(t)dt = 1.
Furthermore, if f € D'(R), then (f * 6,)(x) converges to f in D’(R). Indeed,

lim ((f #6,)(x), p(x)) = lim (f(x), (6u(y), ¢(x +¥))) = (f(x),¢(x))

n—oo n—oo

by noting that:
lim (0:(y), ¢(x +y)) = ¢(x)

n—oo
in D(R).
In order to study the half-order Laplacian operator in the distribution, we introduce an
infinitely-differentiable function T(x) satisfying the following conditions:

0 t(x)=1(-x),

(i) 0<t(x) <1,

(i) T(x)=1 if |x]<1/2,
(iv) T(x)=0 if |x]>1.

Define:
1 if [x| < m,
Pm(x) =< T(m"x —m"™F) if x >m,
T(m™x +m"™ ) ifx < —m,

form =1,2,---. Then, ¢,u(x) € D(R) with the support [—m —m™", m +m~"].
From Equation (3), we have:

(—A)2u(x) = 7%(13,\/,%2, w(x 1) = ,%(RV%, W (x+1))

if u € D(R) as:

1 _ [ () —2¢(0) +9(~1)
(V.3 9(1)) = /O S dt,
d 1 1

This suggests the following explicit definition for defining (—A) 2 u(x). This explicit definition
directly evaluates the half-order fractional Laplacian of u(x) as a function of x, without relating to any
testing function in the Schwartz space.
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Definition 2. Let u € D'(R) and uj, = u' x5, = (u/'(t), 6u(x — t)) forn = 1,2,---.

half-order Laplacian operator (fA)% on D'(R) as:

1 B 1 .. . 1 ,
(-a)u(x) = & i tim (], 4>m<t)un<x+t>)
= —— lim hm/ O (t nlx+t) = ; (x_t)dt

7T M—00 1—00

if it exists.

Clearly, the integral:

e u(x+1t) —ul(x—1)
| omt® t dt

is well defined as ¢y, (t) has a bounded support and:

! ! _
lim up(x+t) —up(x—t) ().
t—0+ t

Theorem 1. " .
1

—A)2 = ——PV.=.

(~8)86(x) = ~ PV

We define the

©®)

Proof. Assuming x > 0, we choose a large n such that 1/n < x. This infers that &), (x 4+ t) = 0, and:

/ ot (5’(x+t) o (x —t)dt

(—8)4(x) t

lim lim ——
mM—00 1—00

/ —
lim lim 7/ O (t 5 nlx t)d
1500 H—$00 7T £

from Definition 2. Making the substitution w = x — f, we get:

(*A)%(S(x) = lim lim l/j 51/1(”’)de

mM—00 1—+00 JT X —w

— lim hml[ () P =)

M—00 n—00 TT X —w

- L 2 [ )]
m—oo 7T QW X —w

o P (0)x = (1)

m—y00 X2

w=0

by noting that J, (w) is a delta sequence, and:

P (x —w)

X —w

is a testing function of w if w < x, and:

() P

X —w

is identical to zero if w > x as 6, (w) = 0. Choosing m such that x < m, we derive that:

P(x) =0 and ¢u(x)=1
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as ¢ (x) = 11if |x| < m. Hence,

1 1 1
(=A)26(x) = —;P.V.?
If x <0, wesety = —x and:
~00 ! _ 5 _ 00 ! (_ S (4
7%/ ¢,n(t)5"(x+t) tén(x t)dt _ 71/ (Pm(t)(sn( ]/‘H) t(sn( Y t)dt
_ L G+t —6y—t)
0 t dt,
which implies that:
_ .’ . ‘Pnz( )y ‘Pm( ) _ 71 i
(=A)26(x) = nll_r;[lo 7ny2 nP'V'xT

Finally, we have for x = 0 by making the variable change u = nt:

© () =ou(=t) ., (5’(1‘
/0 P =0 gy 2/ Pt

t

= o /0 L
= 22 /01 ¢m(u/n)p/1(4u)du =2n? /01 p’iu)
= 0(n?)

by noting that the term ¢, (1/n) = 1, and:

Yo'(w) ,— ro'(u) —p'(0)
/()Tdu_/o — du

is well defined as p(u) is an even function. This completes the proof of Theorem 1. [

From [24], we have the distributions PV.x 2" form = 1,2,--- and PV.x 2" 1 form = 0,1, - - -

given as:
(v, 9) = [T 29 + 9(—x)
) 0 x2 x2n172 (2m—2) 0 p
- {‘P()+j+"'+m¢ ()}}x,
(P2t g) = | x*Zm*{rp(x) ~9(=x)
x° xm- (2m— 1
-2 {xcp( )+§+ G ),4> )}}dX-
Theorem 2. 1) +1( " )
1s —1)" T (m+1)!
( )2 (x) T P'V‘xm+2
form = —1,0,1,.... In particular, we have for m = —1 that:

(—A)¥6(x) = %pv%
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Proof. We start with the case m = —1. Then, by Definition 2,

Sn(x+t) — bn(x
t

—a

(—A)%G(x) = lim lim —7/ O (t

mM—00 N—00

lim lim — / Om(t (574(36 )

m—»00 N—»00 7T t

for x > 0 and a large n such that 1/n < x. Following the proof of Theorem 1, we come to:

"X —
lim Tim - / su(w) 2= 4y

m—00 n—+00 JT X —w

= lim lim l/ 5n(w)wdw
m—00n—00 7T J _oo X —w
lim Lm(x)

m—sco  JTX

1
= —P,V.l.
T x

(—0)26(x)

The case x < 0 follows similarly. To compute (—A) 3 50m) (x), we note that for a large n:

(=A)360 (x) = fim Tim ~ [* 60" () P =) gy,

m—+00n—00 7T J _0o X —w

from the proof of Theorem 1 and:

fim (_1)m+1 am+1 m(x _ w)
m—eo 7T dwm+1 X—w w=0
1 m+1 m+1 m—+1 1 (m+1—k)
= 1li 1 _
mlggo L < )( ko (x — w) <x7w> .
1)m+1 m4+ 1 (m+1)
_"ng" T < 0 >¢m ) (x—w> w=0
( )m+1 (m 1 1
- PV. xm+2
since lim, ¢m(x) =1and:
) (_1)m+l m—+1 m4+1 kB 1 (m+1—k) B
Jim S — k; i) D (x—w) (— =0

w=0
from the definition of ¢, (x). This completes the proof of Theorem 2. [

We should note that Theorem 2 cannot be derived by the standard definition of the fractional
Laplacian via Fourier transform, and:

(—A)26(x) = %P.V%

holds in the distributional sense and:

Z7000) =0(x),

although 6(x) is discontinuous at x = 0 in the classical sense.

270



Mathematics 2019, 7, 320

Theorem 3.
(—A)% sinx = sinx, (6)
(—A)%COSX = cosx, 7)
(~4)%(ax +b) = ®)

where a and b are arbitrary constants.
Proof. Clearly, sin x is an infinitely-differentiable function on R. This claims that:
(sinx)’ * &, = cos x x &,

uniformly converges to cos x on any compact subset of R. Therefore,

(fA)% sinx = lim 1 /0Q ¢m(t)cos(x 1) —cos(x - t)dt

m—oo 7T t

ZSmxsmt

= lim _7/ P () ————dt

m-—00

2sinx [® sint
/ Tdt =sinx
0

T
by using:
/ SN g — /2.
0 t
Similarly,
1 . 1 [ —sin(x + t) + sin(x — t)
(=A)2cosx = n%gr}’o—;/o Om(t) ; dt
— lim 71/ m(f)72cosxsmtdtL
m—00 7T Jo t
2cosx [ sint
= 7/ ——dt = cos x.
7T 0 t
Finally,
1 T 1 (b 6p)(x+1) — (bxby)(x—1t)
(-a)ax o) = Jim lim [T ou() ; at

— lim —1/0 (pm()udt—o

m—oo T
This completes the proof of Theorem 3. [

We would like to mention that Theorem 3 extends several classical results obtained in [30] to
distributions by Definition 2 with a new approach.

Theorem 4.

(—A)% arctanx = e

Proof. Clearly, (arctanx)’ = is continuous on R, and

+x2

(arctanx) * 8, = <1 i o on(x f))
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uniformly converges to 1/(1 + x2) on any compact subset of R. Therefore,

1 1
(—A)arctany — ,}13}0**/ ot + (x +1t)2 t 1+ (x—t?
7 | dt
- ?mlflo/ Pn(t 1+ —1)2)(1+ (x +1)?)

4x dt

7l (T (=D (A + (x +1)?)

by noting that the integral:
oo dt
/0 14+ (x—=1)2) 1+ (x+1)?)

is well defined for every point x € R. It remains to show that:

0 dt o
/0 14+ (x—6)2)(1+ (x+1)2)  4+4a2

for all x € R. First, we note that:

1
(T+(x—2)2)(1+ (x+2)?)

R(z) =

is even with respect to z and has two singular points z; = x 4 i and zp = i — x in the upper half-plane.
Clearly, we have for x # 0 that:

z—x—1 1
Res{R(z) x+i} = lim o o A v 2D~ 2T @ 1)
z4+x—1 1

Res{R(z)i—x} = M G AT et 2D~ (AT =08

By Cauchy’s residue theorem, we get:

o0 d . . .
/700 = t)z)él TGT0) 27ti[Res{R(z),x + i} + Res{R(z),i — x}]

27ti 27ti

= 20+ t) T aar -y

B 8x2

T TAx 2 r ) A+ 2x—0)2)

v
T 2422
using:
(1 F(x+ i)2> (1 +(2v— i)z) = 16x% + 162,
This implies that:

o0 dt o
/0 14+ (x—1)2) 1+ (x+1)2)  4+4a2

for all nonzero x. Furthermore, we derive for x = 0 that:

/°° dt _n
o I+P)2 1
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by using the identity [31]:

TT.

o bt (2n-3)(2n—-5)---1
/oo (1+2)n — (2n—2)2n—4)---2

This completes the proof of Theorem 4. [

3. The Implicit Approach to (—A)2u

It seems infeasible to calculate directly the fractional Laplacian operator of some functions or
distributions by Definition 2. For example,

t) —ul(x—t
(—A)%e" = lim lim —7/ P (t ty (x 1) — hy (% )dt
mM—00 N—00 t
1 ex+t_ex—t

— i _7/ N

mgllo 7T Jo 47111() t

X . 0 et_e*[

= Ty ()

where:
un(x) = (€', du(x —t))

uniformly converges to e* as it is continuous on R. Clearly, the right-hand side of the above integral is

divergent as:

et —et

lim
t—o00 t

= 0Q.

In this section, we are going to provide another definition for dealing with (—A) 2 u(x) efficiently,
based on a testing function with compact support. This definition is implicit and only used to define
the meaning of:

1

(=A)zu(x), ¢(x)),
rather than finding an explicit function of x. It clearly makes sense in the distribution as we regard
(—A) H u(x) as a functional (not a function) on the Schwartz testing space D(R). We must point out that

this implicit-definition, using a different generalization, is independent of the explicit one provided in
Section 2.

Definition 3. Letu € D’( Yand ul, = u' x 8, = (' (t), 6u(x —1)) forn = 1,2, - - -. We define the half-order
Laplacian operator (— A) on D'(R) (adding the index i to distinguish from (—A )%)for ¢ € D(R) as

(-8} ut0), 90) =~ lim (Y, gluix-+1))
1 Rl (x D) — ul(x — (1)
- _;nhl;[;o/o t at ©

if it exists.

Clearly, the integral:

JEL T ORI
0 t

is well defined, as ¢(t) has a bounded support and:

tli}.é}r u{i(x + t)¢(t) 7tu;l(x — t)‘P(*t) _ 2u’,,’(x)¢(0) +2u:1(x)¢/(0).
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It follows from Definition 3 that:

[N

(~)fet, 9x) = =< (BV.L, ()

by noting that:
(P.V%, Fp(x)) = /“°° ePp(x) —eTP(=x)

0 x
is well defined and is a number for each ¢, since e*¢(x) is also a testing function in the Schwartz space.
Furthermore,

(P.V%, (%)) + E—(P.V%, e (x)).

e

((~4)7 coshx, p(x)) = — 5 —

Theorem 5. Let u(x) be an infinitely-differentiable function satisfying:

u(x) = ¥ O o
k=0
Then,
(-, o) = = v, g - L (I o) o
Proof. Clearly,

ulx _ = u®(x)

(x+1) k;) ot

, _ o0 u(k+1)(x) P

u'(x+1) k;:) at

and:

y (x) = (' % 8n) (x) = (u'(t), ou(x — 1))

uniformly converges to #(x) on any compact subset of R. By Definition 3,

N ST URTALSIEE M

—
=
|
>
=
ST
=
=~
=
Ny
=
=
=
Z
=
I

n—o00 7T t
_ _% /O°° u'(x+t)¢(t) ftu’(x — t)(p(ft)dt
S AMLC PV Ll POV
_ _l/‘” - K = K »
7T Jo t
_ L e’ (x) — p(—t)u'(x)
- _E/O ¢ dt
o u(k+1)(x) . B o M(k+l)(x) o
1 e \;{ () k; (=0 t)dt
7T Jo t
= _llfrx)(PV%, $(x)) %(u (x+t)—u(x)/¢(t)>
since N u(kH)(x)
Y, =y ().
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We should note that the term:
' (x+t) —u'(x
(7( 1 ( ), ‘P(t))

is well defined for every point x € R, and it is indeed not Cauchy’s principal value as:

lim w(x+t)—u'(x)

o
t—=0 t = w(x).

This completes the proof of Theorem 5. [

It follows from Theorem 5 that:

(-0 (ax +b), 9(x)) = ~L(BV.L, 9(x))

which implies that:
1
(—A)E(ax +b) = —%P.V% £ (=M (ax +b) = 0.
Furthermore,
1 cos x cost sinx (sint
(=) sin, () = 2% (VS pin)) + 2 (L, 901 ).

Remark 1. To end this section, we must point out that if we replace ¢ (t) by ¢ (t) used in Section 2 and add

1
the limit, then the two operators (—A)? and (fA)% are identical for some functions. For instance,

1 i 0o g
lim ((—A)7 sin, ¢m(x)):smx/ SITntdt:sinx

m—o0 7T NS

(p.v.%”, ¢,n(t)> 0.

as:

4. Conclusions

This paper introduced two independent definitions for defining the fractional Laplacian of
the half-order (—A)% in the distribution, both explicitly and implicitly. We demonstrate several
examples, such as (—A)%(S (m) (x) and (—A)% arctan x, some of which are undefined in the classical
sense. The results obtained have potential applications in solving the differential equations involving
the half-order Laplacian operator. For example, the differential equation:

X

(~8)2u(x) = 1

has a solution:
u(x) = arctanx +ax +b

on any non-empty subset of R, and the differential equation:
1
(—A)2u(x) = PV

has a solution:
u(x) = mo(x)+ax+b

where a and b are arbitrary constants.
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1. Introduction

Let H denote the class of functions that are analytic in i/ = {z : |z| < 1}, and A denote the class of
functions f that are analytic in ¢/ having the Taylor series form

flz)y=z+ iunz”,zeu. (1)
n=2

The class S of univalent functions f is the class of those functions in A that are one-to-one in U.
Let §* denote the class of all functions f such that f (/) is star-shaped domain with respect to origin
while C denotes the class of functions f such that f maps ¢/ onto a domain which is convex. A function f
in A belongs to the class S* («) of starlike functions of order « if and only if Re (zf (z) /f (z)) > a, & €
[0,1). For a € [0,1), a function f € A is convex of order w if and only if Re (1+zf" (z) /f'(z)) > a
in Y. This class of functions is dented by C (). It is clear that S* (0) = S* and C (0) = C are the usual
classes of starlike and convex functions respectively. A function f in A is said to be close-to-convex
function in U, if f(U) is close-to-convex. That is, the complement of f(I/) can be expressed as the union of
non-intersecting half-lines. In other words a function f in A is said to be close-to-convex if and only if
Re (zf' (z) /g (z)) > 0 for some starlike function g. In particular if g (z) = z, then Re (f’ (z)) > 0. The class
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of close-to-convex functions is denoted by K. The functions in class K are univalent in /. For some details
about these classes of functions one can refer to [1]. Consider the class Pj (a) of functions p such that
p(0) =1and

Re {ei‘sp(z)} >a, zeU,ae0,1), 6 R

Also consider the class R; («) of functions f € A such that
Re {ei‘sf/ (z)} >w, zeU,ae0,1), 6 €R.

These classes were introduced and investigated by Baricz [2]. For § = 0, we have the classes P («)
and Ry («). Also for 6 = 0 and a = 0, we have the classes P and R.

Special functions have great importance in pure and applied mathematics. The wide use of these
functions have attracted many researchers to work on the different directions. Geometric properties of
special functions such as Hypergeometric functions, Bessel functions, Struve functions, Mittag-Lefller
functions, Wright functions and some other related functions is an ongoing part of research in geometric
function theory. We refer for some geometric properties of these functions [2-6] and references therein.

We consider the hyper-Bessel function in the form of the hypergeometric functions defined as

_z \7itr2 et e _ c+1
f%(z):(cf)ioﬂ ((%+1)?<C.|Zr1> ) @
gr(7i+1)
where the notation ) 1) (2o () B
M ).\ _ v 00 (12 (g x*
o (((m)'x) L o) @y B R ©

represents the generalized Hypergeometric functions and . represents the array of ¢ parameters
Y1, Y2, - Ye- By combining Equations (2) and (3), we get the following infinite representation of the
hyper-Bessel functions

Jre(2) =Y , 4)

n=0 pn!
i

( 1)11 z n(c+1)+y1+72++7c
) c+1

T(yi+n+1

=8

since ], is not in class A. Therefore, consider the hyper-Bessel function 7. which is defined by
S s

C
=2 (n —1)!(c+1)(n=1e+1) n (i 1), 4

L=1)(e+1). )

It is observed that the function .7, defined in (5) is not in the class .A. Here, we consider the following
normalized form of the hyper-Bessel function for our own convenience.

o n—1
Hyo(2) = 275 (2) = Z (’1) . L1 (e+D)+1 ©
1=2 (n —1)!(c+ )=V I (4 1), 4
i=1

For some details about the hyper-Bessel functions one can refer to [7-9]. Recently Aktas et al. [8]
studied some geometric properties of hyper-Bessel function. In particular, they studied radii of starlikeness,
convexity, and uniform convexity of hyper-Bessel functions. Motivated by the above works, we study
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the geometric properties of hyper-Bessel function H,, given by the power series (6). We determine
the conditions on parameters that ensure the hyper-Bessel function to be starlike of order &, convex of
order a, close-to-convex of order (1f%). We also study the convexity and starlikeness in the domain
Uyp = {z )z < %} . Sufficient conditions on univalency of an integral operator defined by hyper-Bessel
function is also studied. We find the conditions on normalized hyper-Bessel function to belong to the
Hardy space H?.

To prove our results, we require the following.

Lemma 1. If f € Asatisfy |f'(z) — 1| < 1foreachz € U, then f is convex in Uy jp = {z )z < %} [10].

Lemma 2. If f € A satisfy

%Z) - 1’ < 1foreachz € U, then f is starlike in Uy j, = {z: |z| < %} [11].

Lemma 3. Let p € Cwith Re(B) > 0,c € Cwith |c| < 1,c # —1[12]. Ifh € A satisfies

"
clz|? + (1 —|z* 75};7,((':))” <1, zel,

then the integral operator
. 1/p
Cplz) = {5/ tﬁlh/(t)dt} , zel,
0

is analytic and univalent in .

Lemma 4. If f € A [13] satisfies the inequality

|zf"(z)| < l;'x, (zel,0<ua<1),

then 1
Ref'(z) > Z“, (zeld,0<a<).

Lemma 5. If f € A satisfies < 1[14), then f € UCY.

zf"(z)
f'(z)

2. Geometric Properties of Normalized Hyper-Bessel Function

Theorem 1. Leti € {1,2,3,...,c},v; > —1witha € [0,1) and z € U. Then the following results are true:

. c 2c+7—5a)++/ (2c+7—5a)>—8(1— 4-3 «
v Ifil;[l (5 +1) > 2720 < CZg(lfoi) (ol Hy € 8% (a).

.. . {(@c+7)(1—a)— (2c2+5c+3) }+¥
(i) Ifll;[l (1) > S i~ rioere) ] ke

Y= \/{(20+7) (1—1)()—(2C2+5C+3)}2—4{2(1—1X)—(4CZ+10C+6)}(C+4) (1—a),

then H., € C(«).
¢ v
(iii) Ifilg[l (yi+1) > W then H, € K(1F%).

(iv) Ifﬁl(%‘+1) > 2;?%@’ then HZ% € P(a).
i—
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Proof. (i) By using the inequalities
n>n, (vi+1), > (7i+1)",VneN,

we obtain Ny
/ He, +1 1\""
"H% (z) — - Wzi(Z) < (C&] ) g:l (a) ,

where
c

g=(+D)andy =T (n+1).
i=1

This implies that
/ Ha. (2) c+1
— 1<
'7—[% (2) . So-t

Furthermore, if we use the inequality

nt>2"1 (i +1), 2 (i +1)", ¥n €N,

then
_1\n—1
‘ch(Z) - b+ Yy (-1
: "= (= Die+ DIDED T (14 1),
i
1 1 n—1

> 1- = —
- an El (2@7)
2ty -3

o2y —-1

By combining Equations (7) and (8), we obtain

z?{'% (z)

(c+1)(20n—1)
H'Yc (Z) e

~(gn—1)(2¢n —3)

For H,, € §* (x), we must have

(c+1) 20y —1)
(& —1)(2¢n —3)

<1—a.

% (c+1)(203-1)
So,Hy €8 (a),whereO§a<1fm.
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(ii) To prove that the function H,, € C (a), we have to show that M
7c(Z

1\
7‘[%(2) Z ( 1)[ Z11(C+1)+1
20 (e + 1)) T (7 + 1),
i=1

Z {”2(C+1) n(c+ 1)} (*1)nzn(c+1)/
B0 e+ 1)) T (93 +1),
i=1
1)

_ E (11 - ( )2 n(c+1)

P21 (= e+ DODED TT (4 1),y
i=1

(7i
+ 2 (n— 1) (c+1) n(e+1)

i=1 (n—1)(c+ 1) DED T (3 41),
i=1

’

zH;’C (z) =

By using the inequalities

12
-1y 21) L (n=1>n—1, (+1), > (+1)",VneN,
we have
(n=1)*(c+1)? Sn(c+1)
e )] = | e et
c + Z (nfl)(ﬁ#l)c Zn(c+l)
n>1 (n—=1)!(c+1) =D T (a;+1),,_,
i=1
) 1 n—1 1 n—1
< 2(c+1) <—> +(c+1) <—> ,

,1221 an ,4221 an

where .
=+ andy =[] (n+1).
i=1
This implies that

" g (c+1)(2c+3)
‘27{%(2)’ < (@7—_1)

Furthermore, if we use the inequalities

n>n, ! >2" (g 4+1), > (1 +1)", VneN,

283

< 1 — a. Consider

50f 11

(10)
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then we get

, 1)+1

c+1 1\t 1 1\t
- 2(@) *aé(%)
(Gn=1) (207 =3) — 20y —1) (¢ +1) a1
(Cn—1)(24n —1)

By combining Equations (10) and (11) , we get

%

Gn 20y —1) (c+1) (2c+3)
T (=120 =3) =20y =1)(c+1)

o {24y —1)(c+1)(2c+3)
This implies that . € C (x), where0 <a <1 — (g;yj)(zgnfs)i(zgnfl)(cﬂ)'

Z'Hi;r (2)

7 <1—a.
Mo, (2)

(iii) Using the inequality (10) and Lemma 4, we have

<§17(c+1)(2c+3) 1—a

’z?—liy/c(z)‘ < @ =D <—

’

where 0 < o < 1 — 481 tUCHS) Thig shows that Ho. € K(L®). Therefore Re (Hiyc (z)) P

(&y-1)
(iv) To prove that P ¢ P(«) , we have to show that |i(z) — 1] < 1, where h(z) = W

z

By using the inequality
2"l <nlneN,

we have
o _1\n
\h(z) _ 1| _ : 1 ( 1) . Zn(c+1)+1
=t e+ )"V (i +1),
i=1
1 1 & 1 n—1
< - .
T (I-a)gy ; (291)
1 2
- (I-a)2p -1
Therefore, sz ePa)for0<a<1-— 2 O

2(c+1)" ) [ (1,41), -1

i=

Putting « = 0 in Theorem 1, we have the following results.

Corollary 1. Leti € {1,2,3,...,c},v; > —1and z € U. Then the followings are true:

. < 204+7)+4/ (2c+7)*—8(c+4 *
(i) Ifil;[l('yl-+1)>,(° LEVEAT S then H,, € S*.

.. c (2047)— (262+5c+3) Y1/ { (2047) — (22 +50+3) }* —4(c-+4) { 2— (42 +10c+6)
(it) Ile(%+1) - ! ( & \/{Zg{27(4cz+106+6)}} ! }
i

then H,, € C.
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C
(iii) Ifi];[1 (vi+1) > m, then H,, € K(3).
C
(i) IFT1 (yi+1) > &, then 2 € P.
i=1 ”
3. Starlikeness and Convexity in U/ /,
Theorem 2. Leti € {1,2,3,...,c},v; > —1and z € U. Then the following assertions are true:
C
(i) IFII(yvi+1) > 2%, then H.,, is starlike in Uy /5.
i=1

C /
(i) IfTI (vi+1) > W, then H., is convex in Uy /5.
i=1 ”

Proof. (i) By using the inequality 2"~! < n!, n € N, we obtain

In view of Lemma 2, H,,, is starlike in 4 /5, if 2571%1 < 1, which is true under the given hypothesis.

(ii) Consider,

> nc+1)+1
# 01| < e
=Lnt (c+1)" VT (74 1),

i=1
2 n(c+1 > 1
SZ lnn)+z \gnpn’
= nig"ny = nlly

Since, n! > n, forall n € Nand n! > 2"~1, for all n € N. Therefore

(c+1)(@2en—1) +2(En—1)
(Gn—1)(20n —1)
In Vi.ew of Lemma 1, H,, is convex in U/, if % < 1, but this is true under the
hypothesis. [
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Consider the integral operator Fp : U — C,where p € C,B#0,

1

z B
Fplz) = {ﬁ/tﬁzﬁ% (t)d(t)} . zel
0

Here F € A. In the next theorem, we obtain the conditions so that F, p is univalent in /.

C
Theorem 3. Leti € {1,2,3,..,c},v; > —landz € U. Let T (i +1) > @et7)+ WIQZE)LS(ZHB) and suppose
i=1

that M € R* such that |, (z)| < M in the open unit disc,ilf

(c+1)(22y—1) M
U+t <1,
R TR T RET

then Fpg is univalent in U.

Proof. A calculations gives us

2F}(2) B z?—['% (2) N #71
@ () P

Hoy () +B—2,z€U.
Since H,. € A, then by the Schwarz Lemma, triangle inequality and Equation (9) , we obtain
2H,, (2)

< (1—|z2){ﬁ—1+ e }

P gy et @ =) M
(1 IZ\){Iﬁ 1H(g1771)(2§1173)+|/3\}

z]-'g(z)

(1-12F) 7

| 4 P ‘H% (2)
EREE

IN

< 1

This shows that the given integral operator satisfying the Becker’s criterion for univalence [12], hence
Fpisunivalentini{. [

4. Uniformly Convexity of Hyper-Bessel Functions

Theorem 4.If i € {1,23,..c}, v+ > -1 and z € U If

1

(vi+1) >

L=

(4cz+8671)+\/(4cz+86—1)274(c+4) (8¢24-20c+10)

, then H.,. € UCV.

2(8¢24+20c+10)g
Proof. Since .
My, (2) g (227 —1) (c+1) (2¢ +3)
Ho (z) | = (Gn—=1) (207 =3) = (2fn = 1) (c+ 1)
By using Lemma 5, we have /
Z’H;C (2) 1
He, (2) 2’

if
-1 (e+1)@+3) 1
Cn—1)(@20n—3)— 2y —1)(c+1) ~ 2
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This implies that

C

H(%‘J’_l) - (4CZ+SC71)+\/(4C2+8C*1)274(C+4)(8C2+20C+10)

e 2(8¢2 +20c + 10)g ’

Hence, we obtain the required result. [
5. Hardy Spaces Of Hyper-Bessel Functions

Let #* denote the space of all bounded functions on . Let f € H, set

27 ) 1/p
My (r,f) = (2171{ f (rele)|pd9> , 0<p<oo,
sup{|f ()] : |z <7}, p = co.

Then the function f € H? if M), (r, f) is bounded for all ¥ € [0,1) . It is clear that
HY CHICHP,0<q <p<oco.

For some details, see [15] (page 2) . It is also known [16] (page 64, Section 4.5) (see also [15]) that for
Re (f'(z)) > 0in U, then
{ flen, g<1,

feH”0-9, 0<g<1.

We require the following results to prove our results.

Lemma 6. Py(a) * Py(B) C Po(7y), where y =1 —2(1 —a)(1 — B) with a, p < 1 and the value of <y is best
possible [17].

Lemma 7. For o, < land v = 1 —2(1 — a)(1 — ), we have Ro(a) * Ro(B) C Ro(7) or equivalently
Po(a) * Po(B) € Po() [181.

Lemma 8. If the function f € C («)[19], where x € [0,1) is not of the form

flz) =

0+n(1— ze”)z”‘*] , n# %,
8 +nlog(1l—ze), w# 3,

for g, n € Cand y € R, then the following statements hold:

1
(i) There exists 6 = 5(f) > 0, such that f' € (TAECRN

(ii) Ifa € [1,1/2), then there exists T = T (f) > 0, such that f € HTH1/(1-20),
(iti) Ifa >1/2,then f € H™.

Theorem 5. Leti € {1,2,3,...,c},v; > —1witha € [0,1) and z € U. Let

¢ {(2c4+7)(1—a)— (2> +5c+3)} + @
E(%H) T 21— - @Zi10c16)

287
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where

® = \/{(2c+7) (1—a) - (22 +5c+3)) —4 {2(1—a) — (42 +10c + 6)} (c +4) (1 — ).

Then

(i) My €HYI2 fora €(0,1/2).
(i) Moy € H® fora >1/2.

Proof. By using the definition of Hypergeometric function
2Fi(a,b,cz) = Z Mi’

we have

0+ (1%;)1% = 0+0z,F(1,1—2a,1;zeY)

_ 9+19Z 11 lt[)nn+1
forf, 9 € C,a # 1/2 and for ¢ € R. On the other hand

0+ 0log(1 —ze¥) = 6—9z,F(1,1,2;ze")
(o]
1
o _ = Lipn_n+l
0 ﬂ,;)nJrle Z"

This implies that H., is not of the form 0 + 8z(1 — ze¥)2*~! for « # 1/2 and 6 + ®log(1 — ze'¥) for
« = 1/2 respectively. Also from part (ii) of Theorem 1, H,, is convex of order a. Hence by using Lemma 8,
we have required result. []

C
Theorem 6. Leti € {1,2,3,..,c},v; > —lwitha € [0,1)andz € U. If T] (vi +1) > 5 ( ) then ”f S
1

P(a). If f € R(o), with ¢ < 1, then H. % f € R(T), where T =1—2(1 ;l)( 0).

Proof. Let hi(z) = H,.(z) * f(z), then i (z) = H”“ *f’( ). Now from Theorem 1 of part (iv), we
have % € P(a). By using Lemma 6 and the fact that f/ € P(0), we have I'(z) € P (1), where
T=1-2(1—-a)(1— o). Consequently, we have h € R(71). [

Corollary 2. Let i € {1,2,3,...,c},7; > —1lwitha € [0,1) and z € U. If ﬁ (vi+1) > 251*77"‘&), then
i=1
M e Pw). IFf € R(0), 0 = (1 —24)(2— 2u), then Hop, % f € R(0).
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1. Introduction

We denote by A the class of analytic functions on the unit disc U = {z € C: |z| < 1} having the
following taylor series representation:

flz) =z+ i apz". 1
n=2

The analytic function f will be subordinate to an analytic function g, if there exists an analytic
function w, known as a Schwarz function, with w (0) = 0 and |w(z)| < |z|, such that f(z) = g(w(z)).
Moreover, if the function g is univalent in U, then we have the following (see [1,2]):

f(z2)<8(z), zelU <= f(0)=g(0) and f(U)Cg(U).

Uralegaddi et al. [3] introduced the reciprocal classes M (vy) of starlike and N (7) of convex
functions for 1 < ¢ < %, which were further studied by Owa et al. [4-6] for the values v > 1.
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The classes M (7) of starlike functions and N (7y) of reciprocal order convex functions 7, (y > 1) are
defined as follows:

M(y) = {fEA:iRzZJJ:;S)<'y,z€U},
N(y) = {fEA:%e{l+ZfJ.c,/l(iz))}<'y,ZGU}.

Using the same concept, together with the idea of k-uniformly starlike and -y ordered convex
functions, Nishiwaki and Owa [7] defined the reciprocal classes of uniformly starlike MD (k,y) and
convex functions N'D (k, ). The class MD (k, ) denotes the subclass of A consisting of functions f
satisfying the inequality

2f'(z) _  |#f(2)
Re <k
f(z) f(z)
for some ¢ (v > 1) and k (k < 0) and the class N'D (k,y) denotes the subclass of A consisting of
functions f(z) satisfying the inequality

—1‘+7, (zeU),

oo 2 2))

(2f(z)
72) !

<v+k z)

, (zeU),

for some ¢ (v > 1) and k (k < 0). They also proved that the well-known Alexander relation holds
between MD (k, ) and N'D (k, 7). This means that

feND(ky) < zf € MD (k7).

For a more detailed and recent study on uniformly convex and starlike functions,
we refer the reader to [8-12].
Considering the above defined classes, we introduce the following classes.

Definition 1. Let f belong to A. Then, it will belong to the class ICD (B, ) if there exists g € MD ()
such that

()
n{TE )< eev) @

Sfor some B,y > 1.

Definition 2. Let f belong to A. Then, it will belong to the class QD (B,v) if there exists g € ND ()

such that
(=f'(2)’
me{ ) } <B, (zel), 3)

Sfor some B,y > 1.
It is clear, from (2) and (3), that
fz)eQ@D@B) © zf'(2) KD (7).
Definition 3. Let f belong to A. Then, it will belong to the class KD (k, B, y) if there exists g € MD (k, )

such that £2)
z V4
me {5 <

2f'(z) _
) 1‘+5, (zeU), )

for somek < 0and B,y > 1.
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Definition 4. Let f belong to A. Then, it is said to be in the class QD (k, B, y) if there exists g € N'D (k, )
such that )
!
me{EFEVY
§'(z)

forsomek < 0and B,y > 1.

(=f'(2)
g'(2)

11+8, (z€l), 5)

We can see, from (4) and (5), that the well-known relation of Alexander type holds between the
classes KD (k, B,v) and QD (k, B, v), which means that

f(2)€QD(kp) & zf'(2) eKD(kB7).

2. Preliminary Lemmas

Lemma 1. For positive integers t and o, we have

Lo (0)j-
”gﬁf&:quv ©)
where () is the Pochhammer symbol, defined by
(a)t=r(r‘7(:)t) olo+1)(c+2)(c+3)--(c+t—1).
Proof. Consider
t(0)j
); ]7]1
_ (0)3 , ()4 (o)
- ( *7+(T'+)T+ (+<t;1>1!( )
o+2 oclc+2). - (c+t—2
= 1+a)(<1+§+ %3 +(+ §X.(”X(til))
o+2 v c4+3)--(c+t-2
= o(1+0) > T34+ 3><4><-~-><(t718
= (7(1-1-(7)@(0;:3) ]+Z+ n (c+4) Zta;”)
_ (U+2)(U+3 0'+4 (0’+t72)
= o(1+0)—; 3 1 + : 5x6x (t—l))
- a(1+0)(022)(0;3 (0 +4) 1+&
= o+l ok wra ceth)
_ (o)
(t—1)!

O

Lemma 2. If f(z) € MD (k, ), then

f(z) e MD (%) .
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Proof. Using the definition , we write

) 2fl2)
o < e 1‘”
< k%i{éﬁhy—k,

which implies that

zf'(2)
(1 —k)Re ) <vy—k

After simplification, we obtain

mezﬂg) < % (k<0,7>1).

_k _
As ;ri PR 1, we have f(z) € MD <H> With this, we obtain the required result. [

Lemma 3. If f belongs to the class MD (k,y), then

(3% 7)
< 7 n—1
‘anl— (n_l)'/ (7)
where 2y 1)
by = S ®)
Proof. Let us define a function
4
or-n-a-0 (%)
p(z) = ) , (©)
where p € P, the class of Caratheodory functions (see [1]). One may write
') _ (r=kF-(r=1)p()
fa T 1k o
or . .
)= (T=L_ T2
() = (155 - To4p@) 162 a
Let us write p(z) as p(z) = 1+ OZO; pnz" and let f have the series form, as in (1). Then, (11) can be
=1
written as !
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This implies that
o o n—1
2 n—1)a,z" = Z(Za]pn ]>z".

After comparing the n term’s coefficients, appearing on both sides, combined with the fact that
ap = 0, we obtain

—(r-1)
(1’1 — 1) (1 — k) ]; ajPn—j-

ay =

Now, we take the absolute value and then apply the triangle inequality to get

ol s =L o
= = a—e &1l Pl

Applying the coefficient estimates, such that |p,| < 2 (n > 1) for Caratheodory functions [1],
we obtain

2y-1)
<—m il
‘ﬂn‘ = (n — 1) (1 7k) ]; !11]|
5k,7 n—1
lay| < T1 Z |a]| ’ (12)
j=1
where J;, = @ We prove (7) by induction on n. Thus, first for n = 2, we obtain the following
from (12): (5i0)
Ok Oky
< Ty _ /21
‘“2‘ =1 (2 — 1)| (13)

This proves that, for n = 2, (7) is true. For n = 3, we obtain

Oy (1+‘5k7) _ (5kr7)3—1
2 -

Ok
jasl < 2 (14 ) =

This proves that when n = 3, (7) holds true. Now, we assume that for t < n, (7) is true, that means

( k,v) -
|as| < (t—{)!l t=1,2,...,n (14)
Using (12) and (14), we have
Ok & Sk & (5197)];1
el < = Y ol < =2 Y
t = J = (RS ]
After applying (6), we obtain
1 (Okq)t (Ggqy)t
< = Tkt Tkt
jaral < F(E—1)! 1

As a result of mathematical induction, it is shown that (7) is true for all n > 2. Hence, the required
bound is obtained. [

Lemma 4 ([13]). Let w be analytic in U with w(0) = 0. If there exists zy € U such that

max [w(z)| = [w(z)|,
J2l<Izo]
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then
zow'(zg) = cw(zp),

where ¢ is real and ¢ > 1.

3. Main Results
Theorem 1. If f(z) € KD (k, B, ), then

s exn (E=).

Proof. If f(z) € KD (k,B,), thenk <0, B > 1, and so we obtain

(28} < A2
c pom ()

which leads to

ro{ T ) e e

After simplification, we obtain

zf'(z)| _ B—k
me{ g(z)}< —, (k<0,p>1). (15)

This completes the proof. [

In a similar way, one can easily prove the following important result.

Theorem 2. If f € QD (k, B, 7), then
fedD <‘B P ’y) .

Theorem 3. If f(z) € KD (k, B, ), then

(5k7 “Skﬁ n-l (‘skv)
no5 (- 1)"

"111| <

where & ,, is given by (8) and
2(p—1
Oxp = % (16)

Proof. If f is in the class KD(k, B, v), then there exists g(z) € MD (k, y) such that the function

-0 -a-n (L)

P = T 2 a7)
belongs to P. Therefore, we write
y —k -1
of(2) = B Rele) - B Leapla). as)
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Let us write p(z) as p(z) = 1+ Y1 puz", §(2) as g(z) = z+ Y5, byz", and let f(z) have the
series form as in (1). Then, (18) can be written as

= Pt =1 <z+nzzb’1zn> -5 (“ 3 ””Zn> <z+ 2 Wn) |
= = n=1 n=2

Comparing the nth term’s coefficients on both sides, we obtain

-1
nay = by — % (Pn—1 + pu—2b2 + pu3bz+... 4+ piby_1].

By taking the absolute value, we get

-1
nlag| = |bn— % [Pn1 + pu—2b2+ pusbs+...+ pib,_1]

IN

|bn H‘ - |Pn 1+ pn—2ba +pu_sbs +...+ piby_1].
Applying the triangle inequality, we obtain
nlan| < {bn \+ k{IPn 1|+ [puaba| + [pu-sbs| + ...+ [prbaal} (19)

AsRe{p(z)} > 0in U, we have |p,| <2 (n > 1) (see [1]). Then, from (19), we have

2 1 n—1
nlan| < |bal +% Z |hj

’

where b; = 1. Using Lemma (3), we obtain

B (5
((kV)q)l +‘5k/5 Z kv)])'1,

nlay| <

where ) 3 = % and Jy , is defined by (8). This can be written as
(G nn | Fp it Bra) i .
< /-4 T E
lan] < n! noia (-1

This completes the proof. [

From Definition 4 and Theorem 2, we immediately get the following corollary.

Corollary 1. If f(z) € QD(k,B, ), then

where 0y, g and b, are given by (16) and (8), respectively.

By taking k = 0 in the above results, we obtain the coefficient inequality for the classes D(B, v)
and QD(B, 7).
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Theorem 4. If a function f € KD(k, B, ), then there exists g € MD(k, ) such that

zf'(z) 2(fr—1)
e <1+2(f-1) - =~ (z€0), (20)
where k
pr=E"% @1)

Proof. Let f(z) € KD(k,B,7). Then, there exists ¢(z) in MD(k, ) and a Schwarz function w(z)
such that

_(#'(®
w- () e -
p1—1 1—w(z)’
as w(z) is analytic U with w(0) = 0 and
Re (11_28;) >0, (zeU).
So, from (22), we obtain
2f(z) _ 1+ a(z)
o - Ao ()
_ Bi(-w(z) = (f1—1) (1 +w(z))
1—w(z)
14 w() - 2pw()
1—w(z)
1-w(z) 2By — 1) w(z)
1—w(z)
_ 1-w@ 42 - -2k -Dw(z) -2k —1)
1—w(z)
_ 1-w@+2(B -1 (A -w(z) =2k —1)
N 1—w(z) '
This implies that
zf'(z) _ 2(B1—1)
s AT
and hence £(2) 2By - 1)
) <121 - T (zeU),
which is as required in (20). O
Corollary 2. If f € QD(k, B,y), then there exists ¢ € N'D (k, ) such that
(zf'(2)) 2(p1—1)
o) <14+2(p—1)- (112) , (zeU), (23)
where By is given by (21).
Theorem 5. If f € KD(k, B, ), then there exists a function § € MD (k,y) such that
1— (281 —1)r zf'(z) 1+ (2B —1)r
1jr < e g(z) = 1+1r ’ )
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where |z| = r < 1and By is given by (21).

Proof. Using Theorem 4, we define the function ¢ as follows

o) =1+2(8 -1+ 2070 ey

Letting z = ¢’ (0 < r < 1), we observe that

2(1-p1)(1 —rcosG)'

Rep(z) =1+2(p1— 1)+ 1572 —2rcosh

Let us define
1—rt

P(t) = TrP = (t =cosb).
r(1—12)

AV = G oy

> 0 (since r < 1), we get

1+2(ﬁ1—1)+@S%e¢(z)§1+2(ﬁ1—1)+%.

After simplification, we have

w < Reg(z) < %ﬁfl)r

!
With the fact that Zg (,(Zj) < ¢(z), (z € U) and as ¢ is univalent in U, by using (22), we get the

required result. O

Corollary 3. If f € QD(k, B, ), then there exists g € N'D (k,7y) such that

1-(2B—Dr (zf'(2)) _ 1+ (2B —1D)r
l—lr < Qe <'(z) < 1—5—1r ! (25)

where |z| = r < 1and B1 is given by (21).

Theorem 6. Assume that a function f € A satisfies

(55 55) Bt oo
for some g(z) € MD (k, ) and for real By given by (21). If
_zf'(z)
(P(Z) - g(z)

is analytic in U and ¢(z) # 0and ¢p(z) #2p1 —1in U, then f € KD(k, p1).
Proof. Let us define a function w(z) by

o(z) 1
9@ +(1-2p) Y

w(z) =
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Then, w(z) is analytic in U as ¢(z) # 2p; — 1 and

_zf'(z) _ 14+ (1-2p1) w(z). @)

?E) = T—w()

Because ¢(z) # 0, we use logarithmic differentiation to get

1,0 _¢E) _ _(1-2p)w'(2) w'(z)

2 filz) 8(z)  1+(1-2B)w(z) 1-w(z)’

which further yields

W) o) (-2)mi(s) i)
g(z f(z) 1+ (1—-2B1)w(z) 1—w(z)

Then, we note that w is analytic in open unit disk and w(0) = 0. Therefore, from (28), we obtain

e (zg,(Z) _ Zf//(Z)> — e <l ~ (1=2p) z'(2) zw'(z)))

(28)

3(2) f(z) 1+(1-2B1)w(z) 1—w(z
B1+1
281
Suppose there exists a point zy € U such that
max |w(z)| = |w(zo)| =1,
|21 <20l

then, by Lemma 4, we can write w(zg) = € and zgw'(z9) = ce® for a point zp, and we have

o (708 (z0) _ z0f"(20)
N ( 5(z0)  f(z0) >

(1—2B1) ce®® ce

- E)%<171+(1—2/51)ef971—@?)

B ~ c(1-281) (€7 +(1-2p1)) c(1—e")
%<1 1+(1—2ﬁ1)2+2(1—2ﬁ1)c059+2(1*C059)
c(2p1—1cosb+(1-2p1)] _ ¢
1+ (1-2B1)"+2(1—-2B1)cosf 2

(281 -1) ¢

T2 2

which gives that

208'(z0)  zof" (20) B1+1
”‘{ 3z)  f'(z0) }S T

300



Mathematics 2019, 7, 309

which is the contradiction to the supposed condition (26). Hence, there is no zg € U such that
|w(zp)| = 1. This implies that |w(z)| < 1, (z € U) and, therefore, by (27), we have

2f(2) 1= (s~ 1)z
g(2) 1-z
°r f(2)
9%{ 20) } < p1,zel.

Hence, we conclude that f(z) € KD(k, p1). O

Theorem 7. Assume thatk < 0and B > 1. If f € A and if there exists g € MD (k, 7y) such that

2f'(z) p-1
2(2) —1'<1_k zeU, (29)

then f € KD(k, B, 7).

Proof. We have

SACIR S

8(z) 1—k

= O—HZZS)—4+1<5

= %§%2—1‘+1<k ié?-—4+ﬁ
0 {2

= feKD(kB7).
O

Corollary 4. Let f € A have the form (1). Assume that § = z + byz? + - - - belongs to the class MD (k,y)
and satisfies

£ (0, — )27 po1
Tt Zi‘iz po 1| <1k 2€U 0
for some k (k <0), B(B>1).
Then, f(z) € KD(k, B, 7).
Proof. We have

zf'(z) ’
-1
8(2)
z+ )0:01 nayz"
n=2
= |71
z4+ Y byz"
n=2

Lorep (nan = by)z" !
14+ Y50, bzt 1
B-1
D

and hence (29) follows immediately from (30). [
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Theorem 8. Let f € A have the form (1) and let § = z+ Y 5, byz", belonging to the class MD (k, 1y), satisfy

0

1+2(n\an\+y\bn\)<y zel, (31)

n=2

for some k (k <0), B (B > 1) and where

_ (B
Y=a-n
Then, f(z) € KD(k, B, 7).
Proof. Consider
14 Y (n]an] +y|bal) <y (32)
n=2
= 1+ Y nla <y—y Y |bal
n=2 n=2

= 0<y—y)_ |bu
n=2

= 0<y—yy, [ballz""
n=2

= 0<y

14 Y b1 (33)
n=2
We have
1+ 2 (nlan| +y|bn|) <y
n=2
= 14 Y nla <y—y Y |bal
n=2 n=2

o0 o0
= 1+ ) nla| 2" <y -y ) [bull2"
n=2 n=2

(o] (o]
= 1+ 2 nanZn71 < v 1+ 2 an"71
n=2 n=2
1 ©  napz" !
- ‘ tharht oy,

1 + 220:2 bnzn—l

from (33). By (30), it follows that f € KD(k,B,v). O
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