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Preface to “Inequalities in Geometry and
Applications”

Geometric inequalities have fascinated the mathematical world and not only since ancient times,
as this field of research is in fact as old as mathematics itself. Over time, such inequalities have proven
to be an excellent tool in investigating and solving basic problems in pure and applied sciences,
including some that were apparently unrelated to geometric inequalities.

The aim of this book was to present recent developments in the field of geometric inequalities
and their applications. The volume covers a vast range of topics, such as isoperimetric problem,
Erdos-Mordell inequality, Barrow’s inequality, Simpson inequality, Chen inequalities, g-integral
inequalities, complex geometry, contact geometry, statistical manifolds, Riemannian submanifolds,
optimization theory, topology of manifolds, log-concave functions, Obata differential equation,
o-invariants, Einstein spaces, warped products, and solitons. By exposing new concepts, techniques
and ideas, this book will certainly stimulate further research in this field.

Reviewed by leading experts, the chapters in this book were written by scientists from 13
different countries, most of them being outstanding researchers in the field. I am thankful to all the

contributors and also to the journal Mathematics for giving me the opportunity to publish this book.

Gabriel-Eduard Vilcu
Editor
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Abstract: The Maslov form is a closed form for a Lagrangian submanifold of C™, and it is a conformal
form if and only if M satisfies the equality case of a natural inequality between the norm of the
mean curvature and the scalar curvature, and it happens if and only if the second fundamental form
satisfies a certain relation. In a previous paper we presented a natural inequality between the norm
of the mean curvature and the scalar curvature of slant submanifolds of generalized Sasakian space
forms, characterizing the equality case by certain expression of the second fundamental form. In this
paper, first, we present an adapted form for slant submanifolds of a generalized Sasakian space form,
similar to the Maslov form, that is always closed. And, in the equality case, we studied under which
circumstances the given closed form is also conformal.

Keywords: slant submanifolds; generalized Sasakian space forms; closed form; conformal form;
Maslov form

1. Introduction

It was proven by V. Borrelli, B.-Y. Chen and J. M. Morvan [1], and independently by A. Ros and F.
Urbano [2], that if M is a Lagrangian submanifold, with dim(M) = m, of C", with mean curvature
2(m+2)
m2(m—1)
totally geodesic or a (piece of a) Whitney sphere. Moreover, they proved that M satisfies the equality

case at every point if and only if its second fundamental form ¢ is given by

vector H and scalar curvature 7, then ||H||> > 7, with equality if and only if M is either

o(X,Y) = T (X, Y)H + g(X, H)JY + (Y, H)]X), M)

for any tangent vector fields X and Y. Thus, they found a simple relationship between one of the main
intrinsic invariants, T, and the main extrinsic invariant H.

It was also proven in [2], that the Maslov form, which is a closed form for a Lagrangian
submanifold of C", is a conformal form if and only if M satisfies (1).

Later, D. E. Blair and A. Carriazo [3] established an analogue inequality for anti-invariant
submanifolds in R2"*+! with its standard Sasakian structure and characterized the equality case with a
specific expression of the second fundamental form, similar to Equation (1). In a previous paper [4],
we studied the corresponding inequality for slant submanifolds of generalized Sasakian space forms;
we also characterized the equality case with an specific expression of the second fundamental form;
and finally, we presented some examples satisfying the equality case.

Mathematics 2019, 7, 1238; d0i:10.3390/math7121238 1 www.mdpi.com/journal /mathematics
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Both B.-Y. Chen, [5] and A. Carriazo, [6], have studied the existence of closed forms for slant
submanifolds in different environments. The existence of closed forms is particularly interesting, as
they provide conditions about submanifolds admitting an immersion in a certain environment.

The purpose of this paper was to obtain some results similar to those of [2] for slant submanifolds
of a generalized Sasakian space form. After a section with the main preliminaries, we show that
for a slant submanifold of a generalized Sasakian manifold, the Maslov form is not always closed.
Therefore, in the following section, we present a form that is always closed for a slant submanifold,
so it really plays the role of the Maslov form in the cited papers. Later, if the submanifold satisfies the
equality case in the corresponding inequality, that is, if the second fundamental form takes a particular
expression [4], we study if the vector field associated with the given form is a conformal vector field.

2. Preliminaries

Given a Riemannian manifold (M, g), a tangent vector field X on M is called closed if its dual
1-form is closed. That is equivalent to

g(Y,VzX) =g(Z,VyX), @

for all Y and Z on M, where V is the Levi-Civita connection.
Moreover, X is called conformal if Lxg = pg, for p a function on M, where L is the Lie derivative.
A closed vector field X is conformal in and only if

VyX = fY, ®3)

for any tangent vector field Y on M and for certain function f on M.

In such a case, considering an orthonormal basis {ey,...,e,} on ]\71, it holds that ?eiX = fe;,
fori=1,...,m.

Now, we will recall some notions about almost-contact Riemannian geometry. For more details
about this subject, we recommend the book [7].

An odd-dimensional Riemannian manifold (M, g) is said to be an almost contact metric manifold if
there exists on M, a (1,1) tensor field ¢, a unit vector field ¢ (called the structure or Reeb vector field) and
a 1-form 7, such that

@) =1 ¢*(X)=-X+n(X)&
and
8(PpX,pY) = g(X,Y) = n(X)n(Y),

for any vector fields X and Y on M. In particular, in an almost contact metric manifold we also have

pi=0, no¢p=0 and 5(X)=g(X7).

Such a manifold is said to be a contact metric manifold if dy = ®, where ®(X,Y) = ¢(X,¢Y) is
called the fundamental 2-form of M. The almost contact metric structure of M is said to be normal if
(¢, ¢](X,Y) = —2dy(X,Y)¢, for any X and Y. A normal contact metric manifold is called a Sasakian
manifold. It can be proven that an almost contact metric manifold is Sasakian if an only if

(Vxp)Y = g(X,Y)E —y(V)X,

for any X and Y on M.
In [8], J.A. Oubina introduced the notion of a trans-Sasakian manifold. An almost contact metric
manifold M is a trans-Sasakian manifold if there exists two functions « and p on M such that

(Vx9)Y = a(g(X,Y) —5(Y)X) +B(g(¢X, Y)E — n(Y)9X), ©
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for any X and Y on M. If B = 0, M is said to be an a-Sasakian manifold. Sasakian manifolds appear
as examples of a-Sasakian manifolds, with & = 1. If &« = 0, M is said to be a B-Kenmotsu manifold.
Kenmotsu manifolds are particular examples with § = 1. If both & and B vanish, then M is a
cosymplectic manifold. In particular, from (4) it is easy to see that the following equation holds for a
trans-Sasakian manifold:

Vxé = —apX + (X — n(X)§). ©)

It was proven by J.C. Marrero that, for dimensions greater or equal than 5, the only existing
trans-Sasakian manifolds are a-Sasakian and B-Kenmotsu ones [9].

In [10], P. Alegre, D.E. Blair and A. Carriazo introduced the notion of a generalized Sasakian space
form as an almost contact metric manifold (M, ¢, &, 7, g) whose curvature tensor is given by

RX,Y)Z = fi{g(Y,2)X - g(X,Z2)Y}
+{8(X, ¢Z)pY — (Y, pZ)pX +28(X, Y )pZ} (6)
+f {n(Xn(2)Y —n(V)n(Z2)X + (X, Z)n(Y)E — g(Y, Z)n(X)¢},

where f1, fo and f3 are differential functions on M. These manifolds are denoted by
M(f1, f», f3); generalize the notion of Sasakian space form, M(c), whose curvature tensor satisfies
the expression (6), with
f1:61_3, f2:f3:641,

where c is the constant ¢-sectional curvature.

Now we recall some general definitions and facts about submanifolds. Let M be a submanifold
isometrically immersed in a Riemannian manifold (M,g). We denote by V the induced Levi-Civita
connection on M. Thus, the Gauss and Weingarten formulas are respectively given by

%Xy VXY+(7(X,Y)/
ﬁxV = —AyX+DyxV,

for vector fields X and Y tangent to M and a vector field V normal to M, where ¢ denotes the
second fundamental form, Ay the shape operator in the direction of V and D the normal connection.
The second fundamental form and the shape operator are related by

g(AvX,Y) = g(e(X,Y), V). ?)

M is called a totally geodesic submanifold if o vanishes identically.
We denote by R and ﬁ, the curvature tensors of M and 1\71, respectively. They are related by Gauss
and Codazzi’s equations

R(X,Y;Z,W) =R(X,Y;Z,W)

8
+ 5(0(X,2),0(¥, W) — g(0(X, W), (Y, Z)), ®

(R(X,Y)Z)" = (Vxo)(Y,Z) = (Vyo)(X,2), ©)
where (R(X,Y)Z)* denotes the normal component of R(X, Y)Z and
(Vxa)(Y,Z) = Dx(c(Y,2)) —a(VxY,Z) —o(Y,VxZ),

is the derivative of Van der Waerden-Bortolotti.
On the other hand, the mean curvature vector H is defined by

H = (1/dimM) trace o, (10)
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and M is said to be minimal if H vanishes identically.
The scalar curvature T of M at p € M is defined by

T= Y K(eej), 1)
1<i<j<dimM

where K(e;, e j) denotes the sectional curvature of M associated with the plane section spanned by e;
and ¢;, for any tangent vector fields ¢; and ¢; in a local orthonormal frame of M.
For a submanifold of an almost contact manifold, we denote

¢X =TX+NX and ¢V =tV +nV

the tangent and normal part of $X and ¢V for any X tangent vector field and V normal vector field.
If the ambient space is trans-Sasakian, taking the tangent and normal part at (4) we obtain:

(VXT)Y — to(X,Y) = Any X =a(g(X,Y)& — (Y)X)

(12)

+BE(TX, Y)E = n(Y)TX),
(VxN)Y+0o(X, TY) —no(X,Y) = —pn(Y)NX, (13)
(Vxt)V — A,v X+ TAyX = Bg(NX, V)¢, (14)
(Vxn)V+o(X,tV)+ NAyX = 0. (15)

And from (5):

Vx¢ = —aTX + B(X —1(X)E), (16)
0(X,¢) = —aNX. 17)

Now, we recall the definition of slant submanifolds. These submanifolds were defined by B.-Y.
Chen in [5] on almost Hermitian geometry. Later, A. Lotta defined slant submanifolds on the almost
contact metric setting in [11]: given a submanifold M tangent to ¢, for each nonzero vector X tangent
to M at p, such that X is not proportional to ¢, we denote by 6(X) as the angle between ¢X and T, M.
Then, M is said to be slant if the angle 6(X) is a constant, which is independent of the choice of p € M
and X € TyM— < §p >. The angle 6 of a slant immersion is called the slant angle of the immersion.
Invariant and anti-invariant immersions are slant immersions with slant angles § = 0 and 6 = 77/2,
respectively. A slant immersion, which is neither invariant nor anti-invariant, is called a proper slant
immersion. Slant submanifolds of Sasakian manifolds were studied by J.L. Cabrerizo, A. Carriazo,
L.M. Fernandez and M. Fernandez in [12,13].

From now on, we denote by m +1 = 2n + 1 the dimension of M and 2m + 1 = 4n + 1 the
dimension of M. We assume m > 2. Then, for a slant submanifold holds:

T2X = cos? (- X + (X)E), (18)
INX = sin? (—X + 1(X){), (19)
NTX 4+ nNX =0, (20)

and because of the dimensions,
1V = —cos?0V, NtV = —sin?0V and TtV +tnV =0,

for any X, Y tangent vector fields and V normal vector field.



Mathematics 2019, 7, 1238

Given a proper slant submanifold M?"*!, with slant angle §, immersed in an almost contact
manifold M*'*1 we considered an adapted slant reference, [6]; it was built as follows. Given e; a unit
tangent vector field, orthogonal to ¢, we took:

ey = (sech)Te;, e = (csc@)Ney, ex = (cscH)Nes.

For k > 1, then proceeding by induction, for each I = 1,...,n — 1, we chose a unit tangent vector
field ey; 1 of M, such as ey 1, which is orthogonal to ey, ey, . .., €31, €3;, ¢ and took:

e = (secO)Tezr1, €1y = (cscO)Neay1, eriz). = (cscO)Neypo.
In this way
{ell“'/en’I/érel*I“-/em*} (21)

is an orthonormal reference such that ey, ..., e, belong to the contact distribution, D and ey, ..., emx
are normal to M. Moreover, it can be directly computed that:

Tezj—1 = (cosf)ey;, Teyj = —(cosB)eyj1, ji=1....k
Ne; = (sinf)ej,, te;, = —(sinf)e;, i=1,...,m
nepi_1y, = —(cosO)enj,, nepj, = (cosb)epi1y,., j=1,....k

Finally, a slant submanifold of an (a,) trans-Sasakian generalized Sasakian space form
M2+l (f1, f2, f3), is called #-slant submanifold, [4], if its second fundamental form ¢ is given by the
following expression:

oY) = 2 (X y) —n(X)n(n) H
+ (S;Zeg(@(,H) —aZﬁ;ﬂX)) NY 22)

1 m+2
+ Y,H) —« Y))NX ;.
(Gg(ov 1) -2y ) Nx}
They are specially interesting because it was proven in [4] that this expression of the second
fundamental form characterizes the equality case of the following inequality involving the squared
mean curvature |H||?> and the scalar curvature T:

Vv

(m+1)%|H|? - 22 J_“ ir > 7m£1m_+12) ((m+1)f; +3f2c0820 — 2fs — 2usin®0).  (23)

3. The Maslov Form

For any submanifold of any almost contact manifold, we consider the Maslov form wy; as the
dual form of ¢ H; that is

(UH(X) = g(X’ ()DH)r

for any X tangent vector field in the submanifold. We can also define a canonical 1-form on M by
m "
©=) «,
1=1

where w! are the connection forms given by Cartan’s structure equations.
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We can relate these two forms for certain slant submanifolds. In [12], proper slant submanifolds
such as for any tangent vector fields X and Y were studied with:

(VxT)Y = cos®0(g(X, Y)& — (Y)X). (24)

They were called slant Sasakian submanifolds in [6]; however, we can point that they are a-Sasakian
manifolds with the induced structure ¢ = secOT. That aims us to defined slant trans-Sasakian
submanifolds as those verifying:

(Vx@)Y =a(g(X,Y)s —n(YV)X) + B(8($X, Y)E — n(Y)$X). (25)

For a slant trans-Sasakian submanifold of a trans-Sasakian manifold the relation between the
structure functions is given by

seclx =a and pB=p. (26)
From (25) and (12) it is deduced that

AnyX = AnxY +asin? 0((Y)X — (X)Y), (27)
for any X, Y tangent vector fields.

Then, for such a submanifold, the relation between ® and the Maslov form is given in the
following theorem.

Theorem 1. Let M"*! be a slant trans-Sasakian submanifold of a generalized Sasakian space form
M2"H1(f1, fo, f3) endowed with an («, B) trans-Sasakian structure. Then:

7sin9
m-+1

Wy = (® + masin 0y). (28)
Proof. Considering an adapted slant basis, it holds

wH(ei) = g(ef/¢H) = _g(Nef/H) = —sinGg(e,-»«,H), (29)

fori =1,...,m. Moreover,

2n 2n .
0= ZZO’/i W'+ 2(71’(:;7. (30)
I=1i=1 1=1
But,
Ullg =g(o(e;, &), e1+) = —cscHg(Ney, Nej) = —sin#, (31)
and

O'ZI; =g(o(ey, ei),e+) = cscOg(o(ey,e;), Ney)
=cscOg(Ane e e1) = cscOg(Aneer er) (32)
=g(c(er er),e0) = oy,
where we have used (27); that is, M is a slant trans-Sasakian submanifold.

And therefore, from (30)—(32),

© +masinby =Y 2n(troe’ ',
i=1
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Aso(E,¢) =0:
1 m
H= TH];U(EJ‘,E]‘). (33)
Now, from (29) and (33), it holds that
sing 2 . sin 0 .
anle) =~ L10f =~ 5@+ masinon) (),

fori =1,...,m. Finally, as wy (&) = g(tH,¢) = 0, the proof is finished. [

Following the same steps that [5] did for slant submanifolds of an almost Hermitian manifold or
[6] for an almost contact manifold, and after a long computation, the differentials of § and 7 can be
proven. The proof is straightforward so we have omitted it.

Lemma 1. Let M"*, a proper slant submanifold of a generalized Sasakian space, form M2+ endowed with
an (w, B) trans-Sasakian structure, with M tangent to ¢ and m > 2. Then, the 1-forms © and 1 satisfy:

k . .k e Ax
dO® = —2sinf cos8(a® + fo(m +1)) <Z WwI TN W — Zw(ijl) Aw® >

j=1 j=1
+(—2sin20(a? + fo(m +1))+a> + fo — f1 — B?) (34)
k k
(Z T DRCT N S w(m‘)*) ,
j=1 j=1

and
koo . koo o
dy =—2xcosf ) w¥ T Aw? —2asing ) w¥ A D —

=1 =1
] ] (35)

ko k L i
—2usin 6 Z w¥ A w®" 420 c0s0 Z W@V A @),
=1 =1

where 0 is the slant angle of M.

As we are considering a trans-Sasakian manifold with a dimension greater or equal than 5,
from [9], it must be an x-Sasakian or a f-Kenmotsu manifold. So we distinguish both two cases in the
following theorems.

Theorem 2. Let M"*1 be a proper slant trans-Sasakian submanifold of a connected generalized Sasakian space
form M2"Y(fy, fa, f3) endowed with an «-Sasakian structure. Then, the Maslov form is closed if and only if
fi = 0. Insucha case, it holds f, = f3 = —a?.

Proof. As M2"+1is x-Sasakian, from Proposition 4.1 of [14], a is constant. From (28),

sin 6
m-+1

dwpy = — (dO® + ma sin Odn).

Then, from (34) and (35), it is deduced that dwy = 0 if and only if it holds a®+ fr=0and f; = 0.
Moreover, Theorem 4.2 of [14] establishes that both conditions are equivalent, as f; — o? = fr=fz O

Remark 1. If the ambient space is a Sasakian space form M2"+1(c), the Maslov form is closed if and only if
¢ = —3, as it was proved in [6].
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Theorem 3. Let M1 be a proper slant trans-Sasakian submanifold of a generalized Sasakian space form
M"Y, o, f3) endowed with a B-Kenmotsu structure. Then, the Maslov form is closed if and only if

fi=-p and  f, =0.
In such a case, it holds f3 = ¢(B).

Proof. Again from (28), (34) and (35), dwy = 0if and only if f, = Oand f; + ﬁz = 0. The last condition
is obtained from Proposition 4.3 in [14], where it was proven that f; — f3 + &(8) + 82 =0. O

Remark 2. We note that on the opposite that for Lagrangian submanifold of C", [2], or totally real submanifolds
of R¥"+1, [3], the Maslov is not always closed. That aims us to look for an adapted form that is closed in
more cases.

4. An Adapted Closed Form

As the Maslov form is not always closed for slant submanifolds it is necessary to find a new form
related with this Maslov form but including the special slant character of the submanifold.

Both the Maslov form and @ can be considered forms at M or M. As both 5 and © vanish at
TM™, it is the same defining them on M or M; however, it is not the same considering dy or di] s and
dO or d@] . Although both B.-Y. Chen and A. Carriazo, [5] and [6], studied conditions for dwp and
d® vanishing at the manifold; their real interest was finding a closed form at the submanifold, not at
the manifold.

Therefore, we consider the restrictions of ® and # at the submanifold. From (34) and (35) it
is deduced:

m . .
dnm = —20cosf Y w¥ A w¥ (36)
=1
and "
d0] = —2sinfcos8(a® + fo(m+1)) Y w¥ ' Aw?. (37)
=1

So we find that, for obtaining a closed form, the relation between © and 7 is not the given by the
Maslov form at (28).

Again, we particularize to a-Sasakian or a f-Kenmotsu manifolds. Firstly, we consider an
a-Sasakian manifold. It was proven in [14], that if « # 0 and M (f1, f2, f3) is connected, then « is
constant, and the functions are constant and related by f; — o= f2 = f3. We can write:

_ c+3a? c—a?

f T fo=fa= 1

From now on, we suppose M is connected.

Lemma 2. Let M™*! be a slant submanifold of an wa-Sasakian generalized Sasakian space form

_ 2
M?"Y(f1, o, f3), with & # 0. Then, the form ® — sin G%Mq is closed at M.

Proof. It is directly deduced from (36) and (37) that ad® — sin 8(a® + f(m +1))dy = 0, and as « is
constant, the result is proven. [

Moreover, the field associated to the closed form is

ML ine <m+%> g, 38)

sin 6
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so we already have the following theorem.

Theorem 4. Let M™*' be a slant submanifold of an a-Sasakian generalized Sasakian space form

_ s 22 2
NRMHL(f £y, ), with « # 0. Then, the field tH + Zﬁi meta *af 20141 & ¢ closed.

Corollary 1. Let M"*1 a slant submanifold of a Sasakian space form M2"+1(c); the field tH + sin? 9%6
is closed.

Note that this result improves the one obtained by A. Carriazo in [6] giving a closed form for a
slant submanifold of any Sasakian space form.

Corollary 2. Let M?"*+! be a compact and simply connected manifold. Then, M can not be immersed in a
generalized Sasakian space form, MéEm+1 (o, —a?, —az), endowed with an a-Sasakian structure, & # 0, like a
slant submanifold.

Proof. If M™*1 is a slant submanifold of 1\714”’*1(0, —a?, 7062), with an a-Sasakian structure.
By Theorem 4 the vector field

sin? 0 ma +a® + fr(m+1)

tH +
m+1 o

$#0,

is closed, and the corresponding form is also closed. Therefore it represents a cohomology class in
H'(M;R). But, as M is compact, it can not be an exact form. So H!(M; R) is a nontrivial cohomology
class and M could not be simply connected what is a contradiction. [

sin 6

Q.
m+1

On the other hand, for a f-Kenmotsu manifold dy = 0 and from Theorem 1, wy = —

The following lemma studies when it is a closed form.

Lemma 3. Let M™ 1 be a proper slant submanifold of a B-Kenmotsu generalized Sasakian space form M2 +1,
with M tangent to ¢ and m > 2. Then, the Maslov form at M is closed if and only if f, = 0.

in6
Proof. For a f-Kenmotsu manifold wy = — :111 1 ©. And writing (37) fora = 0,
m . X
dO]y = —2sinbcosbfy(m+1) szf_l Aw. (39)
j=1

Therefore, the Maslov form is closed in M if and only f, = 0. O

Note, that in such a case fi — f3 + &(B) -+ B2 = 0 ([14], Proposition 4.3). Moreover, we observe that,
on the opposite that for a-Sasakian manifolds, we cannot find a closed form for a slant submanifold of
any generalized Sasakian space form with a f-Kenmotsu structure.

However, for f, = 0, we have obtained a closed vector field as follows.

Theorem 5. Let M"*! be a slant submanifold of an B-Kenmotsu generalized Sasakian space form
M2"1(f1,0, f3). Then, the field tH + sin? —~

] ¢ is closed.

Again, we can present a topological obstruction for slant immersions:
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Corollary 3. Let M?"*! be a compact and simply connected manifold. Then, M cannot be immersed in
a generalized Sasakian space form, M*"1(f1,0, f3), endowed with an B-Kenmotsu structure, as a slant
submanifold.

From now on, we will write tH + a¢ and tH + b¢, with

g SntOmat 4 fp(mt1) b=sin?6——,
m+1 & mtd

for the correspondent closed vector fields.

5. About Conformal Forms for a-Sasakian Space Forms

As we said in the Introduction, for those Lagrangian submanifolds of C" verifying the equality
case, the Maslov form, that is closed, is also conformal. Now we study if the closed form presented in
the previous section is conformal for those slant submanifolds verifying the equality case at (23).

We are considering a connected manifold, so «, f1, f, and f3 are constant functions.

We want to compute Vx(tH + ag), for any X tangent vector field. It is a long computation.
Firstly, we compute VN for later use. Using the expression of the second fundamental form of a *-slant
submanifold, (22), and (20) in (13):

m+1

(VxNY =2

(8(X,Y) = y(X)n(Y))nH — g(X, TY)H

1 m+2
2 X,H) — ——n(X Y
(G0 1)~ 222y) )

(40)
1 m+2
Y,H) — —n(Y X
+ (sinzeg(('b ’ m+1’7( )) nN
— TY,H)NX ;.
sin29g(¢ ) }

Lemma 4. Let M be *-slant submanifold of an generalized Sasakian space form M(fy, fo, f3) endowed with an
«-Sasakian structure. For every X tangent vector field belonging to the contact distribution it holds:

1 m+1,
sin297m+2g (H,NX) a>TX

Vx(tH +al) = — ¢(DxH,NX)X + (

_ 3 m+1
sin2 @ m+ 2

1 m+1
sin20m+2g

g(H,NX)tnH (41)

(H,nNX)tH + g(H,nNX)Z.

Proof. Firstly, from Codazzi’s equation we will compute DxH, and after, Vx(tH + af).
Writing Codazzi’s equation, (9), for a generalized Sasakian space form, for any unit orthogonal
X, Y tangent vector fields in the contact distribution, using (3) (6), R(X,Y)Y)" gives:

2 (X, TY)NY = DxH +37 2oy, Tx)NY

m+
+ - 22 {g((VxN)Y,H)NY + g(NY,DxH)NY + g(NY,H)(VxN)Y}
sin” 6 (42)

o {—g((TyN)X, HINY = g((VyN)Y, HINX — g(NX, H)(VyN)Y

m

m

—g(NX,DyH)NY — g(NY, DyH)NX — g(NY, H)(VyN)X}.

10
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Then, using (40), we obtain:

3m+2
m-+1
1
sin? 0
1 m+1
sin2@ m+2

(f+1)g(X, TY)NY = DxH

+ {2¢(NY, DxH)NY — ¢(NX,DyH)NY — g(NY, DyH)NX}

(43)

¢(NY, H)g(nNY, H)NX — 3¢(NY, H)g(X, TY)H

2
—¢(NX,H)nH —
{ &l ” sin? 6

<—3g(X, TY)|H|> + g(NX, H)g(nNY,H) — g(NY,H)g(nNX,H)) NY},

sin? 0 sin? 0

At this point, we use that, taking into account Corollary 1, tH + a¢ is a closed vector field.
8(Vx(tH +ag),Y) = g(Vy(tH +ag), X).

Then, using (16)
g(VxtH,Y) = g(VytH, X) — 2ag(TY, X),

and therefore, (14) gives

g(NX,DyH) = —g(X,tDyH) = —g(X,VytH — AygY + TAgY)

— ¢(NY, DxH) 4 2ag(TX,Y) — g(o(TY, X), H) + g(o(Y, TX), H). “

Now, using (22) carries to

+1
¢(NX,DyH) =¢(NY, DxH) + 2ag(TX,Y) + %Zg()f, TX)||H|?

m+1 2
m+2sin? 0

(45)

(g(NY,H)g(NTX, H) — g(NX, H)g(NTY, H)).

So (43) gives

2
3&

12 DX TY)NY = DxH +

75 {8(NY, DxH)NY — g(NY, Dy H)NX}

1 m+1 "+ 2 s
sin26 mTz{( 20, —58(TX,Y) +g(Y, TX) | H| +

2 gSNX H)g(nNY, H)) NY  (46)

—g(NX,H)nH —

— eg(NY, H)g(nNY,H)NX +3g(NY, H)g(Y, TX)H} .
sin
Now, for dimensions over or equal than 5, we can consider X orthogonal to Y and TY. Multiplying

by NX,

0 = g(DxH,NX) — g(NY, DyH)

1 m+1 (47)
Sl gm{fg(NX, H)g(nNX,H) —2g(NY,H)g(nNY,H)}.

Interchanging X and Y at (47), and adding it to the previous equation:
3(NX,H)g(nNX,H) = —g(NY,H)g(nNY, H). (48)
For TY, that is also orthogonal to X, TX,

¢(NX,H)g(nNX,H) = —g(NTY, H)g(nNTY, H) = cos? 8g(NY, H)g(nNY, H). (49)

11
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From (48) and (51), we get ¢(NX, H)g(nNX, H) = 0 for every X unit vector field in the contact
distribution. Moreover, developing 0 = ¢(N(X +Y), H)g(nN(X + Y), H), we obtain

g(NX,H)g(nNY,H) = —g(NY,H)g(nNX, H). (50)

Also, at (47), we get
¢(DxH,NX) = g(NY, DyH), (51)

so ¢(DxH, NX) is independent of X unit vector field in the contact distribution.
Now, multiplying (46) by NY,

3 _mEloNX, H)g(nNY, H). (52)

0 = 2¢(DxH, NY) +
8(Dx )t aZom2

But (44) for any X, a unitary vector field orthogonal to Y, TY, in the contact distribution it states:
g(NX,DyH) —g(o(TX,Y),H) = g(NY,DxH) — g(¢(TY, X), H). (53)
Using (52) and (22) at (53)

-7 m+1 -7 m—+1
L T T o(NX,H)g(nNY,H) = — - "~ ¢(NY, H)g(nNX, H), 54
ZSin20m+2g( )8 ( ) 251n29m+2g( )8( ) (54)

where X, Y can be interchanged. Comparing (50) with (54) it is proven that
g(NX,H)g(nNY,H) =0, (55)

and consequently, by (52),
g(DxH,NY) =0, (56)

for each X orthogonal to Y and TY at the contact distribution.
It only rests on us to compute ¢(DxH, NTX) in order to know DxH. Multiplying (46) by NTX

we obtain:
cos2@m+1

DxH,NTX) = ——¢(H,NX)2. 57
§(Dx )= e m 28 ) (57)
Therefore, taking an orthogonal basis {¢}, ..., e} at T*M,
DxH = Zg(DXH, ej)e; = o5
1 1 m+1 5
= DxH,NX)NX — ——g(H,NX)*NTX,
sin? g8 DX NXINX = a8 (V)

for any X unit tangent field orthogonal to ¢.
Finally, for any X at the contact distribution, and any Z tangent vector field,
8(Vx(tH +ag), Z) = g(VxtH, Z) — ag(TX, Z)
=g(tVxH+ AyuX — TApX,Z) —ag(TX, Z)
= —g(DxH,NZ)+g¢(nH,h(X,2)) + g(H,h(X,TZ)) —ag(TX,Z)

1 m+1
sint@m+2

=-8 (g(DxH, NX)NX — g(H,NX)?NTX, NZ>

m—+1 1 1 m+2
+m (Sinzog(NX,H)g(NZ,nH) + (SmZGg(NZ,H) — mry(Y)) g(NX,nH))

12
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¢(NX,H)g(NTZ, H) +

m+1 1
m+2

< 7g8(NTZ H)3(NX, H))

—ag(TX, 2), (59)

sin? 0

where we used (22). This last equation, using (19), direct gives the desired expression of VxtH +
—~ cos? ¢. O

The quid point of the above proof is to deduce, from Codazzi’s equation and the expression of the
second fundamental form, that ¢(DxH, NX) is independent of X and also that g(DxH, NY) = 0 for Y
orthogonal to X, TX. This is the same sketch than A. Ros and F. Urbano did in [2].

Now, we repeat the same steps in order to obtain V¢ (tH + ag).

Lemma 5. Let M be *slant submanifold of a Sasakian space form M(c); it holds:
Ve(tH +ag) = —TtH. (60)
Proof. Using that, from Corollary 1, tH + a¢ is a closed vector field,
8(Ve(tH +ag),Y) = g(Vy(tH +ag), ¢),
so using (16),
2(VetH, X) = g(VxtH, &) = —g(tH, V&) = g(tH, TX) = —g(TtH, X),
for any X tangent vector field, which finishes the proof. [

Theorem 6. Let M be *-slant submanifold of a generalized Sasakian space form M(f1, f, f3), endowed with
an a-Sasakian structure. Then, for every X tangent vector field it holds:

Vx(tH +ag) = (=g(DxH, NX) +1(X)g(H,nNX)) (X = (X)S)

1 m+1 5
(Sinzemg(H, NX) a> TX
-3 m+1
(sinz o mg(H, NX) + 17(X)> tnH
1 m+1
Sinzemg(H,nNX)tH +g(H,nNX)g¢.

Proof. Itis a direct consequence of Lemmas 4 and 5. [

So, in general, for a *-slant submanifold of a generalized Sasakian space form, the closed form is
not conformal. However, for the corresponding vector field, the covariant derivative with respect to X
is in the direction of X, TX, fnH and ¢.

6. About Conformal Forms for f-Kenmotsu Space Forms

At Section 4 we obtained that, for a f-Kenmotsu generalized Sasakian space form M (f1,0, f3),
the vector field tH + sin? GmLHC = tH + b¢ is always closed. So, the associated form plays the role

of the Maslov form for Lagrangian submanifolds of Kaehler manifolds. In this section we study if it is
conformal for a *-slant submanifold.
The study is similar to the one made at Section 5, so we omit the proofs.

13
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Lemma 6. Let M be *slant submanifold of a B-Kenmotsu generalized Sasakian space form M(f1,0, f3).
Then, for every X tangent vector field belonging to the contact distribution it holds:

—_(_ 29 M
VX(tH+b§)7< g(DxH,NX) + Bsin 9m+1>X
m+l< 1

m+2 \sin20
3 m+1

B sin29m
1 m+1
sin20mg

S(H, N0 - | HI?) TX
(61)

g(H,NX)tnH

(H,nNX)tH + Bg(NX, H)E.

Again, the quid point of the proof is to deduce, from Codazzi’s equation and the expression of
the second fundamental form, that ¢(DxH, NX) is independent of X and that g(DxH, NY) = 0 for X
orthogonal to Y.

Now, we repeat the same steps in order to obtain Vg (tH + b{).

Lemma 7. Let M be *slant submanifold of a p-Kenmotsu space form M(fy,0, f3); it holds:
VetH = —ptH. (62)
Finally, we get:

Theorem 7. Let M be *-slant submanifold of a B Kenmotsu space form M(f1,0, f3). Then, for every X tangent
vector field it holds:

Vx(tH+hC) =
. m
= (*X(DXH,NX)+/317(X)g(H,an)+5smz 9m> (X = 1(X)2)
m+1 1 5 2) 3 ma1
w12 \gnz g8 NX)T = [H| JTX — —_¢(H,NX)tnH
2 <Sin2"g( S sinZg m 1 28 HNX)tn
1 m+1
2 g m a8 HmNX)HH — y(X)tH + Bg(NX, H)E.

Proof. Itis a direct consequence from Lemmas 6 and 7. [

Again, for a *-slant submanifold of a f-Kenmotsu generalized Sasakian space form, the closed
form is not conformal. However, for the corresponding vector field, the covariant derivative with
respect to X is in the direction of X, TX, tH, tnH and .
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Abstract: In this paper, we give an estimate of the first eigenvalue of the Laplace operator on
minimally immersed Legendrian submanifold N” in Sasakian space forms N2'*1(¢). We prove that a
minimal Legendrian submanifolds in a Sasakian space form is isometric to a standard sphere S" if the
Ricci curvature satisfies an extrinsic condition which includes a gradient of a function, the constant
holomorphic sectional curvature of the ambient space and a dimension of N". We also obtain a
Simons-type inequality for the same ambient space forms N2'+1(e).
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1. Introduction and Motivations

In 1959, Yano and Nagano [1] proved that if a complete Einstein space of dimension strictly greater
than 2 admits a 1-parameter group of non-homothetic conformal transformations, then it is isometric
to a sphere. Later, Obata [2] gave a simplified proof of the result of Yano and Nagano by analyzing a
differential equation, nowadays known as Obata equation. Recall that a complete manifold (N", g)
admits a non-constant function ¢ satisfying the Obata differential equation

Hess(y) + g =0, 1)

if and only if (N",g) is isometric to the standard sphere S". Such characterizations of complete
spaces are of great interest and they were investigated by many geometers (see [3-12]). For example,
Tashiro [13] has shown that the Euclidean spaces R" are characterized by a differential equation
V2 = cg, where c is a positive constant. Utilizing Obata Equation (1), Barros et al. [14] have shown
that a compact gradient almost Ricci soliton (N", g, Vi, A) with the Codazzi Ricci tensor and constant
sectional curvature is isometric to the Euclidean sphere, and then ¢ is a height function in this case.
For more terminologies related to the Obata equation, see [8]. In [15], Lichnerowicz proved that, if
the first non-zero eigenvalue y; of the Laplacian on a compact manifold (M", g) with Ric > n —1,is
not less than n, while y; = n, then (M", g) is isometric to the sphere S". This means that the Obata’s
rigidity theorem could be used to analyze the equality case of Lichnerowicz’s eigenvalue estimates

Mathematics 2020, 8, 150; d0i:10.3390/math8020150 17 www.mdpi.com/journal /mathematics
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in [15]. In the sequel, inspired by ideas developed in [16-18], we derive some rigidity theorems in the
present paper.

On the other hand, by considering N" as a compact submanifold immersed in Euclidean space
R"*P or the standard Euclidean sphere S"*7, Jiancheng Zhang [17] derived the Simons-type [18]
inequalities of the first eigenvalue 1 and the squared norm of the second fundamental form S without
need of minimallty. In addition, a lower bound of S can be provided if it is constant. Similar results
can be found in [14,16]. As a generalization in the case of an odd-dimensional sphere, a minimally
immersed Legendrian submanifold into a Sasakian space form of constant holomorphic sectional
curvature € should be considered in order to obtain Simon’s-like inequality theorem.

2. Preliminaries and Notations

An odd-dimensional C®-manifold (N, g) is said to be an almost contact metric manifold if it is
equipped with almost contact structure (¢, 77, {) satisfying following properties:

¢ =—1+i@n 1(Q) =1, ¢(@)=0, 1op=0, @
)=8

8PV, ¢V (Vi,Va) =n1(V1)n(Va), & (V1) = g(V1,Q), ®3)

vV, V, € F(TN ), where ¢, { and # are a tensor field of type (1,1), a structure vector field and a dual
1-form, respectively. Moreover, an almost contact metric manifold N2m+1 ig referred to as a Sasakian
manifold if it fulfills the following relation

(V@) Va = g(V1, V2)Z — n(V2) Vi )

It follows that
Vi =—oV, ®)

for any V;, V; € T(TN), where V stands for the Riemannian connection in regard to g. A Sasakian
manifold N2"+1 equipped with constant ¢-sectional curvature e is referred to as Sasakian space form
and denoted by N2"+1(¢). Then, the following formula for the curvature tensor R of N2"*1(¢) can be
expressed as:

€e+3
R(V1, Vo, V3, Vy) = 4{g(V2, V3)g(V1, V) — g(V1, V3)g(Va, V4)}

+€4;1 {77(V1)W(V3)3(V2/ Vi) +1(Va)n(V2)g(Va, V3)

=11 (Va)(V3)g(V1, Va) — 11(V1)g(V2, V3)11(Va)
+8(V2, V3)g(¢V1, Vi) — g(9V1, V3)g (¢ V2, Vi)

+28(V1,9V2)g(¢V3, Vi) } (6)

VYV, Vo, V3,V € T(Tﬁ ). Moreover, R?"*1 and §?"*1 with standard Sasakian structures can be given
as typical examples of Sasakian space forms. An n-dimensional Riemannian submanifold N" of
N2"+1(¢) is referred to as totally real if the standard almost contact structure ¢ of N2"*+1(¢) maps
any tangent space of N" into its corresponding normal space (see [4,19-21]). Now, let N" be an
isometric immersed submanifold of dimension 7 in N2"*1(¢). Then N” is referred to as a Legendrian
submanifold if { is a normal vector field on N", i.e.,, N" is a C- totally real submanifold, and m =
n [22]. Legendrian submanifolds play a substantial role in contact geometry. From Riemannian
geometric perspective, studying Legendrian submanifolds of Sasakian manifolds was initiated in
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1970’s. Many geometers have drawn significant attention to minimal Legendrian submanifolds in
particular. In order to proceed let us recall the definition of the curvature tensor R for Legendrian
submanifold in N?"*1(e) which is given by

e+3

R(Va, V2, V3, Vi) = ( ){g(vz, Va)g(Vi, Vi) = (Vi Va)g(Va, v4>}‘ )

Let {e,- - ,en} be an adapted orthogonal frame to N”. Then, the second fundamental from h
associated to N is defined as

h(ei/ 6] 2 37r

where (Tl] (Aqe;,e;) and A, is the shape operator in the direction of ¢,. Hence, the Gauss formula

for Legendrian submanifold N" in N2"*1(e) in the local coordinates has the form
; €+3 L
R;kl = (5,,5]] 51](5],> ( ) Z 0'30']7).
Therefore, we have
58— 8::8 e+3 < Y Y Y
Rjj ( ii%jj — Cij ji) (T) + Zl(”iiajjfaij”ji)' ®)
pon
We should note that ¥ is a C-totally real minimal immersion. Then, (8) yields
. €+3 L
Ric(ej,ej) = (n—1) (T)Jﬁ - ):1(730;. ©)
pon

Now, we recall that Bochner formula [4] as follows: if ¢ : N — R is a function defined on a
Riemannian manifold N”, then we have

7A\V1p|2 |Hess () |* + Rienn (Vy, V) + g(Vp, V(AY)), (10)

where, Ric denotes the Ricci tensor of N" and | A| stands for the norm of an operator A which is given
by |A|? = tr(AA*);A* is the transpose of A.

3. The Main Results

Now, we give a proof of the following essential proposition that we need later to prove our main
Theorems 1 and 2.

Proposition1. LetY : N" — NZ"H(E) be a minimal immersion of a compact Legendrian submanifold into
the Sasakian space form N2"1(e) and o be a first eigenfunction associated to the Laplacian of N". Then if
{e1,- -+, en} is an orthonormal tangent basis on N", we have

{(n—l)(€+3 ],11}/ |vlp\2dv+/ | Hess()[2dV = /Dh Ve 2dv, (1)
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and particularly, we get

/N é (Vi e;) 2V :/N | Hess(y) + %wz\zdv

+{(n1)<613 }/ IV p|2dV, (12)

where I denotes the identity operator on TN, p is an eigenvalue of the eigenfunction ¢ such that A + pqip = 0,
and Hess () is the squared norm of the Hessian of |

Proof. Let I be the identity operator on TN. Then we have
2
Hess(p) — tpI| = |Hess(w)[> — 2tpg(I, Hess(¢)) + |1[*122. (13)
It should be noted that |I|? = trace(1I*) = n, and

g(Hess(), I) = trace(Hess(p)I*) = trace(Hess(y)) = Ay.

Therefore, if A + p19 = 0, we derive it for any ¢ € R. Integrating Equation (13), and using the
above equation and Stokes theorem, we get

/ | ress (i —tzpl‘ av = /\Hess )|2dv+<zt+ )/ |V dv. (14)

Setting t = "1 in (14), we get

2
/N\Hess(lp)\de:/N‘Hess(l/l)-&-%lpl‘ dv+%/N|w|2dv. (15)

On other hand, Equation (9) yields

2n+1 n

Ric(yie, pjej) = (n — 1)(e+3> Sijip; — 721 E HT iy
Tracing the above equation, we obtain
Rie(Vp9y) = (72) 0= DIVYR - L (T (16)
As we consider that AY = —p1¢, combining the integration of Bochner formula with utilizing
Stokes theorem, one arrives
| /N |Hess(y) PV + /N Ricyn (T, V§)dV = pr /N IV p[2dv. 17)

From (16) and (17), we conclude

(2 v s

+<€I3>_/I\]\Vw\z—/l\]\Hess(lp)\de.
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This is the first result (11) of proposition. On the other hand, using (15) in the last equality,

we obtain

{(613)”—”1}/ VyPav = /Dh Vi) PV + (< f)/N\w\zdv

— [ [Fesstw) + Eryr av - 22 [ vypav.

The above formula can written as

(S S R LS O IR

— /N ’HESS(IP) + %zpl 2dV

After some computation, we get

J LTy ePav = [ [Hessty) + Ly av

+{(nn1)((613)”—m>}/wW"zdv'

which completes the proof of the proposition. [

The first result of our study can be given as follows.

Theorem 1. Suppose that ¥ : N" — N2"1(e) is a minimal immersion of a compact Legedrian submanifold
into Sasakian space form N>"*1(e) and 1 is a first eigenfunction of the Laplacian of N" associated to the first

eigenvalue p11. Then, we have

(i) The second fundamental form satisfies the following

e+3

2 a N2 2
[ IHess(p)Pav < [ L [(7p.¢0) av+(S7) [ Ivviav,

(18)

provided that the inequality n(€+3> > 11 holds, where Hess (1) denotes the squared norm of the Hessian

of pand {ey,--- ey} is an orthonormal frame tangent to N". Moreover, the equality holds if and only if

e+3
m= ()
(ii) Furthermore, if the inequality
n
/ |Hess(p) 24V > / Y |h(V,e)2dV
IN INH
holds, then we have lower bound for eigenvalue i, that is,

M1 > (%3) (n—1).

(iii) In particular, if the following inequality

e+3

H1 2 2
;./NIWJIdV> /Z|hV1/Je,|dV

21

(19)

(20)
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holds, then the eigenvalue yy satisfies the following inequality
€+3
p = (T) (n—1).

Proof. We proceed as follows. Let

n<e+3) > .

We point out that (11) of Proposition 1 is non-negative. Therefore, we can write

6+3

- N N ) s
/Ng\h(w,el)\ dV+ / |Vl dV>/ |Hess(y)|%dV.

Furthermore, the equality sign of the above inequality holds if and only if

()

Moreover, the first equation of Proposition 1 can take the form

2 [ v N2
| Hess(g)Pav = [ L K791 Pav

N {m - (T)m—n} [ IyPav. @)

Now, if we consider the following inequality

, , n N
/N|Hess(1/J)| av > /N;Vl(v%lz)\ dav,

then Equation (22) yields that

Finally, we note that

e+3

/\V¢|2dv> / Z\h v, 1) 2dV.

This implies that

2 - 2
/N|Hess(l,b)| dVZ/Nng(VEL’/L)‘ v,

which completes the proof of the theorem. [

Now, we recall the following lemma which would help us to prove the next Theorem.

22



Mathematics 2020, 8, 150

Lemma 1 ([16]). Let T : U — U be a trace-less non-null symmetric linear operator defined over a finite
dimensional vector space U. Let {ey,--- ,en} be an orthonormal frame diagonalizing T, i.e., Te; = wie;.
If dim KerT = q, then we get

(n—q—1)|T?
(n—q)

1

IN

P
Now, we give the second result of the study as follows.
Theorem 2. Let ¥ : N — N?'*1(¢) be a minimal immersion of a compact Legendrian submanifold into a

Sasakian space form N2"*1(€)), uy be the first eigenvalue of the Laplacian of N" and dim Ker (1) = q. Then,
we have

 Sttess(ppay > { =DEEZLWEZINY [ oypay,
€+3

where B = €= and S is the squared norm of the second fundamental form h. Moreover, if S is constant, we get

(n—q)(np—1)
T npn—q=1))(np—m)’

where A + P = 0.

Proof. Let {¢1,- - - ,e,} be an orthogonal referential diagonalizing T, i.e., Te; = k;e; and let 6; be the
angle between Vi and ¢;. Then, we have

h(Vip,e)* = g(TVy,e1)* = g(Vip, Tei)* = kf cos® 6| V.

By virtue of (11) in Proposition 1, we obtain
n
/ (2 K2 cos? 91-) V|24V = / | Hess(¢)[2dV
N\ 5 N
€+3 >
+{( : )(n1);41}/N|V¢| qv.

Utilizing Lemma 1, the above equation gives

n—gq—1 2 ' 2
<ﬁ> ./NSW"" av > /N|Hess(1p)| av

+{(€Z3>(H1)]41}/N|V¢ZdV. (23)

Let us assume the following inequality

4
/N\Hess(tp)|2dV2< M )/N|Vzp|2dv,

e+3

holds. Using this assumption with fixing f = 6%3, then (23) becomes

<n;i;1)/]‘vs‘v¢|2dvz <n2‘32_nﬁ1/:11‘8_nﬁ2+m>/N|V¢|2dv'

23



Mathematics 2020, 8, 150

After some computations, we get

/N S|Hess()[>dV > { (n = q():f;j)l()rrlz‘[;_ 2 } /N [Vy[fav.

This completes the proof. [

The following theorem gives the characterization Theorem as follows.
Theorem 3. Let ¥ : N" — N2't1(¢) be a minimal immersion of a compact Legendrian submanifold into
Sasakian space form N*"+1(e) and i be a first eigenfunction associated to the Laplacian of N"'. Then, we have

(i) If Vi € Ker(h), then ¥ (N™) is isometric to the standard sphere S" with y1 > 0and n = 1.
(ii) If following Ricci inequality holds

Ricn(V, V) = (1= 1) (S 3) vy,

then ¥ (N™) is isometric to a sphere S" with € > =3 and n > 2.

Proof. At first, we provide the state of Obata Theorem [2] as follows: a Riemannian manifold M" is
isometric to a unit sphere S" if and only if it is equipped with a differentiable function i such that
Hess(() = —1p, where Hess(y) is the Hessian form. Now, we assume that V¢ € ker(h), i.e.,

h(le,e,-) = 0, Vei.

Then by using Equation (12), we attain

[ ety o = = 1008)

Using the fact that the right-hand side of the above equation is non-positive leads to

)

Therefore, Hess(y) = —p11, as p1q > 0and n = 1. Now, utilizing Obata Theorem [2], we conclude
that ®(N") is isometric to S” with y1 = n. Thus, we have gotten the first part of Theorem 3. To prove
the second statement of the theorem, let us consider that

Ricxs (Y, Vi) > (6%3) (n—1)|VyP

According to Equation (16), we find that

[ =0 (2 ivyiav > ; WV e)Pav + () m=1) [ [TyPav.

This leads to

i [h(V,e;)[?dV < 0. (24)

i=1
Hence, we conclude that 1(V,e;) = 0, i.e.,, Vi € ker(h). The proof is now complete. [

Tashiro [13] has proved more general results than of Obata and Kanai. The following theorem is
of interest in characterizing the Euclidean space in terms of a certain differential equation. Therefore,
we are able to prove the following result.
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Theorem 4. Let ¥ : N — N2'*(¢) be a minimal immersion of a compact Legendrian submanifold into
Sasakian space form N¥'+1(e). Then N™ is isometric to Eculidean space R if and only if the following equation
is satisfied

/I'V;)il|h(w,e,)|2dv+/A'I %%dV: {yl— (€I3>(n—l)}/NV1p2dV, (25)

where  is a first eigenfunction associated to the Laplacian of N" with first non-zero eigenvalue .
Proof. Let us consider the equation
|Hess(y) + z‘I|2 = |Hess()|* + 2| 1|* + 2tg(Hess(y), I),
which implies that
|Hess(y) + t‘I|2 = |Hess ()| + t2n — 2tAp.
M

Putting t = — £ and integrating the above equation along volume element 4V, we obtain

/N ’Hess(zp) - %I‘zdv = /N (\Hess(z/})\z + %%)dv.

Using (16) and (17), we get

/N‘Hess(tp)lede:/Ni’ilh(Vzp,ei)de{yl(€Z3)(n1)}/NV¢2dV

w2
n / Mgy, 26)
N 71
If (25) is satisfied, then (26) implies that
2
‘HBSS(I/J) - %I =0.
Hence, we get
Hess() (X, X) = %g(X,X), @7)

for any X € I'(N). Therefore, by applying Tashiro Theorem [13], we conclude that N" is isometric
to the Euclidean space R". The converse part can be proved easily from (26) if N" is isometric to
Euclidean space R". [

We provide an interesting application of Theorem 3 in the following corollary by choosing € = 1
(see [19]).
Corollary 1. Let ¥ : N"* — S?"*+1 be a minimal immersion of a compact Legendrian submanifold into the
sphere S and  be a first eigenfunction associated to the Laplacian of N™. Then, we get the following
(i) If Vi € Ker(h), then ¥ (N™) is isometric to standard sphere S".
(i) If Rienn (Vp, V) > (n — 1)|Vp|?, then ¥ (N™) is isometric to the sphere S™.
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Abstract: In the present paper, we prove that if Laplacian for the warping function of complete warped
product submanifold M" = BF x;, F7 in a unit sphere S"* satisfies some extrinsic inequalities
depending on the dimensions of the base B and fiber 7 such that the base B is minimal, then M™
must be diffeomorphic to a unit sphere S”'. Moreover, we give some geometrical classification in
terms of Euler-Lagrange equation and Hamiltonian of the warped function. We also discuss some
related results.

Keywords: warped product; sphere theorem; Laplacian; inequalities; diffeomorphic

1. Introduction and Main Results

We will use the following acronyms throughout the paper: “"WP’ for Warped product, ‘WF’ for
warping function, 'RM’ for Riemannian manifold, and ‘SFF’ for second fundamental form. The idea of
the warped product was initiated by Bishop and O’Neil [1] when they gave an example of complete
Riemannian manifold with negative curvature. If (B, gg) and (F, gr) are two Riemannian manifolds
(RMs), and # is a positive differentiable function defined on the base manifold B, then we define the
metric g = 71*gp + h20* gr on the product manifold B x I, where 7 and ¢ are the projection maps on
B and F, respectively. Under such stipulations, the product manifold is referred to as warped product
(WP) of B and I, and written as Ml = B x, F. Here, / is referred to as warping function (WF).

We observe that M is a Riemannian product, or trivial warped product, when / is constant.
Notice that there has been a great interest in the study of warped products over the recent years.
For example, S. Nolker [2] derived the decompositions of the standard spaces of an isometric immersion
of warped products and D.K. Kim and Y.H. Kim in [3] proved that if the scalar is non-constant then
there is no non-trivial compact Einstein warped product. Recently, an interesting fundamental result
proved by Djaczer in [4] showed that an isometric immersion of warped products into space forms
must be product of isometric immersions under extrinsic conditions. Moreover, by using DDVV
conjecture, Roth [5] obtained an inequality for submanifold of WP I x;, M™(c) where I is an interval
and M"™(c) is a real space form and also provided some rigidity results based on submanifolds of
R x H™(c), where A is a real constant. Salavessa in [6] obtained that the Heinz mean curvature
m||H||? < %HDD)) holds in WP spaces of type M %+ N in case that a graph of submanifold (x, h(x)) of
Riemannian WP M x v N is immersed with parallel mean curvature, where Ay (9D) and Vi (D) are
Y —weighted area and volume, respectively.

Mathematics 2020, 8, 759; doi:10.3390 / math8050759 27 www.mdpi.com/journal /mathematics
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On the other hand, the investigation of the relations between curvature invariants and topology is
an important problem in Riemannian geometry as well as in global differential geometry. For instance,
a beautiful and classical theorem established by Myers [7] states that “if M is a complete Riemannian
manifold with Ricci curvature Ric(M) > 1, then the diameter d(M) of M is not greater than 7,
and, therefore, M is compact and its fundamental group 771 ((M) is finite”. Due to the distinctive work
of Rauch [8], Berger [9] proved the rigidity theorem for a simply connected and complete manifold
M of even dimension and the sectional curvature satisfying i < Ky < 1. Furthermore, Grove and
Shiohama in [10] has generalized the sphere theorem. There are lots of interesting and well-known
results regarding the topology of complete manifolds of positive Ricci curvature. The curvature and
topology of manifolds play a substantial role in global differential geometry. Later on, a splitting
theorem, resulting from the work of Cheeger and Gromoll in [11], states that “if M is a complete
non-compact manifold of non-negative Ricci curvature and if Ml contains a straight line, then M is
isometric to the Riemannian product M x R”. In the sequel, Schoen and Yau [12] proved that a complete
non-compact M of dimension 3 and positive Ricci curvature is diffeomorphic to R3. Using the first
eigenvalue of the Laplacian operator, the result stating that “if M is complete such that if Ric(M) > 1
and if d(M) = 71, then M is isometric to the standard unit sphere” has been proven by Cheng in [13].

The non-existence of a compact stable minimal submanifold or stable currents is sharply associated
with the topology and geometric function theory on Riemannian structure of the whole manifold.
Recently, it has been shown in [14] that if the sectional curvature of a compact oriented minimal
submanifold M of dimension 7 in the unit sphere S"** with codimension p satisfies some pinching
condition Ky > %
hypersurface Sk(ﬁ) X S"’*k("’T*k) inS"*! fork =1,...,m — 1, or the Veronese surface in S*. Later on,
some new results for the non-existence of the stable currents, vanishing homology groups, topological
and differential theorems are well known (see [15-23] and references therein). Therefore, it was
an objective for mathematicians to understand geometric function theory and topological invariant of
Riemannian submanifolds as well as in Riemannian space forms. Surely, this is a fruitful problem in
Riemannian geometry. Using the result of Lawson and Simon [24] and following Leung [20] homotopic
sphere theorem for compact oriented submanifolds in a sphere, also motivated by the idea of complete
Riemannian manifold and without assumption that M™ is simply connected, Xu and Zao (Theorem 1.2
in [21]) concluded the following result:

, then M is either a totally geodesic sphere, one of the Clifford minimal

Theorem 1. [21] Let M™ be an oriented complete submanifold of dimension m in the unit sphere "™k
satisfying the following inequality

IB(X,X)|1? < % VX € T(TM), 1)

where X is a unit vector at any point of M"™ and B is SFF, the second fundamental form. Then M™ is
diffeomorphic to the sphere S™.

This is one of the motivations to study—the differential and topological manifolds, and their
direct relations with warped product submanifolds theory. In this way, a natural question arises: Is it
possible to extend Theorem 1 to the warped product submanifolds to the cases with base manifold is
minimal in a sphere? What is the best pinching constant for the differentiable rigidity sphere theorem
of complete minimal warped product submanifold in a unite sphere under pinching conditions using
the Laplace operator for the warping function?

The main goal of this note is to extend the rigidity Theorem 1 to a complete warped product
submanifolds and find the solution for our proposed problem where motivation comes from the Nash
embedding theorem [25] which states that “every Riemannian manifold has an isometric immersion
into Euclidean space of sufficient high codimension”. To prove our findings we shall use the technique
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of Chen [26] for an isometric minimal immersion from warped products to the ambient manifold,
where he proved the following relation as:

P4
Y Y K(ewAeg) = # 2
a=1p=1

Therefore, using Theorem 1 and formula (2), we announce our main finding of this study
as follows:

Theorem 2. Let £ : MPT1 = BP x;, F7 — SPHI+K be an isometric immersion from a WP submanifold MP+4
of dimension (p + q) into a unit sphere SPT9+% of dimension (p + q + k) such that the base manifold BP is
minimal. Assume that MIP™ is an oriented complete WP submanifold satisfying the following inequality

LN (2(3M - 1))/

. & 6)

where Ah is the Laplace operator for the warping function h defined on base manifold BP. Then MP™1 is
diffeomorphic to a sphere SPT.

In particular, if we follows the statement of Theorem D in [21], then we give another topological
sphere theorem which is a consequence of Theorem 2, i.e.,

Theorem 3. Let £ : MPF7 = BP x;, 79 — SPF9+K be an isometric immersion from an (p + q)-dimensional
oriented complete WP submanifold MP*1 into a (p + q + k)-dimensional unit sphere SPTTH* such that the base
manifold BY is minimal. If the following inequality holds

A (2Bp1—1)
h 3q !

where Af is the Laplace of f defined on base manifold B, then MP+1 is homeomorphic to the sphere SP+.

Hence, we noticed that Theorems 2 and 3 are differentiable sphere theorems for complete warped
product submanifolds without assumption that M" is simply connected.

2. Preliminaries and Notations

Let S"*k denote the sphere with constant sectional curvature ¢ = 1 > 0 and dimension (11 + k).
We use the fact that S +* admits a canonical isometric embedding in R"5+1 ag

Sm+k _ {X c Rm+k+1 . HXHZ _ 1}.

Thus, the Riemannian curvature tensor R of a sphere S"** fulfils

R(Z1,2y,23,24) = §(Z1,24)8(22, Z3) — §(Z2,24)8(Z1, Zy4), (4)

Y Z1,725,73,24 € F(TI\7I), where TM is a tangent bundle of S™+k. Hence, S"*¥ is a manifold with
constant sectional curvature 1 and codimension k.

Let V* and V be the induced connections on normal bundle T+ M and the tangent bundle TM of
M], respectively, where M is a m-dimensional RM in a Riemannian M" of dimension n with induced
metric g. The Weingarten and Gauss formulae are defined as

V&= —AiZ1+ V5§,
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and
V72,22 =Vz,75+ B(Z1,7Z,),

¥ Z1,Z, € T(TM) and ¢ € T(T-M), where Az and B are, respectively, shape operator (corresponding
to ¢) and the second fundamental form as M immersed into M, and they verify the relation

§(B(Z1,22),¢) = §(A¢Z1, Z2).

If the curvature tensors of M" and M are denoted by R and R, then the Gauss equation is
given by

R(Zy,25,23,Z4) = R(Z1,Z2, Z3, Zs) + §(B(Z1, Z4), B(Z2, Z3)) — §(B(Z1, Z3), B(Z2, Z4)), ()

' 21,72, 23, Z4 € T(TM).
Let {e1, --en} be an orthonormal basis of TyM and e; = (eyy1,---enik) belongs to
an orthonormal basis of T-M, then the squared norm of B is

2,5 = g(B(ea,eﬁ),es), (6)
and
m+k
Bleoe)lP= T % Z @
s=m+1a=1p=1

The squared norm of the mean curvature vector H of a Riemannian submanifold M" is defined by
1 m+k m
mE= L (LE ) ®
s=m+1
A submanifold M™ of a RM, M" K, is referred to as totally geodesic and totally umbilical if
B(Zl, Zz) =0 and B(Zl, Zz) = g(Zl, Zz)H,

Y Z1,Z, € T(TM), respectively, where H is the mean curvature vector of M". Moreover, if H = 0,
then M™ is minimal in M™ K.

Now, we give a definition of the scalar curvature of Riemannian submanifold M"™, which is
denoted by 7(TyM"), at some x in M", as

o(TM™) = ) K, )

1<a<p<m
where K, = K (ea A eﬁ). The first equality (9) is equal to the following equation:

20(TeM™) = Y Kup, 1<, p<m.

1<a<p<m

The above equation will be considerably used in subsequent proofs throughout the paper.
In similar way, the scalar curvature 7(Ly) of an L—plane is defined as

(L) = Y K.

1<a<p<m

If the plane section spanned by e, and ¢ at x, then the sectional curvatures of the submanifold
M and Riemannian manifold M"* are denoted by K,p and Ew, respectively. Thus, IZM@ and K,p are
considered to be the extrinsic and intrinsic sectional curvature of the span {es, eg} at x. Using Gauss
Equation (5), and using (9), we conclude that
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_ n+k
Kig= Y Kyt ) (BLBy - (B)?). (10)
1<a<p<m-+k 1<a<p<m+k r=m+1
Now, we provide the proofs of the main findings of the study.

3. Proof of Main Findings

3.1. Proof of Theorem 2

Assume that M = B? x;, F7 — S+ is a warped product in which the base B? is minimal.
Let {e1...ep,eps1-..em} be alocal orthonormal frame fields of M™ such that {e ...e,} are tangents
to BY and {epH ...ey } are tangents to F9. First, we define the two unit vectors X and Y to estimate
the upper bound of the terms |[B(e,, ¢g)||2. We can define these two unit vectors as follows:

1 1
X = ﬁ(ea—keﬁ), and Y = ﬁ(e“

Eliminating e, and ep from the above equation, one obtains:

—eg), 1<a<p&l1<p<g.

1 1
X+Y), d = —
2( ), an eg 7

ey =

(X-Y), 1<a<p&1<p<y.

S

Then we derive
(X+Y X*Y)Hz
v2 V2
1
=47HB(X,X)*B(Y,Y)H2

|IB(ewsep)[* =I|B

—1{IBee )12 + 1By, ¥ - 26 (B ), BY, )
Using the Cauchy-Schwartz inequality for orthonormal vector fields, we conclude that
I1B(ew ep) I < i{ B, X)) + [B(Y, )17 +2/|B(X, X)[|[B(Y, V)| }
In virtue of (1), the above equation implies that

1/1 2 1 1
2 — = — — = —
[|B(ea, ep)l| <4<3+3+3> 3 (11)

Next, from curvature tensor Equation (4) of the sphere S"+k and the Gauss Equation (5),
we find that

m?|[H|* +m(m —1) =[[B|?+ Y K(eaAep).
1<A<B<m

The above equation can be written for warped product manifold M" and from the viewpoint
of (8) and (6) as:
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b (f%)zw SIS b oY

s=m+1 \ A=1 s=m+1i,j=1 s=m+1a,b=1
m+k q rpoq
+2 ) EZ 6+ Y ) KleaAep)
s=m+1a=1p=1 a=1p=1
+ Z K(ej Nej) + Z K(ea Nep).
1<i<j<p 1<a<b<qg

Using (10) and (2) in the above equation, we derive

m+k mn 2 m+k m+k 4 )
r ( )3 BAA> = ) Z + Y X (BY)
s=m+1 \ A= s=m+1i,j=1 s=m+1a,b=1

2% f 30 %)M%

s=m+1a=1p=1

+ Z K(ei/\ej)+ Z K(eq Aep)
1<i<j<p 1<a<b<g

m-+k )
LYY (B;B;—wfj))

s=m+11<i<j<p

+ ”ﬁk ) (Bmeib—( Zb)2>~

s=m+11<a<b<q

Thus, from (4) and some rearrangements in the last equation, one obtains:

m+k m 2 m+k m+k
Z ( Z B} ) Z Z 2 Z —2pgq
s=m+1 s=m+11i,j=1

s=m+1a,b=1
m+k q 2 m+k
S
2T Yy e D DR DR
s=m+1a=1p=1 s=m+1 1<1</<p
m+k m+k .
+ Z Z szB?] 2 < Bll +(B;7p) >
s=m+11<i<j<p s=m+1
m+k

m+k
-y (( al>2+~~+<B;p>2)+ YOO B

s=m+1 s=m+11<a<b<q
m+k m+k
Z Z ( + Z ( BS+1P+1 2 +oet (Binm) )
s=m+11<a<b<q s=m+1
m+k )
- Z ((B;J+lp+1) ot (Binm) >
s=m+1

32



Mathematics 2020, 8, 759

This can take the form

m+k m 2 m+k m+k
E(Lm) - £ Lo B Lo
s=m+1 s=m+1i,j=1 s=m+1ab=1

m—+k q

+2 ) 2 Z(B;ﬁ)M%

s=m+1a=1p=1

m+k
+ Z { B?IB;] + (Bil)z +ooet (B;p)z}
s=m+1 ( 1<i<j<p
m+k ) ) )
- ) Y, (B)*+ (Bjy)*+ -+ (B,)
s=m+1 ( 1<i<j<p
m+k
+ Z Z BZaBZb + (B;+1p+1)2 +oet (Binm)z
s=m+1 { 1<a<b<q
m+k ) ) )
- Z+1 1<§7< (Bop)” + (Bhi1pp1)” + -+ (Boum)
s=m <a<b<q

Using the binomial theorem and the fact that the base manifold B is minimal, then it not hard to
check that

m+k m 2 m-+k m+k
5 ( 3 B;A) oy YL e

s=m+1 \ A=p+1 s=m+1i,j=1 s=m+1a,b=1
m+k q
th
2y L (B h
s=m+1a=1p=1
m+k ) m+k
s (B emr)- L e
s=m-+1 s=m+1i,j=1
m+k m+k
+ 2 ( p+1p+1 +"'+ mm ) Z 2 Bflb . (12)
s=m+1 s=m+1a,b=1

From the hypothesis of the theorem, we know that BF is minimal and using this, we get that the
fifth term of the right hand side in Equation (12) is equal to zero and seventh the term is equal to the
first term of left hand side. Thus, we have:

m+k P9 Ah
2p=2 Y Y Y (B2 + T

s=m+1a=1p=1

From (7), it implies that

Ah
[1Bleaep) P =3 (= 57) +pa- (13)

From assumption(3), we find that

(57 a9
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Combining (13) with (14), one obtains:

24 (2-6pq _ 1 3m
IBlewep)l < 3(Z5,5) +pa=3 -+

1
<3 (15)

Therefore, the proof follows from Theorem 1 and pinching condition (1) together with (15).
Remark 1. The proofs of Theorems 2 and 3 follow easily using the same technique.

3.2. Some Applications

Assume that {eq, ..., e} is a local orthonormal basis of vector field M™. Then the gradient of
function ¢ and its squared norm is defined as:

Vo =) eilpe,

M=

i=1

and

IVolP =Y (ei())’- (16)

i=1
Let ¢ be a differentiable function defined on M™ such that ¢ € F(M™), then the Lagrangian of
the function ¢ is given in (p. 44, [27]).

1
Ly =51Veoll* (17)

The Euler-Lagrange formula of the Lagrangian (17) satisfies
Ag = 0. (18)

At point x € M" in a local orthonormal basis, the Hamiltonian would take the form (see [27] for
more details):

l m
H(px) = 5 ) ple)’.
i=1
Put p = d¢, where d is a differential operator, and using (16), we get:

H(dg,x) = 3 ) dg(e)? = 2 ) eilg) = 1 IVgl P 19)

i=1 i=1

N —

Assuming that M = BF x ([ is a warped product, then V Z; € T(TB) and Z, € T(TF),
we have

szzl = Vzlzz = (Zl lnh)Zz.

Using the unit vector fields X and Z which are tangents to I'(TB) and T'(TF), resp.;
then one obtains:
K(Zl A Zz) Zg(R(Zl,Zz)Z],Zz) = (Vzlzl) h‘lhg(Zz, Zz) - g(le((Zl lnh)Zz), Zz)
=(Vz,Z1)Inhg(Zy, Z5) = §(Vz,(Z1Inh) Zy 4+ (Z1 Inh)V 7, 75, Z5)
:(Vzlzl) In hg(ZZ, Zz) - (Zl In h)z - Z1 (Zl lnh)
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If {1, - -em} is an orthonormal basis for M", then we can take a sum over the vector fields
as follows

=
HI =
_

q r 9
Y Kleaneg) =) ) <(Vgﬁea) Inf — ey (egInh) — (e,xlnf)2>
p=1 a=1p=1

= g(A(nn) = [V (nn)| ). 20)
Thus, from (20) and (2), it follows that

Ah

5 = Onk) - [|V(Inh)]| % (21)

Here, motivated by the historical development on the study of Lagrangian and Hamiltonian,
we will give the following theorems as

Theorem 4. Let £ : M™ = BP x;, F1 — S"+ be an isometric immersion from an oriented complete WP

submanifold M™ of dimension m into a sphere S"** of dimension (m + k) such that the base manifold B is
minimal and the function h satisfies the Euler-Lagrange equation with following inequality

1-3pg\,, >
Ly < <73q >2h , (22)

where Ly, is the Lagrangian of h. Then M™ is diffeomorphic to S™.

Proof. Using the fact that the warping function In & satisfies the Euler-Lagrange equation, from the
hypothesis of the theorem, and using (18), we have

Alnh =0. (23)
From (21) and (15), we derive
2
Alnhf”vhi}zl”>2p732—q. (24)
It follows from (23) and (24) that
2h?
h||? < 2ph? — .
Ih? < 2ph -

Using (17), we get desired result (22) which ends the proof. [

Theorem 5. Suppose that £ : M = BP x;, F1 — S"+ is an isometric immersion from an oriented complete
WP submanifold M™ of dimension m into a sphere S"** of dimension (m + k) such that the base manifold B?
is minimal and satisfies the relation

H(dh, x) < {A(;”h) + <317 - >}h2. 5)

Then M™ is diffeomorphic to S™.

Proof. Using Equation (19) in (24), we get required pinching condition (25). O

35



Mathematics 2020, 8, 759

4. Conclusion Remark

We provide the characterization of a complete warped manifold to be diffeomorphically a unit
sphere and some geometric classifications using Euler Lagrange formula along with Hamiltonian of
the warping function. The topology of warped products and main extrinsic and intrinsic curvature
invariants are emphatically related. Hence, our results may be seen as topological and differential
sphere theorems from the viewpoint of warped product submanifolds theory. This paper shows
the relation between the notion of warped product manifold and homotopy-homology theory.
Therefore, we hope that this paper will be of great interest with respect to the topology of Riemannian
geometry [28-35] which may find possible applications in physics.
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1. Introduction

The classical Wintgen inequality is a sharp geometric inequality established in [1], according to which
the Gaussian curvature /C of any surface N2 in the Euclidean space E#, the normal curvature K-, and also
the squared mean curvature ||#||? of N2, satisfy

I#]* > K + K|

and the equality is attained only in the case when the ellipse of curvature of A'2 in E* is a circle. Later, this
inequality was extended independently by Rouxel [2] and Gaudalupe and Rodriguez [3] for surfaces of

. . . . K7M+2 . .
arbitrary codimension m in real space forms N " (c) with constant sectional curvature c as
I+ > K+ (K.
The generalized Wintgen inequality, also known as the DDVV-inequality or the DDV V-conjecture, is

a natural extension of the above inequalities that was conjectured in 1999 by De Smet, Dillen, Verstraelen
and Vrancken [4] and settled in the general case independently by Ge and Tang [5] and Lu [6]. The

Mathematics 2019, 7, 1151; d0i:10.3390/ math7121151 www.mdpi.com/journal/mathematics
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DDVV-conjecture generalizes the classical Wintgen inequality to the case of an isometric immersion
f: M" — N"*P(c) from an n-dimensional Riemannian submanifold M" into a real space form N"*7(c) of
dimension (1 + p) and of constant sectional curvature c, stating that such an isometric immersion satisfies

p+pt < M|+

where p is the normalized scalar curvature, while o denotes the normalized normal scalar curvature.
Notice that there are many examples of submanifolds satisfying the equality case of the above inequality
and these submanifolds are known as Wintgen ideal submanifolds [7].

Recently, the generalized Wintgen inequality was extended for several kinds of submanifolds in many
ambient spaces, e.g., complex space forms [8], Sasakian space forms [9], quaternionic space forms [10],
warped products [11], and Kenmotsu statistical manifolds [12]. In the first part of the present paper,
we obtain generalized Wintgen-type inequalities for different types of submanifolds in generalized complex
space forms and also in generalized Sasakian space forms, generalizing the main results in [8,9], and also
discuss some applications. The last part of the paper is devoted to the investigation of the Hessian equation
on both generalized complex space forms and generalized Sasakian space-forms. In particular, some
obstructions to the existence of these spaces are established. Recall that the notion of generalized complex
space form was introduced in differential geometry by Tricerri and Vanhecke [13], the authors proving
that, if n > 3, a 2n-dimensional generalized complex space form is either a real space form or a complex
space form, a result partially extendable to four-dimensional manifolds. However, the existence of proper
generalized complex space form in dimension 4 was obtained by Olszak [14], using some conformal
deformations of four-dimensional flat Bochner—Kéhler manifolds of non-constant scalar curvature. It is
important to note that the generalized complex space forms are a particular kind of almost Hermitian
manifolds with constant holomorphic sectional curvature and constant type in the sense of Gray [15].

On the other hand, Alegre, Blair and Carriazo [16] generalized the notions of Sasakian space form,
Kenmotsu space form and cosymplectic space form, by introducing the concept of generalized Sasakian
space form. Notice that several examples of non-trivial generalized Sasakian space-forms are given
in [16] using different geometric constructions, such as Riemannian submersions, warped products, and
D-conformal deformations. Afterwards, many interesting results have been proved in these ambient spaces
(see, e.g., [17-27]). We only recall that, very recently, Bejan and Giiler [28] obtained an unexpected link
between the class of generalized Sasakian space-forms and the class of Kahler manifolds of quasi-constant
holomorphic sectional curvature, providing conditions under which each of these structures induces the
other one.

2. Preliminaries

An almost Hermitian manifold consists in a smooth manifold NV endowed with an almost complex
structure | and a Riemannian metric g that is compatible with the structure J. Such a manifold is called
Kéhler if V] = 0, where V is the Levi-Civita connection of the metric g.

On the other hand, an almost Hermitian manifold JV is called a generalized complex space form [13],
denoted by N(f1, f»), if the Riemannian curvature tensor R satisfies

RXYV)Z = fA{g(V.2)X-g(X, Z2)Y} + L{g(X,JZ)]Y
—8(Y,JZ)JX +2¢(X,JY)]Z} 1

for all vector fields X, Y and Z on N, where f1 and f, are smooth functions on N. This name is motivated
by the fact that, in the case of a complex space form, viz. a Kidhler manifold with constant holomorphic
sectional curvature 4c, the curvature tensor field of the manifold satisfies Equation (1) with f; = f, = c.
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Let \ be a submanifold of real dimension 7 in a generalized complex space form N (fy, f2) of complex
dimension m. If V and V are the Levi-Civita connections on A" and N'(fy, f2), respectively, then the
fundamental formulas of Gauss and Weingarten are [29]

VxY =VxY +h(X,Y),

Vx&=—S:X+VxY,

where X, Y are vector fields tangent to N, £ is a vector field normal to A, and V- represents the normal
connection. Recall that, in the above basic formulas, & denotes the second fundamental form and S is the
shape operator, they being connected by

g(h(X,Y),8) = g(S:X,Y).

On the other hand, the Gauss’ equation is expressed by [30]

R(X,Y,Z,W) = R(X,Y,Z W)+ g(h(X,Z),h(Y,W))
—g(h(X,W),h(Y,Z)) 2

for all vector fields X, Y, Z, W tangent to N, where R denotes the curvature tensor of ﬁ( f1, f2), while
R represents the curvature tensors of N. Let us point out now that the Ricci equation in our setting is
expressed as

RYXY, &) = RIX IO, 1) —gUX,n)8(Y,]E)]
—8([S&, S41X,Y), 3)

for all vector fields X, Y tangent to A" and ¢, ;7 normal to \.

If \V is a submanifold of real dimension 7 in a generalized complex space form N(f1, f2) of complex
dimension m, then, for any X € TN, we have the decomposition ]X = PX + QX, where P and Q denote
the tangential component and the normal component of [X, respectively. We recall that, in the case
P = 0, the submanifold N is called anti-invariant, while, in the case f Q = 0, the submanifold N is called
invariant.

Now, let {ej,..., e, } be a tangent orthonormal frame on A and let {¢3,...,{om—n} be a normal
orthonormal frame on V. Then, the squared norm of P at p € N is defined as

n
IP|> =Y &*(Pejej), 4)
Q=1

while the mean curvature vector field is given by

=

H = % ) h(ei,ei). (5)

i=1

We also set

hl?/. = g(h(eie), &), i,j=1,...,n, r=1,...,2m —n. (6)
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and

1> =Y g(h(eie;) hieie;)). @)
=

3. Generalized Wintgen Inequality for Lagrangian Submanifolds in Generalized Complex
Space Form

Let NV be a submanifold of real dimension 7 in a generalized complex space form N(fi, f2) of complex
dimension m. In the following, let {ey,...,e,} and {&1,...,C2m—n} be tangent orthonormal frame and
normal orthonormal frame on N, respectively. If we denote by K the sectional curvature function and by T
the scalar curvature, then the normalized scalar curvature p of N can be expressed as [8]

27 2
pimiifl) Y K(ei Nej). )]

n(n 1<i<j<n

On the other hand, the normalized normal scalar curvature of AV is given by [8]

n 27t 2 1 2
= a1y D L (R 88 ©

1<i<j<n1<r<s<2m-—n
where R denotes the normal curvature tensor on .
The scalar normal curvature of A can be defined following [31] as
1 2m—n
Ky = 1 Y (TracelS,, Ss])2. (10)

r,s=1

Now, the normalized scalar normal curvature can be defined with the help of Cy by [8]

on = ey V-

Obviously

1
Kn = 5 Y (Trace[S,, S))?

1<r<s<2m—n

Y (8([Sr Ssleiep))®. an

1<r<s<2m-—n1<i<j<n

It is easy to verify now that Ky can be expressed by

n
Kn= ¥ Y (X s - i)’ (12)

1<r<s<2m—-nl1<i<j<n k=1

Among the classes of submanifolds in complex geometry, we can distinguish two fundamental
families depending on the behavior of J: holomorphic and totally real submanifolds. A submanifold N of
a generalized complex space form NV(fi, f») is said to be a holomorphic submanifold if each tangent space
of NV is carried into itself by ], i.e., [(T,N') C Ty, forall p € N. Similarly, the submanifold A is called a
totally real submanifold if ] maps each tangent space of A" into the normal space, i.e., | (Tp/\/ ) C T;-/\/' ,
for all p € N. In particular, if n = m, then A is said to be a Lagrangian submanifold.
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Next, we prove the following lemma, which is required in the proof of the main result of this section.

Lemma 1. Let N be a totally real submanifold of dimension n in a generalized complex space form N (f1, f2) of

complex dimension m. Then, we have

on < |HIP=p+f,

(13)

and the equality holds at a point p € N if and only if the shape operator S of N in N'(f1, f») with respect to some

suitable orthonormal bases {e1, ..., ey} of TpN and {Z1,..., Som—n} of TPLN takes the following forms

’)/1 v O e O
v o rm 0 0
561: 0 0 Y1 o--- 0 ,
0o 0 O g4
72+V 0 0 ... 0
0 m1—v O 0
Se, = 0 0 m 01,
0 0 0 72
3 0 0 0
0 75 0 0
Se, = 0 0 73 0 ;o Sgy = =5x,_,
0O 0 O 3

where 71, Y2, 73, and v are real functions on N.

Proof. We know that

) ) 2m—n n 2
ne|H] Y, (L H)
r=1 i=1
1 2m—n

- Y L (-my

n—=1 /3 1<iS<n
on 2m—n
+— Y Y

r=1 1<i<j<n
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Further, from [6], we have

2m—n
SN RCEU TS S
r=1 1<i<j<n r=1 1<1</<n
1
n 2
zan| NN (LU m))| (1s)

1<r<s<2m-nl1<i<j<n k=1
Now, combining Equations (12), (14) and (15), we find
|| H? - —zm ' Hyhls — (h)? 16
” H n pN = Z 2 [ ii'"jj ) ] ( )

r=1 1<i<j<n

In addition, due to the fact that \ is a totally real submanifold, we get from Equation (2):

o 2m—n
o= Mo 1f1+ YY) 17)

r=1 1<i<j<n

Next, using Equations (8) and (17) in Equation (16), we obtain the inequality in Equation (13).
Moreover, it follows easily that the equality case holds in Equation (13) if and only if the shape operator
takes the above stated forms. [J

Now, we prove the following.

Theorem 1. Let N be a Lagrangian submanifold of a generalized complex space form N (f1, fa) of complex
dimension n. Then,

2 < (IHIP-p+h)
+n(n27 1)f22+ n(:')? 1) (pffl) (18)

and the equality in Equation (18) holds at a point p € N if and only if the shape operator takes similar forms as in
Lemma 1 with respect to some suitable tangent and normal orthonormal bases.

Proof. Let \ be a Lagrangian submanifold of a generalized complex space form N (fi, f»). We choose
{e1,...,en} and {& = Jey,...,&n = Jen} as orthonormal frame and orthonormal normal frame on N/,
respectlvely Putting X = W =¢;, Y = Z =¢j,i # j in Equation (1), we obtain

R(eiejejei) = fi{glej ej)glei er) —gleiej)g(ej e)}- (19)

Combining Equations (2) and (19), we derive

R(eiejejer) = fi{ady — 67} — glhleie)), hiej e))
+g(h(ei ei), hlej ej)). (20)

By taking summation for 1 < i,j < n in Equation (20) and making use of Equations (5) and (7),
we obtain

2t = n(n—1)fi + || 1] — ||| @1
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Using Equation (8) in Equation (21), we get

p= it IR — s IR, @)
which implies
n|H|? = [1]* = n(n = 1)(p — f1). (23)
Further, Equation (3) gives
R*(ei e, 8r,Gs) = fa{—(8irbjs — 6jr6is)} — 8([Se,. Sz, Jeive)), (24)

for any indices i, j,r,s € {1,...,n}.
Next, by taking summation for 1 <r <s <nand 1 <i < j < nin Equation (24), we derive easily the
following relation:

_ 20, _1)2
(rhyr =MD g O P+ ) 5)

However, the above Equation (25) can be rewritten as

2 4 4
CF = B g R+ G I
(26)
Now, from Equations (23) and (26), we have
2 4
(ph)? = mf22+P%\1+n(n7fjl)(P*f1)~ (27)

Combining now Equations (13) and (27), we obtain the required inequality and the equality case of
the inequality is also clear from Lemma 1. O

Remark 1. Theorem 2 generalizes the main result of [8], namely the generalized Wintgen inequality for the class of
Lagrangian submanifolds in a complex space form. Indeed, if in the statement of Theorem 2 one particularizes the
generalized complex space form by putting fi = fo = c, then N reduces to a complex space form and one arrives
at ([8] Theorem 2.3).

4. Generalized Wintgen Inequality for bi-Slant Submanifolds in Generalized Complex Space Form

A submanifold A of an almost Hermitian manifold (VV, ], ¢) is said to be a slant submanifold if for
any point p € N and any non-zero vector X € T, the angle 0 between the vector X and the tangent
space T,V is constant, i.e., this angle does not depend on the choice of p € " and X € T,N. Moreover,
0 € [0, 7] is called the slant angle of A in V. Recall that both invariant and anti-invariant submanifolds
are particular examples of slant submanifolds with slant angle § = 0 and 6 = 7, respectively. Moreover,
if0 < 6 < 7, then N is said to be a f-slant submanifold or a proper slant submanifold. It is known that
any proper slant submanifold has even dimension. The concept of slant submanifold originally introduced
by Chen [32,33] was later generalized as follows.
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Definition 1. ([34]) A submanifold N of an almost Hermitian manifold N is said to be a bi-slant submanifold,
if there exist two orthogonal distributions Dy and D, such that:

(i) TN admits the orthogonal direct decomposition:

TN = Dy & D.
(i) JDy L Dyand JD, L Dy.
(iii) For i = 1,2, the distribution D; is slant with slant angle 6;.

It is easy to see that the class of bi-slant submanifolds of almost Hermitian manifolds naturally
englobes not only the class of slant submanifolds, but also the classes of semi-slant submanifolds [35],
hemi-slant submanifolds [36], and CR-submanifolds [37], as synthesized in ([38] Table 1).

In the following, let us denote dy = dimD; and d, = dimD,. We say that a bi-slant submanifold A of
an almost Hermitian manifold N with slant angles 61 and 65, respectively, is a proper bi-slant submanifold
ifdidy #0and 0 < 6; < §, fori = 1,2. If V is a proper bi-slant submanifold in a generalized complex
space form N (f1, f2), then one can check that

n
Y. &2 (Jei ¢5) = (d1cos6; + dacos®0y). (28)
ij=1

Now, we state and prove the generalized Wintgen inequality for proper bi-slant submanifolds in
generalized complex space forms.

Theorem 2. Let N be a proper bi-slant submanifold of dimension n in a generalized complex space form N (f1, f2)
of complex dimension m, with slant angles 61,0, and d; = dimD;, i = 1,2. Then,

on < HIP=p+A

3f (d1c05291 + dzcoszez). (29)

+n(n -1)

Proof. Let {ey,...,e,_1,64} be an orthonormal frame on N and {1, . .., &am—n } be a normal orthonormal
frame on V.
Equation (2) can be re-written in view of Equation (1) as

RX,Y,ZW) = fi{g(Y,2)g(X,W)—g(X,Z)g(Y, W)}
+{8(X,JZ)g(JY, W) — g(Y, ] Z)g(JX, W)
+2¢(X,JY)g(JZ, W)}
—8(h(X,Z),h(Y,W)) + g(h(X,W),h(Y, Z)) (30)
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and this implies

~
Il

Y. Rleiejee)

1<i<j<n

nn—1 3

= %flJrEfz Z 82(]€‘rei)
1<i<j<n

2m—n

+Y Y MR = ()

r=1 1<i<j<n
-1 3
= %fl + Efz(dlcoszﬁl + dacos?0;)
2m—n
+ Z Z h:zh;] hr')z}'

r=1 1<i<j<n
However, we know from the proof of Lemma 1 that

2m—n

n?|[#?

r=1 1<i<j<n

Combining Equations (31) and (32), we find

on < HIP= (o - f1)
+f

2 2
1) (dycos°01 + dacos=6y)

and the proof is now complete. [

1 2 Y [ — (k)2

@1

(32)

(33)

Remark 2. Ifin the statement of the above theorem one takes f; = f, = c, then N reduces to a complex space form
and we can immediately see that Theorem 2 generalizes the generalized Wintgen inequality for the class of proper

slant submanifolds in a complex space form, namely ([8] Theorem 3.1).

5. Generalized Wintgen Inequalities for Submanifolds in Generalized Sasakian Space Form

Let A/ be an almost contact metric manifold of dimension (21 + 1), equipped with the almost contact
structure (¢, &,7,g). Then, it is known that the (1,1) tensor field ¢, the structure vector field ¢, the 1-form

17, and the Riemannian metric ¢ on A verify the compatibility relations

P =-I+n®E @)=
(X, 9Y) = g(X,Y) —n(X)n(Y )

These conditions also imply that [39]

pi=0, n(¢X)=0  5(X)=g(X)

and
2(PX,Y) +g(X,9Y) =0,

for all vector fields X, Y on V.
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Let (N, ¢, &, 1, ¢) be an almost contact metric manifold whose curvature tensor satisfies

RX,Y)Z = fi{s(Y.Z2)X -g(X,Z)Y}
+L{8(X, 9Z)pY — (Y, pZ)pX +2¢(X, ¢Y)pZ}
+{nX)n(2)Y —n(Y)n(Z2)X + (X, Z)y(Y)E
=8(Y, Z)n(X)¢}, (34)

for all vector fields X, Y, Z on N, where fi, f», f3 are differentiable functions on NV. Then, N'(f1, f2, f3) is
said to be a generalized Sasakian space form. It is important to outline that the generalized Sasakian space
forms are an umbrella of the following well known spaces:

i. Sasakian space forms, i.e., Sasakian manifolds with constant ¢-sectional curvature c. In this case,
_ 43 o1
h= h=fr=5"
ii. Kenmotsu space forms, i.e.,, Kenmotsu manifolds of constant ¢-sectional curvature c. In this case,
_ -3 o cfl
f1 = CT al’ldfz —f3 = %)
iii. cosymplectic space forms, i.e., cosymplectic manifolds of constant ¢-sectional curvature c. In this case,

hi=h=fi=%

For definitions, basic results, and examples of such spaces, the readers are referred to the
monographs [39,40].

A Riemannian manifold N isometrically immersed in an almost contact metric manifold (N, ¢, &7, ¢))
is called a C-totally real submanifold of AV if the structure vector field ¢ is a normal vector field on V. As
an immediate consequence of the definition of a C-totally real submanifold, we deduce that ¢ maps any
tangent space of AV into the normal space. We recall that, if the dimension of the C-totally real submanifold

Nisn= d""’fz\g, then \ is said to be a Legendrian submanifold. Notice that Legendrian submanifolds
are the counterpart in odd dimension of Lagrangian submanifolds investigated in Section 3.

The first aim of this section is to obtain the generalized Wintgen inequality for Legendrian
submanifolds in generalized Sasakian space forms. Similar to the case of Lemma 1, we can prove
the following.

Lemma 2. Let N be a C-totally real submanifold of dimension n in a generalized Sasakian space form N (f1, f2, f3)
of dimension (2m + 1). Then, we have

on < |HIP=p+fi, (35)

with the equality case holding at p € N if and only if the shape operator S of N in N'(f1, fa, f3) with respect to
some suitable orthonormal bases {ey, ... ey} of TyN and {1, ..., Som—ni1} of Tf,-/\/' takes the following forms

Yy v 0 ... 0
vy 0 ... O

551: 0 0 Yo 0 ,
0 0 0 ... m
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mAtv 0 0 ... 0
0 Y2—v 0 0

Se, = 0 0 ™ 01,
0 0 0 Y2

v 0 0 0

0 715 0 0

5537 0 0 73 0 ’ Sﬁqz“':‘séz;nnuzo'
00 0 ... 75

where 1,2, 7v3, and v are real functions on N.

Next, we can state a generalized Wintgen-type inequality for Legendrian submanifolds in a
generalized Sasakian ambient.

Theorem 3. If N is a Legendrian submanifold of a (2n + 1)-dimensional generalized Sasakian space form
N(fi, f2, f3), then

CR < (P -0+ ) + s

4f,
———(p— 36
+n(n71)(p fl) ( )
and the equality holds at a point p € N if and only if the shape operator takes the forms as in Lemma 2 with respect
to some suitable tangent and normal orthonormal bases.

Proof. Let {ey,...,e,} be an orthonormal frame on A. Due to the fact that V' is a Legendrian submanifold
of NV, it follows that {&1 = ¢e1,...,En = ¢en, Cni1 = ¢} is an orthonormal frame in the normal bundle of
N. Next, the proof is similar to the one of Theorem 2, being based on Lemma 2 instead of Lemma 1, so we
omit it. [

Remark 3. We note that function f3 does not appear in the generalized Wintgen inequality in Equation (36) for a
Legendrian submanifold N in a generalized Sasakian space form N (f1, f2, f3). This is a consequence of the fact that
¢ is normal to N'. However, for a submanifold tangent to the structure vector field &, the corresponding generalized
Wintgen inequality will depend on f3, as we can see in the second part of this section.

Remark 4. Theorem 3 generalizes the main result of [9], namely the generalized Wintgen inequality for the class
of Legendrian submanifolds in a Sasakian space form. Actually, if in the statement of Theorem 3, one considers
fi=Band f, = f3 = L, then N reduces to a Sasakian space form and Theorem 3 becomes nothing but ([9]
Theorem 3.2).
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Corollary 1. Let N be a Legendrian submanifold of a (2n + 1)-dimensional Kenmotsu space form N (c). Then

_ 2 2
I (R e e

and the equality holds at a point p € N if and only if the shape operator takes the forms as in Lemma 2 with respect
to some suitable tangent and normal orthonormal bases.

Proof. The proof follows immediately from Theorem 3 by replacing f; = ;2 and fo = f3 = <. O

Corollary 2. Let N be a Legendrian submanifold of a (2n + 1)-dimensional cosymplectic space form N (c). Then,

2

e < (P =p+5) + g

+n(nc— 1) (piz) 8)

and the equality holds at a point p € N if and only if the shape operator takes the forms as in Lemma 2 with respect
to some suitable tangent and normal orthonormal bases.

Proof. The proof follows immediately from Theorem 3 by putting fi = fo = f3 = 7. O

Remark 5. We note that the proof of Theorem 3.3 of [41] contains an error. Consequently, Theorem 3.3 of [41] must
be replaced by Corollary 1 of the present article.

In 1996, Lotta [42] introduced the notion of slant submanifold in almost contact geometry as follows.
A submanifold AV of an almost contact metric manifold (N, ¢, &, 7, ) tangent to the structure vector field
¢ is said to be a contact slant submanifold if, for any point p € N and any vector X € T,\ linearly
independent on &, the angle between the vector ¢X and the tangent space T,V is constant. This constant,
usually denoted by 6, is said to be the slant angle of N. We recall that invariant and anti-invariant
submanifolds are particular examples of slant submanifolds with slant angle 6 = 0 and 6 = 7, respectively.
A contact slant submanifold is said to be #-slant or proper if 0 < 8 < 7. Notice that ([42] Theorem 3.3)
implies the dimension of a contact slant submanifold tangent to the structure vector field & and with slant
angle 6 # 7 is odd. The concept of contact slant submanifold is further generalized as follows.

Definition 2. [43] A submanifold N of an almost contact metric manifold N is said to be a bi-slant submanifold, if
there exist two orthogonal distributions Dy and Dy on N, such that:

(i) TN admits the orthogonal direct decomposition TN = Dy & D, & €.
(i1) ]D] 1 Dz and ]Dz 1 D1~
(i) For i=1,2, the distribution Dj is slant with slant angle ;.

In the following, we denote by d; the dimension of the distribution D;, i = 1,2. It is easy to check
that, similar to in the case of complex geometry, the class of bi-slant submanifolds of almost contact metric
manifolds naturally includes not only the class of slant submanifolds, but also the classes of semi-slant
submanifolds [44], hemi-slant submanifolds (also named pseudo-slant submanifolds) [45], and contact
CR-submanifolds (also known as semi-invariant submanifolds) [46]. For definitions and basic properties
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of the above classes of submanifolds, see also [47]. We only recall here that a bi-slant submanifold is called
proper if didy # 0 and the slant angles 6;,6, # 0, 5. Notice that various examples of proper bi-slant
submanifolds in almost contact metric manifolds can be found in [43,44,48].

Next, we focus on the second aim of this section, that is to derive a generalized Wintgen-type
inequality for bi-slant submanifolds in generalized Sasakian space form.

Theorem 4. Let N be a proper bi-slant submanifold of dimension n in a generalized Sasakian space form
N (f1, f, f3) of dimension (2m + 1), with slant angles 61,6, and dimD; = d;, i = 1,2. Then,

on < HIP=p+A

3f b > 2
+n(n Y (d1c0s°01 + dacos-6y) nf3. (39)
Proof. First, we remark that the definition of a bi-slant submanifold implies that d; + d> + 1 = n. Next, let
{e1,...,eq, 84,41, - ,€4,+d,,€n = ¢} be an orthonormal frame on N and {&,...,¢m—n+1} be a normal
orthonormal frame on A.

Using Equations (2) and (34), we obtain

T = ), Rleejee)
1<i<j<n

@fl + %fz(dlcoszﬁl + dacos?0;)
2m—n+1

+1-n)fs+ Y > (i — (h¥1)2]~ (40)

r=1 1<i<j<n
However, as in the proof of Lemma 1, we get

2m—n+1

2n
n?|H|* = n*on > — Y X (W - ()7 (41)
n r=1 1<i<j<n

Combining now Equations (40) and (41), we obtain Equation (44) and the conclusion follows. [

As immediate consequences of Theorem 4, we derive the following results.

Corollary 3. Let N be a proper bi-slant submanifold of dimension n in a Sasakian space form N (c) of dimension
(2m + 1), with slant angles 61,0, and dimD; = d;, i = 1,2. Then,

c+3
on < HIP—p+
3(c—1 c—1
+W_l))(d1c05291+d2605292)7 PP (42)

Corollary 4. Let N be a proper bi-slant submanifold of dimension n in a Kenmotsu space form N (c) of dimension
(2m 4 1), with slant angles 61,0, and dimD; = d;, i = 1,2. Then,

c—3
oy < HIP=pt+ =
3(c+1) 5 5 c+1
+m(d1cos 601 + dpcos ;) — o (43)
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Corollary 5. Let N be a proper bi-slant submanifold of dimension n in a cosymplectic space form N (c) of dimension
(2m + 1), with slant angles 61,0, and dimD; = d;, i = 1,2. Then,

Cc
v < IHIP=pt g
3c

jL471(71 -1)

(d1c0s%0; + dacos?0;) — i (44)

Remark 6. Corollary 3 generalizes Theorem 4.1 of [9].

Remark 7. We note that the authors of [8,9] provided non-trivial examples of Lagrangian and Legendrian
submanifolds satisfying the equality case of the corresponding Wintgen-type inequalities stated in this paper, because
the shape operators have the appropriate form (see also [49]).

6. The First Fundamental Equation of Generalized Space Forms

For a given Riemannian manifold (N, g), let us denote by V the Levi-Civita connection of the metric
g and by R the curvature tensor of V. We consider the differential operator D¢ defined in the tangent
vector bundle TV with values belonging to the vector bundle fom(®2TN, TAV). Hence, for a given vector
field X on NV, we have that Dg(X) is a section of the vector bundle TNV ® T**2A defined by

Do (X) = V'X.

Obviously, the complete expression is
De(X)(Y,Z) = VyVzX — Vg /X, VY, Z € X(M).

We recall now that the first fundamental equation of (A,V) is the second-order differential
equation [50]
Dg(X) =0. (45)

In the following, we denote by J5 the sheaf of germs of solutions to Equation (45) and by J< the
vector space of sections of jV’

We would like to investigate next the consequences of the condition dimJz > 0, i.e., the first
fundamental in Equation (45) admits non-null solutions, on the geometry and topology of generalized
complex space forms and generalized Sasakian space forms. Before answering the above question, we
need the following.

Proposition 1. Let V be the Levi-Civita connection of a Riemannian metric g on a manifold N'. If Z is a solution
to the first fundamental equation of (N, V), then one has

(i) R(X,Y)Z=0,

(i) R(X,Z)Y =0,
for all vector fields X,Y on M.
Proof. (i) If Z is a solution to the first fundamental equation of (N, V), then
Do (Z)(X,Y) = VxVyZ — Vg, yZ =0, (46)

for all vector fields X, Y on M.
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However, since the connection V is torsion-free, we can express its Riemann curvature tensor R by
R(X,Y)Z = Dv(Z)(X, Y)— DV(Z)(Y, X). (47)

Consequently, from Equations (46) and (47), we derive R(X,Y)Z = 0.
(if) Using (i) and the Bianchi identity, one has

R(Z,X)Y =R(Z,Y)X. (48)
Then, we have

8(R(Z,X)Y, W)

|
|
oq

= —g(R(Z,X)Y, W), (49)

which implies

=
N

X
=

2
Il

3(

and the conclusion is now clear. [J

Theorem 5. Let N'(f1, f>) be a generalized complex space form of real dimension 2m > 2. If dimJg > 0, then
N is flat. Moreover, N admits a normal Riemannian covering by a flat 2m-dimensional torus, provided that the
manifold is compact and connected.

Proof. Let Z be a non-null solution of the first fundamental equation of (N (fi, f2), V), where V is the
Levi-Civita connection on N'(f1, f»). Then, using Equation (1) and Proposition 1 (i), we get

f{8(Z, V)X —g(Z, X)Y}
+f{80Z,X)]Y =8(JZ,Y)]X} = =2f28(X,]Y)]Z, (50)

for all vector fields X, Y on V.
In addition, using Equation (1) and Proposition 1 (ii), we obtain

[18(Z, V)X + f{28(X,]Z)]Y — g(Z,]Y)] X}
= [8(X,Y)Z - fr8(X,]Y)] Z. (51)

Replacing now X = Z and Y = JZ in Equation (50), we derive:

(i+3f)8(Z,2)]Z=0

and therefore we obtain

3fr+f=0. (52)
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Combining Equations (51) and (52), we get

f{=38(X,Y)Z - ¢(X,]Y)] Z}
+£1{38(Z,Y)X = 28(X, ] Z)]Y +8(Z,]Y)]X} = 0 (53)

and choosing Y = X in Equation (53) we derive
F{-3¢(X,X)Z +3¢(Z, X)X —3¢(X,]Z)]X} = 0. (54)

Now, because m > 1, we can choose a vector field X on A/ subjected to

1. g(X,JZ)=0,
2. ¢(x,2)=0,

and therefore Equation (54) yields

3f8(X,X)Z =0. (55)
Thereby,
f2=0
and, from Equation (52), we also derive
fi=0.

Thus, Equation (1) implies that N is flat and the conclusion follows immediately (see ([51] Theorem
33.1). O

Theorem 6. Let N'(fi, f», f3) be a generalized Sasakian space form of dimension 2m +1 > 3. If the first
fundamental equation admits solutions linearly independent on the structure vector field &, then N is flat. Moreover,
N admits a normal Riemannian covering by a flat (2m + 1)-dimensional torus, provided that the manifold is
compact and connected.

Proof. Let Z be a solution to the first fundamental equation of (N (fi, f, f3), V) linearly independent
on the structure vector field ¢, where V is the Levi-Civita connection on N(f1, f, f3). Then, using
Equation (34) and Proposition 1, we get the following identities:

F{s(Y, 2)X — (X, Z)Y} + fo{g(X,9Z)pY — g(Y,9Z)pX}

+ {n(X)n(2)Y — (V) (Z2)X}

= —2/8(X, pYV)PZ — f3{8(X, Z)n(Y) — g(Y, Z)n(X)}¢, (56)
[8(Z V)X + f{28(X, ¢Z)pY — g(Z,¢Y)pX}

= fn(Z)(Y)X = fig(X,Y)Z - f3(X, Y )$pZ

= B{nXn(Y)Z+g(X,Y)n(Z)¢ —g(Z,Y)n(X)¢} (57)

for all vector fields X, Y on .
Choosing now in Equation (56) the vector field X to be orthogonal to Z, ¢Z, and ¢, we derive

{18(Y, Z) = fan(Y)n(Z)} X — fag (Y, 9Z)pX +2f28(X, pY)$Z = 0 (58)
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and, particularizing Y = ¢Z in Equation (58), one immediately gets
fa=0. (59)

Therefore, Equations (56) and (57) become

filg(Y, 2)X = ¢(X, Z)Y} + fa{n(X)n(2)Y —n(YV)n(Z)X}

= —f{g(X, Z)n(Y) — (Y, Z)n(X)}¢, (60)
H8(ZY)X — fan(Z)n(V)X = f1g(X, Y)Z
= BUn(Xn(YV)Z +g(X,V)n(2) - g(Z,YV)n(X)¢}, (61)

for all vector fields X, Y on .
Similarly, considering in Equation (61) the vector field X to be orthogonal to Z, $Z, and ¢, we deduce

f8(Z )X+ fan(Z)n(V)X = f1ig(X,Y)Z — f8(X, Y)n(Z)¢ (62)

and, particularizing Y = X in Equation (58), one obtains

f8(X, X)Z — f2g(X, X)n(2)¢ = 0. (63)

As Z and  are linearly independent, Equation (63) implies

fi=0 (64)

and
fsn(Z) = 0. (65)

Now, we have to distinguish two cases.
Case I: (Z) # 0. Then, it follows from Equation (65) that

f3=0 (66)

and replacing Equations (59), (64), and (66) in Equation (1), we conclude that  is flat.
Case II: (Z) = 0. Then, taking account of Equation (64), we obtain from Equation (60) that

fa{8(X, Z)n(Y) = g(Y, Z)n(X)}¢ = 0. (67)

Particularizing now X = Z and Y = ¢ in Equation (67), one obtains also Equation (66) and therefore
we reach again the required conclusion. []

Remark 8. Theorems 5 and 6 provide obstructions to the existence of non-flat generalized space forms. Therefore,
the existence of non-null solutions for the first fundamental equation of a generalized complex space form N (f1, f2)
implies the flatness of this space. On the other hand, the existence of solutions linearly independent on the structure
vector field for the first fundamental equation of a generalized Sasakian space form N (f1, fo, f3) also implies that its
Riemannian curvature tensor vanishes identically.
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Abstract: We study the local commutation relation between the Lefschetz operator and the exterior
differential on an almost complex manifold with a compatible metric. The identity that we obtain

generalizes the backbone of the local Kihler identities to the setting of almost Hermitian manifolds,
allowing for new global results for such manifolds.
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1. Introduction

On a Kéhler manifold (M, J, w), the most fundamental local identity is perhaps the commutation
relation between the exterior differential 4 and the adjoint A to the Lefschetz operator,

[A,d] =+T"1dTx, 1

where * denotes the Hodge star operator and I denotes the extension of ] to all forms.

This identity, due to A. Weil [1], strongly depends on the Kéahler condition, dw = 0, and in fact
is true when removing the integrability condition Nj = 0. So, it is valid for almost Kahler and also
symplectic manifolds as well [2—4]. On the other hand, there is also a generalization of the Kéhler
identities in the Hermitian setting (see [5,6]), which strongly uses integrability.

When the manifold is only almost Hermitian, then the above local identity does not hold in general,
as noticed implicitly in [7]. The purpose of this short note is to show precisely how the above Kéhler
identity (1) becomes modified when the form w is not closed.

The main result is given in Theorem 1 below, which has several applications including the
uniqueness of the Dirichlet problem

du=g with ulyn=0¢,

on any compact domain () in an almost complex manifold. This in turn implies that the Dolbeault
cohomology introduced in [8], for all almost complex manifolds, satisfies H%SI(M ) = C for a compact
connected almost complex manifold.

Another application of the almost Hermitian identities of Theorem 1 appears in forthcoming
work by Feehan and Leness [9]. There the fundamental relation of Proposition 1 is used to show
that the moduli spaces of unitary anti-self-dual connections over any almost Hermitian 4-manifold is
almost Hermitian, whenever the Nijenhuis tensor has sufficiently small C%-norm. This generalizes a
well known result for Kéhler manifolds that was exploited in Donaldson’s work in the 1980s, and is
expected to have consequences for the topology of almost complex 4-manifolds which are of so-called
Seiberg-Witten simple type.

Mathematics 2020, 8, 1357; d0i:10.3390/ math8081357 59 www.mdpi.com/journal /mathematics
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When M is compact, local identities lead to consequences in cohomology, often governed by
geometric-topological inequalities. Indeed, the exterior differential inherits a bidegree decomposition
into four components d = i 4+ 0 + 0 + y and the Hermitian metric allows one to consider the Laplacian
operators associated to each of these components. In the compact case, the numbers

él’/q := dim Ker (Aa -+ Aﬂ)‘(p,q)

given by the kernel of Aj + A, in bidegree (p,q) are finite by elliptic operator theory. When | is
integrable (and so M is a complex manifold) the operator A, vanishes and these are just the Hodge
numbers (1 = P/, In this case, the Hodge-to-de Rham spectral sequence gives inequalities

Z A > bk,
prq=k

where b¥ denotes the k-th Betti number. On the other hand, as shown in [4], one main consequence of
the local identity (1) in the almost Kéahler case dw = 0 is the converse inequality

Yoo <k,
p+q=k

Of course, in the integrable Kéhler case both inequalities are true and so one recovers the
well-known consequence of the Hodge decomposition

Yo A=k,

p+q=k

The local identities of [5,6] for complex non-Kéhler manifolds include other algebra terms which
lead to further Laplacian operators, leading also to various inequalities relating the geometry with the
topology of the manifold.

With this note, we aim to further understand the origin of these inequalities by means of the
correct version of (1) for almost Hermitian manifolds for which, a priori, the only geometric-topological
inequality in the compact case is given by

Y dimKer (Ap + Ay + A + Al
p+q=k

k
pa) SO
2. Preliminaries
Let (A, d) denote the complex valued differential forms of an almost complex manifold (M, J).
For any Hermitian metric, define the associated Hodge-star operator
*r AT — AP by w Axif = {w,)vol,

1

aw € A" is the volume form determined by the

where w is the fundamental (1,1)-form, and vol =
Hermitian metric. Note 2 = (—1)¥ on A,

Define d* = — xdx, so that d*x = (—1)*1xd on A*. Similarly, consider the bidegree
decomposition of the exterior differential

d=f+0+0d+u,
where the bidegree of each component is given by

il = (=1,2),10] = (0,1),]9] = (1,0) and |u| = (2,-1).
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We then let §* = — x 0 for 6 = i, 0,0, u and we have the bidegree decomposition
" =" +0" + 9" +p.

where
7| = (1,-2),10"[ = (0,-1),|9"| = (—1,0) and [p*| = (-2,1).

Let L : AP — APFT1A+1 be the real (1,1)-operator given by L(17) = w A 7. Let A = L* = x ' Lx.
Then A = Lx and xL = Ax. Let P¥ = Ker A N A* denote the primitive forms of total degree k.

It is well known that {L, A, [L, A]} defines a representation of sI(2, C) and induces the Lefschetz
decomposition on forms:

Lemma 1. We have
k/2

Ak _ @ Lrpk—Zr
r=0
and this direct sum decomposition respects the (p,q) bigrading.

Let [A, B] = AB — (—1)4lIBIBA be the graded commutator, where | A| denotes the total degree
of A. This defines a graded Poisson algebra

[A,BC] = [A, B]C + (—1)I41IBIB[A, C]
The following is well known (e.g., [10] Corollary 1.2.28):
Lemma 2. Forall j > 0and « € Ak
[, Ala = j(k—n+j—1)U
By induction, and the fact that [d, L] and L commute, we have:

Lemma3. Foralln > 1
[d,L"] = n[d,L]L""1,

and
*[d, Ll = (—1)Fd*, Al xa fora € A

Let I be the extension of | to all forms as an algebra map with respect to wedge product, so that
I,4 acts on AP by multiplication by i#~7. Then I , = (=1)P* so that I, ; = (—=1)7*4I,, ;. Note that I
and x commute, and I and L" commute for all n > 0. The following is a direct calculation.
Lemma 4. If an operator Tys : AP — APTTATS has bidegree (r,s), then

-1
Hr+p,s+q

oTysolyy= (=) °Tpgs.

The above result readily implies that
Ilodol=—i(i—3+3—pu).

Finally, the following is well known (e.g., [10] Proposition 1.2.31):

Lemma 5. If M is an almost Hermitian manifold of dimension 2n, then for all j > 0 and all « € P,

. it .
*La=(-1) e ﬁ.,]’)gLn_kﬁ Ta.
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3. Almost Hermitian Identities

By the previous section, any differential form 7 can be written as 7 = Lia for unique j,k > 0 and
& € PX. We now state the main result:

Theorem 1. For any almost Hermitian manifold of dimension 2n, let o € P, with da written as
do =g+ Loy + L2ap + - - -, 2)
for unique o, € P12 Then, for all j > 0,
. . 1 .
A dLia —*T71dT % Lo = —— 171 [d*, A] T L/
j+1
+jAld, LU+ j(j—1)(k—n+j—1)[d, L]LI %
+ 2 fn,j,k(r)LH—r_l“r
r=2

where
jin—k—j+r)!

jr =D — k=)t

Jui(r) = (r(n=k+71) =)+ (=1)'

Remark 1. In the almost Kiihler case we have [d*,A] = [d,L] = 0, and da = g + Lay, so we recover
the identity
[A,d] =+T"1dlx,

as expected.

Proof. The proof consists of several calculations using the lemmas in the previous section.
Using [I, L] = 0,and I?> = (—1)* on A, we have

il
KTV wy = %11 dI ((—1)*”2“) — Ly J]Lx)

(n —k—j)!
k(kﬂ) ]' —1 gyn—k—j
=(-1)"=z *—L __s1'4L Ju.
(n—k—j)!
By Lemma 3 this is equal to
oy D L ! —1n—k—j e g /! - n—k—j-1,
) 2 k= *I7 L do+ (—1)"2 k-1 * 71 [d, L]L (3)

We first simplify each of these last two summands. By Equation (2), the fact that x commutes
with I, and Lemma 5 applied to «, € Pk+1-2r the first summand of Equation (3) is equal to:

K1) ! B
(_1) 5 +km I 1 (Z:Ln k ]+rar>

r=0

k(k+1) j! B © (k+1—2v)(k—2v+2)( j+r )
—(=1)" =z L g1 T 7U+’ 1y
-y S (,20( ) Grr-nr ©

i r+1 (nf 7].+7‘) L]+r 1
= ]+r—1) (n—k—j)!

For the second summand, we use the fact that forall m > 0 and € Ak,

*L"[d, L)B = *[d, L]L"B = (—1)*1[d*, A] « L™ B.
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So, the second summand in Equation (3) is equal to

(—1)%7“)“(”_%!]._1)! *x 171 [d, L)L i1y
= (_])Mﬂ(n—k%!j—l)! I71d*, A] « LRI 1y
= (—1)@“(”_%]._1)!1*1 [, A)(~1)" 7" %U“ I
= ].jr—ll]rl [d, A]T LI+ g,

where in the second to last step we used Lemma 5.
In summary, we have

1 vy k=)t T g i+
* I d]l*iyfrg)( 1) (j+r—1)!(n—k—j)!L ay ]T_l]l [d*, A TL a. 4)

We now compute [A, d]7, by first computing AdL/, using that all a, are primitive. By Equation (2),
Lemma 2, and Lemma 3, we have:

AdLia = ALlda + Ald, Li|a

= AL/ ( L’a,) +jAld, LUt
r=0

=Y AU a, +jA[d, LI
r=0
==Y (j+rk+1-2r—n+j+r—1)LU" a, +jAld, L] 'a.
r=0
Next using, « is primitive, and Lemma 2 again, we have
dALia = —j(k—n+j—1)dLa
= —jlk—n+j-DLYa—jk—n+j—1)(j—1)[d, L)L

=—jlk—n+j-1) (i Lj+ylﬂéy> —jlk—n+j—1)(—1)[d L)L 2
r=0

So,

A dlp =Y (r(n—k+7r) = j)Ua, + jA[d, LI e +j(j — 1) (k — n+j — 1)[d, L]L 2a.
r=0

Using this last equation and combining with Equation (4) we obtain the desired result:
[Adlyy =T dT %y = ]% I [d*, AT L e
+ A, LU a4 j(j— 1) (k—n+j—1)[d, L)L/ 2a

o0
+ Z fn,k,j (I/) L]+r71“r/
r=0

where
jlin—k—j+r)!

jHr—=11n—k—jv

Jui(r) = (r(n =k+1) =)+ (=1)'
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Itis a curious fact that f(0) = f(1) = 0, whereas for r > 2, f(r) is in general non-zero. [

4. Applications

On an almost Kdhler manifold, using the bidegree decompositions of d and d*, one may derive
from (1) the relation
[A, 9] = id*,

involving A, 9 and the adjoint of 9. For a non-Kahler Hermitian manifold there is an additional term
[A,0] =i(0* +T¥)
where T = [A, [0, L]] is the zero-order torsion operator (see [5,6]). In the case of (0, g)-forms this gives
Ao = i0*a + i[A, 0%] La.
Next we use Theorem 1 to derive this local identity also in the non-integrable case.
Proposition 1. Forall « € A% in an almost Hermitian manifold we have
Ao = i0*a + i[A, 0%] La.

Proof. By bidegree reasons & is a primitive form and we have da = wp + Laj + L2a, where «;
are primitive. By expanding each term in the equality of Theorem 1 with respect to the bidegree
decomposition d = fi + 0 + 9 + y, in the case j = 0, we obtain:

A, dla = Ada = A(Q+ u)a,

* VAT v a0 =i(3* — i¥)a,
and
7' [d*, A]TLa = i[A, 0 — *]La.

In particular, all terms decompose into sums of pure bidegrees (0,4 — 1) and (1,4 — 2). Note as
well that the remaining term
fn,q,O (2) L“2
given in Theorem 1 has pure bidegree (1, g — 2), since ap must have bidegree (0,4 — 3). By putting
together all terms of bidegree (0,4 — 1) we obtain the desired identity. O

Remark 2. The proof of Proposition 1 gives a second identity relating the operators A, y and ji and their adjoints,
which also contains the term fy 40(2)Laa. For forms in AY2, this extra term vanishes by bidegree reasons,
since ay = 0. Then the second identity reads

Apa = —ifi*a — i[A, 1] La.

This corrects the identity

*

(A p] = —if

known in the almost Kihler case for arbitrary forms (see [4]).

The previous proposition can be used to give a uniqueness result for the Dirichlet problem on
compact domains with a boundary.
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Corollary 1. Let Q) be a compact domain in an almost complex manifold (M, J), with smooth boundary, and let
g:Q — C,and ¢ : 9Q) — C be smooth. Then the Dirichlet problem,

u=g  with uln=¢,

has at most one solution u : Q) — C.
In particular, if (M, J) is a compact connected almost complex manifold, and f : M — C is a smooth map
of almost complex manifolds, then f is constant.

Proof. It suffices to show the only solution to the homogenous equation with ¢ = 0 is a
constant function.

In any coordinate chart ¢ : V — R?" containing any maximum point, we pullback J to ¢(V) and
consider the J-preserving map u o1 : (V) — C. The components of d are natural with respect to
this J-preserving map and we use a compatible metric on (V) to define A and 9*. Then by Proposition
1 with g = 1 we obtain

—iAJJu = 0*du + [A,9*]Lou

on (V). Note 9*0 is quadratic, self-adjoint, and positive, and [A,d*]Ld is first order since [A,0*] =
[d, L]* is zeroth order, because [d, L7 = dw A 7. Then the right hand side is zero, so the maximum
principle due to E. Hopf applies [11], showing u is constant in a neighborhood of the maximum point
and therefore, by connectedness, u is constant.
The final claim follows taking () = M, with empty boundary, ¢ = 0, and noting the condition
that f is a map of almost complex manifolds implies df = 0.
O

Remark 3. In [8], we introduce a Dolbeault cohomology theory that is valid for all almost complex manifolds.
The above corollary is key in showing that, for a compact connected almost complex manifold, this cohomology is

~

well-behaved in lowest bidegree, in the sense that H%gl(M) =~C.

Finally, we refer the reader to the work of Feehan and Leness [9], where the relation of
Proposition 1, for g = 1, is used to show that the moduli spaces of unitary anti-self-dual connections
over any almost Hermitian 4-manifold is almost Hermitian, whenever the Nijenhuis tensor has
sufficiently small C%-norm.
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Abstract: In this paper, we prove some inequalities in terms of the normalized /-Casorati curvatures
(extrinsic invariants) and the scalar curvature (intrinsic invariant) of statistical submanifolds in

holomorphic statistical manifolds with constant holomorphic sectional curvature. Moreover, we study
the equality cases of such inequalities. An example on these submanifolds is presented.
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1. Introduction

The problem of discovering simple relationships between the main intrinsic invariants and the
main extrinsic invariants of submanifolds is a basic problem in submanifold theory [1]. In this respect,
beautiful results focus on certain types of geometric inequalities. Moreover, another basic problem
in this field is to study the ideal submanifolds in a space form, namely to investigate the submanifolds
which satisfy the equality case of such inequalities [2].

The method of looking for Chen invariants answers the problems posed above. First, Chen demonstrated
in [3] an optimal inequality for a submanifold on a real space form between the intrinsically defined
o-curvature and the extrinsically defined squared mean curvature. This approach initiated a new line
of research and was extended to various types of submanifolds in several types of ambient spaces,
e.g., submanifolds in complex space forms of constant holomorphic sectional curvature (see [4-7]).
The submanifolds attaining the equality of these inequalities (called Chen ideal submanifolds) were
also investigated. Recently, Chen et al. classified 6(2, n — 2)-ideal Lagrangian submanifolds in complex
space forms in [8].

Moreover, new solutions to the above problems are given by the inequalities involving -Casorati
curvatures, initiated in [9,10]. In the search for a true measure of curvature, Casorati in 1890 proposed
the curvature which nowadays bears his name because it better corresponds with our common
intuition of curvature than Gauss and mean curvature [11]. However, this notion of curvature was
soon forgotten and was rediscovered by Koenderink working in the field of computer vision [12].
Verstraelen developed some geometrical models for early vision, presenting perception via the Casorati
curvature of sensation [13]. A geometrical interpretation of this type of curvature for submanifolds in
Riemannian spaces was given in [14]. In [15], the isotropical Casorati curvature of production surfaces
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was studied. The Casorati curvature was used to obtain optimal inequalities between intrinsic and
extrinsic curvatures of submanifolds in real space forms in [9,10]. Later, this knowledge was extended
(e.g., see [16-21]). Submanifolds which satisfy these equalities are named Casorati ideal submanifolds.
Recently, Vilcu established an optimal inequality for Lagrangian submanifolds in complex space forms
involving Casorati curvature [22]. Aquib et al. obtained a classification of Casorati ideal Lagrangian
submanifolds in complex space forms [23]. Very recently, Suceavad and Vajiac studied inequalities
involving some Chen invariants, mean curvature, and Casorati curvature for strictly convex Euclidean
hypersurfaces [24]. Brubaker and Suceava investigated a geometric interpretation of Cauchy-Schwarz
inequality in terms of Casorati curvature [25].

The concept of statistical manifold was defined by Amari in 1985, in the basic study on information
geometry [26]. Currently, interest in the field of statistical manifolds is increasing, being focused on
applications in differential geometry, information geometry, statistics, machine learning, etc. (see,
e.g., [27-29]). Cuingnet et al. introduced a continuous framework to spatially regularize support vector
machines (SVM) for brain image analysis, considering the images as elements of a statistical manifold,
in order to classify patients with Alzheimer’s disease [30]. The study of curvature invariants of
submanifolds in statistical manifolds gives other solutions to the above research problems. Aydin et al.
established some inequalities (Chen—Ricci and Wintgen) for submanifolds in statistical manifolds
of constant curvature in [31,32]. Lee et al. obtained inequalities on Sasakian statistical manifolds
in terms of Casorati curvatures [33]. Aquib and Shahid [34] proved some inequalities involving
Casorati curvatures on statistical submanifolds in quaternion Kéhler-like statistical space forms.
The quaternionic theory of statistical manifolds is investigated in [35]. Very recently, new results
have been published. Aytimur et al. established some Chen inequalities for submanifolds in
Kahler-like statistical manifolds [36]. Aquib et al. achieved generalized Wintgen-type inequalities
for submanifolds in generalized space forms [37]. Chen et al. established a Chen first inequality
for statistical submanifolds in Hessian manifolds of constant Hessian curvature [38]. Moreover,
Siddiqui et al. studied a Chen inequality for statistical warped products statistically immersed in a
statistical manifold of constant curvature [39].

Recently, Furuhata et al. [40] defined the notion of a holomorphic statistical manifold, which can
be considered as a generalization of a special Kdhler manifold. The authors establish the basics for
statistical submanifolds in holomorphic statistical manifolds.

In order to find out new solutions for the problems under debate, we obtain inequalities
for statistical submanifolds in holomorphic statistical manifolds. The invariants involved in such
inequalities are the extrinsic normalized J-Casorati curvatures and the intrinsic scalar curvature.
The method is focused on a constrained extremum problem. Moreover, the equality cases are
investigated. This study revealed that the equality at all points characterizes submanifolds that
are totally geodesic with respect to the Levi-Civita connection.

2. Preliminaries

Let (M, §) be a 2n-dimensional manifold, V an affine connection on M, and ¢ a Riemannian
metric on M. Consider T € I'(TM(2)) the torsion tensor field of V.

A pair (V,§) is called a statistical structure on M if the torsion tensor field T vanishes and
Vg € T(TM©3) is symmetric.

A Riemannian manifold (M, §) is called a statistical manifold if it is endowed with a pair of
torsion-free affine connections V and V* satisfying

Z3(X,Y)=g3(VzX,Y)+ §(X, V3Y),

forany X, Y, Z € T(TM). Denote (M, §, V) as the statistical manifold. The connections V and V* are
named dual connections or conjugate connections.

Remark 1. If (M, §, V) is a statistical manifold, then we remark that
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1. (V¥ =
2. (M, gV ) is also a statistical manifold;
3.V always has a dual connection V* satisfying

V4V =2V0, (1)
where V0 is the Levi-Civita connection on M.

Let M be an m-dimensional submanifold of a 2n-dimensional statistical manifold (M, §) and g
the induced metric on M. The Gauss formulas are given by

VxY = VxY +h(X,Y),
VY = VY + 15 (X,Y),

forany X,Y € I'(TM), where I and hi* are symmetric and bilinear (0, 2)-tensors, called the imbedding
curvature tensor of M in M for V and V*, respectively.

Denote the curvature tensor fields of V and V by R and R, respectively. Then, the Gauss equation
concerning the connection V is ([41])

SR(X,Y)Z,W) = g(R(X,Y)Z,W) + §(h(X, Z), " (Y, W)) = §(h" (X, W), h(Y, Z)), @

forany X,Y,Z,W € I'(TM).
In addition, denote the curvature tensor fields of the connections V* and V* by R* and R¥,
respectively. Then the Gauss equation concerning the connection V* is ([41])

SRY(X,Y)Z,W) = g(R*(X,Y)Z,W) + §(h" (X, Z), h(Y,W)) = §(h(X, W), h* (Y, Z)), ©)

forany X,Y,Z,W € I'(TM).

If M is a submanifold of a statistical manifold (M, g, V), then (M, g, V) is also a statistical
manifold with the induced metric g and the induced connection V.

Let S be the statistical curvature tensor field of a statistical manifold (M, g, V), where S € T(TMU12))
is defined by [40]

S(X,Y)Z = %{R(X,Y)ZJrR*(X,Y)Z}, @)
for X,Y,Z e T(TM).

If 1 = spang{uy, up} is a 2-dimensional subspace of T, M, for p € M, then the sectional curvature
of M is defined by [40]:

8(S(ur, up)up, ur) (5)

o(m) = g(uy,ur)g(ua, uz) — g2(uy, uz)”

Let {ey, ..., e, } be an orthonormal basis of the tangent space T, M, for p € M, and let {1, ..., €2, }
be an orthonormal basis of the normal space T;—M. The scalar curvature T at p is given by

w(p)= ), oleine)= ), g(Seeejer), (6)

1<i<j<m 1<i<j<m
and the normalized scalar curvature p of M is defined as

2T

b= Ty @

The mean curvature vector fields of M, denoted by H and H*, are given by
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1 m
J— . P L
- ;h(e,,e,), H

From Equation (1), we get 21 = h + h* and 2H" =

3=

Il
—

h* (ei ).

1

H + H*, where 1° and H° are the second
fundamental form and the mean curvature field of M, respectively, with respect to the Levi—-Civita
connection V° on M.

The squared mean curvatures of the submanifold M in M have the expressions

2 * (12 1 & L B ’
[|H|I" = =) 2+1 ):h S IH| =2 Y 2hii /
a=m

a=m+1 \i=1
where i, = §(h(e; ;) ) and b = §(I*(ei ¢j), ea), fori,j € {1,...,m}, a € {m +1,..., 2n}.

20
Denote by C and C* the Casorati curvatures of the submanifold M, defined by the squared norms
of h and h*, respectively, over the dimension m, as follows

1 1 2
C:EHMIZ:% Z
a=m+

‘M§

=
[
—_

(1)
2
+11i,j l(h a) .

Let L be an s-dimensional subspace of T,M, s > 2 and let {e1,...,es} be an orthonormal basis of
L. Hence, the Casorati curvatures C(L) and C*(L) of L are given by

N

Ms

1 1 &
c* = 7||h*||2 - =

m m 4
K="

N

1 2 s 2 1 2 S N2
C(L) = S Y ¥ (h;*]) , C*(L) = S Y ¥ (h;«].A) .
a=m+11i,j=1 a=m+11i,j=1

The normalized -Casorati curvatures 8¢ (m — 1) and 8¢ (m — 1) of the submanifold M" are given by
de(m—1)], = 7C [p + 1nf{C( )|L a hyperplane of T, M}
and

Se(m—1)], =2C |, —

2}; ! sup{C(L)|L a hyperplane of T, M}.

Moreover, the dual normalized 5*-Casorati curvatures 5 (

&(m—1)and gé(m — 1) of the submanifold
M in M are defined as

Se(m—1)], = 7C* [p + 1nf{C* )IL a hyperplane of T,M}
and

Sp(m—1)), =2¢* |, —

o lsup{C"(L)\L a hyperplane of T, M}.

Denote by d¢(r;m — 1) and b (r;m —

), the generalized normalized 5-Casorati curvatures of M
defined in [10] as

S¢(r;m

—1)|, =rC |, 4+a(r) inf{C(L) | L a hyperplane of T,M}
if0<r<m(m—1),and

Sc(r;m—1)|, =rC |p +a(r)sup{C(L) | L a hyperplane of T,M}
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ifr > m(m—1), for a(r) set as

a(r) = (m—l)(r—l—m)(mz—m—r),

where r € Ry and r # m(m —1).
Furthermore, denote by & (r;m — 1) and &*¢ (r; m — 1) the dual generalized normalized 5*-Casorati
curvatures of the submanifold M, defined as follows:

o¢(r;m—1)|p =rC* |, +a(r) inf{C*(L) | L a hyperplane of T, M},
if0<r<m(m—1),and
8¢(r;m—1)|, =7 C* |, +a(r) sup{C* (L) | L a hyperplane of T,M},

if r > m(m — 1), for a(r) set above.
A statistical submanifold (M, g, V) of (M,§,V) is called totally geodesic with respect to the
connection V if the second fundamental form / of M for V vanishes identically [40].

Let M be an almost complex manifold with almost complex structure | € T(TM1D).
A quadruplet (M, V, §,]) is called a holomorphic statistical manifold if

1. (V,§) is a statistical structure on M; and
2. wisa V-parallel 2-form on M,

where w is defined by w(X,Y) = §(X,]Y), forany X,Y € T[(TM).
For a holomorphic statistical manifold, the following formula holds:

$(S(Z,W)JY,JX) = §(SUZ,JW)Y, X) = §(S(Z, W)Y, X), ®)

forany X,Y,Z,W € T(TM).
A holomorphic statistical manifold (M, V, §,]) is said to be of constant holomorphic sectional
curvature ¢ € R if the following formula holds [42]:

SXY)Z = (Y. 2)X-§(X,Z)Y +§(JY, 2)]X - gUX, 2)]Y +23(X,JY)]Z}, ~ (9)

¢
4
forany X,Y,Z € I['(TM), where § is the statistical curvature tensor field of M.

Remark 2 ([43]). Let (M, §,]) be a Kihler manifold. If we define a connection VasV = V& + K, where K €
[(TM2)) satisfying the conditions

K(X,Y) = K(Y, X), (10)
§(K(X,Y),Z) =§(Y,K(X,Z)), (11)
K(X/]Y) = _]K( /Y)/ (12)

forany X,Y,Z € T(TM), then (M, V, §,]) is a holomorphic statistical manifold.

Let M be an m-dimensional statistical submanifold of a holomorphic statistical manifold
(M, V,¢,]). For any vector field X tangent to M we can decompose

JX = PX +FX, (13)
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where PX and FX are the tangent component and the normal component, respectively, of [ X. Given a
local orthonormal frame {ey, ez, - -+, ey} of M, then the squared norm of P is expressed by

P2 = 3 @2 (Pei,ej).
ij=1

Next, we consider the constrained extremum problem

min f(x), (14)

xeM

where M is a Riemannian submanifold of a Riemannian manifold (M, §), and f : M — R is a function
of differentiability class C2.

Theorem 1 ([44]). If M is complete and connected, (gradf)(p) € TpiMfor a point p € M, and the bilinear
form A: TyM x TyM — R defined by

A(X,Y) =Hess(f)(X,Y) + g(h°(X,Y), gradf), (15)
is positive definite in p, then p is the optimal solution of the Problem (14).

Remark 3 ([44]). If the bilinear form A defined by Equation (15) is positive semi-definite on the submanifold
M, then the critical points of f|M are global optimal solutions of the Problem (14).

3. Main Inequalities

Theorem 2. Let M be an m-dimensional statistical submanifold of a 2n-dimensional holomorphic statistical
manifold (M, V,§, ]) of constant holomorphic sectional curvature c. Then we have

(i)
2t < 82(r;m—1) +mC® —2m?||HO|? (16)
+ ng(H,H) + PP + Smm 1),
for any real number r such that 0 < r < m(m — 1), where 53(r;m — 1) = Ww and
€0 = S and
(ii)
2t < 82(r;m —1) +mC° — 2m?| HO|? (17)
+ ng(HH) + S PIP + Smm 1),
for any real number r such that r > m(m — 1), where 83 (r;m — 1) = w

Moreover, the equality cases of Inequalities (16) and (17) hold identically at all points p € M if and only if
the following condition is satisfied:
h+h* =0, (18)

where h and h* are the imbedding curvature tensors of the submanifold associated to the dual connections V and
V*, respectively.
Proof. The relations (Equations (2)—(4)) imply

25(8(X,Y)Z,W) = 2¢(S(X,Y)Z,W) —g(h

(Y, Z), 1" (X, W)) + &(h(X, Z), (Y, W))
=& (Y, 2), (X, W) +

S (X, Z),h(Y, W)), (19)
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where X,Y,Z,W € T(TM).

For p € M, we choose {ey,....en} and {ey41,..,€2,} orthonormal bases of T,M and TPLM,
respectively. For X = Z = ¢;and Y = W = ¢; with i,j € {1,..,m}, from the Equation (19),
it follows that

21(p) = m’g(H,H") -~ §(h*(ei, ), heise))) (20)

1<i,j<m
+ (m = m+3P|2).
Denoting 2H? = H + H* and 2C° = C + C*, Equation (20) becomes
m? m?
2t(p) = 2m?|H| = || H? - - ||H|?
—2mC0 + (c+c*) (m —m+3||P|]?). (21)

Let P be the quadratic polynomial defined by

0 0 m m? 2 2
P = 1C+a(r) COL) + 5 (C+C) = ([ HI* + [H|*)
C
=21(p) + 4 (m® — m +3||P|[%), (2)

where L is a hyperplane of T, M.

We consider that the hyperplane L is spanned by the tangent vectors e, ..., ,,_1, without loss of
generality. Therefore, we get

2n o2m+r M 0ur2 1 m—1 Ozx
73&)%1[ - ijZ::1(hij) +a(r)m_1ijz_: (hf Zh (23)

Then, Equation (23) yields

Po= 8 [N BO] 5 g [P0 MO g e

a=m+1 m m=1]4 2 m m—1] =
2m+r  a(r) mlena
+ < m * m—1 2 Z (hii")

4 2 hOahOa (2711-‘,—7‘ > (hgftm) }

+

1<i<j<m m
2n r r m m=l
>y {( — L 007+ ()02 o T ey,
a=m+1 i= 1<i<j<m
Let f, be a quadratic form defined by f, : R” — R forany « € {m +1,...,2n},
_ ta
F ) = e D e

=1
P-4 Y A,
m 1<i<j<m

We investigate the constrained extremum problem

min fy
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with the constraint
. 1,0 0 On  __
Q: h 4+ hys + oo+ Iy, = K%,

where k% is a real constant.
We obtain the system of first-order partial derivatives:

— m
ofa _ 21f(m 1) +a(r)mh?ia 4 <Z e — h?i“) —0
k=1

e m(m—1)
aflx Oa = On
i, = o

foreveryi e {1,..,.m—1},a € {m+1,..,2n}.
It follows that the constrained critical point is

O zm(m_l) K

it = (m—1)(2m +r) + ma(r)

On 2m K
T 2m A
foranyi e {1,..,.m—1},a € {m+1,..,2n}.
For p € Q, let Abe a 2-form, A : T,Q x T,Q — R defined by

A(X,Y) = Hess(fu) (X, Y) + (I (X,Y), (gradfu) (p)),

where /' is the second fundamental form of Q in R”*+1 and (-,-) is the standard inner product on R™.
The Hessian matrix of f, is given by

A —4 -4 —4

-4 A -4 —4
Hess(fx) = : ‘

-4 —4 A —4

—4 —4 -4

where A = ZW is a real constant.
The condition Y} ; X; = 0 is satisfied, for a vector field X € T,Q, as the hyperplane Q is totally

geodesic in R™. Then, we achleve

m—1
2r
AX,X)=A ;X?—&-%an—S Z XiX;
i=1 i,j=1(i#j)

m—1 m 2 m
:A2X$+ X2 14 Y X Y OXiX;
1

i=1 1121(1‘#1')

=
i: +4ZX
> 0.

Applying Remark 3, the critical point (1%, ... h0%,) of f, is the global minimum point of the
problem. Since fo (1%, ..., h% ) = 0, we get P > 0.

We have then proved Inequalities (16) and (17), considering infimum and supremum, respectively,
over all tangent hyperplanes L of T, M.
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In addition, we study the equality cases of Inequalities (16) and (17). First, we find out the critical
points of P

c _ (1,0m+1 1,0m+1 0m+1 02n 02n
e = (RO Oy Ot g L )

as the solutions of following system of linear homogeneous equations:

aP 2m+r  a(r) } 0 LR
=2 —2|n% 4 o =0,
onl [ m m—1 i = #Zk:l Kk
P T (ST
ah?nam - 2ahmm -4 kg:l hkk =0,
P [2m+r  a(r) T ox o
ahgﬂ_4{ m Tmo1)t =0 AT
P 2m+r a(r) |,
aho“:4{ m +m—1 iy = 0.

m

The critical points satisfy h?j‘" =0, withi,j € {1,..,m} and « € {m+1,...,2n}. On the other hand,
we know that P > 0 and P (h°) = 0, then the critical point 4° is a minimum point of P. Consequently,
the cases of equality hold in both Inequalities (16) and (17) if and only if h‘l?;- = —h;}”‘, fori,je{1,..,m},
ae{m+1,.,2n}. O

Remark 4. Under Equation (18), the submanifold M is totally geodesic with respect to the Levi-Civita
connection V0. Then, the equality cases of Inequalities (16) and (17) hold for all unit tangent vectors at p if and
only if p is a totally geodesic point with respect to the Levi-Civita connection.

By virtue of Theorem 2, the generalized normalized é-Casorati curvatures satisfy Inequalities (16)
and (17). If the normalized 6-Casorati curvatures d¢ (m — 1) and &5 (m — 1), respectively, d¢ (m — 1) and
Sé (m — 1) are involved, then we can state the following result.

Corollary 1. Let M be an m-dimensional statistical submanifold of a 2n-dimensional holomorphic statistical
manifold (M, V, &, ]) of constant holomorphic sectional curvature c. Then, we have

(i)
1 2m
< 500 — 0 _ 0)12
P Rm—1)+ 0= K| 1)
m

3c |
4m(m —1)

where 269 (m — 1) = d¢(m — 1) + & (m — 1) and 2C° = C + C*, and

+ ——&(H,H") +

Cc
P|?+=
m—1 1P Ty

(i)

2m
HHHOHZ (25)
3c
-1

4m(m —1)

N 1
< §9(m b L0
p < op(m l)+mflc
m

+ mg(H,H )+

c
P|*+ -
1P+ &,
where 280 (m — 1) = d¢(m — 1) + 85 (m — 1).

Moreover, the equality cases of Inequalities (24) and (25) hold identically at all points if and only if h and
h* satisfy the condition in Equation (18), which implies that M is a totally geodesic submanifold with respect to
the Levi—Civita connection.
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4. An Example

Example 1. Let (x1,X2,y1,Y2) be a standard system on R*, g the Euclidean metric. Define t = (y2 + y3)/2
(t > 0) and the functions u, v on R* as

u(x1,x2,y1,Yy2) = a(t), v(x1,x2,y1,y2) = b(t),

where a is a function a : [0,00) — (0,00), and b(t) = —a(t)a’(t)(2ta’(t) — a(t)) "', assuming that a(t) +
2tb(t) > 0 for t > 0.

Let G be a g-natural metric on R* and | a complex structure defined by Oproiu ([45]) such that R* is
Kiihlerian, as follows:

u+oy3
G = (u+oyd)dxidxy + 20y y2dxidxs + (1 + vy3)dxadxs + ﬁdyldyl (26)
_ VY1Y2 u—+ vy%
2u(u + 2tv)dy1dy2 + u(u+ 2tv)dyzdy2'
d 5, 0 9
- =W+oyy)s=—+7 B
]axl ( y])ayl ylyzayz
d ] 5 0
= =0 — +(ut+oy;)s—,
IaxZ Yy1y2 ayl ( yZ) ayz
2 (27)
PENES B T 3
dy;  u(u+2tv)dx;  u(u+2tv) oxy’
o _ om0 utvd 2
dyy  u(u+2tv)dx;  u(u+2tv) dxy’
Let the function u be defined as u(xi,xp,y1,yo) = ‘it V21+4t. Therefore, the function v becomes

v(x1,x2,y1,¥2) = 1. Then, for the metric G and the complex structure ], there exists a tensor field K
such that (R*,V := VC + K, § := G, ]) is a special Kihler manifold [46]. Notice that a holomorphic statistical
structure of holomorphic curvature 0 is nothing but a special Kihler manifold [43].

In this respect, define a (1,2)-tensor field K on R*:

;9

K= 2 Mg

i

k
1

4 . .
@ dx' @ dx/. (28)
1=

Let oy, ..., a7 be functions on R* and denote p := u+ vy3, q := u + vy3, r 1= u + 2tv, s 1= vy1y,. Suppose
that ay has the expression

1 1
ay = Es(uy] +2y1) + Sy (29)

Moreover, ay and w3 satisfy the equation

q 1 a)pur sur s_1 1
(wz a3 aq ) p + . +‘X2q72p(”y1+2y1)+25uy2/ (30)

where 1y, 1= aa—”l and uy, := aaTZ'
If K performs the conditions in Equations (10)—(12) and also the conditions in Equations (29), (30), then
we get (R*,V := VC + K, § := G,]) aspecial Kihler manifold [46] with K constructed as follows:

1 41 32 32 13 13 _ 4 _ 13 13 _ 4 _ 14 13 _
kg =ky = ki3 =k3 = —k3y = —kyz = wq, ki = kip = ky; = ap, kip = ko) = kpp = 3,

1 g1 12 2 A 4 2 4 g4 _
kpy =kyp = ki3 =k3y = —k3y = —kiyz = ay, kpy = —kpy = —kipp = a5,
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1 1 1 3 3 2 2 3 3 q
kip =kip =ky = —ky3 = —k3 =0, ki = k3 = —kpy = —kpp = a7
1 2 3 3 2 s P S
kaz = we, kiy =kjy = kg =0, kﬁ =ky = _"‘2u7q ‘*‘“3”717 - “15/
s s 2s% — u?r? ur + 252
k%a :kéz :azi*%ﬁ*%*/ k% =n +a; *%B,
urp p urp sq sq q
2.2 2
4 q ucr ur+2s~ 4 1 q q
kyy = _“2; T +IX3T/ kis =k3 = i I
1 q S S 1 2 2 1 P r
kas = —“2@ +”‘3W + "‘4? kyy = —kyy = —kip = L i i
s P 5 .3 q 1 q
Ky =ar— —a3—— + 1=, Ky = —ap—— +a3— + a4,
4 zqur 3qur-i_ 1q 3 zsur+ Sur+ s
1 4 4 S
kyy = —kp3 = —k3 = —as—,
p
2
S S
k§4 = k1113 = —Qg— — Q5 ,
q urpq

s(2s% + ur)
urpg?

’

1 s?
k44 = Dt6$ + a5

Ky =k = kiy = ki =0,

k%3 = k%l =0, k§3 = —txegf
2 2 4 S
k3, = kiz = IX()E +o¢5u—m,
2 _ o patst sp
k44 = —065qu — 0‘67~

Then, M = (R*, V := V¢ + K, G, ]) is a holomorphic statistical manifold of holomorphic curvature 0.

Next, let M be any m-dimensional submanifold (m < 4) of M. Then, Inequalities (16) and (17) are
satisfied. Moreover, the statistical submanifold M of M attains equality in both these inequalities, provided that
M is totally geodesic.

5. Conclusions

In this research study, we provided new solutions to the fundamental problem of finding simple
relationships between various invariants (intrinsic and extrinsic) of the submanifolds. In this respect,
we obtained inequalities involving the normalized J-Casorati curvatures (extrinsic invariants) and the
scalar curvature (intrinsic invariant) of statistical submanifolds in holomorphic statistical manifolds
with constant holomorphic sectional curvature. In addition, we characterized the equality cases.
These results may stimulate new research aimed at obtaining similar relationships in terms of various
invariants, for statistical submanifolds in other ambient spaces.
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1. Introduction

Quantum calculus or g-calculus is often known as “calculus without limits” and was first
developed by Jackson in the early twentieth century, but the history of quantum calculus can be
traced back to some much earlier work done by Euler and Jacobi et al. (see [1]). Over the recent decade,
the investigation of g-calculus has attracted the interest of many researchers, because it has been found
to have a lot of applications in mathematics and physics. As is known to us, g-calculus can be treated
as a bridge between mathematics and physics, it is a significant tool for researchers working in analytic
number theory, noncommutative geometry, or theoretical physics. In quantum calculus, we obtain
the g-analogues of mathematical objects which can be recaptured as g — 1. It has been noticed that
quantum calculus is a subfield of timescale calculus. Timescale calculus provides a unified framework
for studying dynamic equations on both the discrete and continuous domains. In quantum calculus,
we are concerned with a specific timescale, called the g-timescale (see [1-4]).

The concept of convexity has been extended in several directions, since these generalized versions
have significant applications in different fields of pure and applied sciences. We only point out that
convexity was recently used in differential geometry to completely classify ideal Casorati submanifolds
in complex space forms (see [5-8]). One of the convincing examples on extensions of convexity is
the introduction of invex function, which was introduced by Hanson [9]. This concept is particularly
interesting from an optimization viewpoint, since it provides a broader setting to study the optimization
and mathematical programming problems. Such optimization problems have recently been considered
in Riemannian geometry by an original choice of a set of quadratic programming problems. Since then,
some classes of generalized convex functions, such as the preinvex function, strongly a-invex function,
and strongly a-preinvex function, were put forward successively, see [10-16].

In this paper, the quantum calculus and the strongly preinvex function are subtly linked together
via integral inequalities. It is well known that the theory of inequality plays a fundamental role in pure
and applied mathematics and has extensive applications. Apart from the larger number of research
results of inequalities in classical analysis, there are considerable works on the study of inequalities
for g-calculus, particularly the study of inequalities related to quantum integral (g-integral), for
example, g-Hermite-Hadamard integral inequality, g-Cauchy-Schwarz integral inequality, g-Holder
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integral inequality, g-Ostrowski integral inequality, etc. For more details, we refer the interested reader
to [17-23] and the references cited therein.

The purpose of this paper is to establish several g-integral inequalities of Simpson-type via
strongly preinvex functions. The classical Simpson inequality is described as follows:

1 IX+‘B 1 B 1 (4) 1

- il _ < - _

6 4’("‘)+44’< 2 >+¢(ﬁ) ,B—zx/,x PV < 555 [0, 8- *, M
where the mapping ¢ : [a,8] — R is four times continuously differentiable, and

199 oo = Sup, ey gy [94) (1) < 00 (see [24]).

The paper is organized as follows: In Sections 2 and 3, we shall introduce some notions and
properties on strongly preinvex functions and g-calculus. As an auxiliary result, we present an identity
associated with g-integral. In Section 4, with the help of the auxiliary result, we will establish our
main results. At the end of the paper, some examples are provided to illustrate the applications of our
main results.

2. Preliminaries
Let us recall some preliminary concepts and results.
Definition 1 ([15]). A set Ky, C R" is said to be invex with respect to bifunction 7(.,.) : R" x R" — R", if
u+Ay(v,u) €Ky, YV u,veky Ael01].

Definition 2 ([15]). A function ¢ on the invex set K;; C R" is said to be preinvex with respect to bifunction
7(.,.) : R" x R" — R", if

Plu+ Ag(o,0)) < (1- A)gp(u) + Ap(0), Viu,v € Ky, A€ [0,1].

Definition 3 ([16]). A function ¢ on the invex set K, C R" is said to be strongly preinvex with respect to
bifunction n(.,.) : R" x R" — R", and modulus p > 0, if

P+ Ag(v,u)) < (1= AN)p(u) + Ap(v) — pA(1 — A)y?(v,u), Yu,0 € Ky, A€ [0,1].

Here, we introduce a new definition which combines the preinvex functions and the strongly
preinvex functions given above.

Definition 4. A function ¢ on the invex set Ky C R" is said to be generalized strongly preinvex with respect
to bifunction 5(.,.) : R" x R" — R" and modulus y > 0, if

(u+An(v,u)) < (1—A)p(u) +Ap(v) — uA(l — A)p?(v,u), Yu,0 € Ky, A € [0,1].

Clearly, if 4 = 0, then the class of generalized strongly preinvex functions reduces to the class of
preinvex functions as defined in Definition 2.

In the following, we recall some basic properties of g-calculus.

Let ] = [a,b] C R be an interval and 0 < g < 1 be a constant. The g-derivative of a function
¢: ] — Ratapoint u € ] on [a,b] is defined as follows:

Definition 5 ([25]). Let ¢ : | = [a,b] — R be a continuous function and let u € J. Then, the g-derivative of
¢ on | at u is defined as

¢(u) — ¢lqu + (1 —q)a)

C-qw-a - "7" @

an‘P(”) =
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Definition 6 ([25]). Let ¢ : | = [a,b] — R is a continuous function. A second-order q-derivative on |, which
is denoted as aD%(p, provided that . Dg¢ is g-differentiable on | with aDgrp =a Dg(aDy¢p) : | — R. Similarly
higher order q-derivative on | is defined by .Dj¢ : | — R.

In [25], Tariboon and Ntouyas defined the g-integral as follows:

Definition 7 ([25]). Let ¢ : | = [a,b] — R be a continuous function. Then, the g-integral on | is defined as:
u 00
/a ¢(v)adqv = (1= q)(u—a) } q"¢(q"u+ (1-q")a), ®
: n=0
foru e J.

The following results are useful in the computation of g-integral in subsequent section.

Proposition 1 ([25]). Let f,g: ] = [a,b] — R be continuous functions, ¢ € R. Then, for x € ],
[ @) g adg = [ ) adgu+ [ 0)adyr,
/ﬂx cf (V) odgv = c/axf(v) adgv,
X X &
/C f(v) dgv = /a f(v)odgv — /a f(v)adgv, €€ (a,x).

Proposition 2 ([25]). For g-integral, we have the following identities

u
/ 1.dgv=u—a,
a

u (u—a)(u+ qa)
/ﬂ v dgv = T

u 1 —
/u (v—a)® jdgv = (ﬁ)(u —a)™t, T #£ 1,

u 2= (1+quE+qe%  a(l—q)(u—¢)
[ompa - by pusset s

’

, C€(au).

3. A Key Lemma

In this section, we present an identity associated with g-integral, which plays an important role
in establishing our main results.

Lemma 1. Let f: 1= [a,a+n(ba)] — R bea g-differentiable function on I with 1(b,a) > 0. If ;Dyf is
integrable on I and 0 < q < 1, then

¢ [ ar (D) s fa )] - s [ f0dy

1
= 1(b,0) [ ¥(t,0) aDyf(a + ty(b,0)) odt, @)
where 1 1
gi—g, f0<i<s,
2 i <t<1.
qt o if 7S t<1
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Proof. Let .

Q= [ (a5 ) Duslat tr(em) ot

1
0= [ (9= ) iDuftatr(ba)) odyt,

then B
|| ¥ () Dyfa+tn(v,0)) odgt = Q1 + Q.

Utilizing the Definitions 5 and 7, and the properties of g-derivative and g-integral described in

Propositions 1, a direct computation gives

3 11
Q1= / qtﬂqu(“th’l(brﬂ))odqt*/o g oPaf (a+1y(b,a)) odgt

_/ flatty(ba))—flatqgty(ba) .,
(1= q)n(b,a) o

f a+ty(b,a)) — f(a+ qty(b,a)) dt
6 (1—q)ty(b,a) 0%

o f 2a+q"n(b,a) _f 2a+q" 1y (ba)
= % Z qn+1 ( 2 )U(b,a)( 2 )

n(b,a)

1C S\ RYIC T

2 > n
B St )l 3y R S 1)

s nf (2a+q”217(b,a)>
FORE R DAt i oy

”)’ - ﬂ(;,a) /ozf(”ﬂﬂ(brﬂ))odqt.

On the other hand, one has

5
6 aDyf(a+tn(b,a))odyt

1
Q =‘/l qtﬂqu(athr,(b,a))odqtf/

[N

1 15
= | ataDaf(a+tn(v,a)) odgt = [ 2 aDyf (a4 tn(b,)) ot

1 1
2 25
_</02 qtﬂqu(a + t?](b,ﬂ))odqt _ -/02 Eﬂqu(a + tr](b,a))odqt>.
Since

1 15
|} ataDyf(a+tn(b,0) odgt = [ 2 aDyf(a+ tn(b,0)) odt

7/ fla+ty( b a)) — f(a+qty(b,a)) dt
—9)1(b,a) .
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fla+ty( b a)) — f(a+qty(b,a))
6/ q)ty(b,a) odyt

& afa+q'ba)—f(a+q"y(ba)
L 16.)

n=0
f(a+q"n(b,a) = f(a+q"y(ba))
1(b,a)

and

1 1
3 15
/02 gt aDyf (a + t(b,a)) odyt — /02 o aDyf(a+ ty(b,a)) odgt

f<2u+;;(b,a)> . nf(2u+q”217(b,u)) 5 f(za+g<b,a)>,f(a)
{ DR P o) }‘6‘ 100

1
= >
1 f (2u+7£(b,a)> 5 f .

(a) 1 2
"3 4(ba) e n(b,a)  n(b,a) /o flattn(b.a)) odgt,

we obtain

1 fa+nba) 1 f(zﬁqf(bu)) 1 1
Q= 6 7(b,a) +§. (b, a) - b,u)/o flatty(b,a)) odgt

+77(l},11) /oif(“ﬂ’?(brﬂ))odqt.

Thus,

1
|| ¥ 00)Daf (a4 tn(6,0)) odgt = Q1 + Q2

1 fargbaf@ 2 FCEE) 0
6 17(b, a) +§' (b, ) - (b,a) /0 fla+ty(b,a))o q

F) 1 e ) odlgt
=35 1(b,0) 76,3 ’nzw,a)/u bl

which leads to the desired identity (4). The proof of Lemma 1 is complete.

1 fatnba)+fa) 2
3

O
4. Main Results

We are in a position to establish the g-integral inequalities of Simpson-type for strongly

preinvex functions.
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Theorem 1. Let f : I = [a,a+1(b,a)] — R be a g-differentiable function on I with (b, a) > 0. If | ;D f| is
an integrable and a generalized strongly preinvex function with modulus y > 0and 0 < q < 1, then

2 [r@+ar (D) 4 o ntban] - s [ 0y ®)

<7(b,a) {(Al(q) +A4(9))| aDgf (@)| + (A2(q) + As(q))| aDyf (b)| — 1(As(q) + As(q))7* (b,a) |,

where A1(q), A2(q), A3(q), As(q), As(q), and A¢(q) are given by

1-4¢°

1
ARy 0 <1<
Ai(q) = .
14120412367 1
2160149 (1q1q)’ 3 =<1
_ 1?1
24(1+q) (1+4+7)’ q<3
Ax(q) = i
1824187 1
216(1+9)(1+4+42)" 3 <g<l1,
1o agt 1
Bt atead 0<9<3
As(q) = o
108¢* 454> +12¢°+549—17 1
2%+ @) (Aqrg) 3 =1<1L
—5+80+84°—8¢° 5
A 0 <1< &
As(g) = i
_ 127412945 5
206(1+q)(1 g1 42)’ 6 <g<1,
s g o
8(1+q)(1+q+q2)/ q 5
As(q) = i
_ 1821180425 5
216(1+q)(1+q+¢%)” 6 <g<l,
5-2q+2802 2% 12g*_ 5
B+ ey 0 <1<%
Ae(q) =

108¢* 540> +960°~540+115 5 _
29611 q) ) gD’ 6 =9 <1

Proof. Using Lemma 1 and the assumption condition that | ;D f| is a generalized strongly preinvex
function, we have

@ rar (D) skt - s [ 0 |

- ‘q(b,a) [ (60 Dy + (b)) oyt
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=1n(b,a) ./07 (W, %) aDyf(a+tn(b,a))odyt

+ '/; (qt - g) aDof(a+ty(b,a))odgt

1

< 1(b,a) {/02
+/11

g ((1 = 01Dy f(@)]+ Dy f (8)] — pt(1 - t>n2<h,a>> odyt

1
qt — 3 |quf(” +t17(b,a))| odgt

;5
=%

|aqu(’1 +ty(b,a)) Odqt}
< (b,a) { I
+/11

=1(b,a)

gt - g‘ ((1 — )] aDyf (@) + 1] Dy (0)| — (1~ t>n2<b,a>> odqt}
odgt + /;(1 —1) ’qt - g

Odqt>
()dﬂ)
1
Odqt+/% t(l—t)‘qt—g

—up?(b,a) (/02 tH1— ) 'qt—é > Odqtﬂ.

In view of the Definitions 5 and 7, and Propositions 1 and 2, a direct calculation gives

|aqu(a)</O.%(1—t)‘qt—;

+HaDy ) (/ft]qt;

1 5
odthr/% tat— ¢

1-4¢°

N ./ A 1
1 24(1+q)(1+q+42)” 0<q<y

2 1
Al(q):/ (1—t)‘qt—g odgt =
0 1+129+124*+364° g
M6(1+q)(A+q+g)’ 3 =TS Y
L2922 o]
! AT (v T3
Ax(q) —/0 t‘qt* g| odat = ,
184°+189—7 1
216(1+q)(1+q+42)” 3 sq9<l
1-29-2° —4q* 1
} 1 B AR 0 <1< 3
asla) = [0 =0) |t = g odyt =
/0 108¢* +544° 1122154917 1 _ o ¢
1296(1+9)(1+42) (g2’ 3 =T <
—5+8¢+8%—8¢° 5
1 5 AT )’ 0 <<%
As) = [ =0 ot =] oyt =
2

124%+12q+5 5
Te(Lig) it 6 =<1
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5292 _ 5
1 5 S0t 0<9<%
As(q) :/] t‘qt— 3 odgt =
: 1824180425 5
216(1+q)(11q+4%)’ 6 <g<1,
_5-20+28¢>~2¢°~12¢* 5
' 5 e e A A
Aale) = [ 11=1) ot = odt =
2

108¢* —54¢° +96¢°~549+115 5 _
1296(1+q)(]+q2>(1+q+q2) r e = q <1.

Hence, we deduce the required inequality (5). This completes the proof of Theorem 1. I

Theorem 2. Let f : I = [a,a+1(b,a)] — R be a g-differentiable function on I with 1(b,a) > 0. If | ;Dy|" is
an integrable and a generalized strongly preinvex function with modulus > 0,r > 1and 0 < g < 1, then

2 [r@ +ar (B ¢ pasptoan] - s [ )

(6)

<#(b,a)

(Ba(q)) (Al(qn Dof(@)]" + As(q) | Dy f ()" — VAa(q)ﬂz(brﬂ)>

+ (Balg)) (Amm Dyf(@)|" + As(q) Dy f ()] — uAe(q)nzw,a)) }

where

5-4q 5

m, 0< q < %
By(q) = s
P

12(1+q)”

2<g<y,
A1(q), A2(q), As(q), As(q), As(q), and Ae(q) are given by the same expressions as described in Theorem 1.

Proof. Using Lemma 1 and the Holder inequality, one has

2 [r@ +ar (B 4 pasptoan]| - s [ 00

1
= [r(ba) [ ¥(0,0) D+ 0, oy

1

=7(b,a) /07 (qt— %) aDgf(a+ty(b,a))odyt

+./; (‘7** Z) aDaf(a+1y(b,a)) odyt
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1

<17(b,11){/02
+/;1

1 1-1 1
dgt /2

at—¢
1-1
5 r 1
()d,ﬂ) <A

qt—~
6 2

[aDgf (a + ty(b,a))| odqt

1
=6

5
=

‘ aqu(“ +tn(b,a))] Odqf}

1
qt — 6 aqu(“JFt’?(b/ﬂ))Vodqt)

<17(b,u)[</0%
" (/1

;5
7%

0yt ) o) |

1

T

x ( N %\ [(1= 1Dy f (@) + Dy f B — pit(1 = 1) (b,0)] odqt>

1 1-}
+ (/1 0d,,t>
2

gt - 2\ (1= DDy (@) + ] Dy f ()] = (1 = )7 (b,0)] odqt> }

;5
=%

(4

By direct computation, we find
1-29 1
1 1 g Y <4<3
Bil) = [ |at— | odgt =
1 0 6 q

69—1
6(1+4)”

<gq<1,

@)
W=

5—4q 5
g 0 <9 <46

5
qt— 6 qui’ =

o) = [,

495
12(14q)”

[e)[$}]

<gq<1,

and obtain the integral expressions of A1(q), A2(q), A3(q), As(q), As(q), and Ag(g), which have the
same formulas as those given in Theorem 1. This completes the proof of Theorem 2. [J

5. Applications

It is worth noting that in Definition 4 for u = 0, the generalized strongly preinvex functions
reduce to the preinvex functions. Moreover, if we put = v — u in Definition 2, then the preinvex
functions reduce to the classical convex functions. Besides, the quantum integral inequalities would
lead to the corresponding Riemann integral inequalities by taking the limit g — 1. Thus, several
new and previously known results can be derived from Theorems 1 and 2 as special cases. Here, we
illustrate the applications of our main results by three examples.

Example 1. Recently, Zhang and Du et al. [26] investigated the quantum integral inequalities for convex
functions, they established the following inequality:

89



Mathematics 2019, 7, 751

@)

A (20 o 0
Smin{Hl<3 1—l+q ). H2(3 Tag 1)}

where f : [a,b] — R is a g-differentiable function and | ,D,f| is an integrable and convex function with
0 < q < 1, the expressions of H1 and H are given by [26] (Theorem 3.2).

Further, in [26], the authors derived a remarkable inequality from (7), as follows:

‘% V(a) S (Hb)] ST ‘“‘ @i iren ®

where f : [4,b] — R is a differentiable function, and |f’| is an integrable and convex function on [a, b].

In the following, we show a new result analogous to the inequality (7), which can be obtained
directly by taking # = 0 in Theorem 1.

Corollary 1. Let f : I = [a,a +1(b,a)] — R be a g-differentiable function on I with 11(b,a) > 0. If | Dy f|
is an integrable and preinvex function, 0 < g < 1, then

‘% {f(a) +f(az+ ;](b,a)) +of <2a+17(b a))} B 17(; ) /u+11(b,a) F(8) udyt

a
< (b,a) [(A1(9) + A4(q))|aDyf (a)| + (A2(q) + As(q))] Dgf ()],

where A1(q), A2(q), Aa(q), and As(q) are the coefficients as described in Theorem 1.

)

Putting 17(b,a) = b — a in Corollary 1, it follows that

Corollary 2. Let f : [a,b] — R be a g-differentiable function. If | ;D f| is an integrable and convex function,
0<g<1,then

b
SO r (T10)] - 51 [ r0aan
< (b ) [(A1(0) + As(0)) Dy (@) + (Ax(q) + As(q) | Dyf (D],

where A1(q), A2(q), Aa(q), and As(q) are the coefficients as described in Theorem 1.

(10)

Remark 1. In Corollary 2, if we take the limit ¢ — 17 in (10) and use the basic properties of g-derivative and
g-integral ([25], see also [1])

Jim Dyf(1) = £(8), hm/f dqt—/ F(t)dt

q—1

along with the equalities

lim (A1(g) + As(g)) = nm<

qg—1- qg—1-

1+ 12q 4 1242 + 364° 124 + 129 +5 5
216(1+q)(1+q+42)  216(1+q)(1+q+4¢%) ) 72’
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lim (Ay(q) + As(q)) = lim

189 + 187 — 7 1842 + 187 + 25 5
g—1- g—1- \ 216

A+90+q+4) +216(1+q)(1+q+c;2) 72

then we obtain the inequality

’% W) S (“?’)} ST ‘”‘ <@+ o). ay

This is exactly the above-mentioned inequality (8) due to Zhang and Du et al. [26].

Example 2. In a recent paper [27], Tung, Gov, and Balgecti established a Simpson-type quantum integral
inequality for convex functions ([27] Theorem 1), as follows:

‘% {f(a) +4f <”J2rb> +f(b)} - bia /abf(t)adqf

_ (-
- 12

2¢% +2q+1
P+242+29+1

1 64 +4¢° +4q+1
3 P+22+29+1

[aDgf ()] +

|aDqf (a) } , (12)
where f : [a,b] — R is a continuous function, | ;Dy f| is a convex and integrable function with 0 < q < 1.

Remark 2. Before we describe the related result of inequality (12), we should point out that in (12) there is
an error occurring in the coefficients of |;Dy f (b)| and |,Dg f (a)|. The mistakes arise from the calculations of
quantum integrals in [27] (Lemmas 4 and 5), the details are as follows:

As an auxiliary for establishing the inequality (12), in [27] (Lemmas 4 and 5) , the authors gave the
following results involving g-integrals (0 < q < 1):

1 3 2

b} 1 369° + 129~ + 129 + 1

1—1) gt — 2| odgt = 13
/0 ( )“’ 6‘0 9 216(¢° + 242 + 29+ 1)’ 13
1 5

/laft)\qtfg

1242 + 12945
“2

odgt (14)

216(g3 +292 +2g+ 1)
However, the equality (13) is incorrect for the case of 0 < q < % ; and the equality (14) is incorrect for the
case of 0 < g < %, which can be observed by direct computation of g-integrals. In fact, by the formulas and

algorithms for q-integrals stated in Propositions 1 and 2, when 0 < g < %, we have

1

.

_ Aj(l—t)(%—qt)gdqt

odyt

1

2o 1 01
/O(qt 6t qt+6)odqt

'3 1 3 1 /2
2
q/o todqt—(5+q)/0 todqt+g/o 1 odyt

1 1 1 1
g 6 Vi T
_ 1-4¢°
o 24(P 4292 +29+1)
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When 0 < g < %, we have

Jla-y ]qt -

2

Jla=nC —aroa

2| oyt

1
/(qtszt*qw ) odgt
q/ 2 odgt — (2 +q)/ Fodgt+ > /10dt

1
q(/0 tzodqt,/oz 2 Odqt)f(g+q)('/o todqtf/oztodqt)Jr%
1 1 5 1 1 5
g+ +1 _8(q+q2+1))_(8+q)(m_4(1+q))+ﬁ
—5 -+ 8q + 84* — 8¢°
24(q® +292+29+1)°

= q(

In the same way, one can verify that the equality (13) is valid for % < g < 1, the equality (14) is
valid for g <g<Ll

In the following we provide a modified version of inequality (12).

Corollary 3. Let f : [a,b] — R be a g-differentiable function. If | ;D f| is an integrable and convex function,

0<gq<1,then
b
3L ()] L [
< (b—a) [Ca(q)]aDyf (a)| + Ca(q) | Dy f(B)]] .
where C1(q) and Cy(q) are given by

(15)

—3¢°+2¢%+2q—1 1
(q3+2q2+2q+1)’ 0<g<jy
) Sopang24a1g-11 1
Ciq) = 54207 124 1) * 3 <q<i
60°+49>+4q+1
36(43+292+29+1)” sq<L

—q*—q+2
3(3+24%+2g9+1)"

0
_ —9¢°-9q+32 1
Calg) = 54(q3+2q2+2q+1) 3
5

6

IN A
R

29%+2g9+1

q<
q<
B 6 = 1<

IN

Proof. Using Corollary 2 and performing a simple calculation in the expressions C1(q) = A1(q) +
A4(q) and Ca(q) = Aa(q) + As(q), where A1(q), A2(q), A4(q), and As(q) are the coefficients from
Theorem 1, we obtain the inequality (15). [

Example 3. We provide an estimation of upper bound for the q-integral f”” (ba) f(t) adgt.

Corollary 4. Let f : I = [a,a+1(b,a)] — R be a g-differentiable function on I with 1(b,a) > 0. If | Dy f|
is an integrable and generalized strongly preinvex function with modulus y > 0and 0 < q < 1, then

92



Mathematics 2019, 7, 751

ra+1(b,a)
L e agt

a

<1(b,a)

§ [ +ar (D) s )] (16)

72 (0,a) [(41(0) + As(9)) | Dy f (@) + (Aa(g) + As(@)]Daf(0)] — u(As(g) + As(@)P(b,2)],

where A1(q), A2(q), As(q), As(q), As(q) and Ag(q) are the coefficients as described in Theorem 1.

Proof. Note that

1 a+iy(b,a)
"l(b a) / f(£) adgt

<|g [r@+ar (D) 4 sas o]

1 ra+n(b,a)

+‘W/a f(t)ﬂdqt—%{f(a)‘*“Lf(za—’—ZM) +f(a+17(b,u))”,

Utilizing Theorem 1, one has

1 a+1(b,a)
‘17(17,11) ./11 f(t) ﬂd‘lt

<[ [0 +ar (2L 4 pas pioan)||

+1(b,0) [(A1(q) + As(0)) | aDyf ()| + (A2(q) + As(9))| aDaf (B)| — #(As(q) + Ae(0))n*(b,a) |

Multiplying both sides of the above inequality by 7(b, a) leads to the desired inequality (16). [
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1. Introduction

Let M be a compact minimal hypersurface of the unit sphere S"*1 with shape operator A. In his
pioneering work, Simons [1] has shown that on a compact minimal hypersurface M of the unit
sphere §"*1 either A = 0 (totally geodesic), or || A|*> = n, or ||A||* (p) > n for some point p € M,
where || A|| is the length of the shape operator. This work was further extended in [2] and for compact
constant mean curvature hypersurfaces in [3]. If for every point p in M, the square of the length
of the second fundamental form of M is 1, then it is known that M must be a subset of a Clifford

minimal hypersurface
s (W) x " (‘/ﬂ>,
n n

where [, m are positive integers, [ +m = n (cf. Theorem 3 in [4]). Note that this result was independently
proven by Lawson [2] and Chern, do Carmo, and Kobayashi [5]. One of the interesting questions in
differential geometry of minimal hypersurfaces of the unit sphere $"*! is to characterize minimal
Clifford hypersurfaces. Minimal hypersurfaces have also been studied in (cf. [6-8]). In [2], bounds on
Ricci curvature are used to find a characterization of the minimal Clifford hypersurfaces in the unit
sphere S*. Similarly in [3,9-11], the authors have characterized minimal Clifford hypersurfaces in the
odd-dimensional unit spheres S> and S° using constant contact angle. Wang [12] studied compact
minimal hypersurfaces in the unit sphere S"+1 with two distinct principal curvatures, one of them
being simple and obtained the following integral inequality,

A2<nV01M,
[ IAIP < nvol(a)
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where Vol (M) is the volume of M. Moreover, he proved that equality in the above inequality holds if
and only if M is the Clifford hypersurface,

()~ (),

In this paper, we are interested in studying compact minimal hypersurfaces of the unit sphere
§2n+1 using the Sasakian structure (¢, &, 7,¢) (cf. [13]) and finding characterizations of minimal
Clifford hypersurface of $**+1. On a compact minimal hypersurface M of the unit sphere $**1, we
denote by N the unit normal vector field and define a smooth function f = g(¢, N), which we call
the Reeb function of the minimal hypersurface M. Also, on the hypersurface M, we have a smooth
vector field v = ¢(N), which we call the contact vector field of the hypersurface (v being orthogonal to ¢
belongs to contact distribution). Instead of demanding two distinct principal curvatures one being
simple, we ask the contact vector field v of the minimal hypersurface in $?**! to be conformal vector
field and obtain an inequality similar to Wang’s inequality and show that the equality holds if and
only if M is isometric to a Clifford hypersurface. Indeed we prove

Theorem 1. Let M be a compact minimal hypersurface of the unit sphere S?**1 with Reeb function f and
contact vector field v a conformal vector field on M. Then,

[a=Piap<an [ (1-7)

and the equality holds if and only if M is isometric to the Clifford hypersurface S' <\ / ﬁ) x S™ (1 /%),
where | +m = 2n.

Also in [12], Wang studied embedded compact minimal non-totally geodesic hypersurfaces in
S"*+1 those are symmetric with respect to 1 + 2 pair-wise orthogonal hyperplanes of R"*2. If M is such
a hypersurface, then it is proved that

[ 14l = nvol (),
M

and the equality holds precisely if M is a Clifford hypersurface. Note that compact embedded
hypersurface has huge advantage over the compact immersed hypersurface, as it divides the ambient
unit sphere 5" into two connected components.

In our next result, we consider compact immersed minimal hypersurface M of the unit sphere
$21+1 such that the Reeb function f is a constant along the integral curves of the contact vector field
v and show that above inequality of Wang holds, and we get another characterization of minimal
Clifford hypersurface in the unit sphere S2**1. Precisely, we prove the following.

Theorem 2. Let M be a compact minimal hypersurface of the unit sphere S>"+1 with Reeb function f a
constant along the integral curves of the contact vector field v. Then,

AN = 20vot(m)
M

and the equality holds if and only if M is isometric to the Clifford hypersurface S' <, / ﬁ) x S™ <1 /%)
where I +m = 2n.
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2. Preliminaries

Recall that conformal vector fields play an important role in the geometry of a Riemannian
manifolds. A conformal vector field v on a Riemannian manifold (M, g) has local flow consisting of
conformal transformations, which is equivalent to

£og = 20g. (@)

The smooth function p appearing in Equation (1) defined on M is called the potential function
of the conformal vector field v. We denote by (¢, ,7,g) the Sasakian structure on the unit sphere
§21+1 as a totally umbilical real hypersurface of the complex space form (C"*1,7, (,)), where ] is the
complex structure and (,) is the Euclidean Hermitian metric. The Sasakian structure (¢, ,7,g) on
$2"+1 consists of a (1,1) skew symmetric tensor field ¢, a smooth unit vector field & a smooth 1-form

1 dual to &, and the induced metric g on $2"*1 as real hypersurface of C"*! and they satisfy (cf. [13])
¢ =—I+n®E nop=0, 7(5) =1, g(eX,eY) =g(X,Y) —n(X)n(Y), )

and
(Vo) (X,Y) =g(X,)g —n(Y)X, Vx{=—9¢X, ®)

S2n+l

where X, Y are smooth vector fields, V is Riemannian connection on and the covariant derivative

We dente by N and A the unit normal and the shape operator of the hypersurface M of the unit
sphere S?'*1. We denote the induced metric on the hypersurface M by the same letter ¢ and denote
by V the Riemannian connection on the hypersurface M with respect to the induced metric g. Then,
the fundamental equations of hypersurface are given by (cf. [14])

VxY = VxY +g(AX,Y), VxN = —AX, X,Y € X(M), 4)
R(X,Y)Z =g(Y,Z)X — g(X,Z)Y + g(AY,Z)AX — g(AX, Z) AY, 5)
(VA) (X,Y) = (VA)(Y,X), X, Y€x(M), 6)

where X(M) is the Lie algebra of smooth vector fields and R(X, Y)Z is the curvature tensor field of the
hypersurface M. The Ricci tensor of the minimal hypersurface M of the unit sphere %"+ is given by

Ric(X,Y) = (2n—1)g(X,Y) — g(AX, AY), X,Y € X(M) @)
and )
Y (VA) (ej,e)) =0 ®)

=1

holds for a local orthonormal frame {ey, ..., e, } on the minimal hypersurface M.

Using the Sasakian structure (¢, ¢, %, g) on the unit sphere S§2n+1 e analyze the induced structure
on a hypersurface M of S?*1. First, we have a smooth function f on the hypersurface M defined by
f = g(& N), which we call the Reeb function of the hypersurface M, where N is the unit normal vector
field. As the operator ¢ is skew symmetric, we get a vector field v = ¢N defined on M, which we
call the contact vector field of the hypersurface M. Note that the vector field v is orthogonal to ¢, and
therefore lies in the contact distribution of the Sasakian manifold $**+1. We denote by u = ¢T the
tangential component of ¢ to the hypersurface M and, consequently, we have { = u + fN. Let « and j
be smooth 1-forms on M dual to the vector fields 1 and v, respectively, that is, a(X) = g(X,u) and
B(X) =g(X,v), X € X(M). For X € X(M), we set JX = (guX)T the tangential component of ¢X to
the hypersurface, which gives a skew symmetric (1,1) tensor field | on the hypersurface M. It follows
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that 9X = JX — B(X)N. Thus, we get a structure (J,u,v,«, B, f,g) on the hypersurface M and using
properties in Equations (2) and (3) of the Sasakian structure (¢, &, 1, g) on the unit sphere $*'*1 and
Equation (4), it is straightforward to see that the structure (J, u,v,, B, f, g) on the hypersurface M has
the properties described in the following Lemma.

Lemma 1. Let M be a hypersurface of the unit sphere S2n+1  Then, M admits the structure
(J,w,v,a,B,f,g) satisfying

(i) P=-I+a@u+B®0,
(ii) Ju=—fv, Jv=fu,
(i) gUX,JY) = g(X,Y) — a(X)a(¥) = BX)B(Y),
(iv) Vxu=—]JX+fAX, Vxv=—-fX—-JAX,
) (VD(XY)=g(X,Y)u—a(Y)X+g(AX,Y)v — B(Y)AX,
(vi) Vf=-Au+no,
(i) u|® = o> = (1= f2), g(w,0) =0,

where V f is the gradient of the Reeb function f.

Let Af be the Laplacian of the Reeb function f of the minimal hypersurface M of the unit
sphere $%*1 defined by Af = divVf. Then using Lemma 1 and 1Af? = fAf + |Vf|* and
Equations (6) and (8), we get the following:

Lemma 2. Let M be a minimal hypersurface of the unit sphere S>*+1. Then, the Reeb function f satisfies
M Af=—(2n+]4P)f,
) 1af2=—(2n+11A17) £+ [ VFI?

On the hypersurface M of the unit sphere $*'*1, we define a (1,1) tensor field ¥ = JA — A],

then it follows that g(¥X,Y) = g(X, YY), X,Y € X(M), thatis, ¥ is symmetric and that t#¥ = 0.

Next, we prove the following:

Lemma 3. Let M be a compact minimal hypersurface of the unit sphere S*' 1. Then,

/M (1-7) Il = /M <2n —on(@n+1)f2 + % W||2> .

Proof. Using Equation (7), we have Ric(v,v) = (2n —1) ||v||2 — ||AUH2‘ Now, using Lemma 1, we get
(£g) (X, Y) = =2f8(X,Y) —g(¥X,Y),
which on using the fact that t7Y = 0, gives
[£ogl? = 8nf>+ |[¥]|*.
Also, using (iii) of Lemma 1, we have
ITAI? = | Al = [ Au]l® — || Ao|?,
which together with second equation in (iv) of Lemma 1 and the fact that trJA = 0, implies

IVo|? = 2nf* + (| A|* || Aul® — || Av]|>.
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Note that second equation in (iv) of Lemma 1 also gives
divo = —2nf.

Now, inserting above values in the following Yano’s integral formula (cf. [15])

/ (Ric(v,v) + L2 = Vo2 - (divv)z> —0,
M 2
we get

' 1
[, (@ =100l 2072 4 3 I1R  AIR + AP - 4122 o ©

Also, (vi) of Lemma 1, gives Au = v — Vf, that is, [ Aul* = ||lo|]* + ||V £||* = 20(f), which on
using div(fv) = v(f) + fdivo = v(f) — 2nf?, gives

1Aul® = J[o]® + [V £I* = 2div(fo) — dnf>.

Inserting above value of || Au||* in Equation (9), yields

1
[, (20101 = 2072 4 S0P = AP+ 9517 - 40277 =0, (10

Integrating (ii) of Lemma 2, we get

[ VAR = [ (204 1417) 2

which together with [|o||> = 1 — 2 and Equation (10) proves the integral formula. [J

Lemma 4. Let M be a minimal hypersurface of the unit sphere S?"*1. Then, the contact vector field v is a
conformal vector field if and only if JA = A]J.

Proof. Suppose that A] = JA. Then, using Lemma 1 and symmetry of shape operator A and skew
symmetry of the operator |, we have

(£og) (X,Y) = g(Vx0,Y) +8(Vyo, X) = =2fg(X,Y), X € X(M),

which proves that v is a conformal vector field with potential function —f. Conversely, suppose v is
conformal vector field with potential function p. Then, using Equation (1), we have

(£08) (X,Y) = g(Vxv,Y) +8(Vyv, X) = 208(X, Y),
which on using Lemma 1, gives
8(—JAX — fX,Y) + g(—JAY — Y, X) = 208(X,Y),

that is,
S(AJX = JAX,Y) =2(p+ f)8(X, Y).

Choosing a local orthonormal frame {ey, ..., ez, } on the minimal hypersurface M and taking
X =Y = ¢; in above equation and summing, we get p = —f. This gives g(AJX — JAX,Y) = 0,
X,Y € X(M), thatis, AT =JA. O
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Lemma 5. Let M be a minimal hypersurface of the unit sphere S 1. If the contact vector field v is a conformal
vector field on M, then

AZ
_ A

A
" 2n

Proof. Suppose v is a conformal vector field. Then, by Lemma 4, we have JA = A] . Note that for the
Hessian operator Ay of the Reeb function f using Lemma 1, we have

Af(X) = VxVf=Vx(v—Au) = -JAX - fX - VxAu, X eX(M),
which on using (vi) of Lemma 1, gives
Ap(X) = —f(X + A2X) — (VA)(X,u).
Taking covariant derivative in above equation gives
(VAf) (X,Y) = —X(f)((Y+A2Y)—f <VA2) (X,Y) - <V2A) (X,Y,u)
+(VA) (Y, JX) - f(VA) (Y, AX),

where we used (iv) of Lemma 1. Now, on taking a local orthonormal frame {ey, ..., €2, } on the minimal
hypersurface M and taking X = Y = ¢; in above equation and summing, we get

2n

Z(VAf> (e e) = fofAZfofiZ’Z(VAZ) (e,-,e,-)fi(vzfx) (e, ei,11)

i=1

2n 2n
+) (VA) (ei,Jer) = £} (VA) (e, Aei).
i=1 i=1
Note that for the minimal hypersurface, we have
2n 2n
Y (VA) (e Ae) = ) (Vealei— A((TA)) (eie) + A (Veer))
i=1 i=1
2n

Z (VA2> (e, e1).

i=1
Thus, the previous equation takes the form
2, (VAr) (ere)) = =V f — APV = 2f T2 (VA%) (eri) — E24 (V2A) (eivei,u) + T2 (VA) (e Jep) . (1)
Now, using the definition of Hessian operator, we have
R(X,Y)Vf = (VAf> (X,Y) - (VAf) (Y,X),
which gives
Ric(Y,Vf) =g <Y, % (VAf) (i, 6[)) - Y (af)

i=1

and we conclude

2n
QVS) = -V + L (V4f) (eiver), (12)

i=1
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where Q is the Ricci operator defined by Ric(X,Y) = ¢(QX,Y), X,Y € X(M). Using (i) of Lemma 2,
we have

V (Af) = =20V f — |A|>Vf - fV || A|?

and, consequently, using Q(X) = (2n —1)X — A?X (outcome of Equation (7)), the Equation (12) takes
the form
2n
3 (VAf) (erre) = @n = 1)Vf = A (Vf) =20V f = || APV - £V 4],
i=1

that is,

o

= (VAY) (eve) =~V ~ A2(VF) — AP VF - £V | AP, (13)

i=1

Also, note that

x (1417

n 2n
PN (Aei/Aei)> =2 ;g ((VA) (X,e:), Ae;)

i=1

-2 ;g (X,(VA) (e;, Aey)),

I

>
R —
S}

where we have used Equation (6) and symmetry of the shape operator A. Therefore, the gradient of

the function || A||% is
2n
VAP =2} (VA) (e, Aey),
i=1

and, consequently, Equation (13), takes the form

2n 2n
Y (VAf) (eve) = =Vf = A2 (Vf) = AP VS = 2f } (VA) (ei, Acr). (14)
i=1 i=1

Using Equations (11) and (14), we conclude
5 2n ) 2n
~ AP VS ==} (V2A) (eieu) + ) (VA) (e Jer). (15)
i=1 i=1
Now, using Equations (6) and (8) and the Ricci identity, we have
2n ) 2n ) 2n
): (V A) (ej,ej,u) = Z (V A) (e, u,e;) = Z (R(ej, u)Ae; — AR(e;, u)e;),
i=1 i=1 i=1
which on using Equation (5) and trA = 0 gives
2n
Y. <V2A) (es,ei,u) = — || A||* Au+ 2nAu. (16)
i=1
Also, using JA = A], we have
2n

Y (VA) (e Je) =

i=1

MI\J

(Ve JAei = A((V]) (ei,ei) + ] (Ve,ei))

Il
-

I
™

((V]) (ei, Aer) = A((V]) (eiei)),

I
—
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which on using (v) of Lemma 1, yields

2n
Y (VA) (i, Jer) = |A|* v — 2nAu. (17)

i=1
Finally, using (vi) of Lemma 1 and Equations (16) and (17) in Equation (15), we get
—|A|I* (—Au+0) = |A|]* Au—2nAu + ||A|* v — 2nAu
and this proves the Lemma. [

3. Proof of Theorem 1

As the contact vector field v is a conformal vector field by Lemma 4, we have JA = A]J, that s,
Y = 0. Then Lemma 3 implies

/M (1= 1) Il = /M (20— 2020 +1)12),

| (=)A= [ (2n(— ) —anf?). as)

Therefore, we get the inequality

f (=14 < fLana- ).

Moreover, if the equality holds, then by Equation (18), we get f = 0, which in view of (vi), (vii) of
Lemma 1, we conclude that Au = v and that the contact vector field v is a unit vector field. Asvisa
conformal vector field, combining Au = v with Lemma 5, we get || A||?> v = 2nv, that is, || A||* = 2n.
Therefore, M is a Clifford hypersurface (cf. [5]).

The converse is trivial.

that is,

4. Proof of Theorem 2

As the Reeb function f is a constant along the integral curves of the contact vector field v,
we have v(f) = 0. Note that div(fv) = v(f) + fdivo = —2nf?, which on integration gives f = 0,
and consequently, the contact vector field v is a unit vector field. Then Lemma 3, implies

1
[ = [, (s 20017, 19

/ |A|% = 2nVol(M).
JM

which proves the inequality

If the equality holds, then by Equation (4.1), we get that ¥ = 0, thatis, JA = A]J. Thus, by Lemma 4,
the contact vector field v is a conformal vector field. Using Lemma 5, we get || A[|? = 2n. Therefore,
M is a Clifford hypersurface (cf. [5]).

The converse is trivial.
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Abstract: Inspired by the equivalence between isoperimetric inequality and Sobolev inequality,
we provide a new connection between geometry and analysis. We define the minimal perimeter of a

log-concave function and establish a characteristic theorem of this extremal problem for log-concave
functions analogous to convex bodies.
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1. Introduction

The isoperimetric inequality is an important inequality in geometry which originated from
the well-known isoperimetric problem. The isoperimetric inequality has a profound influence on
each branches of mathematics. The breakthrough works of Federer and Fleming [1] and Mazya [2]
discovered independently the connection between the isoperimetric problem and the Sobolev
embedding problem. They established the sharp Sobolev inequality by using the isoperimetric
inequality. This exciting connection has motivated a number of studies in recent years about
interactions of geometric and analytic inequalities. In this paper, we further study the connection
between geometry and analysis.

Let us recall some facts about convex bodies. Let K be a convex body (i.e., compact, convex subset
with non-empty interior) in the n-dimensional Euclidean space R", the family {TK : T € SL(n)} of its
positions are studied by many mathematicians. Introducing the right position of the unit ball Kx of a
finite dimensional normed space X is one of the main problems in the asymptotic theory. There exist
many celebrated positions for different purposes, for example isotropic position, M-position, John’s
position, the {-position and so on, see [3,4].

Our purpose is to study the isotropic position of log-concave functions. Hence, we first recall
some geometric backgrounds and these are our motivations. Let K be a convex body in R" with
centroid at the origin and volume equal to one. A convex body K is in isotropic position if

/ (x,0)2dx = 2, V0 € S"1,
K

where (-, -} is the usual inner product in R" and §"~! is the unit sphere in R". It's worth noting that
every convex body K with volume one has an isotropic position, and this position is uniqueness
(up to an orthogonal transformation), see, e.g., [3]. Isotropic positions have been used to study
the classical convexity problems, for example, the minimal surface area of a convex body and its
extension [5,6], the minimal mean width of a convex body and its extension [7,8]. Other contributions
include e.g., [9-11] among others.

We recall two specific examples on isotropic positions. Let K be a convex body and denote by S(K)
its surface area. If S(K) < S(TK) for every T € SL(n), then K has minimal surface area (see, e.g., [5]).
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Petty [5] obtained the following characterization of the minimal surface area position: a convex body
K has minimal surface area if and only if its surface area measure oy is isotropic, i.e.,

/ | (0,6)2doye () = %K) vo e sl

As a second example, the minimal mean width will be recalled which was defined by
Giannopoulos and Milman [7]. Let K be a convex body in R", the mean width w(K) of K is define as

w(K) =2 o hy(u)do(u),
where hig (1) == sup, e (1, y) is the support function of K and ¢ is the rotationally invariant probability
measure on S"~!. For every T € SL(n), if w(K) < w(TK) then K has minimal mean width
(see, e.g., [7]). Giannopoulos and Milman [7] showed that if the support function of K is twice
continuously differentiable, then K has minimal mean width if and only if the measure dvg = hxdo is
isotropigc, i.e.,

[ ionerar — "8, ezt

Within the last few years, many geometric results have been generalized to their corresponding
functional versions, including but not limited to the functional version Blaschke-Santal6 inequality and
its reverse [12-16], the functional affine surface areas [17-19], Minkowski problem for functions [20-22],
and analytic inequalities with geometric background [23-28].

In this paper, we consider the log-concave functions in R". A function f : R” — R is log-concave
if forany x,y € R" and A € [0,1], it holds

fAx+1=Ny) = f@) ) M

A typical example of log-concave functions is the characteristic function of convex bodies,
1k (which is defined as 1x(x) = 1 when x € K and 1x(x) = 0 when x ¢ K). Let J(f) denote
the total mass functional of f : R* — R, namely

J(f) = [, f(x)dx.
R”
For any t > 0 and log-concave functions f,g : R" — R, Colesanti and Fragala [21] defined the
first variation of | at f along g as

oJ(f,8) = lim

=0+ t !

where t - g(x) = g'(x/t) fort > 0and x € R", and f ¢ ¢ the Asplund sum of functions f and g, i.e.,

[fogl(x) = sup f(x)g(xa), xeR™ ®

x=x1+x

It was proved that if f and g are restricted to a subclass of log-concave functions, then the first
variation 6](f, g) precisely turns out to be L, mixed volume of convex bodies (see Proposition 3.13
in [21]). In particular, the perimeter of f is defined as (see [21])

P(f) = o] (f, ),

[ . . . .
where v, (x) = e~ 7~ is the Gaussian function and ||x|| is the Euclidean norm of x € R™.




Mathematics 2020, 8, 759

Motivated by the work of Giannopoulos and Milman [7], we consider the extremal problems
of log-concave functions instead of convex bodies, and our purpose is to discuss the possibility
of an isometric approach to these questions. We introduce the notion of minimal perimeters of
log-concave functions. Assume that f is a log-concave function, we call f has minimal perimeter if
P(f) < P(foT) forevery T € SL(n). Furthermore, we derive the following characteristic theorem of
the minimal perimeter.

Theorem 1. If f : R" — [0, 00) is a log-concave function, then f has minimal perimeter if and only if

tr(T)
n

PU) = 5 [, 6 o) @

for every T € GL(n). Here tr(T) denotes the trace of T, and py = (Vu)y(fH") is a Borel measure on R"
(where H' is the n-dimensional Hausdorff measure and u = — log f).

Theorem 1 implies that the log-concave function f has minimal perimeter if and only if y((-) is
isotropic, and provides a further example of the connections between the theory of convex bodies and
that of functions.

We remark that our works belong to the asymptotic theory of log-concave functions which parallel
to that of convex bodies. From a geometric and analytic view of point to study convex bodies is the
asymptotic theory of convex bodies which emphasize the dependence of various parameters on the
dimension. Isotropic positions for convex bodies play important roles in the asymptotic theory of
convex bodies. We are not aware of the related results for log-concave functions. Hence, our work
in this paper presents a new connection between convex bodies and log-concave functions and it
also leads to a new topic in the study of geometry of log-concave functions. We hope that our work
provides some useful tools or ideas in the development of geometry of log-concave functions.

2. Preliminaries

In this section, we provide some preliminaries and notations required for functions. More details
can be found in [3,4].
A function u : R" — RU {+4co} is convex if

u((1=A)x+Ay) < (1= A)u(x) + Au(y)
forany x,y € R"and A € [0,1]. Let
dom(u) = {x € R" : u(x) € R}.

Since the convexity of u, dom(u) is a convex set. If dom(u) # @, then u is said proper.
The function u is called of class C? if it is twice differentiable on int(dom(u)), with a positive definite
Hessian matrix. The Fenchel conjugate of u is the convex function defined by

u'(y) = sup {{x,y) ~u(x)}, VyeR"

xeR"

Clearly, u(x) +u*(y) > (x,y) for all x,y € R". The equality holds if and only if x € dom(u) and
y is in the subdifferential of u at x. Hence, one can checked that

u* (Vu(x)) +u(x) = (x, Vu(x)).
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From the definition of log-concave functions (1), we known that a log-concave function f : R* — R
has the form f(x) = e *() where u : R" — RU {400} is convex. Writing

L

{u :R" - RU {+o0} ‘u is proper and convex, lim u(x) = +oo} ,

[[x]| =00

A

{f:R”HR’ f=e ueﬁ}.
For u,v € L, the inf-convolution of u, v is defined by
(ubo)(x) = Inf [uly) +oly —2)], vx €RY, ®)
and the right scalar multiplication ut is defined by

tu (%), ift>0

wh)lx) := { Iy, ift=0.

Note that these operations are convexity preserving, and I(g) acts as the identity element in (5).
It is proved that (usCovt)(x) € £ foru,v € Land s, t > 0 (see [21]). Let f = e ¥, g =¢ " € Aand
t > 0. Form (5), the Asplund sum (defined in (3)) can be rewritten as

fog=c ®)
andt-g=e . Let f = e " € A. The support function, /i, of f is defined as (see, e.g., [28])
he(x) = u*(x). 7)

We recall that a probability measure y is called isotropic if it satisfies [, xdj(x) = 0 and

/R (x,0)2du(x) = % Vo € 5" ®)

For a measure p with [, xdp(x) = 0, the following claims are equivalent (see, e.g., [3]):

(a) u isisotropic;
(b) Forany T € GL(n), one has

(1),
[, b Todn(x) = 2,

n

1 ..
/R” xixjdy(x) = ;(5,7- forall i,j=1,---,n.

3. Minimal Perimeter of Log-Concave Functions

In this section, we consider the properties of the minimal perimeter of log-concave functions.
Let f = e7" € A, the perimeter P(f) has an integral expression (see [21,29]):

1 IvAPR
2 Rn f

P(f) = dx. ©)

108



Mathematics 2020, 8, 759

We define that f has minimal perimeter if P(f) < P(f o T) for every T € SL(n). This is, if f has
minimal perimeter, then

V£ IV(foT)|?
/n 7 dxg/” FoT dx,

forany T € SL(n).
The Borel measure i; on R” of a log-concave function f = ¢™" is defined by (see [21])

pr = (Vu)s(fH").

Here H" denotes the n-dimensional Hausdorff measure. For any continuous function g : R" — R,
one has

L., 8@inw) = [ g(Tutx)fdx. (10

The Borel measure iy plays the same role for f as the surface area measure for the convex body.

Proposition 1. If f € A, then

P(F) = [ o (X)),
Proof. From Eqautions (9), (10) and (7), we have

. 2
I A

: ulx 2
AP\

Rn 2
[ F@h, (Vu(x))s

[ 1 G ).

dx

|

We recall that the gauge function of a convex body K is defined by
|x||lx = min{a > 0: x € aK}. (11)
It is clear that
||x|[xk =1 whenever x € 9K, (12)

where 0K is the boundary of K.
We note that the minimal perimeter of a log-concave function f is equivalent to considering the
minimization problem:

in P(foT). 1
e (foT) (13)
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For T € SL(n), we write 1 for 4, o T. From (9) and the fact that Vi (f o T) = T!Vr,f for
T € SL(n) and x € R", we have

1 [VafoT|?

P(foT)=6](foT,vn) = 5 R"de
_ 1 [TV f(To) |2
T 2 e f(Tx) dx
_ 1 TV
Tk fm
= J(f,rr)
Therefore, we can reformulate problem (13) as follows:
min{éJ(f,yr): T € SL(n)}. (14)

Proposition 2. There exists a unique (un to an orthogonal matrix) Ty € SL(n) such that it solves the
minimization problem (14).

Proof. We can limit our attention to T € SL(n) when T is a positive definite symmetric matrix,
since any T € SL(n) can be represented in the form T = PQ where P € SL(n) is a positive

definite symmetric matrix and Q is an orthogonal matrix. In this case, we can write the function

x||2 lixlIZo
y1(x) = 72(Tx) = e as yr(x) =e 2, where E = T'Bis an origin-centered ellipsoid and E°
is the polar body of E defined as E° = {x € R" : (x,y) < 1forally € E}. There exists a zp € S"!
such that the diameter of E satisfies diam (E )\<in2):>| < ||x||ge. Let {Ti}x € SL(n) be a minimizing

sequence for the problem (14), namely,

klirn OJ(f,yr,) = min{d](f,yr) : T € SL(n), T is a positive definite symmetric matrix}. (15)
—00

From (15) and the fact that min{dJ(f,yr) : T € SL(n)} < 6](f, ), we have

diam (E)? ]
T min [Py < [ )
= IJI(f, )
< 5J(f )

Tex|2\* .
I kZXH is

Since [|x||g, < diam (E})||x||, therefore the upper bound of the convex function (
depended only on f. According to Theorem 10.9 in [30], there exist a function 77, such that the
Legendre conjugate of a minimizing sequence of functions for problem (14) converge to yr,. Due to
Theorem 11.34 in [31], we known that a minimizing sequence of functions for problem (14) converge
to 'ﬁo. According to the dominated convergence theorem, there exists a solution to problem (14).

Next, we prove the uniqueness of Ty. Assume there are two different solutions Ty, T, € SL(n)
to the considered problem which satisfy Ty # aT, for all a > 0. If there exists a a9 > 0 such that

Ty = agTy, then

5](f/7T1) :5](}(/7%07"2) = éj(f/’)/Tz) = aq0=1

This contradicts to T} # T,. The Minkowski inequality for symmetric positive definite matrices
shows that

1
det <T1J2“T2> > %det(Tl)}’x +%det(Tz)% -1
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Let

-1
—1_ 1 T*1 T*l
T, = det(1 4T )1< 1 ; 2 ) .

Then T3 € SL(n) and y1; <7 ;1,,1 i€, hyy <hy . This deduces that
(52 S R A R

SJam) = [ o (s ()
< h d
L g (5
T171+T271x 2
= - 7H 22 H d]/lf(x)

By the convexity of the square of the Euclidean normal, we have

AT P + 31Ty
/” 214 : 214 dp ()

N

SJ(f rry)
= % ./]R" h7T1 (x)dyf(x) + % -/IR” h7T2 (x)dyf(x)

= SOIFam) + p0l(fm)
= 5](fr'yT1)
= 0J(f,rn)

However, from the assumption on T and T, we have

éj(f/')/'['g) > ‘SI(f/')/Tl) = 5](f/7Tz)r
which is a contradiction. [

Proposition 2 implies that the minimal perimeter of log-concave functions is well-defined. Namely,

Corollary 1. For a log-concave function f : R" — R, there exists a unique (up to an orthogonal matrix)
Ty € SL(n) such that f o Ty has minimal perimeter.

Next we are in the position to consider the proof of Theorem 1.
Proof of Theorem 1. Let T € GL(n), and & > 0 be a suitably small real number. Then

_1
n

T, = [det(I +€T)] " # (I +¢T)" € SL(n),

and this implies that P(f) < P(f o Tg), i.e.,

- IVAIR V(e T2
/” de < /anx.
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By the fact that Vy(uo T) = T'Vr,u, then

IvV£I? IV (foTo)l?
/ Fos / fol. >
_ [ YR,
" f(Tex)
ITeV£I?
/” 7 dx,
ie.,
2 1 VAP (I +eT) V£
[det(I +¢€T)] /]R" de < /n fdx.
Because
(I +eT)VFI? = [IVFI? +2e(V, TV f) + o(?)
and
[det(I + sT)]% =1+ 2s$ +o(e?),
when letting ¢ — 01, we obtain
w(T) r [IVfI? (Vf,TVf)
R e e e

Replacing T by —T in (16), we conclude that there must be equality in (4) for every T € GL(n).
On the other hand, assume that (4) is satisfied and let T € SL(n). Since I > 1 for symmetric
positive-definite metric, (9) and Vy(f o T) = T*V 1 f, we have

pror) — L[ IVUeDIR

2Jpn foT
_ 1 e,
! s (TVfJ,(TVf} N
- 1L 7<Vf’7;va>dx 17)
_ %tr(zm/n%m
> ;Rnwdx
= P(f).

This shows that f has minimal perimeter. Moreover, the equality in (17) holds only if T is the
identity matrix. This prove that the uniqueness of the minimal perimeter position (up to U € O(n)). O

Corollary 2. From Theorem 1 and the definition of isotropic measure, the log-concave function f € A has
minimal perimeter if and only if /(1?;4 ¢ 1s an isotropic measure.

Next, we prove that Theorem 1 recovers the L, surface area measure of K, dS,(K,-) =
hg ()" dog(-), is an isotropic measure on §" 1.

112



Mathematics 2020, 8, 759

Corollary 3. Let K be a convex body in R" containing the origin in its interior. If f(x) = e~ IXl for
x € R", then

1
P(f) = ST(m)S2(K),
and Theorem 1 includes the fact that Ly surface area measure of K, S»(K, -), is an isotropic measure.
Proof. For a convex body K in R, let V denote the normalized cone volume measure of K, which is
given by

dVi(z) = %d?—["*l(z) for z e oK.

Here vg(z) is the outer unit normal of K at the boundary point z, and H" ! is the (n — 1)
dimensional Hausdorff measure. For any x € R", we write x = rz, with z € JK and
dx = nV(K)r"~1drdV(z). Since the map x — V| x||x is 0-homogeneous, and (12), we have

1 _
P(F) = 5 [, Illcle M
1 0 _
7v1</ "*1/ Y|z |27 dV i (2)d
V) [Tt [ IV alle dVi()ar

TV(K) [ 191lkI2dVi(z),

where I'(+) is the Gamma function. We need the fact that V||z||x = #((ZZ))} when z € JK (see, e.g., [4]).
Therefore,
1 _
P() = V() [ IVIelIPavCe)
1 .
= T / h _1dHn_l
L) | x(vk(2) (2)
1
= EF(n)Sz(K).

From the fact that the map x — V||x||x is 0-homogeneous, (12) and (10), we have

1 17/
- - = —lxllx
> e T = 5 [ (Dl TVl e ¥edx

- 1nV(1<)/ r'H/ (VIlzlk TV |l2l|x)e " dVk (2)dr
2 0 oK

- %T(n) ./61<<VK(Z)’ Tk (2)Vh (v (z)) " M1 (2)

1

= ST /S (0, Tu)dSy(K,u).

Hence, (4) implies that

tr(T)

Sy (K) = /S {u, Tu)dSy(K, u)

for every T € GL(n). This means that the L, surface area measure of K, 5»(K, -), is an isotropic measure
onS" 1. O

4. Conclusions

Many outstanding works showed that the log-concave function is closely linked to the convex
body. This paper presents a new connection between the theory of convex bodies and that of
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log-concave functions. We study the minimal perimeter of a log-concave function which can be viewed
as a functional version of the minimal L, surface area measure of a convex body. A characteristic
theorem (Theorem 1) shows that a log-concave function f has minimal perimeter if and only if the
Borel measure 1(17) #s(+) is isotropic. The work done in this paper is mainly to propose a special
position for log-concave functions and provides a new idea for the study of optimal problems for

log-concave functions.
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Abstract: The fundamental goal of this study was to achieve the Ricci curvature inequalities for
a skew CR-warped product (SCR W-P) submanifold isometrically immersed in a complex space
form (CSF) in the expressions of the squared norm of mean curvature vector and warping functions
(W-F). The equality cases were likewise examined. In particular, we also derived Ricci curvature
inequalities for CR-warped product (CR W-P) submanifolds. To sustain this study, an example of
these submanifolds is provided.

Keywords: Ricci curvature; skew CR-warped product submanifolds; complex space form;
CR-warped product submanifolds; semi slant warped product submanifolds

1. Introduction

There have been several studies in the past to demonstrate the geometries of submanifolds in the
settings of almost Hermitian (A-H) and almost contact metric (A-C M) manifolds. By the operation of
the almost complex structure J, the tangent space of a submanifold of an almost Hermitian manifold
can be classified into holomorphic and totally real submanifolds. The notion of CR-submanifolds was
introduced and studied by A. Bejancu [1] in 1981 as a generalization of holomorphic and totally real
submanifolds. Thus, as to have a more profound knowledge of the geometry of CR-submanifolds
of almost Hermitian "AH" manifolds, Chen [2] further explored these submanifolds and provided
many fundamental results. In 1990 Chen [3] instigated a generalized class of submanifolds, namely,
slant submanifolds. Moreover, advances in the geometry of CR-submanifolds and slant submanifolds
stimulated various authors to search for the class of submanifolds which unifies the properties of
all previously discussed submanifolds. In this context, N. Papaghuic [4] introduced the notion
of semi-slant submanifolds in the framework of almost-Hermitian manifolds and showed that
submanifolds belonging to this class enjoy many of the desired properties. Later, the contact variant of
semi-slant submanifolds was studied by Cabrerizo et al. [5]. Recently, B. Sahin [6] investigated another
class of submanifolds in the setting of almost Hermitian manifolds and he called these submanifolds
Hemi-slant submanifolds. This class includes the CR-submanifolds and slant submanifolds.

In 1990, Ronsse [7] started the study of skew CR-submanifolds in the setting of almost Hermitian
manifolds. Skew CR-submanifolds contain the classes of CR-submanifolds, semi-slant submanifolds
and Hemi-slant submanifolds.

The acknowledgment of warped product manifolds appeared after the methodology of Bishop
and O’Neill [8] on the manifolds of non positive curvature. By analyzing the way that a Riemannian
product of manifolds cannot have non positive curvature, they represented warped product (W-P)
manifolds for the class of manifolds of non-positive curvature which is characterized as follows:

Let (S, (,)1) and (S, {, )2) be two Riemannian manifolds with Riemannian metrics (, )1 and (, )»
respectively and g be a smooth positive functionon S1. If 7: S; x S; = S;and 7 : S1 x S; — Sy are
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the projection maps given by 7(x,y) = x and 7(x,y) = y for every (x,y) € S1 X Sy, then the W-P
manifold is the product manifold S; x S; holding the Riemannian structure such that

(Uh, Wp) = (m Uy, mlh)y + (g 0 )% (nelhy, U)o,

for all Uy, U € TS. The function g is called the warping function (W-F) of the warped product (W-P)
manifold. If the W-F is constant, then the W-P is a trivial, i.e., simply Riemannian product. Further,
if U € TSy and U, € TSy, then from Lemma 7.3 of [8], we have the following well-known result

u
Dy, Uy = Dy, Uy = (?*)uz, )

where D is the Levi-Civita connection on S. In the light of the fact that W-P manifolds have various
uses in physics and the theory of relativity [9], this has been a subject of broad interest. The idea
of displaying the space-time close to black holes admits the W-P manifolds [10]. Schwartzschild
space-time T X 52, is a model of W-P, wherein the base T = R x R is a half plane k > 0 and the
fiber S? is the unit sphere. A cosmological model to show the universe as space-time, known as the
Robertson-Walker model, is a W-P manifold [11].

Some common properties of W-P manifolds were concentrated on in [8]. B.-Y. Chen [12] played
out an outward investigation of W-P submanifolds in a Kaehler manifold. From that point forward,
numerous geometers have investigated W-P manifolds in various settings such as almost complex
and almost contact manifolds, and different existence results have been researched (see the survey
article [13-16]). Recently, B. Sahin [17] contemplated SCR W-P submanifolds in Kaehler manifolds and
got some essential outcomes. Further, these submanifolds were explored by Haidar and Thakur in the
context of cosymplectic manifolds [18].

In 1999, Chen [19] discovered a relationship between Ricci curvature and a squared mean curvature
vector for a discretionary Riemannian manifold. More precisely, Chen proved the following theorem

Theorem 1. Let ¢ : St — S™(c) be an isometric immersion of a t— dimensional Riemannian manifold into a
Riemannian space form S™(c).

1. For each unit tangent vector x € T,S', we have

IR () > 5{RSGO — (6= 1)c)

where ||T1||?(p) is the squared mean curvature and RS (x) the Ricci curvature of S* at x.

2. IfII(p) = O, then the unit tangent vector x at p satisfies the equality case of (1) if and only if x lies in the
relative null space Ny at p.

3. The equality case holds identically for all unit tangent vectors at x if and only if either p is a totally geodesic
point or t = 2 and p is a totally umbilical point.

Theorem 1 was generalized for semi-slant submanifolds in Sasakian space form by Cioroboiu and
Chen [20]. Further, D. W. Yoon [21] studied Chen Ricci inequality for slant submanifols in the framework
of cosymplectic space forms. Motivated by Chen [19], Mihai and OZgur [22] studied Chen Ricci
inequality for real space forms with semi-symmetric connections. In [23] M. M. Tripathi formulated
an improved relationship between Ricci curvature and squared mean curvature. More recently,
Ali et al. [24] generalized Chen Ricci inequality for warped product submanifolds in spheres and
provided some applications in mechanics and mathematical physics.

The class of SCR W-P submanifolds is rich in its geometric behavior; it contains classes of
CR-warped product submanifolds, semi-slant warped product submanifolds and hemi-slant warped
product submanifolds. In the literature it was found that Ricci curvature for these warped product
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submanifolds in complex space forms has not been studied. In other words, we can say that Theorem 1
is an open problem for skew CR-warped product submanifolds in the setting of complex space forms.

In this study our point is to establish a connection between Ricci curvature and squared mean
curvature for SCR W-P submanifolds in the setting of complex space forms.

2. Preliminaries

Let S be an A-H manifold with an almost complex structure | and a Hermitian metric (, ), i.e.,

J? = —Iand (JUy, JUp) = (Uy, ), for all vector fields Uy, Uy on . If | is parallel with respect to the
Levi-Civita connection D on S, that is

(Dy,J)Uz = 0, (2)

forall Uy, U, € TS, then (S, ], (,), D) is called a Kaehler manifold (K-M).
A K-M S is called a CSF if it has constant holomorphic sectional curvature ¢ denoted by 5(c).
The curvature tensor of the CSF §(c) is given by

R(Uy, Uy, Uz, Uy) =~ [(Up, Us)(Uy, Uy) — (Uy, Uz) (Up, Us) + (Uy, JUs) (JUp, Uy)

c
4 3)
—(Up, JU3)(JUy, Uy) +2(U, JUz)(JUs, Us)],

for any Uy, Up, U3, Uy € TS.

Let S be a n—dimensional Riemannian manifold isometrically immersed in a m— dimensional
Riemannian manifold S. Then, the Gauss and Weingarten formulas are Du] U, = Dy, Uy +T(Uy, Up)
and Dy, & = —Agly + Dﬁlé respectively, for all Uy, Uy € TS and & € T+S, where D is the induced
Levi-Civita connection on S, ¢ is a vector field normal to S, T is the second fundamental form of
S, D' is the normal connection in the normal bundle T+S and Ay is the shape operator of the
second fundamental form. The second fundamental form I" and the shape operator are related by the
following formula
(T(Uy, U2), &) = (Aglh, Uy). @)

The Gauss equation is given by
R(Uy, Uz, Uz, Uy) = R(Uy, Uz, Us, Uy) + (T(Uy, Uy), T(Uz, Us)) — (T(Uy, Us), T(Up, Uy)),  (5)

for all Uy, Uy, U3, Uy € TS, where R and R are the curvature tensors of S and S respectively.
Forany U; € TSand ¢ € TLS, JU; and | ¢ can be decomposed as follows.

Ju; = PU; + FU, (6)
and
Jé=ti+f¢, )

where PU; (resp. t§) is the tangential and FU; (resp. f¢) is the normal component of JU; ( resp. J§).

It is evident that (JU;, Up) = (PUy, Up) for any Uy, Uy € T.S; this implies that (PUy, Y2) +
(U, PUy) = 0. Thus, P?isa symmetric operator on the tangent space TyS, for any x € S. The
eigenvalues of P2 are real and diagonalizable. Moreover, for each x € S, one can observe

L} = Ker{P? + A2(x)1}y,

where I denotes the identity transformation on TyS, and A(x) € [0, 1] such that —A?(x) is an eigenvalue
of P?(x). Further, it is easy to observe that KerF = L. and KerP = LY, where L is the maximal
holomorphic sub space of TyS and LY is the maximal totally real subspace of T,S; these distributions
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are denoted by L and L+ respectively. If —A%(x), ..., —AZ(x) are the eigenvalues of P2 at x, then TS
can be decomposed as
T.S=LVaelle.. LY

Every Lﬁi, 1 <i < kis a P—invariant subspace of T,S. Moreover, if A; # 0, then LQ" is even
dimensional the submanifold S of a Kaehler manifold S is a generic submanifold if there exists an
integer k and functions A; 1 < i < k defined on S with A; € (0,1) such that

(i) Each —A%(x), 1 <i <k, is a distinct eigenvalue of P2 with
T.S=Llolielle. oLk

for any x € S.
(i) The distributions of LI, L,% and L;\" , 1 <i < kare independent of x € S.

If in addition, each A; is constant on S, then S is called a skew CR-submanifold [7]. It is
significant to recount that CR-submanifolds are a particular class of skew CR-submanifold for which
k=1,LT = {0},L+ = {0} and A; is constant. If L= = {0}, L! # {0} and k = 1, then S is a semi-slant
submanifold, whereas if L = {0}, L+ # {0} and k = 1, then S is a hemi-slant submanifold.

Definition 1. A submanifold S of an A-H manifold S is said to be a "skew CR-submanifold of order 1" if S is a
skew CR-submanifold with k = 1 and Ay is constant.

We have the following characterization

Theorem 2. Reference [3] let S be a submanifold of an A-H manifold S. Then S is a slant if and only if there
exists a constant A € [0, 1] such that
P2 = —AL

Furthermore, if 0 is a slant angle, then A = cos? 6.

For any orthonormal basis {ey, e, ..., e} of the tangent space TyS, the mean curvature vector
I1(x) and its squared norm are defined as follows.

1 t
II(x) = ?ZF eie), |[TI|J> = t2 2 (eirei), T(ej ef)), 6)
i=1 ij=1

where f is the dimension of S. If I' = 0 then the submanifold is said to be totally geodesic and minimal
if IT=0.If T(Uy, U) = (Uy, Up)IT for all Uy, Uy € TS, then S is called totally umbilical (T-U).
The scalar curvature of S is denoted by 7(S) and is defined as

T(S_) = Z Kpg, )

1<p<q<m

where iy, = &(ep A eg) and m is the dimension of the Riemannian manifold S. Throughout this study,
we shall use the equivalent version of the above equation, which is given by

2t1(S) = Y. &y (10)

1<p<q<m

In a similar way, the scalar curvature 7(Ly) of a L—plane is given by

T(Ly) = Z Kpg- 11)

1<p<q<m
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Let {e1,...,e:} be an orthonormal basis of the tangent space TS and if e, belongs to the
orthonormal basis {e,, 11, ...ey} of the normal space T+S, then we have

Ty = (T(ep,eq),er) (12)
and ,
||F||2 = 2 <r(ep/€q)/r(3p/eq)>~ (13)
pa=1

Let xp; and &p; be the sectional curvatures of the plane sections spanned by ¢, and ¢; at x in
the submanifold S and in the Riemannian space form 5" (c), respectively. Thus by Gauss equation,

we have
m

2
Kpg = Rpg + Z (ThpThg — (The)?). (14)

Moret
The global tensor field for orthonormal frame of vector field {ey,...,e;} on S is defined as

t

M(ul, LIZ) = 2{<R(€i,ul)UQ,€i>}, (15)
i=1

for all Uy, Uy € TyS. The above tensor is called the Ricci tensor. If we fix a distinct vector e, from
{e1,...,e:} on S, which is governed by , then the Ricci curvature is defined by

S(x) = K(ep Aep). (16)

For a smooth function g on a Riemannian manifold S with Riemannian metric (, ), the gradient of
g is denoted by Vg and is defined as
(Vg Uy) = Ug, 17)

forall Uy € TS.
Let the dimension of Sbe t and {ey, ey, ..., e} be a basis of TS. Then as a result of (17), we get

IVgl? = Y- (ei()* (18)

i=1

The Laplacian of g is defined by
t
Ag =Y A(Veei)g — e} (19)
i=1

For a W-P submanifold S; o g S isometrically immersed in a Riemannian manifold S, we observe
the well known result, whlch can be described as follows [25]:

188 _ 1) (Alng — | Ving|?), 20)

H M“

22 K(ep Neg) =

where t; and f; are the dimensions of the submanifolds S? and S;Z respectively.

3. Skew CR-Warped Product Submanifolds

Recently, B. Sahin [17] demonstrated the existence of SCR W-P of the type S = S; X FSL
where S; is a semi-slant submanifold as defined by N. Papaghuic [4] and S, is a totally real
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submanifold. Throughout this section we consider the SCR W-P § = S; x ¢ S in a Kaehler manifold .
Then it is evident that S is a proper SCR W-P of order 1. Moreover, the tangent space T'S of S can be
decomposed as follows.

Ts=LaLTa L', (21)

where Lf( = LQ]. IfLf = {0}, then S becomes a CR-warped product submanifold defined in [26].
If LT = {0}, then S is reduced to a warped product hemi-slant submanifold [6]. Thus, skew CR-warped
product submanifold presents a single platform to study the CR W-P submanifolds and W-P
hemi-slant submanifold.

Now, we have an example of SCR W-P submanifold in an A-H manifold

Example 1. Let S be a submanifold in R defined by x1 = u, xy = v secha, x3 = k tanh, x4 = k sech, x5 =
u sechB, x = u tanhP,y1 = —v,y, = v tanha,y3 = —r tanhP,yy = —r sechP,ys =0,y = 0.
Then, we have the following basis of TS

, Uy = sechtxi — i + tanhai,

d 9
U, = sech/ﬁa—x5 + tunhﬁa + e 5 e

9 9 9 9
Us = ttmhﬁa + sechﬁa—m, Uy = —ttmhﬁa - sechﬁﬂ,

9 d 9 9 9 9
Us = —k sechﬁa +k tanhﬁa +u tanh‘Ba—xS —u sechﬂa—xé+r sechﬁa—y3 —r tanhﬁa.

It is straightforward to identify that L° = span{U;, Uy} is a slant distribution with slant angle 60°,
L = span{Us, Uy} is a holomorphic distribution and JUs is orthogonal to S. Thus L+ = span{Us} is a
totally real distribution. Moreover, it is easy to observe that LY, L and L are integrable. If Sg, St and S | are
the integral manifolds of the distributions LY, L and L respectively. Then the induced metric tensor of S is
given by

ds? = ()5, + {)s + (R +u? +r)()s,

or
ds? = (), + (K +u? +12)(,)s,

Definition 2. The warped product Sy X ¢ Sy isometrically immersed in a Riemannian manifold S is called S;
totally geodesic if the partial second fundamental form T'; is zero identically. It is called S;-minimal if the partial
mean curvature vector TT becomes zero for i = 1,2.

Let {e1,...,epeps1 = Jey,...,ey—2p = Jepe',...,el,e"™ = secOPe!,.. Lelh=20) =
secfPel, e2t1, . e3) be a local orthonormal frame of vector fields such that {ey, .. e eyl =
Jei,...,en—2p = Jep} is an orthonormal basis of L, {e, ..., e7,eT™1 = sec6Pe!,.. ., el2=20) — sechPef}
is an orthonormal basis of Ly and {etZH,. .., €3} is an orthonormal basis of Lt.

Throughout this paper we consider that the SCR W-P submanifold Sy xS, is L—minimal.
Presently we have the following outcome for further applications

Lemmal. Let S' = S?HZ X ¢ Stj be a L—minimal SCR W-P submanifold isometrically immersed in a Kaehler
manifold; then

1 m
TP = Y (T oo+ T o+ TH)% 22)
r=t+1

where ||T1||? represents squared mean curvature.
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4. Ricci Curvature for Skew CR-Warped Product Submanifold

In this section, we investigate Ricci curvature in terms of the squared norm of mean curvature

and the warping functions as follows:

Theorem 3. Let S' = S?HZ X g $% be a L—minimal SCR W-P submanifold isometrically immersed in a
Complex space form S™(c). If the holomorphic and slant distributions L and Ly are integrable with integral
submanifolds StT1 and Séz respectively, then for each orthogonal unit vector field x € TS, the tangent to Sle, SQZ
or SE, we have that

(1)

(2)

(3)

The Ricci curvature satisfies the following expressions:

(i) Ifx € TSY, then

LI = R o) + % + (- ity — oty — it — ). 23)
(i) x € TSg, then
%tzHHHZ > RS(x) + % + i(t —hiy— bty — itz +1— %COSZG). (24)
(iii)  If x € TS, then
%tZHHHZ > RS(x) + % + 5t = bt~ bty —tity +1). (25)

IfT(x) = 0 for each point x € S', then there is a unit vector field x which satisfies the equality of (1) iff S*
is mixed totally geodesic and x € N at x.
For the equality case we have

(a) The equality of (23) holds identically for all unit vector fields tangential to StT1 at each x € St iff St
is mixed TG and L—totally geodesic SCR W-P submanifold in 5™ (c).

(b) The equality of (24) holds identically for all unit vector fields tangential to Sy at each x € St iff S
is mixed totally geodesic and either S' is Lg- totally geodesic SCR W-P submanifold or St isa Ly
totally umbilical in S™ () with dim Lg = 2.

(c) The equality of (25) holds identically for all unit vector fields tangential to SE at each x € S*iff
S is mixed totally geodesic and either S' is L+~ totally geodesic SCR W-P or S' is a L™ totally
umbilical in S™(c) with dim L+ = 2.

(d)  The equality case of (1) holds identically for all unit tangent vectors to S* at each x € S iff either
St is totally geodesic submanifold or M is a mixed totally geodesic totally umbilical and L totally
geodesic submanifold with dim Sff = 2and dim Sf =

where ty, ty and t3 are the dimensions of S4, S;Z and Stj respectively.

Proof. Suppose that S' = S?HZ X5 Stj be a SCR W-P submanifold of a CSF. From Gauss equation,
we have

PITT)* = 22(8") + |12 - 22(S"). (26)
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Let {e1,... e, €41,.. 81, ...} be alocal orthonormal frame of vector fields on S t such that
{e1,..., e } is tangential to S;l, {et, 41, .., e} is tangential to Séz and {e;,1,...,et} is the tangent to
Stj. Thus, the unit tangent vector x = e4 € {ey,..., e} can be expanded (26) as follows.

tZHH”z = ZT(St) + 2 Z t+1{( 11 +. F;th et r;t - r:qA)z + (r;xA)z}

T 27)
-LL t+121<;¢]<tr,, i —27(sh).

The above expression can be represented as
m

211> = 27(s* Z {(T}y +...Thy, +- - +Tp)?
=t+1

m
+ @ — T+ 4T +2 Y Y
rtrl1<izj<t

-2 Z Z 1"17]1";] T S)

r=t4+11<i<j<t

In view of the assumption that SCR W-P submanifold S; x f S| is L—minimal submanifold, the
preceding expression takes the form

£(|T1? = 27(8") +§ Z{ Tana o Thy + 0 +TH)?

r=t+
1 m 2
T3 Yo @ — (T} g1+ Thy +- -+ TH))
r=t+1
4 i E (rg‘)z _ i E rire. — St) (28)
. g urjj
r=t+11<i<j<t r=t+11<i<j<t
ij£A
m ) m
r
+ Z Z + Z Z (1"17].) - Z Z l"l'll"]]
r=t+1 a r=t4+11<i<j<t r=t4+11<i<j<t
ij#A ijAA

Equation (14) can be written as

m
Z — W T
Fog— ) =), )}, (I} E Y. Tl
1<p<qg<t 1<p<g<t r=t+11<p<q<t r=t4+11<p<q<t
pa#A paFA pa#A pa#A

Substituting this value in (28), we derive

t2||H||2:2T(S +* Z{ t1+1t1+1+ r;zter...JrrmZ

r t+1
1 m 5
+5 Y (@04 — (Tfap 1+ Ty + - + 1))
r=t+1
m
T VD VI SL DD SR v e O @)
r=t+11<i<j<t r=t+11<i<j<t
ij£A
¢ 5 YO T o5 Lo
r=t+1 a= 1<i<j<t 1<i<j<t
#A ij#A ij#A
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On the other hand, from (9) we have

t1+tp
7(8%) = Z K(ej Aej) = Z Z K(ea Neg) + Z K(ex Aey)
1<i<j<t a=1 B=t+tr+1 1<a<y<th (30)
+ ) (e Aeg) + Yo xlewney).
H+1<I<0<ty b+1<u<o<t
Using (9) and (20), we derive
t3A
(st = BAf T(SH) + T(SP) +7(sH).

f
Using this in (29), we get

£2||T1))2 = ﬁ 1£ I Ty, 4 T2
2 = 141 T Lty tt
m
1 Y (er, . Ty 4 +TH)?
2 AA T t1+1t1+1 toty tt
r=t+1

m
+ ), ) (ThaTps—( Lﬁ)z)
r=t+11<a<p<h
m
2
+ ) Y, (Tl —(Th))
r=t+1tH+1<p<q<tr (31)
m
+ Z Z (rgsr:;n - (r;n)z)
r=t4+1t)+1<s<n<t

+i Y, (@) ZZ TiT;)

r=t+11<i<j<t r=t+11<i<j<t
ij£A
—27(SH) + Y R+ E(SE) +T(SP) +T(ST).
1<i<j<t
i A

Considering unit tangent vector x = e, we have three choices: x is the tangent to the base
manifold S'fTl or 532, or to the fiber Stj .
Case1: If x € StTl, then we need to choose a unit vector field from {ey, ..., e, }. Let x = ¢1; then by (15)
and the assumption that the submanifolds is L—minimal, we have

1 m
£2|111? ZRS(X)+§ Z (Ff1+1t,+1+~~Fiztz+--~+Fft)2

r=t+1
t3A 1 & .
+ 7ff 3 Y@y — (T i+ Th + - +I7)?
r=t+1

+ YL (I ()
r=t+11<a<p<h
m
+ 0 Y (T = (M) (32)
r=t+1t+1<p<q<t
m
+ 2 2 (r;sr:xn_(r;n)z)

r=t+1t+1<s<n<t

S M ML DD s

r—z+11<i<j<r =11 2<icj<t
=278 + Y R(eie) +T(SE) +T(SP) + T(SH).
2<i<j<t

125



Mathematics 2020, 8, 1317

Putting Uy, Us = ¢;, Up, Uy = ¢; in the formula (3), we have

22(8) =

2 k(eir 6]) =

2<i<j<t

S
4

®| o

[£(t — 1) 4 3t; + 35 cos? 6]

#(SH) = g[tl(tl —1) +3t]

T(sh?) = g[tz(tz — 1) + 3t cos 0]

_ ot c
(st =4

Using these values in (32), we get

1 1 Xz
#2112 ZRS(X)"‘EtZHHHZ“‘E Yo (erg, -
r=t+1
t3Af m ty ty

By v v

r=t+1i=1j=t+1

[ta(ts — 1)].

T
(Thaper o

m h t m h
+ Y L Y TP+ X Y Tl

r=t+1li=1k=t,+1 r=t+1 /S:
fa

Py ynno iy

r=t+1i=2j=t;+1 r=t+1i=2k=

c 1
—(t — tqty — trty3 — t3t] — =).
+4( 1ty — tat3 — t3t 2)

Z T

1

In view of the assumption that the submanifold is L—minimal, then

1

m 51
Z nglréﬁ = Z (rh)z

r=t+1p=2 r=t+1
m ty

r=t+1i=2 j=t +1 k=ty+

Utilizing that in (34), we have

1 1 &
AT 2RS () + 32102+ 5 ) (2T, -
r=t+1

t3 A f mh ty
o

r=t+1i=1j=t;+1

YR WCTE LN

r=t+1i=1k=t+1

1
t —tity —toty —t3t] — =

+ 2)

Z(

t
) IHI7+ 2 Iy =

m

Y or

r=t+1j=t+1

.
T+

+22r

i=1j=t+1

[(E=1)(t—=2) +3(t; — 1) + 3ty cos® 0]

71"?’

T T
llr]]

+T3))

+17,))

(33)

(34)

(35)
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The third term on the right hand side can be written as

1 m
2, 2 @ry — (T o+ Ty +o ,.))?
r \2 1 2 2 i 2 r T
=2 Z (T +SE0TE =2 ) [ )] Thly (36)
r=t+1 r=t+1 j=t;+1
:
+ ) Tl
k=t 1

Combining above two expressions, we have

m

1 m t
FPIME =R G) + ¥ (TP = 3 ) Torj

r=t+1 r=t+1j=t+1
1 < I~ RN X RS N4 2
2 Y (i + -+ Th, + - +T)
=t (37)
moh t3Af
S5y mpe s
r=t+1i=1j=t+1
+ S(t— ity — bty — tat —1)
1 1h2 = bty =3t = 5),
or equivalently
1 2 2 S 1 ¢ r r T r 2
i [TT)* =R (X)‘f‘i Y. @ = (T g+ T+ 1)
r=t+1
m 31 t taA
3
+ Yy ¥ e &
r=t+1i=1j=fH+1
+5(t—tt — toty — tat 71)
1 1ty = fats = I3ty — 5),

which proves the inequality (7) of (1).
Case 2. If x is tangential to st 2 we choose the unit vector from {e,1+1,. ..,en}. Suppose x = e,;
then from (28), we deduce

m

1
207712 2
£||TT)1% >R (x) + P Z (Ths141 + - Ty + -+ T5)

r=t+1
BAf 1 &
0 D L (@ o Th o +T0) = 20
r=t+1
m m
+ Y Y TIp-TedH+ L Y (T, — (T4))
r=t+11<a<p<ty r=t+1tH+1<s<n<tp
mn m (39
2
+ 1Y Ty -+ L )
r=t+1t+1<p<q<t r=t+11<i<j<t
Z Z rrzrjr] _(St)+ E K(eilej)
r=t+11<i<j<n 1<i<j<t
i,j#t i,j#h

+T(SH) +T(S7 +T(8D)).
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From (3) by putting Uy, U3 = ¢;, Uy, Uz = ej, one can compute

Y Rlene) = %[(t —1)(t —2) 4 3t; + 3t cos? 6]

1<i<j<t

Lj#t

#(s) = glh(h — 1) +31)]
T(sh) = g[tz(tz —1) + 3t cos? 0]
7(s9) = glta(ts— 1))

Using these values together with (33) in (39) and applying similar techniques as in Case 1
we obtain

1 m
£ ERS(X)JrQ Y ((Thangr + - Thyy + - +Th) —2T7,))°
r=t+1
t3A 1
7t2HH||2+ 3 f_,’_ Z z
f r=t+11<i<j<n
m tr—1 t . . (40)
+ 2 [ X Thulmt X ThuTil
r=t+1 n=t+1

I=ty+1
m th—1

t
ZZ[ Z r;zr;]+ Z rzririk]

r=li=1 j=t;+1 k=t +1
c
+ E(i — ity — trty — t3t] + 1)
By the assumption that the submanifold St is L—minimal, one can conclude
m ot -1
YY) T+ Z Il
r=li=1 j=t;+1 k=ty+1

The second and seventh terms on right hand side of (40) can be solved as follows

1 m th—1 t
5 Y ((r¥1+1t1+1+"'+r§r)*2r¥2t2))2+ YooY ThoTm+ Y ThoThl
r=t+ r=t+1 n=t;+1 I=tr+1
1 1
=7 L Mt T2 Y (TR
r=t+ r=t+1
m
2
-2 Z Z rtztz 1]+ Z Z rfzfzr - Z (r;zfz) (41)
r=t+1j=t;+1 r=t+1n=t;+1 r=t+1
1 m
2 ) (Thpe1 + T2+ Z tztz
r=t+1 r=t+1

Z Zr’r’

r=t+1j=t;+1
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By utilizing those two values in (40), we arrive at

1 m m t
SPIE2RG0+ ) (P = ¥ Y Tl

r=t+1 r=t+1i=t;+1
e 2, Voo t3Af
+§ ;1(F;1+1t1+1+"'+r:!”) +§t [IT1]| +T (42)
r=
m b t c
XX X (r;j)szZ(t*tlfzftz&ftgtl+1).
r=t+1i=1j=t+1
By using similar steps as in Case 1, the above inequality can be written as
ltzunuz >R5( )_;'_1 i (zrr _(rr bt T ))2
4 - X 4 (515 t 1t +1 nn
A r=t4+1 (43)
t c
+ Sff + Z(t —thty — oty — itz +1).

The last inequality leads to inequality (ii) of (1).

Case 3. If  is tangential to S tj, then we choose the unit vector field from {e;,11,...,e,}. Suppose the
vector x is e;. Then from (28)

1 m
PINI2 >R () + 5 1 (Taagar o T+ +T5)?
r=t+1
tAf 1
0 L (Mo Tt o1 — 202
r=t+1
m 5 m ) 5
+ Y Y M-+ Y Y (LT, - ()Y
r=t+11<a<p<ty r=t+1t+1<s<n<t (44)
m m
+ ) Y @I - @)H+ Y Y (1)
r=t+1tH+1<p<q<t r=t+11<i<j<n
m
-y Y mrp-2esh+ )Y wee)
r=t+11<i<j<t—1 1<i<j<t—1

+T(SP) +7(SE) + T(SD).
From (3), one can compute
c
2l

Y. Rlee) = 3

1<i<j<t-1

(t—=1)(t —2) +3t; +3(tr — 1) cos? 6]

#(SH) = g[tl(tl —1) +3t]
C

#(Sp) = gla(=1) + 3ty cos? 6]

#(f}) = glta(ts = 1).

By usage of those values together with (33) in (44), and analogously to Case 1 and Case 2, we obtain
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m

1 1
PITIE RS0 + 521N+ 5 1 ([aan + o Ty -+ Th) — 2052

#8204y

r=t+11<i<j<t (45)
m m
+ Z Z l"[, qq Z Z E I-[rlr]r]
r=t+1q=t;+1 r=t+1i=1j=H+1
c 3
+ Z(tf fity — bty — btz +1 — Ecosze).

Again, using the assumption that S is L — minimal, it is easy to verify
m
2 2 2 F:ll—']r] 0. (46)

r=t+1i=1j=H+1

Using in (45), we obtain

1 1 m
I >R Gr) + 52T + 5 Y (T apan o Thy + o+ Th) = 207)°
1

r=t+
f A m t—1
LY Y mpee y ¥onn, @)
f r= l+11<x</<n r=t+1g=t+1
+ %(t —hty—toty —tt3 +1— gcoszf)).

The third and sixth terms on the right hand side of (47) in a similar way as in Case 1 and Case 2
can be simplified as

1 " —1 X
> ) (T 41+ Thy + -+ Th) —2TH) + Y oy TiTh,
r=t+1 r=t+1q=t;+1
1 m 5 m 5
=3 Z (Tt Thy +o )"+ Z (Th) (48)
r=t+1 r=t+1
m t
- Z Z r{,rj]
r=t+1j=f+1

By combining (47) and (48) and using similar techniques as used in Case 1 and Case 2,
we can derive

1 1 &
2P = REGo) + 5 32 (2T = (T g0+ +TH))?
Af r=t+1 s (49)
t3 2
— + —(t — t1tp — otz — t1t 1— - 0).
+ 7 + 4( 1ty — oty —tif3 +1— 7 cos )

The last inequality leads to inequality (ii) in (1).

Next, we explore the equality cases of (1). First, we redefine the notion of the relative null space
N of the submanifold S in the CSF §"(c) at any point x € S; the relative null space was defined by
B.-Y. Chen [19], as follows:

= {Uy € T,S' : T(Uy, Uy) = 0,VU, € TyS'}.

For A € {1,...,t} a unit vector field e4 tangential to S' at x satisfies the equality sign of (23)
identically iff
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t

151 t t
i)Y, Y Tp=0(i) Y, Y Tpy=0{(ii) 2, = Z I, (50)
b=1

p=1g=t;+1 :A q=t;+1
such that € {t+1,...m} the condition (i) implies that S’ is mixed totally geodesic SCR W-P
submanifold. Combining statements (ii) and (iii) with the fact that S is L—minimal, we get that the
unit vector field x = e4 € N. The converse is trivial; this proves statement (2).
For a SCR W-P submanifold, the equality sign of (23) holds identically for all unit tangent vector
belong to S sl at x iff

t t t
(DY D Thy=0 (i)}

p=1lg=t;+1 b:l

Iy, =0 (iii) 2 7. (51)
q=t;+1

MMJ

wherep € {1,...,f1}and r € {t+1,...,m}. Since S is L—minimal SCR W-P submanifold, the third
condition implies that I, = 0, p € {1,...,# }. Using this in the condition (ii), we conclude that $' is
L—totally geodesic SCR W-P submanifold in 5" (c) and totally mixed geodesicness follows from the
condition (i), which proves (a) in the statement (3).

For a SCR W-P submanifold, the equality sign of (24) holds identically for all unit tangent vector
fields tangential to Séz at x if and only if

h t
D), Y Tp=0(i 2 E I}, = 0 (iii) 2T = 2 I, (52)
p=lg=t;+1 =1A ?té+1 q=t;+1
A

suchthatK € {t; +1,...,fp} andr € {t+1,...,m}. From the condition (iii) two cases emerge; that is,
Tig =0, VK€ {t1+1,...,5b} and r € {t+1,...,m} or dim S} =2. (53)

If the first case of (52) is satisfied, then by virtue of condition (ii), it is easy to conclude that S’ is a
Dy— totally geodesic SCR W-P submanifold in $™(c). This is the first case of part (b) of statement (3).

For a SCR W-P submanifold, the equality sign of (25) holds identically for all unit tangent vector
fields tangent to S tj’ at x if and only if

t

5! t
MY, Y Th=0(i)), Z Iy, =0 (i) 217, = Z I, (54)

p=1lg=t;+1 b=1A=t+1 g=t1+1
b#A

suchthatL € {t;+1,...,t} andr € {t+1,...,m}. From the condition (iii) two cases arise; that is,
1.=0, VLe{th+1,...,t} and r € {t+1,...,m} or dim S =2. (55)

If the first case of (54) is satisfied, then by virtue of condition (ii), it is easy to conclude that S* is a
L, — totally geodesic SCR W-P submanifold in 5" (c). This is the first case of part (c) of statement (3).

For the other case, assume that S is not L —totally geodesic SCR W-P submanifold and dim
St3 = 2. Then condition (ii) of (54) implies that S is L | — totally umbilical SCR W-P submanifold in
S( ), which is second case of this part. This verifies part (c) of (3).

To prove (d) using parts (a), (b) and (c) of (3), we combine (51), (52) and (54). For the first case
of this part, assume that 1711‘1115{52 # 2 and leimSi3 # 2. From parts (a), (b) and (c) of statement (3)
we concluded that M! is L—totally geodesic, Ly— is totally geodesic and D | — is a totally geodesic
submanifold in $"(c). Hence S is a totally geodesic submanifold in 5™ (c).
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For another case, suppose that first case is not satisfied. Then parts (a), (b) and (c) provide
that S' is mixed totally geodesic and L— totally geodesic submanifold of $"(c) with dimS‘s2 =2and
dimSi3 = 2. From the conditions (b) and (c) it follows that S* is Ly— and L, —totally umbilical SCR
W-P submanifolds and from (a) it is L—totally geodesic, which is part (d). This proves the theorem. [

If, Séz = {0} then the SCR W-P submanifold becomes the CR W-P submanifold. In this case we
have the following corollary

Corollary 1. Let St = StT1 X g Stf be a CR W-P submanifold isometrically immersed in a CSF §™(c). Then for
each orthogonal unit vector field x € TyS!, either tangent to StT1 or Stj , we have

(1)  The Ricci curvature satisfy the following inequalities

(i) Ifx €S}, then

1 2 2 S i3Af C 1

— > 2L 0 Z(p— — ).

ZE I 2 R G0 + == 4 4 (= tats = 5) (56)
(i) If x € 7, then

1 t3A

222 > R () +‘°’Tf+ L=tk +1). (57)

(2)  IfH(x) =0, then each point x € S* there is a unit vector field x which satisfies the equality case of (1) if
and only if S* is mixed totally geodesic and x lies in the relative null space N at x.
(3)  For the equality case we have

(a) The equality case of (56) holds identically for all unit vector fields tangent to StT1 at each x € S*iff
St is mixed totally geodesic and L—totally geodesic CR W-P submanifold in S™ (c).

(b) The equality case of (57) holds identically for all unit vector fields tangent to Stj at each x € M" iff
St is mixed totally geodesic and either S is L - totally geodesic CR-warped product or S'isa L
totally umbilical in S™ (c) with dim L, = 2.

(c) The equality case of (1) holds identically for all unit tangent vectors to S* at each x € S* if and only
if either S* is totally geodesic submanifold or S* is a mixed totally geodesic totally umbilical and
L— totally geodesic submanifold with dim Stj =

where ty and t3 are the dimensions of StT1 and SE respectively.
In view of (20) we have the another version of the Theorem 2 as follows:

Theorem 4. Let S! = S?HZ X g Stj be a L—minimal SCR W-P submanifold isometrically immersed in a CSF
M(c). If the holomorphic and slant distributions L and Ly are integrable with integral submanifolds S? and Sff
respectively. Then for each orthogonal unit vector field x € TyS, either tangent to Si, ng or Stj, we have

(1)  The Ricci curvature satisfy the following inequalities
(i) If x € TSY, then
1 c
2P = REG) + 13 (Alnf — [ VInf|?) + 7(t = fit — tats

1
—ttz3 — E)

(58)
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(i) x € TSy, then

1 c

2T = RO (o) + t(Alnf — [ Vinf|P) + L(t = tita = tats
3 (59)
—ttz+1— ECOSZQ).

(iii)  If x € TS?, then
Leimpe s s Inf — IVInf2) + S(t = tats — bty —
2 IS = RO Go) + t3(Alnf — [ VInfl|") + 2(t = it — bats — hits +1). (60)

(2)  IfT(x) = 0 for each point x € S', then there is a unit vector field x which satisfies the equality of (1) iff S*
is mixed totally geodesic and x € Ny at x.
(3)  For the equality case we have

(a) The equality of (58) holds identically for all unit vector fields tangent to StT1 at each x € Stiff St is
mixed TG and L—totally geodesic SCR W-P submanifold in 5™ (c).

(b) The equality of (59) holds identically for all unit vector fields tangent to Sq at each x € S'iff S is
mixed totally geodesic and either S' is Ly- totally geodesic SCR W-P submanifold or S* is a Ly
totally umbilical in S™ () with dim Lg = 2.

(c) The equality of (60) holds identically for all unit vector fields tangent to Stj ateach x € St iff S is
mixed totally geodesic and either S is L~ totally geodesic SCR W-P or S* is a L' totally umbilical
in 8™ (c) with dim L+ = 2.

(d)  The equality case of (1) holds identically for all unit tangent vectors to S* at each x € S' iff either
St is totally geodesic submanifold or M is a mixed totally geodesic totally umbilical and L totally
geodesic submanifold with dim Sff = 2and dim Stj =2.

Where tq, tp and t3 are the dimensions of sh, Séz and Stj respectively.

5. Conclusions

In the present study we obtained some fundamental results for skew CR-warped product
submanifolds in the frame of complex space forms. Further, some inequalities in terms of Ricci
curvature and squared norm of mean curvature vector were derived. In particular, a Ricci curvature
for CR-warped product submanifolds was also discussed. Recently, we also studied warped product
submanifolds in complex space forms (see [15,16]) and obtained some inequalities in terms of squared
norm of second fundamental form, slant function and the warping functions, but the results obtained
in the present study are dissimilar from the previous works of the authors and were proved by using
different techniques.

Author Contributions: Conceptualization, M.A.K. and I.A.; formal analysis, M.A. K ; investigation, M.A.K. and
LA.; methodology, I.A.; project administration, M.A.K.; validation, M.A.K. and LA.; writing—original draft,
M.A K. and L.A. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Acknowledgments: We would like to thank the anonymous reviewers for their thoughtful comments and efforts
towards improving our manuscript.

Conflicts of Interest: Both the authors declares that they have no conflict of interest.

133



Mathematics 2020, 8, 1317

Abbreviations

W-P Warped product
W-F  Warping function
CSF  Complex Space form
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1. Introduction

In 1935, Erdos [1] proposed the following geometric inequality:
For any interior point P of the triangle ABC, let Ry, Ry, R3 be the distances from P to the vertices
A, B, C, respectively, and let rq, 72, 3 be the distances from P to the sides BC, CA, AB, respectively. Then

ZRI > zzrlr (1)

where ) denotes the cyclic sums (we shall use this symbol in the sequel). Equality in (1) holds if and
only if the triangle ABC is equilateral and P is its center.
Two years later, Mordell and Barrow [2] first proved the inequality (1), and the latter actually
obtained the following sharpness:
Y Ry =2) wy, (el

where w, wy, w3 are the lengths of the bisectors of /BPC, ZCPA, ZAPB, respectively.

The above two inequalities have long been famous results in the field of geometric inequalities.
The former is called the Erdos-Mordell inequality, which has attracted the interest of many authors
and motivated a large number of research papers (see [2-28] and the references cited therein).

In 1957, Ozeki [22] first obtained the following generalization of Barrow’s inequality (2) for convex
polygons: For any interior point P of the convex polygon A A; - - - A, it holds that

-

I
—_

o

Il
-

R; > sec

T
w : wi, 3)

1

where R; = PA; and w; denote the lengths of the bisectors of ZA;PA;1(i =1,2,--- ,nand A1 = Aq).
Some other discussions about Barrow’s inequality and (3) can be found in [4,14,19,21,23,27].
In 2012, when the author considered Oppenheim’s inequality (see [24])

ZR2R3 > 22(73+71)(71 +7‘2), (4)
the following sharpened version of the Erdés-Mordell inequality was found:

(ra+13)2

Ry + Rz > 2r + ,
Rq

®)
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with equality if and only if AABC is an isosceles right triangle and P is its circumcenter. Furthermore,
by using inequalities (4), (5), and other results, the author obtained a series of refinements for the
Erdos-Mordell inequality in [14,16].

In this paper, we shall give two new refinements of the Erdos—-Mordell inequality and three new
refinements of Barrow’s inequality. In addition, we shall present several interesting related conjectures
in the last section.

2. Refinements of the Erd6s—Mordell Inequality

In [11], the author proved the following refinement of the Erdos-Mordell inequality:

Y Ri>2y/Y har1 >2Y 1y (6)

where hg, hy, he are the corresponding altitudes of the sides BC, CA, AB of the triangle ABC.
Here, we further give the following result:

Theorem 1. For any interior point P of the triangle ABC, it holds that

Y Ry > 2\/2huw1 > 2\/Zhar1 >2Y n. @)

Equalities in (7) all hold if and only if AABC is equilateral and P is its center.

To prove Theorem 1, we first give several lemmas.

Lemma 1. For any triangle ABC with sides a, b, c and real numbers x,y, z, it holds that

(Z:xa)2 > (22bc—2a2> Y vz, (8)
with equality ifand only if x :y:z=(b+c—a) : (c+a—"b): (a+b—c).

For any triangle ABC with sides a, b, c, we have v/b + /¢ > v/b + ¢ > \/a. Thus, \/a, Vb, /¢ can
be viewed sides of a triangle, and we see that inequality (8) can be obtained by using the following
weighted Oppenheim inequality (see [19], p. 681):

2
(Z xa2> > 165> Zyz )
(where S is the area of AABC) and the following equivalent form of the Heron formula:
1682 =2Y b’ - ) at. (10)

Remark 1. In the sixth chapter of the monograph [17], the author proved that inequality (8) is equivalent
with (9) and the Wolstenholme inequality (52) below.

In the Appendix A of my monograph [17], Theorem A3 gives an equivalent theorem for the
geometric transformations, which includes the following conclusion: An inequality involving any
interior point P of the triangle ABC,

f(a,b,C,Rl,Rz, R3,71,1’2,1’3) > 0, (11)
is equivalent to
ﬂRl sz CR3 Yors r3ry rirp
— =, = ==, == —=]>0. 12
f<2R’ 2R 2RV YRR, Ry ) 12
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In fact, this conclusion can be extended to the following:
Lemma 2. With above notations, the inequality
f(a,b,c, Ry, Ra, R, 11,172,153, w1, wa, w3) >0 (13)
is equivalent to

IlRl sz CR3 Tor3 T13ry 11172
Flon mmr5p T3 5 5 o
2R’ 2R’ 2R Ri’ Ry’ R;

21’21’3 sinA 27’37’1 si B 27’17’2 sinc> >0.

Y , 14
1o+ 13 2°r3+r 11r12 rn+r 2 (14)

Proof. Let DEF be the pedal triangle of P with respect to the triangle ABC (see Figure 1), and let
EF =ay,FD = by, DE = cp, then it is easy to get

LaRy bRy Ry

TR P T R P T 2R (1)

Let hy, hy, hz be the distances from P to the side lines EF, FD, DE, respectively, we also easily obtain

rar3 7311 112
[ TN 1 U N U 1
1=, = g, (16)

In addition, by means of the known formula in the triangle ABC

2bc A
“bre cos 0 17)

Wq

(where wj, is the bisector of ZBAC) and the fact that ZEPF = 7 — A, we get

21’21’3 A
/ , 18
wy, = }’2 s s > ( )

where w) is the bisector of ZEPF. Two similar relations hold for the bisectors w),w} of
ZFPD, ZDPE, respectively.
If we apply inequality (13) to triangle DEF and point P, then

! / /
fap, by, cp, 11,712,173, h1, h, h3, wy, wy, w3) > 0

Substituting (15), (16), and (18) into this inequality, (14) follows immediately. Conversely, we can
obtain (13) from (14) by using the method of proving Theorem A3 in Appendix A of the monograph [17].
Thus, inequality (13) is equivalent with (14). The proof of Lemma 2 is completed. [

Figure 1. An inequality involving any point P inside triangle ABC is equivalent to the one involving
the point P and its pedal triangle DEF with respect to ABC.
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Lemma 3. For any interior point P of the triangle ABC, it holds that

A
1y 4+ 13 < 2Rq sin o5 19)
with equality if and only if ry = r3.

Inequality (19) is well-known and is easily proved (see [29], p. 111).
Next, we prove Theorem 1.

Proof. Since w; > r; etc., the second inequality in (7) is evidently valid. In addition, the third
inequality of (7) is easily obtained (see [11]).
We now prove the first inequality in (7), i.e.,

(L R)® > 4Y howy. (20)

By the area formula /1; = 25/a and the identity

Z ary =28, (21)

we see that (20) is equivalent to
(LR =4 an 58 (22)

According to Lemma 2 and the relations (15) and (16), we further know that inequality (22) is
equivalent to

2 aRqy ror3 2R 2ryr3 . A
>4y 201 215y 2R -z
(Xn)" =4 5% Ry &aR, mtr 2

ie.,
rors . A
3 n) 2> Y arars Z e Rl . (23)

But using 7273 < (r2 + r3)%/4, Lemma 3, and the known formula

sin 2 = EL%SLQ (24)

(where s = (a4 b+ ¢)/2), we have

Egggzgﬂmé
(72+1’3)R 2

,ZrZJ”S A
- 2
1 1 zA
gzz smE

1

= %E(s—b)(s—c).

Thus, in order to prove inequality (23), we only need to prove that

(Yn) >42r2r32 (s —c) (25)

Putting x = r1/a,y = /b, z = r3/c in inequality (8) of Lemma 1 and noting the fact that

2Y be—Y a*=4Y (s—b)(s—c), (26)
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we get inequality (25) immediately. Thus, inequality (20) is proved. It is easily known that the equality
in (20) holds if and only if AABC is equilateral and P is its center. This completes the proof of
Theorem 1. O

Now we state and prove the second refinement of the Erdés-Mordell inequality.

Theorem 2. For any interior point P of the triangle ABC, it holds that

Y R > \/%Zﬂ”ZRstﬁzr%
e e

The first equality in (27) holds if and only if P is the circumcenter of the triangle ABC. The second and
third equalities in (27) hold if and only if the triangle ABC is equilateral and P is its center.

Proof. In triangle ABC, we have the following known angle bisector formula:

2
W, = b+c\/sbc(s—a). (28)

Noting that vbc < (b4 ¢)/2and s = (a4 b+ c)/2, we have

w, < %\/ [(b+c)?—a?], (29)

with equality if and only if b = c. Applying this inequality to ABPC, we get

(Rz -+ R3)2 —a2> 2w1. (30)
Hence, we have
Y (Ro+R3)?>> Y a?+4) wi, 1)
that is,
1
LRI+ RaRs > o) a® +2) i

Adding )" Ry R3 to both sides of the above inequality and then squaring root, we obtain

YRy > \/%Zu2+ZR2R3+ZZw%. (32)

Sine w; > rq etc., the first inequality in (27) obviously holds. Note that the equality in (30) holds
if and only if Ry = R3, thus the equality in (31) holds if and only if Ry = Ry = R3, which means that P
is the circumcenter of the triangle ABC. Furthermore, we can conclude that the first equality in (27)
holds if and only if P is the circumcenter of the triangle ABC.

Clearly, the second inequality in (27) is equivalent to

YRRz +2Y 1} > %Z(rz +13)2

Removing 221’% to the right and arranging gives the previous Oppenheim inequality (4),
which has been proved by the author in different ways (see [12,14]).
For the third inequality in (27), by squaring both sides and arranging, we know that it is

equivalent to
2Y 1 +10Y rrs <Y %, (33)
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which was first established by Chu in [30] and proved by the author in another way in [15]. In addition,
we have known that both equalities in (4) and (33) hold if and only if AABC is equilateral and P is its
center. This completes the proof of Theorem 2. [J

From Theorem 2, we have
Corollary 1. For any interior point P of the triangle ABC, it holds that
2(CR)* =3 (r+13)? > Y a2 (34)
Furthermore, we can easily obtain the following inequality:

Corollary 2. For any interior point P of the triangle ABC, it holds that

(LR —2(Xn)* >

3. Refinements of Barrow’s Inequality

Y a2 (35)

N =

In [14], Theorem 4.3 gives the following refinement of the Erdés-Mordell inequality:

YR > \/Z [R2 4211 Ry + (ra +13)2] >2Y 1y, (36)

which is actually equivalent to

YR > /(R 2+ (D)2 = 2) . (37)

Now, we point out that for Barrow’s inequality (2), the following similar result holds:

Theorem 3. For any interior point P of the triangle ABC, it holds that

YR > /(R4 w2+ (D) > 2 wn. (39)

Equalities in (38) hold if and only if ANABC is equilateral and P is its center.

Clearly, the first inequality in (38) is also equivalent to the following interesting form:

(LR = (Lwn)® > Y (R +wn)? (39)

To prove this inequality, we first prove a strengthening of the previous inequality (5), which is
posed by the author in [12] as a conjecture.

Lemma 4. For any interior point P of the triangle ABC, it holds that

(ws + w3)?

Ry + Rz > 2wy + ,
Ry

(40)
with equality if and only if CA = AB and P is the circumcenter of the triangle ABC.

Proof. We let Z/BPC = 26, ZCPA = 26, ZAPB = 243. By the previous formula (17), we know that
inequality (40) is equivalent to

Ry +Rs >

cosd + —

4RyR; 1 ( 2R3R;
Ro+Rs Rq

2R4R, 2
cos oy + Cos o .
Rs+Ri 2" Ri+Ry 3)
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Since R3 + Ry > 24/R3R; and Ry + Ry > 21/R1 Ry, to prove the above inequality we only need to
prove that

2
Ry + Rz > 4R2Rs cos 01 + (\/R3c0552+ \/R2c0553) . (41)

2
Ry +R3
Letting v/Ry = y and \/R3 = z, (41) then becomes

2, 2o 47 2
v 4+zE> a2 cos 81 + (zcos by + 1y cosd3)” . (42)

Note that 61, d, 3 can be viewed angles of a non-obtuse triangle. To prove inequality (42), we only
need to prove that the following inequality holds for non-obtuse triangles ABC and real numbers y, z:

2,2 422 A )2 4
y +z 7y2+zzcos +(zcos B+ycosC)”, (43)
that is,
(P +72%)? — 4222 cos A — (V? +2%) (zcos B+ ycos C)* > 0. (44)

Multiplying both sides by 4(abc)? and using the law of cosines, we can transform the proof to the
following weighted inequality:
4(abc)?(y? + 22)? — 8bea®y?2? (b* + ¢* — a?)
2
- +2%) [zb(c2 +a? — b%) +ye(a® + b* — cz)} > 0. (45)
If we denote by Qp the value of the left-hand side of (45), then it is easy to check the
following identity:
Qo = (i +22) (yc — zb)* (2 + a® — ) (a® + b — )
+2a2(1? + ¢ — a®)[(y%c — 2%b)* + y*22 (b — ¢)?], (46)
which shows that inequality Qy > 0 holds clearly. Moreover, from (46) we can obtain the following
conclusions: (i) if A = 71/2, then the equality in (43) holds if and only if yc = zb; (ii) if A < 71/2,
then the equality in (43) holds if and only if y = z and b = c. According to this conclusion, we can

further determine the equality condition of (40), just as mentioned in Lemma 4. This completes the
proof of Lemma 4. [J

Remark 2. Adding R to both sides of (40) and noting that

(ws + w3)?

R
1+ R

> 2(wa + w3),
we obtain Barrow’s inequality (2). Therefore, inequality (43) is actually stronger than Barrow’s inequality (2).

We now prove Theorem 3.

Proof. As the proof of the first inequality (36) given in [14], we can easily prove the first inequality
of (38) by using Lemma 4 (we omit the details here). By the power means inequality and Barrow’s
inequality (2), we have

(LR + Y wr)’

Q=

[} (R + wl)]2 =

Q=

Y (Ri+wy)? >

>3 (L w)’
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Hence, the second inequality of (38) follows immediately. Moreover, it is easily known that both
equalities in (38) hold if and only if AABC is equilateral and P is its center. The proof of Theorem 3
is completed. [

Next, we state and prove the second new refinement of Barrow’s inequality (2).
Theorem 4. For any interior point P of the triangle ABC, it holds that
YRy =) \/(Ry+R3)2—a2>2) wy. (47)
The second equality in (47) holds if and only if P is the circumcenter of the triangle ABC.
Proof. Firstly, we prove the first of (47):

Y R1> Y \/(Ry+R3)? — a2, (48)

According to Lemma 2, we only need to prove that

eI Y @)

Using the law of cosines in triangle EPF and the fact that ZEPF = 71 — A (see Figure 1), we have

2

a, = 13 4+ 13 — 2ryr3 cos ZEPF = 13 + 12 + 2ryrzcos A,
and then M
(rp 4 13)% — a%, = 4rprysin® 5 (50)

Thus, we see that inequality (49) is equivalent to

Yr>2Y Jamsing. (51)

But, for any real numbers x,y,z and AABC, we have the following Wolstenholme inequality
(see [19]):
Y x?>2) yzcosA, (52)

with equality if and only if x : y : z = sin A : sin B : sin C. Putting x = \/r1,y = /72,2 = /73 in (52)
and substituting A — (71 — A)/2 etc., we get inequality (51) at once. Thus, inequality (48) is proved.

The second inequality in (47) follows immediately by adding the previous inequality (30) and its
two analogues. Note that the equality in (30) holds if and only if R, = R3. We conclude that the second
equality in (47) holds if and only if Ry = Ry = R3, which means that the point P is the circumcenter of
AABC. The proof of Theorem 4 is completed. [J

Remark 3. The author knows that the triangle ABC need not be equilateral when the first equality in (47) holds
but does not know what are the barycentric coordinates of P with respect to the triangle ABC.

Now we give an application of Theorem 4.
Squaring both sides of the first inequality of (47), we have

(LR
>y [(Rz +R3)? — az] +22\/(R3 + Rq)2—b2- \/(Rl + Rp)2 —c2.

144



Mathematics 2019, 7, 726

Then, applying inequality (30), we further get
(2R1)2 > Z(Rz + R3)2 — Zﬂz + 82'{02103.
Expanding gives the following:

Corollary 3. For any interior point P of the triangle ABC, it holds that

ZR%—&-SZwa_a, < Zuz. (53)
In fact, by using the previous inequality (30), we have the following extension:
LRI +8) wows <) a® <Y (Ry+Ry)? —4) ud, (54)

which implies Barrow’s inequality (2).
Finally, we give the third new refinement of Barrow’s inequality:

Theorem 5. For any interior point P of the triangle ABC, it holds that

ZRlz\/%Eaz—i-ZRzRg—i—ZZw%zZZwl (55)

The first equality in (55) holds if and only if P is the circumcenter of AN ABC. The second equality in (55)
holds if and only if AABC is equilateral and P is its center.

Proof. In the proof of Theorem 2, we have proved the first inequality in (55). The second inequality
in (55) is easily obtained as follows: By (53), we have

%Z# +Y RoRs+2) w?
1

> EZR% +4Y wows+ Y RoRy+2) w}
1

= 5 (TR +2(Twn)’

> (Yw)?,

where the last step used Barrow’s inequality (2). It is not difficult to know the equality conditions of
inequality chain (55). The proof of Theorem 5 is completed. [

4. Some Open Problems

In this section, we present some interesting conjectures as open problems.
For the second inequality in (27), the author guesses that the following refinement is valid.

Conjecture 1. For any interior point P of the triangle ABC, it holds that

\/%2a2+ZR2R3+2Zr% > %Z\/a2+4r%
2 \/%ZaH %Z(fz+rs)z~ (56)

A similar conjecture is as follows.
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Conjecture 2. For any interior point P of the triangle ABC, it holds that

1 1
\/EZaZ+ZR2R3+22w% > EZ\/az—i-élw%
> \/%Za2+32(w2+w3)2 >2) w. (57)

Remark 4. The last inequality of (57) is actually equivalent to

ZZw% +10) " wows < Zaz, (58)
which is Conjecture 2 posed by the author in [15].
Next, we give a reversed inequality similar to the previous inequality (34).
Conjecture 3. For any interior point P of the triangle ABC, it holds that
(LR +12Y rrs <2Y a2 (59)
Considering generalizations of the first inequality of (47), the author presents the following conjecture:

Conjecture 4. Let P be an interior point of a convex polygon A1Ay--- Ay(n > 3) and PA; = R;(i =
1,2, s ,1’1), RVH—l = Rl, AiAi+1 = lli(i = 1,2, e, n, and AVH—l = A1). Then

n n
ZCOS%ZRi > Y/ (Ri+ Ripp)? — a2, (60)
i=1 i=1

Remark 5. By the previous inequality, (30) we know that the above inequality is stronger than inequality (3).

We have the following refinement of the Erd6s-Mordell inequality (see [10]):

NI YRR St 1)

in which the first inequality can easily be generalized to polygons by applying inequality (30) and
wy > r1. The author believes that the second inequality can also be generalized to polygons as follows:

Conjecture 5. Let P be an interior point of convex polygon A1 A - - - Ay(n > 3), and let r; denote the distances
from P to the side lines A;jAj1(i=1,2,--- ,nand Ay = Ay). Then

n
1/a?+4ri2 EZSeCSZri. (62)
i=1

Similarly, we put forward the following conjecture:

n

i=1

Conjecture 6. Let P be an interior point of convex polygon A1Ay - - - Ap(n > 3), and let w; denote the angle
bisectors of ZAjPA;1(i=1,2,--- ,nand A1 = Aq). Then

n
\/ a2 + 4w? ZZSQC%EW,‘. (63)
i=1

M-

Il
—-
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If the above inequality holds, then we can obtain the following refinement of inequality (3):

1 2 2 Ty
RiZE. mzsecEZM, (64)

n
1 i=1 i=1

M-

1

where R; = PA;(i=1,2,--- ,n).
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1. Preliminaries

In submanifold theory, Lagrangian submanifolds are studied not only for their special geometric
properties, but also for their important roles in supersymmetric field theory and string theory. For these
submanifolds in quaternionic space forms, we give an answer to one problem in submanifold theory,
most precisely to find relationships between the main extrinsic invariants and intrinsic invariants.

The intrinsic characteristics of a Riemannian manifold are given by its curvature invariants. In the
second section of this article, we recall the definition of -invariants (also known as Chen invariants)
(see [1]). This theory was initiated by Chen in [2].

In Section 3 we derive an improved inequality for the Chen invariant 6(2,2) in the case of a
Lagrangian submanifold in a quaternionic space form, regarded as a problem of constrained maxima,
and recall the inequality which has been improved.

Let M" be a complex nt-dimensional Kaehler manifold endowed with an almost complex structure
J and a Hermitian metric § and f : M" — M" an isometric immersion of an n-dimensional manifold
M" into M. The submanifold M" is called a totally real submanifold if ](T,M") C TPLM”, Vp e M".
A totally real submanifold of maximum dimension, i.e., dimg M" = dimc¢ M" = n, is called a
Lagrangian submanifold.

If M has holomorphic constant sectional curvature 4c, then it is called a complex space form and it
is denoted by M" (4c). Its Riemannian curvature tensor is given by

R(X,Y)Z =c[g(Y,Z2)X - g(X,2)Y +g(JY, Z)]X — g(JX, Z)]Y + 28(X, ]Y)]Z],

for any vector fields X, Y, Z tangent to M (4c).

Mathematics 2020, 8, 480; doi:10.3390 / math8040480 149 www.mdpi.com/journal /mathematics
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Let M" be a Lagrangian submanifold of M"(4c). One denotes by V and V the Levi-Civita
connections of M" and M"(4c), respectively. The Gauss and Weingarten formulae are given
respectively by

VxY = VxY +h(X,Y), o)

Vx& = —A:X + Dx¢, 2)

where X and Y are tangent vector fields, ¢ is a normal vector field and D is the normal connection.
The second fundamental form / and shape operator A; are related by

8(h(X,Y),{) = g(A: X, Y). ®G)

The mean curvature vector H of M" is defined by

1
H = —traceh.
n

In the case of a Lagrangian submanifold in a complex space form, we have the following relations
DxJY = JVxY, 4)

AjxY = —Jh(X,Y) = ApX, (5)

and we point out that g(h(X,Y), Z) is totally symmetric.
One denotes by K(7r) the sectional curvature of M" associated with a plane section 7 C T, M",
p € M" and by R the Riemannian curvature tensor of M". Then the Gauss equation is given by

R(X,Y,Z,W) = R(X,Y,Z,W) — g(h(X, Z),h(Y, W)+ )

8(h(X, W), h(Y, Z)),

for any vectors X, Y, Z, W tangent to M", where R(X,Y,Z,W) = g(E(X, Y)W,Z)and R(X,Y,Z,W) =
g(R(X, Y)W, Z).
For an orthonormal basis {ey, e, ...,e;} of T,M" ata point p € M", we put

WS = g(h(ea,ep),Jec), A,B,C=1,...,n.
Because g(h(X,Y), Z) is totally symmetric, it follows that
hgc = hgc = hg& @)

On the other hand, we recall the following result for a Riemannian submanifold (M", g) of a

Riemannian manifold (M™, ) (of an arbitrary codimension); let consider f € C®°(M). We attach the
optimum problem:

min f(x). (8

xeM
Then the following result holds (see [3]).

Theorem 1. If xg € M" is a solution of the problem (8), then

(a) (grad)(xg) € TQM”;
(b)  the bilinear form o : Tyy M" x Ty, M" — R,

#(X,Y) = Hess¢(X,Y) + g(h(X,Y), (grad)(xo))

is semipositive definite, where It is the second fundamental form of the submanifold M" in M™.
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2. Chen Invariants

Let M" be an n-dimensional Riemannian manifold and K(7r) the sectional curvature of M"
associated with a 2-plane section 7 C T,M", p € M".

For any orthonormal basis {ey, ...,¢, } of the tangent space TpM”, the scalar curvature 7 at p is
defined by

(p)= Y, K Aej).
1<i<j<n
One denotes by
(inf K)(p) = inf{K(7)|r C T,M",dim 7t = 2}.

The Chen first invariant is given by dy(p) = T(p) — (inf K)(p).
If L is a subspace of T, M" of dimension r > 2 and {ey, ..., er} an orthonormal basis of L, the scalar
curvature T(L) of the r-plane section L is given by

(L) = Z K(ex Neg).

1<a<p<r
For given integers n > 3 and k > 1, one denotes by S(n, k) the finite set of all k-tuples (ny, ..., 1g)
of integers satisfying 2 < ny, ..., ng < 1, ny + ... + n < n. Let S(n) = Ug>1 S(n, k).
For each (111, ..., 1) € S(n) and each point p € M", B.-Y. Chen introduced a Riemannian invariant
defined by
501, sm) (p) = (p) — inf{T(Ly) + .+ T(L1)},

where Ly, ..., Ly run over all k mutually orthogonal subspaces of T, M" such that dim Li=n;,j=1,., k.
We recall the most important Chen inequalities for submanifolds in real space forms.

Theorem 2 ([2]). Let M" be an n-dimensional (n > 3) submanifold of a real space form M™(c) of constant
sectional curvature c. Then
n—2 n
2 n

The equality case was characterized in terms of the shape operator.

(n+l)c}. )

The same inequality holds for totally real submanifolds in complex space forms. A corresponding
inequality for slant submanifolds in complex space forms was obtained in [4].

However, for Lagrangian submanifolds in complex space forms the above inequality, known as
Chen first inequality, was improved by Bolton et al. [5]. Moreover, one of the present authors improved
the Chen first inequality for Kaehlerian slant submanifolds in complex space forms (see [6]).

For each (13, ..., nx) € S(n), one denotes by:

k
n*(n+k—1-Y n))
=1
d(?ll,...,nk) = k] ’

2(n+k— an)

j=1

b(ny, .., ny) = 7[11 n—1) Zn]

The following sharp inequality involving the Chen invariants and the squared mean curvature
obtained in [7] plays a very important role in this topic.
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Theorem 3. Foreach (ny,...,ny) € S(n) and each n-dimensional submanifold M" in a Riemannian space form
M (4c) of constant sectional curvature 4c, the inequality

5(n1, o) < d(ny, ) |H|> + b(ny, ..., ng)c (10)
is fulfilled.

Chen also pointed-out that a similar inequality holds for totally real (in particular Lagrangian)
submanifolds in a complex space form.

3. Lagrangian Submanifolds in Quaternionic Space Forms

Chen et al. established the following inequalities for Chen invariants of Lagrangian submanifolds
in complex space forms, which improve the inequality (10).

Theorem 4 ([8]). Let M" be a Lagrangian submanifold of a complex space form M" (4c). For a given k-tuple
(n1,ng,...,nx) € S(n), weput N = nq +np + ...+ ng. If N < n, then the inequality

- 2 {n—N+3k—1-6Y5 (2+n

)} 2
é(ny,ng, ..., ng) < |H[]*+ (11)

2{n—N+3k+2-6TF ,(2+n)"1}
1
> {n(nl) -

In particular, one has (see also [9]).

s

Il
-

n,-(n,-l)}c

is satisfied.

Theorem 5. Let M" be a Lagrangian submanifold of a complex space form M" (4c), n > 4. Then the following
inequality holds.

n n—2
2 n+1

5(2,2) < ||HH2+%[n(n—1) —4c. (12)

The equality sign holds at a point p € M" if and only if there is an orthonormal basis {e1, ey, ..., en} at p
such that with respect to this basis the second fundamental form h satisfies the following conditions

WS, =0, A,Ce{l,....n1\{i}, A<C, i=1,3,
hc=0,A=1n,4<B<C<n, A¢{B,C}.

Next, we recall some basic notions about quaternionic space forms.
Let M*" be a differentiable manifold and we assume that there is a rank 3 subbundle ¢ of
End(TM*") such that a local basis {J1, J», J3} exists on sections of ¢ satisfying for all « € {1, 2, 3}

Jo=-1d, JaJur1 = —Jus1Ja = Jus2s (13)

where Id denotes the identity field of type (1,1) on M*" and the indices are taken from {1, 2, 3}
modulo 3. The bundle ¢ is called an almost quaternionic structure on M*" and {1, J2, J3} is called a
canonical basis of 0. (M*", ) is said to be an almost quaternionic manifold. It is easy to see that any
almost quaternionic manifold is of dimension 4m, m > 1.

A Riemannian metric § on M*" is said to be adapted to the almost quaternionic structure o if it satisfies

SUuX, YY) =3(X,Y), Vae{l, 2 3}, (14)
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for all vector fields X, Y on M*" and any canonical basis {J1, J2, J3} onc. (1\714’", 0, ) is said to be an
almost quaternionic Hermitian manifold.

(M*", 7, %) is said to be a quaternionic Kaehler manifold if the bundle o is parallel with respect to
the Levi-Civita connection V of g, i.e., locally defined 1-forms wj, wy, w3 exist such that we have

6X]:x = war2(X)Jas1 — War1(X) a2, (15)

forall w € {1, 2, 3} and for any vector field X on M*", where the indices are taken from {1, 2, 3}
modulo 3.

Let (M*",0,3) be a quaternionic Kaehler manifold and let X be a non-null vector on M*".
The 4-plane spanned by {X, 1 X, X, J3X} is called a quaternionic 4-plane and is denoted by Q(X).
Any 2-plane in Q(X) is called a quaternionic plane. The sectional curvature of a quaternionic plane is
called a quaternionic sectional curvature. A quaternionic Kaehler manifold is a quaternionic space form if
its quaternionic sectional curvature are equal to a constant, say 4c, i.e., its curvature tensor is given by

3
R(X,Y)Z = c{3(Z,Y)X —3(X,Z)Y Z (Z, JuY)Ju X~ (16)

8(Z,JaX)JuY +28(X, Jey) ] Z1},

for all vector fields X, Y, Z on M*" and any local basis {]}, J», J3} on ¢.

A submanifold M" of a quaternionic space form M*"(4c) is said to be Lagrangian if Ja(TyM) C
TVLM, forany p € Manda =1,2,3.

On a Lagrangian submanifold M" we can choose an orthonormal frame field in M* (4c)

{er,ea,... en; Cp (1) = =Jile1), .-, €pi(n) = Ji(en);

€py(1) = = Ja(e1), - < €py(n) = = Ja(en); Cps(1) = = Jaler),---, Cps(n) = Ja(en)},

such that, restricted to M, ey, ey, .. ., e, are tangent to M.
We set

hf:] =g(h(eiej) ex), Ce{pr(1),...,p1(n), 2(1),..., p2(n), ¢3(1), ..., 3(n)}
and then, for any « = 1,2, 3, we have (see (2.9) in [10])
h?}a(k) — hfla(/) _ h;p]:(l) (17)

We denote by H" = g(H, ey, (,,)), forr =1,.

By using the method of constrained maxima, we prove the following improved Chen inequality
for the invariant 6(2,2) of Lagrangian submanifolds in quaternionic space forms, the main result of
this paper.

Theorem 6. Let M" be a Lagrangian submanifold of a quaternionic space form M*'(4c), n > 4.
Then the inequality

52,2) < 5 B2 IHIR 4+ Sl — 1) — dlc 8)
is fulfilled.

The equality sign holds at a point p € M" if and only if there is an orthonormal basis {e1, e, ..., ey} at p
such that with respect to this basis the second fundamental form h satisfies the following conditions:

Wi =0, Acef{l,...,.n\{i}, A<C, i=T3a=13,
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WA —0, A=T,m,4<B<C<nA¢{BC}a=13

Proof. Let M" be a Lagrangian submanifold of the quaternionic space form M*"(4c), p € M" and L,
and L, two mutual orthogonal plane sections at p. We denote {e1,e2} C Ly, {e3,e4} C L, orthonormal
bases, complete to an orthonormal basis {ey, ...,e;} C TyM" and extend it to T,,M4”(4c) as above.

Gauss equation implies

a=1A=1
Then
T —t(Ly) = 7(lo) = [n(n —1) —4]5 =
i 5 {h%mmm ) (1) ]_
BB

a=1A=1B<C
30 [ R ) () (A1) ?
a;m—l {hn ng Y+ g g — <h12 ) _<h34 ) } =

3 n
'« a w(A (A (A (A
EE [ e - -]

EE | I (8- () - (5|

Thus, we get

<

7= 7(L1) = T(Lo) — [n(n —1) — 4]

3 n n n
L L | +8) £+ (80 +8) S0+ L o] -

a=1A=1 B=3 B=5 5<B<C<n

3 3 () (™) () ()] - 3 3 () ()] -

o ]

It follows that
(19)

IN

v t(Ly) - T(L2) ~ In(n —1) ~ 413

() S+ () B+ ) -

5<B<C<n

r1:

3
)
a=1A=1
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Lor [y (o).

a=14<B<C<n

For each &« € {1,2,3}, let us consider certain quadratic forms.
For example, for « = 1, we will define the quadratic forms

fi, fa, oo, fu:RT =R

by
n n
o (W57, ) = (4 n50) 3+ () ) 3
B=3 B=5
n 2
h¢1(*)h¢1(’) _ hq’l(f) ;
Sgsglcgn BB 'cc 13;3 ( BB )
forr=1,2,
. n R n
F (R ) = (15 087) 500+ (157 +15%) 550804
s 2 2 N 2
T - (50 - (80) - £ ()’
5<B<C<n B=5
fors = 3,4,
n n
S (W80, 0 ) = (Y ) 32_3;451;” + (0 + ") B;h‘,’jg(%
n 2
O
5<B<C<n B=1;B#t
for5<t<n.

We shall find an upper bound for f;, subject to
R R (20)

where k! is a real number.
Let g € P an arbitrary point. The bilinear form 7 : TP x T;P — R has the expression

7(X,Y) = Hess(f,)(X,Y) + (' (X,Y), grad f:(q)),

where I’ is the second fundamental form of P in R" and (, ) is the standard inner-product on R".
The partial derivatives of the function f; are

ofi (1)
= h ,
onf1 P

155



Mathematics 2020, 8, 480

af; u 1
-

ah‘Pl(l) - i=h

Bf] ¢ (1> P1( $1(1)
o) hii Dy 2 ,h B —2hy Y, r=3,4,
ohy;

n
34{1 Zh‘h 3V 5<t<n
i) =

In the standard frame of R”, the Hessian of f; has the matrix

00 1 1 1 1 1
00 1 1 1 1 1
11 -2 0 1 1 1
11 0 -2 1 1 1
11 1 1 -2 1 1
11 1 1 1 =2 1
11 1 1 1 1 ... =2

As P is totally geodesic in R", we obtain

Y(X, X) =2(X1 + X32) ZX +2(X3 + X4) ZX +2 )Y XX —22

i=3 5<i<j<n i=3
<i
n

—(X1+X2)? = (X34 X4)? —2(X3)? —2(X4)* =3 ) (X,)* < 0;
i=5

™=

2
Xi) —(X1)? = (X2)? =3 ) (Xi)? —2X1Xp — 2X3Xy =
. .

then the Hessian of f; is negative semidefinite.

Searching for the critical point h‘fi o, hgm LW of f1, we denote by
h%(l) — hﬁ(l) — 111.

Then,

4h§3b;,(1> = Bhf)(l), r=>5n — h‘rp;(l) =2 5<r<n

1 1 1 1 1
WO O =3 =55 — O L = g,

From (20) it follows that

20 o) = =
This implies 1
g = 2:k+1
W = i = % ,
p( _ 2k s<renm

2n+1
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Thus

fi<

4 4
itz Y| Y *

6k* 6k 2kt 3kt 2kt
2n+1

2 \? 3kl 2 2k1
2 (2K ) o —
Cia <2n+l> 2(4n+2> (n 4)<2n+1)

6k [ 3k 2k1 3kt 2kt

4 4
e PRl )2n+1}+2(2n+1)(n Jnr1t

2

3K! 2! 2\ (3K)? (2K1)2
2 +G (2n+1) BRTrrEE A Gy ey

2n41 "
6kl 3kl +2(n—4)k'  3(n—4)(K")?  3(n—4)(k")?
n+1 2n+1 (2n+1)? (2n+1)2
(n—4)(n—5) 4(k")? 9(k")? 4(n—4)(kH)?
2 "2n+1?2 202n+12 (2n+1)?2
6kl (2n—5)k'  6(n—4)(k")>  2(n—4)(n—5)(k!)?
m+1 (2n+1) (2n+1)2 (2n+1)2 B
9(k')? 4(n—4)(K')*
22n+12  (2n+1)?

+

(k)
(2n+1)?
(k')
(2n+1)2
(k)
2(2n +1)2

- {6(2n—5)+6(n—4)+2(n—4)(n—5)—2—4(11—4)} -
. {12n—30+6n—24+(2n—8)(n—5)—g—4n+16} =

- (241 — 60 + 121 — 48 + 4n® — 201 — 161 + 80 — 9 — 81 4 32) =

(k1)? (4n

1
W —8n—5) = L (2n—5)2n+1),

2(2n +1)2
which implies

(2n —5)(k!)?
frs 22n+1)

ie.,

n? 2n—>5 12
< —- .
hs5 2 ()
In a similar manner, we obtain for f,
2
n 72
< .
fas3 2n + 1( >
Let’s consider now f3, as:
f3 (h‘fi (3),}4;(3), . ’hfr%(?’)) (h‘Pl ) Z h (hfPl ) Z h¢1

5O - () (0) - 8 (0

5<B<C<n B=5
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The partial derivatives of the function f3 are

9fs ihlpl h‘/’l 3 ,_19
ah““ Lz , 2,

a n
i _ph®) BZ i)

n
af3 Eh‘?’l —3nh®) 5<t<n

-2 0 11 1 1 1
0 -2 11 1 1 1
1 1 00 1 1 1
1 1 00 1 1 1
1 1 11 -2 1 1
1 1 11 1 -2 1
1 1 11 1 1 -2

As P is totally geodesic in R", we have

VX X) =2 (X1)*+ (X2)*+ ) ()| +
i

2(Xy + Xa) ZX +2(X3 + X4) ZX +2 Y XX;=

i=3 i=5 5<i<j<n

2 n
Xi> —2X1Xp — 2X3Xy — 2(){,-)2 —2(X1)? = 2(X2)? =2 ) (X))* =

M:

(

2
(Z X; > (X1 +X2)% — (X34 X4)? —2(X1)? —2(X)* =3 Z(Xf)z <0,

I
—

and hence the Hessian of f3 is negative semidefinite.
If we denote by g = (h(fi (3), h427§(3), ., hzfln(a)> a solution of the extremum problem in question,
then we have
h(ﬂ(B) _ hfPl (3>,

hg5b5‘1,(3> _ hZéB) _ _ h4’1( )

- nn s

(3) _ 27,1(3)
ali® = ®,

W ) = 3y,

Thus
WY+ = 4y
Considering
h%@) _ hgé@) _ _ hml( ) _ 3
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we obtain ,
(3) (3) _ 3a
Y =15 ==

W® 4+ = 303,

. 3 3 3 2k .
Since h{! Vo nf® 1 n® = 2, then o® = T which implies
W) _ e _ 3
1 2 202n+1)’
W@ L e 6K
33 + 44 - 2n+1’
2k3
WY =g == = 1
It follows that
3k3 6k3 2k3 6k3 2k3
<. . _ _
S22 sty |z T 4)2n+1} U e
2
5 (2k53)? (3K3)? 2k
. ) —(n—4 =
Cis Guyir Zapnre " Y\ za
3K 6k +2(n—4)k  12(n—4)(k3)?
(2n+1) (2n+1) (2n+1)?
(n=4)(n=5) 4>  9K)*  4n—4)(K)?* _
2 (2n+1)2 2(2n+1)2 (2n+1)2
P (3 on = 2) 4120 —4) 201 — 4) (1 —5) — 2 —a(n—4)|
(2n+1)2 2
@2 61— 6+ 1211 — 48 + 21 — 101 — 81+ 40 — 2 —4n +16) —
(2n+1)2 2 B
() 2
m~(12n—12+24n—96+4n — 201 — 161 + 80 — 9 — 81 + 32),

or, equivalently,

£ < (K3)%(4n* — 8n — 5) _ (K)2(2n —5)(2n +1)
= 2(2n+1)2 2(2n +1)2

Therefore,
2n—>5
2n+1

INIES

fs < (H?)%.

In a similar manner, we prove for fy:

2n—5
2n+1

MRS

(HY)2.

fa<
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Using the same procedure for

5 5 5\ w 5 5 5\ 5
(A, ) = (1 ) £+ (0 +5) £+

B=3 B=5
$1(5), 41 (5) < #1(5)\2
Yo - (ny®)
5<B<C<n B=1;B#5

we find the partial derivatives of f5

n
s _y uh® _anh® 1,2,
B=3

amfy®
afs 0 | no) | S 01(5) 0 91(5)
=1 L PP _opft®) s =3 4,
oy PR A
dfs Z 4’1(5 hfP1 ),
ahfPl
6{5 Z WS —3pfi® 6 <t <n.
anh G
tt

In the standard frame of R”, the Hessian of f5 has the matrix

-2 0 1 1 1 1 1
0o -2 1 1 1 1 1
1 1 -2 0 1 1 1
1 1 0 -2 1 1 1
1 1 1 1 0 1 1
1 1 1 1 1 =2 1
1 1 1 1 1 1 -2

As P is totally geodesic in R", we have
n
1X,X)=-2 ),
i=1;i#5

2(Xy + Xa) ZX +2(X3 + X4) ZX +2 Y XX;=

i=3 i=5 5<i<j<n
n 2 n 2 n
YoXi| —2X3Xp —2X3Xy - ) (X)P -2 )
i=1 i=1 i=1;i#5

4 n
(ZX> (X1 4 X2)? = (X3 + Xg)* = (X5)2 = 2) (X)) =3 ) (X))?
i=1 i=6

and hence the Hessian of f5 is negative semidefinite.
Using similar arguments to those in the previous problem we obtain that the solution of the
associated extremum problem is

(5 5) 5) 5
WS =y = n® = =5,
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W = 1245,

Wh®) — =i = 4a,
where a° is a real number. 5
- ®) ®) ®) _ _ K
Since h‘ﬂ + hg’% o+ 1) =15, then a® = TeEs) and
5) 5) 5) 5 3k°
h;m = hg = h%( = hﬂ )= dn+1)
) _ 3K
55 n+1’
06 _ a6 K
n® == ndh =
We have 5 5 5 5
6k 6k 3k k
< . _
5% 3t {4(n+l) oyt 5)n+1} +
3k5 35 K’
“an+1) {n—&-l (H_S)n—&-l}—i_
3k5 k5 ) (kS)Z (3k5)2 (k5)2
_ —4. —(n— =
s Loy S T e A T e s o vy
3k5 3k5 N 3k5 N (n—5)k° 3k 3K5 + (n — 5)k° N
2n+1) [2(n+1) n+1 n+1 2(n+1) n+1

3(n=5)(kK)?  (n=5)(n-6) (k) 9K)? (=5 _

(n+1)?2 2 T+ 1)?2 4n+1)2 (n+1)2
k52 k52 3 -5 k52
ﬁ~3(9+2n—10)+ﬁ~3(3+n—5)+%+
(n=5)(n—-6)(K)?  9(k)*  (n—-5)(k)?> _
2(n+1)2 4(n+1)2 (n+1)2
5\2 _ _ — —
(n(lj_)l)z 3(2n4 1)+3(n2 2)+3(n75)+(n 5)2(n 6)727@75) _
(k)
m[S(anl)+6(n72)+12(n75)+(2n710)(n76)7974(1175)]:
(k) 2
m(6n—3+6n—12+12n—60+2n —12n — 101 4 60 — 9 — 41 +20) =
5\2 5\2 5)2
%(2;12—2?1—4):%(nz—n—m:%mﬂxn—zy
From this we get
(K)? n—-2
R L

or, equivalently,
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In the same manner we prove for f;, with5 <r <,

fete (2 oy

n+1

Applying this procedure for each « € {1,2,3} and taking into account that

2n75<n72
2n+1 " n+1’
we find 5
n -2 5 c
<. = — 1) —4]=
82,2) < 2 B2 IHIP + [nn — 1) — 415,

which is the inequality to prove. [

Remark 1. In [11], the first author obtained certain Chen inequalities for Lagrangian submanifolds M" in
quaternionic space forms M*" (4c). In particular, for the Chen invariant 5(2,2) one derives the inequality

n?(n—1) s 1
<2 e —1) —4lc.
82,2) < G IHIP + ln(n —1) ~4)e e1)
We want to point-out that the inequality from Theorem 6 improves the inequality (21) because Z _7_ i <
n—1
m,for n>4.
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Abstract: From the basic geometry of submanifolds will be recalled what are the extrinsic principal
tangential directions, (first studied by Camille Jordan in the 18seventies), and what are the principal
first normal directions, (first studied by Kostadin Trencevski in the 19nineties), and what are their
corresponding Casorati curvatures. For reasons of simplicity of exposition only, hereafter this will merely
be done explicitly in the case of arbitrary submanifolds in Euclidean spaces. Then, for the special case of
Lagrangian submanifolds in complex Euclidean spaces, the natural relationships between these distinguished
tangential and normal directions and their corresponding curvatures will be established.

Keywords: extrinsic principal tangential directions; principal first normal directions; Lagrangian
submanifolds

1. The Extrinsic Tangential Principal Directions of Submanifolds

For general submanifolds M" of dimension #n (> 2) and of co-dimension m (> 1) in Euclidean
spaces ", Jordan [1] studied the extrinsic curvatures ¢ (p) at arbitrary points p € M in arbitrary
tangential directions determined by vectors u € T,M, |u| = 1. These are the curvatures ¢! (p) =
(dgy/ds)*(0), whereby @, (s) € [0,11/2] denotes the angle in E" ™™ between the tangent spaces T,M at p
and TyM at a nearby point q € M in the direction u of M at p, s being an arclength parameter of a curve 7y
on M from p = (0) in the direction u = 7/(0) to g = 7y(s). He defined the tangential principal curvatures
cI(p) = cl(p) > ... > cl(p) > 0of a submanifold M" in E"+™ at p as the critical values of the tangential
Casorati curvature function at p, that is of the function ¢ (p) : S;’,’l(l) ={u e TyM||ul| =1} - RT:
u = cl(p), and, he defined the tangential principal directions of a submanifold M" in E"™ at p as the
directions in which these critical values of the curvatures c (p) are attained and proved these directions
to be mutually orthogonal, say to be determined by orthonormal vectors fi, f2, ..., fu € TyM.

In the first step of his original fundamental studies of the geometry of submanifolds,
Trencevski [2-5] re-considered this work of Jordan, and, later, Stefan Haesen and Daniel Kowalczyk
and one of the authors [6] basically re-did this. In the latter paper were followed the 1890
Casorati’s views on the intuitively most natural scalar valued curvatures “as such” of surfaces M? in E3
(and in [6,7], some tangential and normal kinds of curvature of Riemannian submanifolds were
named after Casorati). Accordingly, in [6], the above tangential Casorati curvatures rather came
up as cr(p) = (dy,/ds)?(0), whereby ¥, (s) denotes the angle in B between the normal spaces
Ty M at p and T;-M at a nearby point q in the direction of u (as was already known by Jordan,
Yy = ¢@u). As shown by Trencevski, the extrinsic principal unit tangential vector fields Fy,F,, ..., F,
of a submanifold M™ in E"""™, and their corresponding tangential Casorati principal curvature functions
e, .l M= RY i p s T(p),cd(p),...,cL(p) are essentially the orthonormal eigen vector fields,
and the corresponding eigen functions of the symmetric linear Casorati operator A€ = Y A2, whereby A, = Ag,

o
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are the shape operators of M™ in E"™ for arbitrary orthonormal normal frame fields &1,¢a, ..., &Em on M"
in " such that ACF; = ciTFi, ie{1,2,...,n},a € {1,2...,m}; (the intrinsic principal tangential
directions and their corresponding curvatures of a submanifold M" in E"+", of course, being its Ricci
principal directions and curvatures).

From the above, in particular, one may notice that for hypersurfaces M" in E"+1, the extrinsic principal
tangential directions are “the classical” principal directions of these hypersurfaces, whereas {cT,cI,...,cI} =
{kz, K2,..., k% }, ke, ko, ..., kn, being the classical principal curvatures of these hypersurfaces, correspond to
Kronecker’s extension of Euler’s theory of the curvature of surfaces M? in E? to hypersurfaces M" in
E"+1 for all dimensions 1 > 2.

2. Felice Casorati’s Study of Surfaces M? in E3

Casorati [8] defined his extrinsic scalar-valued curvature C(p) of a surface M? in E3 at one of its points
p as follows. On M?, consider a small geodesic circle 7 , centered at p with radius A,. Let g be any
point on 7,,, and consider the geodesic 6 from p to g parametrised by arclength, such that p = 6(0)
and g = 6(A,); at p, this geodesic points in the tangential direction 6'(0) = u to M? at p. Let 57(p) and
11(q) be the unit normal vectors on the surfaces M? in E3 at p and at g, respectively, corresponding to a
choice of unit normal vector field # around p on M? in E3. Then, in Casorati’s words, and according to our
common sense, the angle Ay, between 1 (p) and 17(q) measures well how much the surface M? at p curves in
the direction u; the more the surface curves in the direction u, the larger this angle. Then, joining all the points
d(Ayy) that thus correspond to all the points g on the geodesic circle 75, around p, associated with
%Y, One obtains on M? a closed curve T A, (which actually passes through p whenever, at p, the surface
is not curved at all in some tangential directions ). Hence, according to our common sense, the bigger
or the smaller the area’s A(I's,) enclosed on M? by the curves T 2, as compared to the area’s A(7,,)
of the geodesic discs on M? bounded by the geodesics ,» the more or the less the surface M? “as
such” in E3 is curved at p. It was along this line of thought that Casorati defined his curvature of a surface
MinE3at pas C(p) = AZ:TO(A(FA”)/A(WA”))’ and he proved that C(p) = LtrA%(p) = (K +K3)(p)

= L||h||%(p), whereby ky and ky are Euler’s principal curvatures, A is the shape operator of M? corresponding
to 1y and h is the second fundamental form of M? in E3.

At this stage, it might be not amiss to add the following comment. I the definition of his curvature
C, Casorati followed the common basic, i.e., from the original geometrical definitions of the curvature K of
Gauss and the mean curvature H of Germain via ratios of well-chosen areas related to the surfaces M? in .
For K(p), these ratios concern regions on M? around p and their corresponding spherical images, and,
for H(p), these ratios are for discs centered at p in T,M and for the portions of the corresponding
circular cylinders perpendicular to T, M in between T,M and the surface M? in E3 itself. While
for the curvatures of Germain and Gauss, this lead to the first two elementary symmetric functions of
ki and ko, H = %trA = %(kl +kp) and K = detA = kikp, Casorati’s geometrical definition of his
curvature yielding that C = 1trA2 = 1(k? + k3) lead to the third elementary symmetric function of Euler’s
pri