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Preface

Sediment transport is the process by which solid particles move because of natural 
processes (e.g., gravity or the action of a fluid in which the sediments are contained). 
Sometimes due to effects related to human activities (e.g., land use changes, defores-
tations, etc.) some processes (i.e., erosion and deposition) can be modified in their 
natural evolution. Because of its interdisciplinary characteristics, sediment transport 
has been and still is one of the most important research topics in engineering, physics, 
and applied mathematics.

This book includes five chapters that discuss new approaches in sediment transport 
estimation, how to evaluate the physical properties of porous media, and numerical 
approaches to sediment transport modelling.

Chapter 1 provides a general overview of sediment transport and its declination in 
coastal, hydraulic, and environmental engineering. It considers the natural phenomena 
involved in sediment transport and emphasizes possible anthropogenic causes that may 
induce changes in the natural physical process of sediment transport and deposition.

Chapter 2 describes the newest approaches and formulas for sediment transport 
evaluation. It presents a method that allows for estimating total sediment discharge by 
looking at the physics of the problem, that is, it is based on the balance of the force’s 
action on the two-phase river flow. This new approach, using the power of the river 
flow, tries to overcome the problem of classical methods that are often developed for a 
specific scale or hydraulic condition.

Chapter 3 presents an experimental investigation aimed at evaluating the hydraulic 
conductivity (K) of porous media. The study is aimed at deepening the impact of 
grain size and porosity on the K value. The chapter also compares formulations in the 
literature and values obtained experimentally.

Moving to the numerical aspects of sediment transport modelling, Chapter 4 pres-
ents a fully resolved model based on the direct-forcing fictitious domain method. It 
provides a detailed analysis of the model formulation as well as proposes a validation 
on a simple case. Moreover, the chapter includes a series of simulation results on the 
sedimentation of monodisperse and polydisperse particle systems in the case of low 
Reynolds numbers.

Finally, Chapter 5 presents an approach to study and model geophysical surface 
flows involving sediment transport. The core of the approach is a combination of 
a 2D mathematical model and the derivation of a finite volume numerical scheme 
while also considering computational costs to develop efficient simulation tools. The 
aim is to develop a robust instrument to analyze and model complex environmental 
processes (i.e., sediment transport) with realistic temporal and spatial scales and 
maintain reasonable computational costs.



IV

We hope this book will encourage and inspire a new generation of researchers and 
practitioners to advance the knowledge of sediment transport from theoretical, 
numerical, and experimental points of view.

Davide Pasquali
Department of Civil, Construction-Architectural,  

and Environmental Engineering Department (DICEAA),
Environmental and Maritime Hydraulic Laboratory (LIAM),

University of L’Aquila,
L’Aquila, Italy

Chapter 1

Introductory Chapter: Sediment
Transport
Davide Pasquali

1. Introduction

Sediment transport has been, and still is today, one of the most fascinating and
challenging research topics in coastal, hydraulic, and environmental engineering.
Probably first studies on sediment transport problems can be tracked back to ancient
historical periods (i.e., Roman Empire, Egypt etc.) in relation to the sizing and mainte-
nance of irrigation canals e.g. [1]. Obviously in this periods problems have been solved
only by empirical trial and error method. First theoretical concepts can be referred to
DuBuat (1734–1809) who was the first to talk about the concept of shear-resistance e.g.
[1]. In the following years, there have been many researchers who have contributed to
the topic from a theoretical, empirical or experimental point of view (e.g. Du Puit,
DuBoys, Reynolds, Forchheimer, Schoklitsch Shields, kennedy, Einstein, and Bagnold)
e.g. [1]. In the past, the most of the research is devoted to understand and model the
physical processes in order to estimate, for example, the shear stress, the order of
magnitude of the sediment transport, bed shear stress and forms.

At present, the change in land use, dams constructions, exploitation of coastal
areas, deforestation and in general human activities, have expanded the pool of topics
referable to sediment transport area.

Indeed, as recently underlined by [2] one of the most important component of
global change can be related to the soil erosion (namely the sediment transport). Last
decades have seen the decreasing trend (i.e. a decrease has been found in almost 50%
of the world’s rivers) in river sediment loads [2], hence the need to study possible
causes investigating the mechanism behind these problems.

Therefore, the policies and strategies for future adaptations to climate change,
must contain the information about the future scenarios in order to plan future actions
to manage catchments and rivers e.g. [2].

Moreover, the attention for water quality and the interest, that is, beginning to be
paid to natural systems (e.g. protected areas) has encouraged a holistic and multidis-
ciplinary approach to the study of sediments transport.

There are a lot of papers, books and manuals in literature in this field. The purpose
of this volume is not to replace existing literature.

On the other hand, this book is intended to collect original works and review
concerning numerical and experimental investigation, theoretical works, methodo-
logical approaches, and any other technique that allows giving the actual state-of-the-
art in the field of sediment transport.

1XII
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2. Erosion: a natural and human-induced process

In general erosion (and sedimentation) phenomenon can be considered as a
natural process referred to the particles motion e.g. [3, 4]. As a seek of example, the
sediment can be eroded by the river current acting on the movable bed, or it can be
moved by the raindrop impact from eroding slopes (see Figure 1) and conveyed
downstream reaching a river or a valley, or, in the coastal areas can be moved by the
actions of the currents (i.e. the longshore current) and transported along the shore-
line. However, the processes inducing the solid particles detachment can be very
different depending on the considered case.

The physical mechanisms by which sediment is transported downstream of a river
are as suspended sediments (i.e. in the case of fine particles) or as bedload sediments
(coarse particles) e.g. [3, 4] However, the great part (namely about the 70%) of
sediments reaching the coastal area is suspended e.g. [4, 5].

In all these cases, the process can be considered natural, and without external
forcing or changes, it will reach an equilibrium if the forcing term does not change
significantly.

However, especially in the last decades, the human activities induced considerable
changes in erosion/sedimentation rate. Probably, the most striking examples of the
effect of human activities on sediment transport processes are the changes in land use
of large watershed areas, the deployment of artificial reservoir, and the roads or
railways construction. Julien P.Y. [3] highlights that the erosion rate can be (in the
worst situations) 100 times greater than the natural (i.e. geological) conditions pro-
ducing the modification of the runoff characteristics of internal areas also modifying
the total sediment budget of the rivers (see Figure 2).

Moreover, dams or small deployments for electricity energy production, can result
in sediment entanglement in reservoirs [6], that is, inducing the decrease of storage
capacity (i.e. a decrease in energy production) e.g. [3, 4, 7]. The effect of this occur-
rence is a decrease of sediment input on the coastal environments, and, therefore, a
generalized deficit in the sediment budget and a consequent possibility of coastal
erosion. This tendency is less pronounced in coastal areas with a good dunal system that
allow restoring a portion of the sediment budget. However, the urbanization growth in
coastal or/and flat areas, the increase of human pressure, and the natural phenomena
modified, in some case in irreversible way, the coastal dynamics e.g. [7].

Figure 1.
Examples of eroding slopes and the natural erosion/sedimentation processes – Picture courtesy of Prof. Marcello Di
Risio.
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Moreover, the sediment accumulation in the upstream area can induce bed ero-
sion, change the morphology diversity and can modify the topology of the connection
between different close areas e.g. [4].

By the way often, dredging activities e.g. [8, 9] are required to collect sediment
finalized to “soft” techniques (see Figure 3, left panel) to restore beaches or to move the
sand trapped in the harbor (clean or contaminated). Another possibility to counteract
coastal dynamics, is to use “hard” techniques, that is, coastal protections (see Figure 3,
right panel), that normally induced changes in hydrodynamics and morphodynamics
inducing, in some cases, modification also in the sediment transport regime.

Figure 2.
Example of an uncontaminated coastal areas with the presence of a coastal dune – Picture courtesy of
Prof. Marcello Di Risio.

Figure 3.
Examples of “soft” (left panel) and “hard” (right panel) techniques used to act on shoreline dynamics [courtesy of
M. Di Risio].
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Therefore, it is clear that sediment transport and its fate can induce deep changes
not only in the internal and in the watershed areas but can include coastal and also
urban areas increasing, in some case, the vulnerability of a specific area and conse-
quently the risk intensity.

As a seek of example, a proper maintenance of river mouths can promote regular
water runoff and avoid sedimentation phenomena that can inhibit runoff. Figure 4
shows an example of sedimentation of a river mouth.

Also, another human effect connected to the sediment transport is the water quality.
Indeed, suspended sediments in water can indirectly transport both nutrients and pollu-
tion. On the other hand, it should be considered the effect of the water quality on the
suspended sediments. It has to be underlined that, however, not only pollutants can be a
issue for water quality, but also the presence of heavy metals and metal compounds,
which in excessive amounts can be a problem, in general for the environment e.g. [10–12].

This problem can be directly related to bathing water. Indeed, the quality of the
water of coastal area depends on the one hand from sea water pollution, and on the
other hand from pollution and water quality coming from rivers and estuaries. Indeed,
in the case of storm runoff, and in particular during extraordinary and uncontrolled
storm events, there is the possibility of water discharges containing sewer overflows,
high concentration of Escherichia coli, fecal or other bacteria that can easily modify the
water quality levels e.g. [13, 14].

3. Sediment transport modeling and monitoring

In light of what has been discussed so far, it is clear the increase of attention in
modeling and monitoring of sediment transport, not only by researchers but also by

Figure 4.
Example of river mouth. In can be observed that the mouth is protected by lateral groins and it is prone to the
sedimentation [courtesy of M. Di Risio].
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stakeholders and managers e.g. [15]. As underlined by [15] there are a lot of models
that are able to reach this goal. However, due to the complexity of the problem, the
amount of input data at the number of different spatial and temporal scales, the choice
of the correct model is always a hard task.

From a general point of view the range of model types includes: (i) empirical
models (ii) statistical models (iii) numerical models (iv) analytical models.

While some years ago numerical components are rare ad used only in some detailed
cases, with the development of computing power at present they are a good alternative.
However, there are no general indications or prescriptions in the use in the use of one or
the other. It often depends on the available input data, on the dimension of the spatial
scale (i.e. the dimension of the watershed), or on the physics to describe [15].

Empirical models are probably the simplest but, at the same time, the most criti-
cized approach. The reason relies on the simplification in the assumptions, that is, the
catchment is often considered homogeneous, the nonlinearities are ignored, etc. Nev-
ertheless, they are frequently used when input parameters are limited, or in the early
step of a study or a project when a fast and general overview is needed.

Statistical models, especially with the advent of artificial intelligence, are a good
tool when a lot of parameters and information on the study area are available. As
obvious they are powerful and allow to elaborate scenarios at different time scales.
However, they often lack a physical basis and the larger the time scale (or the larger
spatial scale) the greater the needed computational power.

Also, numerical models had (in particular in the last decades) a great impact on the
study of sediment transport. Depending on the complexity of the problem, they can
be one-, two- o three-dimensional and can be used to model sediment transport,
sediment sources, river floods, eroded and deposition areas, etc. Also in this case (as
for statistical models) the biggest issue is related to the computational costs. The most
used, also in practical applications are probably 1D and 2D depending on the com-
plexity of the problem. 3D models are often used to model very detailed situations
requiring particular attention, that is, for environmental impact.

Finally, an important class of models is the analytical one. They are based on the
solution of the equation of streamflow, hydrodynamics, advection, and diffusion, etc. It
is intuitive that to model real situations, the hypothesis that has been made to write the
equations can lead to an oversimplification of the problem. However, they allow model-
ing (accepting some simplification) of complex system with a physics-based approach.
From the perspective of a modeling framework (i.e. the complexity of the model
increases as the level of detail increases) approach, they can help to build a general
overview of the problem, overcoming the uncertainties of empirical methods e.g. [8, 16].

An important component of sediment transport is, certain, the monitoring. In
particular for long-term assessment, regular monitoring should be performed.
Acquired data are fundamental in the case of numerical model validations, to calibrate
empirical approaches and, in general, to check the reliability of all the described
models e.g. [16].

The complexity of the study of sediment transport suggests that there is no better
model to use. The choice is subjective and driven by the complexity of the case at hand.

4. Concluding remarks

Sediment transport is one of the most challenging topics in different fields (e.g.
coastal, hydraulic and environmental engineering). Indeed, it appears in seas and
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oceans, lakes, rivers, harbors, and many other natural systems. Historically, all these
aspects are related to specific research areas ranging from engineering, geology, geo-
morphology, biology, etc., but it is difficult to find a comprehensive overview of these
topics. At present, behind the natural process inducing soil erosion, sediment trans-
port, and deposition, human activities (i.e. dam, railways, bridges, etc.) have induced
considerable changes in sediment transport rate. These changes have resulted in
changes in the coastal sediment budget with consequences for shoreline dynamics,
and of course, in the rivers’ morphodynamics and in the water quality. In this sce-
nario, considering also the future possible impact of climate change, the aim of this
book is intended to organize in a single volume, original works, and review
concerning numerical and experimental investigation, theoretical works, methodo-
logical approaches, and any other technique that allow giving the actual state-of-the-
art in the field of sediment transport.
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Chapter 2

Sediment Transport in River Flows:
New Approaches and Formulas
Marina Shmakova

Abstract

A new method for estimating the total sediment discharge, as built on balance of
power acting to moving sediment particle in “water stream-bottom sediments—sedi-
ments” system, enables consideration of interrelated influence of hydraulic variables
state of flow and sediment. At the same time, the basic sticking point of river hydrau-
lics, that is, interaction of fluid and bottom, is specified not from the part of fluid
boundary, but from that of bottom sediments and their properties, well studied in soil
science. Setting the size of bottom sediments by means of their qualitative character-
istics allows avoiding calculation errors that occur when using specific values of
quantiles of bottom sediments in calculations. Consideration of the critical velocities
and the phase hydraulic space of the flow allowed obtaining the equations for
transporting capacity of the flow, suspended, and bed load discharges.

Keywords: river flow, suspended load, bed load, phase hydraulic space, critical
velocity, transporting potential, transporting capacity of a flow, sediment discharge

1. Introduction

Solid runoff is one of the important state variables’ indicators of two-phase water
mass circulation in a water object. Solid runoff of a water object represents solid
matter, available in river flow or moving lake water masses, and having different
genesis: ground (mineral solids) or organic matter. Solid runoff of water objects can be
considered in different applications: static (water turbidity), dynamic (suspended and
bed load, total sediment discharge), and indirect dynamic (bed mark changes and
banks transformation).

Any irregular non-stationary two-phase flow is characterized by the processes of
redistribution of solid matter in the riverbed or water area of a water body. At the
same time, both the processes of sedimentation and bottom erosion and the transit of
sediment can be observed.

Sediment can move in river flow by means of drawing or rolling over a bed (bed
load sediment), saltation, in suspended state (suspended sediment), and over flow
surface due to water surface tension (flotation). And maximum possible amount of
solid matter, which specified water discharge can carry over, is called flow
transporting capaсity. Transporting capaсity of a flow defines a process of redistribu-
tion of sediment in a channel—the main factor of channel processes. If sediment
discharges lesser than transporting capacity of a flow, bottom sediment is engaged

9



into the movement, and bottom erosion occurs. When sediment discharge starts
exceeding transporting capacity of a flow, sedimentation of moving sediment occurs
and bed marks increase. If sediment discharge in river flow conforms to its
transporting capacity, then dynamic balance is observed between suspension and
settling processes.

Currently, many formulas exist for suspended and bed load sediment discharges,
total sediment discharge, and flow transporting capacity calculation. At the same, the
high order of arguments degree in the sediment transport formulas leads to greater
calculation error. One of the most significant calculation errors for such formulas is
using the bottom sediment size, which is featured by high variability in the river
channel, as an argument. For objective estimation of this value, bottom sediment
samples taking for the whole watercourse cross section are required that seems to be
impossible in some cases. Known formulas of sediment discharge do not consider
interrelated effect of flow hydraulics and transportable solid particles. Also, the issue
of friction parameters setting on solid boundary of river flow, despite multi-year
study of this process, still remains not enough investigated.

Sediment transport calculation algorithms, developed separately for suspended
and bed load sediment in the river flow, also bring known issues in calculation
accuracy. Sediment transport is caused by flow energy and the size of transportable
particles, only river flow is characterized by the transport potential in accordance with
which the amount (mass) of transported particles is determined. And, depending on
particle size distribution of transportable material, a part of sediment uprises in water
layer and migrates with water mass of flow, and a part is dragged and rolled over a
bed. Moreover, the ratio of suspended and bed load kind of transport is highly
variable. It depends on hydrodynamic flow pattern and solid matter income from
outside (e.g., from river basin or following the result of dumping of soil in the river
channel). Hydrodynamic flow pattern, in queue, is defined by channel irregularity,
slope variability, and bottom sediment size, as well as water and sediment discharges
of upstream.

Creating a method for calculating total sediment discharge based on the balance of
forces acting in the two-phase river flow will allow for the interrelated effects of
hydraulically variables of a flow state and solid matter carried by the flow. At the same
time, the main stumbling block of river hydraulics is the interaction of a moving stream,
and the bottom should be considered not from the side of the boundary layer of the
liquid, but from the side of bottom sediment, their well-studied properties in soil
science. Setting the bottom sediment size through their qualitative characterization (by
categories that include wide ranges of particle coarseness variation) allows us to avoid
calculation errors that arise when using specific values of bottom sediment quantiles.

2. Phase hydraulic space and critical velocities

In a river flow, it can be considered the change in the flow velocity within one
water discharge (phase hydraulic space) or its average value (average flow velocity
within the phase hydraulic space) for the current water discharge. In the first case, we
may speak of phase hydraulic space [1]. It seems clear that the same water discharge
can carry the following amount of sediment G = [0; Gmax], where Gmax is max possible
amount of sediment transportable by this water discharge per unit of time or, in other
words, transporting capacity of a flow. At G = 0, the flow will be clarified, and its
velocity will be minimal, and the depth will increase. At G = Gmax, velocity increases
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and flow depth decreases [2, 3]. Moreover, the same water discharge (Q = const)
conforms to each uttermost case. It is evident that specified water discharge at con-
stant flow width can be defined from different combinations of depth and velocity. By
plotting velocity along one axle and flow depth along another axle and indicating the
points corresponding to one flow discharge value hi�vi = Q/B = const at flow width
В = const in the graph, we get the function representing phase hydraulic space of a
flow (system state space). Sediment discharge Gi corresponds to each depth-velocity
combination (hi�vi = Q/B = const). Sediment discharge value for each combination is
defined by transporting potential of a flow. That is, transporting potential of a flow
represents the mass of solid matter transportable per unit of time through the cross
section of a flow at constant water discharge. And this mass of solid matter, in turn,
determines the ratio of velocity to depth of flow. Transporting potential of a flow is
lesser than or equals to flow transporting capacity (at the same water discharge). The
uttermost points of presented function are defined by process physics and conform to
clarified flow (hmax, vmin) from one side and transporting capacity a flow (hmin, vmax)
from another side.

Within possible flow velocity change range at specified water discharge, velocity
can conform to different critical values. Critical river flow velocities traditionally are
called such flow velocities at which the conditions of movement of the water flow and
sediment carried by the flow change. Critical flow velocities predefine movement
pattern of both liquid phase (laminar, turbulent, subcritical, and supercritical flow
and so on) and solid phase of a flow. Depending on this, different types of critical
velocities predefining sediment transport and bed mark change regimens are classi-
fied. For example [4]:

• non-eroding velocity (extreme velocity, whereas the basic part of bottom
sediment is at rest state);

• breakaway velocity (start of mass movement of particles);

• non-silting velocity (extreme velocity, whereas the particles stay in suspended
state).

Inter alia, Goncharov provides such definition for breakaway velocity: “the least
average flow velocity, whereat unhampered breakaway of individual protruding
grains on the bed occurs and average level of pulsation uplift forces is approximately
equal to grain weight in water” [5]. Such definition enables concluding that break-
away velocity conforms to the start of particles movement both in suspended and bed
load sediment forms. According to Zamarin [6], “non-silting velocity is the least
average flow velocity, whereat suspended sediment, contained in water, do not leave a
flow.” Obviously, the area of the clarified flow will be characterized by the lower limit
of non-eroding velocity, while the area of maximum suspended load on the flow will
be characterized by the non-silting velocity. Moreover, it is implied that the start of
particles movement in river flow, predominantly, by saltation and in suspended form,
conforms to velocity, being within the range between non-eroding and breakaway
velocities. The latter can be explained by the fact that when the transporting potential
of the river flow falls, particles of the largest size are the first to be deposited on the
bottom during the movement of multi-factional sediment. Upper layer of deposited
sediment will be represented by fine-grain fractions. Then, if transporting potential
increases, at first, the upper layer of bottom sediment, represented by lesser size
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particles, starts movement. In support of the latter, let us consider the expressions,
defined for critical velocities of movement start by drawing or rolling over a bed,
vcr bed, and suspensing, vcr suspend [7]:

vcr bed ¼ 5:75lg 2
h
d50

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
θcr bed

ρs
ρw

� 1
� �

gd50

s
, (1)

vcr suspend ¼ 5:75lg
12h
6d50

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
θcr suspend

ρs
ρw

� 1
� �

gd50

s
, (2)

θcr bed ¼ 0:3
1þ 1:2D ∗ þ 0:055 1� exp �0:02D ∗½ �ð Þ, (3)

θcr suspend ¼ 0:3
1þD ∗ þ 0:1 1� exp �0:05D ∗½ �ð Þ, (4)

D ∗ ¼ d50 g
ρs
ρw
� 1

v2

" #1
3

, (5)

where d50—particle diameter with probability 50%, m; g—acceleration of gravity,
m/s2; ν—kinematic viscosity coefficient, m2/s; ρs and ρw—densities of soil and water,
respectively, kg/m3; h—average flow depth, m.

From these ratios, it follows that the movement of suspended particles, whose
particle size is less than 30% of the size of the particles moving by drawing, is
determined by a smaller value of the critical velocity. In a context of big grain size
variety of mineral particles, available in river channel, this means that the start of
sediment movement falls to suspended form.

The phase hydraulic space is characterized by the morphometry of the channel and
the nature of the underlying surface, and the transporting potential of the flow is
determined in accordance with the amount of solid matter entering the flow. Type of
the function approximating the phase hydraulic space is defined by cross section
form, and the function itself represents the velocity-to-depth ratio for constant water
discharge at studied cross section. Figure 1 provides an example of phase hydraulic
space for a channel with rectangular shape. In this case, change range for flow veloc-
ities and depth is defined by water discharge. It seems to be clear that water discharge
predefines opportunity to reach this or that critical velocity. Thus, within the limits of
one water discharge, a different ratio of hydraulic variables of a flow state can be
established. This ratio is strongly predefined by solid matter ingress from catchment.

The flow velocities achieved within the phase hydraulic space for a fixed water
discharge were considered above. Let us now stop at the average velocity, which
corresponds to a given water discharge. If sediment in the river flow is formed solely
by means of channel deformation, then we speak of channel-forming water flows. In
this case, the average rates of the beginning and end of the process of channel
deformation correspond to certain critical values. Then, the ratio of critical velocities
and sediment transport pattern comes to the following schematic (Figure 2) (the view
of this dependence is conditional).

At the same time, both for the phase hydraulic space (within a fixed water dis-
charge) and for the average velocity for a given water discharge, there is a ratio of
critical flow rates and the nature of transport of multi-fractional sediment:
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Figure 2.
Correlation of critical velocities and type of sediment transport.

Figure 1.
Phase hydraulic space of a flow in the channel cross section for Q = const: 1—the area of the maximum suspended
load on the flow; 2—the area of physically possible values; 3—clarified flow area; 4—non-eroding velocity (start
of the movement of suspended sediment); 5—breakaway velocity (movement of suspended and bed load sediment);
6—non-silting velocity.
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• v1—velocity lesser than minimal non-eroding velocity (no sediment movement,
G = 0);

• v2—non-eroding velocity (start of suspended sediment movement, Gsuspend);

• v3—breakaway velocity (start of bed load and suspended sediment movement,
Gsuspend + bedload);

• v4—non-silting velocity (transporting capacity of a flow, Gmax).

3. Review of sediment discharge formulas

In the early days of research into the movement of solid material in river flow, a
separation of total sediment into a suspended and a bed load sediment part was
adopted. Such posing of the question was justified by measurement base opportunities
and useful to form general representation on regularities of involvement into move-
ment and solid matter transfer in river flow. However, amid modern views on process
physics, vast experience of full-scale and laboratory experiment, instrument opportu-
nities, and all-round interdisciplinary integration, such vision of the issue seems
slightly limited.

3.1 Suspended sediment discharge formulas

Development of suspended sediment discharge formulas, unfortunately, failed to
find enough place in hydraulic calculations practice. At the same time in investigation
of suspended sediment, the big attention was paid to turbidity distribution along
vertical and along river length. Furthermore, vast investigations with another averag-
ing scale were conducted on generalized materials analysis of spatiotemporal turbidity
distribution (Karaushev [8], Shamov [9]). And as formulas for the consumption of
suspended sediment in the standards and applied works, formulas for calculating the
transporting capacity of a flow are proposed. Admixture propagation equation based
on diffusion theory of sediment movement (Taylor [10], Schmidt [11], Makkaveev
[12], Karaushev [8]) is represented in educational and scientific literature for
suspended sediment discharge calculation. However, neither in the first case (formu-
las of transporting capacity of a flow) nor in the second case (admixture propagation
equation), the task of suspended matter concentration estimation in a flow is not
solved finally. It is evident that suspension-bearing load of river flow not always
conforms to its transporting capacity. And admixture propagation equation, being an
elementary continuity equation at known suspended matter concentration in a flow
(boundary condition specification), leaves the question of estimating this concentra-
tion open.

In the last century, some suspended sediment discharge formulas were also based
on knowledge on suspended matter concentration in a near-bottom layer and came
down to integral calculation of suspended matter concentration distribution epure. In
1937, Rouse [13] provided theoretic equation for vertical distribution of suspended
particles in turbulent flow. Suspended matter concentration formulas by Karaushev
[8], Van Rijn [14], Sedaei et al. [15], Bagnold [16], Karasev [4], etc., are used in
hydraulic calculations practice.
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3.2 Bed load sediment discharge formulas

As is commonly known, assessment of bed load sediment discharge for natural
water objects is one of the most complicated hydraulic tasks. Disconcertingly, lately
activity in developing new approaches to solve this issue is not enough. Moreover, the
main encumbrance lays in the absence of reliable verification for proposed calculation
formulas according to field studies data. Bed load sediment discharge formulas can be
focused both on the movement of separate solid particles directly or ridge form of
sediment movement. Formulas describing ridge form of sediment movement consider
geometric parameters of ridges, their length, height, etc., and can be used for rivers
with sand bed. Such formulas are supported with relatively true data of sediment
discharge observation that enables optimization of both formula’s structure and its
parameters. Bed load sediment in rivers with gravel bed represents the biggest com-
plexity in sediment discharge measurements. This, accordingly, hampers probation of
bed load sediment discharge formulas and optimization of structure and parameters
of such formulas.

Some researchers classify the following groups of bed load sediment discharge
formulas:

1.Dependence of sediment discharge on hydraulic flow characteristics (Shamov
[9], Levi [17], Goncharov [5], Grishanin [18], Egiazarov [19], Van Rijn [20]);

2.Relation of sediment discharge to water content (water discharge) of a river
(Meyer-Peter et al. [21], Meyer-Peter and Müller [22], Schoklitsch [23, 24],
Gilbert [25]);

3.Relation of the sediment discharge to the attractive force of the flow (Egiazarov
[19], Bagnold [16]);

4.Formulas, where stochastic nature of sediment movement is expressed (Einstein
[26, 27], Velikanov [28], Shen and Hung [29]).

Given enough great quantity of bed load sediment discharge formulas, but total
sediment discharge formulas are not as common. However, at empirical nature of bed
load sediment discharge formulas, the formulas for total sediment discharge are often
more physically based. Total sediment discharge is a function of hydraulic flow
parameters, such as average flow velocity, depth, water discharge, slope, size,
hydraulic size, and density of the particles, as well as shear stress on solid boundary of
a flow. Some formulas are developed based on dimensional analysis and almost all of
them based on main concept of shear force of a flow.

The formula by Yang and Lim is defined using dimensional analysis for rivers with
sand bed [30]. The formula by Ackers and White is also derived from dimensional
analysis [31, 32]. The transport of fine-dispersed material is associated with a shear
velocity, and the transport of larger particles is associated with an average flow
velocity. Karim and Kennedy also obtained a formula for the total sediment through
the theory of dimensions, making the total sediment flow dependent on the average
and dynamic flow velocity, hydraulic size, and average particle size [33, 34]. Yang
hypothesized that the determining factor in the concentration of sediment in alluvial
channels is the specific power of flow, which can be defined as the calculated per unit
time dissipation of potential energy per unit weight of water [35, 36]. The formula by
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Engelund and Hansen, defined in the middle of last century [37], is based on Bagnold’s
flow power concept and theory of similarity. The formula by Molinas andWu is based
on shearing force of a flow [38]. In this formula, the Darcy-Weisbach equation is
solved together with an expression for the frictional force, which gives the relation-
ship between the total sediment concentration and the resulting flow force. The
formula by Bagnold [16, 39] is based on energy balance concept, where flow power
predefines energy for sediment transport. The formula of total sediment discharge
developed by Karasev is based on two dependences for suspended and bed load
sediment discharges [4]. The commonality of the mechanisms of movement consists
of a single process of interaction between a liquid and a solid medium characterized by
turbidity of ascent [4].

3.3 Formulas of transporting capacity of a flow

The values of empirical coefficients in the formulae of sediment discharge can be
determined by minimizing the deviations between the results of calculations and
observational data. But when deriving the formulas of flow transporting capacity, it’s
hard to focus on observation data for definite river, as limit flow saturation with
sediment is not achieved on all rivers and not for all water content periods.

One of the determining factors for the involvement of sediment particles in the
flow is the turbulence regime of the river—velocity pulsations have a suspending and
supporting effect on the particles in the flow. But it is known that the presence of a
solid substance in the flow significantly reduces the pulsations of velocities, the
flow becomes relatively orderly. Whereas all other things being equal, the clarified
stream, having a large erosion capacity of the channel, has a more turbulent mode of
movement.

In can therefore be concluded that the degree of flow saturation with sediment has
nonlinear dependence from average flow velocity and, among others, depends on flow
movement pattern.

Therefore, when derivation of the formulas of flow transporting capacity, not only
dependence on the amount of transported matter from hydraulic variables of flow
state shall be considered, but the factors predefining limit fluid saturation with sus-
pensions. Such factors can include suspending capacity of a flow, Froude and Reyn-
olds criteria, as well as presence of small fractions in a flow. It is known that high
content of finest particles increases water viscosity and, therefore, impacts onto flow
capacity to transport coarser fractions. Accordingly, “the limit of flow saturation with
sediment depends on both flow hydraulics and transported sediment content” [8].
The formulas by Zamarin [6], Bagnold [39], Karaushev [8], and others are known
from assessment practice of flow transporting capacity Gmах.

4. New approaches to sediment transport assessment

4.1 Formula of total sediment discharge

Main equation of mathematic model for water and solid matter movement in
river flow is based on balance of forces acting to moving sediment particle in “water
flow—bottom sediment—sediment” system. The forces acting on the particle side are
counteracted by the forces acting on the flow side:
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F
!
flow þ F

!
s ¼ 0: (6)

Total force balance equation in “water flow—bottom sediment—sediment” system
has the following view:

F
!
grav þ F

!
inert þ F

!
A þ F

!
grav s þ F

!
resist þ F

!
inert s ¼ 0, (7)

where F
!
grav—shear projection of the flow gravity; F

!
inert—the force of inertia of the

moving volume of water enclosed between the sections; F
!
A—Archimedes force;

F
!
grav s—a retaining projection of gravity acting on a sediment particle moving in a flow;

F
!
resist—bottom resistance force; F

!
inert s—the force of inertia of a particle moving in a flow.

Bottom resistance force Fresist is written by analogy with the well-known formula of
the linear relationship between soil shear resistance and normal load [40]:

Fresist ¼ Rf þ cS, (8)

where f—internal friction coefficient, dimensionless; c—adhesion of soil particles
during shear kg/(m�s2) (for disconnected soil c = 0); S—the area of force application,
m2; in this case, the load R represents the system of loads (Fflow) acting to soils
particles from flow side:

R ¼ Fflow ¼ F
!
grav þ F

!
inert þ F

!
A (9)

Therefore,main equation of water and solidmattermovement has the following view:

1� fð Þ mg I � ∂h
∂x

� �
�m

dv
dt

� �
�Nactms

dvs
dt

þNactmsg � cS ¼ 0, (10)

∂h
∂t

þ h
∂v
∂x

þ v
∂h
∂x

¼ 0, (11)

vs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ ω2

p
, (12)

dEflow

dt
� dEs

dt
¼ 0, (13)

wherem—the mass of the volume of water enclosed between the two cross sections,
kg; g—acceleration of gravity, m/s2; I—bottom slope, dimensionless; v—flow velocity,
m/s; h—flow depth, m; х—longitudinal coordinate, m; S—force application area, m2;
ms—particle mass, kg; vs—particle velocity, m/s; Nact—the number of moving particles
in the flow; ω—hydraulic particle size, m/s; Eflow—kinetic energy of the flow, kg�m2/s2;
Es—kinetic energy of moving particles, kg�m2/s2; f—coefficient of internal friction,
dimensionless; c—the parameter of adhesion of soil particles during shear, kg/(m�s2).

Water and solid matter movement equation (Eq. (10)) is closed by flow continuity
equations (Eq. (11)), equations for particle velocity (Eq. (12)), and the equation of
flow and particles kinetic power balance (Eq. (13)).

For conditions for uniform steady movement after some transformations of the
equation (Eq. (10)), we can acquire that sediment discharge G, that is, the mass of solid
matter passing through flow cross section per unit of time (kg/s), shall be equal to:
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G ¼ Nactms

Δt
¼

cBv�Δt
g � 1� fð ÞmI

h i

Δt
, (14)

where B—the width of the stream, m. Or, if we write that m = ρw�h�B�v�Δt and
water discharge Q = v�h�B, (m3/s) we get:

G ¼ Q
c
hg

� 1� fð ÞIρw
� �

, (15)

Thus, upon reductions and transformations, two basic groups remain in the
formula: gravitational component (ρw‧m‧I) and soil shear strength or friction force
(c/(h‧g) + ρw‧f‧m‧I).

It worth noting that formula (Eq. (15)) calculates the mass of solid matter in water
and this mass shall be brought to real mass of solid matter:

G0 ¼ G
ρs

ρs � ρw
: (16)

Therefore, the formula (Eq. (15)) takes the following view:

G ¼ ρs
ρs � ρw

Q
c
hg

� 1� fð ÞIρw
� �

: (17)

Parameters f and c of the formula (Eq. (17)) depend on water content phase of a
river and size of bottom sediment. Dependences on different water content periods
can be used to define the values of parameter f (for the group of the studied rivers):

f 1 ¼ �0:1293Dþ 1:7143, (18)

f 2 ¼ �0:0477Dþ 1:2937, (19)

f 3 ¼ �0:0114Dþ 1:0556, (20)

or in common view

f i ¼ aiDþ bi, (21)

where i—the water content index (1—maximum, 2—average, 3—minimum water
content); D—a qualitative sign of the size of bottom sediment: 1—loam; 2—sand;
3—sand-pebbles; 4—gravel; 5—pebbles.

Following the optimization, the values of parameter с for connected soil (clay
loams) for the studied rivers are equal to 0.385, 0.505, and 1.55 kg/(m‧s2) in average
for the periods of low-, medium-, and high-water content, respectively. For loose soils
for the most of studied rivers within medium- and high-water content obtained values
of parameter с following the optimization were equal to zero.

The given values of the parameters f and c are preliminary and may be useful for
unexplored rivers. For rivers where hydraulic variables of flow state were measured,
the values of these parameters are estimated by minimizing the deviation of the
calculated and observed values of the sediment discharges.
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4.2 Formula of flow transporting capacity

Let us consider deriving the formula of flow transporting capacity. Based on phase
hydraulic space concept, we assume that flow transporting capacity Gmaх is equal to
sediment discharge at max flow velocity (and minimal depth) for specified water
discharge, that is,

Gmax ¼ ρs
ρs � ρw

Q
c

hming
� 1� fð ÞρwI

� �
, (22)

where hmin—minimum possible depth at fixed water discharge, slope and bottom
sediment size, m.

Minimum possible depth is predefined by channel’s morphometry and water dis-
charge. A decrease in hmin is already practically impossible, since within the value of
this depth there will be an intensive suspend of solid matter to the bottom.

Thus, the calculation of the transporting capacity of the flow is preceded by an
estimate of the values of hmin or vmax.

To estimate the boundary velocity vmax (so-called silting velocity), at which the
suspend in the flow either precipitates or the qualitative state of the flow changes—
the flow becomes viscous, we can use, for example, the expression [41]:

v2max ¼
ρs

ρs � ρw

1
2
gh: (23)

According to the formula (Eq. (23)), minimal flow depth will be:

hmin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ρs � ρw

ρs

Q2

B2g
3

s
: (24)

Then the expression for transporting capacity of a flow (Eq. (22)), considering the
formula (Eq. (24)) will be as follows:

Gmax ¼ ρs
ρs � ρw

Q
c

g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ρs�ρw

ρs

Q2

B2g
3
q � 1� fð ÞρwI

2
64

3
75: (25)

Therefore, defined analytical formula for transporting capacity of a flow (Eq. (25))
is based on balance of forces acting in the system “water flow—bottom sediment—
sediment” [1], the formula of soil shear resistance [40], and the formula of the
boundary velocity of particle deposition in the water flow [41]. Probation of formula
(Eq. (25)) and comparative analysis of some formulas of flow transporting capacity
are provided in [1].

4.3 Suspended and bed load sediment discharge formulas

Consider now the derivation of formulas for suspended and bed load sediment.
The start of sediment suspension is due to increase in average flow velocity against
non-eroding velocity. The formula of non-eroding velocity vcr, defined based on
multiple studies, is as follows [42]:
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vcr ¼ 1:15
ffiffiffi
g

p
hcrdð Þ0:25: (26)

By expressing the depth from (Eq. (26)), we will get:

hcr ¼ v4cr
1:154g2d

: (27)

By substituting the defined expression (Eq. (27)) to total sediment discharge
formula (Eq. (17)) we’ll get suspended sediment discharge formula, Gsuspend

Gsuspend ¼ ρs
ρs � ρw

Q 1:154
cgd
v4

� 1� fð ÞIρw
� �

: (28)

Since total sediment discharge represents the sum of suspended and bed load
sediment discharges, we’ll get the expression for bed load sediment discharge, Gbedload

Gbedload ¼ G� Gsuspend, (29)

Gbedload ¼ ρs
ρs � ρw

Q
c
gh

� 1� fð ÞIρw
� �

� ρs
ρs � ρw

Q 1:154
cgd
v4

� 1� fð ÞIρw
� �

, (30)

Gbedload ¼ ρs
ρs � ρw

Qc
1
gh

� 1:154
gd
v4

� �
: (31)

This section thus presents the derivation of four formulas: total sediment discharge
formula (Eq. (17)), flow transport capacity formula (Eq. (25)), suspended sediment
discharge (Eq. (28)), and bed load sediment discharge (Eq. (31)) formulas. All derived
formulas are based on the equation of water and solids motion (Eq. (10)), the concept
of phase hydraulic space, and the relationships describing the critical flow states.

5. Calculation results for derived formulas

Consider the results of approbation of the new sediment discharge formulas.
Observation data on 15 hydrometric stations, located on American rivers in the states
Alaska, Idaho, Colorado, Washington, and Wisconsin, were used as calculation mate-
rial. Observations on these rivers and creeks were conducted in 70s–80s years of the
last century, and investigation results are represented in the report “Measured total
sediment loads (suspended and bed load sediment) for 93 United States streams.” This
report is published on official website of Geological Survey at the US Home Depart-
ment and is in public domain [43]. The report represents the data on suspended and
bed load sediment measured nearly simultaneously. Besides this, the report provides
hydraulic variables of flow state and и grain-size analysis of sediment and bottom
sediment. “The data, most of which were not published earlier, were measured by
means different individuals and entities… Despite known sampling issues, the data
are, probably, the best of those available for the moment” [43] (for 1989).

The report provides observation results in 93 rivers and creeks; however, the most
comprehensive data required for calculation are represented for 15 rivers only.
Totally, 252 measurement data for medium water content period were used in calcu-
lations. The range of main hydraulic characteristics of the studied rivers, wherein
calculations were conducted, is represented in Table 1.
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On average, the deviations between the observed and calculated values for the
medium water content period have been: according to the formula of total sediment
discharge (Eq. (17))—41%; according to the formula of suspended sediment discharge
(Eq. (28))—48%; according to the formula of bed load sediment discharge (Eq. (31))
—46%. The results obtained are quite acceptable and confirm the operability of the
above formulas.

It should be noted that calculation results for the formulas derived by other
authors, as provided in this work, were published earlier many times, including [1]. At
the same, the best results are shown by the formulas [1]:

No Hydrometric section I, non-
dim.

Q,
m3/s

v, m/
s

h, m B, m Gbedload,
kg/s

Gsuspend,
kg/s

G, kg/s

1 Susitna River near
Talkeetna, Alaska

0.00146 612–
1160

1.8–
2.7

1.7–
2.3

183–
202

197–849 2.26–
10.4

199–859

2 Chulitua River below
Canyon near Talkeetna,

Alaska

0.00131 564–
946

2.0–
2.5

2.5–
3.1

108–
123

462–
1690

26.9–145 488–1835

3 Tanana River at
Fairbanks, Alaska

0.000467 1010–
2020

1.3–
1.9

2–2.9 296–
469

2410–
10,030

16.3–
89.4

2426–
10,119

4 Snake River near
Anatone, Wash

0.001033 1990–
3770

2.4–
3.3

4.7–
5.8

181–
197

61.6–
1270

1.07–58.7 62.67–
1328

5 Toutle River at Tower
Road near Silver Lake,

Wash.

0.00311 112–
248

1.5–
3.1

0.77–
1.5

61–
70

538–5820 33–232 682–5901

6 Fork Toutle River near
Kid Valley, Wash.

0.0037 110–
185

2.4–
2.8

0.85–
1.1

56–
59

1590–
4980

110–338 1883–
5090

7 Clearwater River at
Spalding, Idaho

0.000312 847–
1810

1.4–
2.5

4.3–
5.1

135–
143

15.8–124 0.578–
6.54

16.38–
130.54

8 Yampa River at
Deerloge Park, Colo

0.000673 108–
447

0.81–
1.3

1.5–
3.9

90–
93

113–998 3.6–13.2 122.3–
1008

9 Wisconsin River at
Muscods, Wis.

0.000311 114–
714

0.49–
0.88

0.71–
2.6

278–
310

1.42–20 1.76–23.3 3.18–43.3

10 Black River near
Galesville, Wis.

0.000221 20.1–
80.7

0.44–
0.54

0.55–
1.4

72–
122

0.422–5.5 1.28–
4.09

1.702–
9.59

11 Chippewa River at
Durand, Wis.

0.000326 132–
884

0.77–
1.1

1.3–
3.2

215–
244

2.78–64.5 5.52–23.3 8.3–87.8

12 Chippewa River near
Pepin, Wis.

0.000309 118–
391

0.57–
0.86

10.76–
1.8

229–
274

2.24–45.7 2.89–14.7 5.13–60.4

13 North Fork of Lick
Creek near Yellow Pine,

Idаho

0.00666 1.28–
4.25

0.52–
0.95

0.32–
0.51

7.3–
8.8

0.00294–
0.0978

0.0005–
0.0292

0.00344–
0.127

14 South Fork of Salmon
River near Cascade,

Idaho

0.00695 22–
77.5

0.62–
1.3

1.1–
1.7

31.5–
34.5

0.132–
4.11

0.00632–
6.42

0.138–
10.53

15 Chippewa River near
Caryville, Wis.

0.000213 117–
779

0.45–
1.1

1.4–
2.8

185–
247

0.936–
16.4

0–13.5 0.936–
29.9

Table 1.
The main hydraulic characteristics of the studied rivers.
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• Engelund and Hansen’s [37]:

G ¼ ρs � B
0:05 vj j5

ρs=ρw � 1ð Þ ffiffiffigp d50C3 , (32)

• Karim and Kennedy’s [34]:

G ¼ B � k vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g ρs=ρw � 1ð Þd50

p
" #2:97

u ∗

ω

� �1:47 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g ρs=ρw � 1ð Þd350

q
, (33)

• Bagnold’s [39]:

G ¼ vj j
C2

3

0:24þ 0:01
u ∗C
ωg1=2

� �
ρw, (34)

where k—coefficient of proportionality equal to 0.00139; τ—shear stress at the
bottom, kg/(m�s2); C—Shezi’s coefficient, m0.5/s.

Figure 3 shows the relationship between the total sediment discharges observed
and the calculated according to the above formulas for the study rivers. As can be seen
from the graphs, the points of the observed and formula-calculated sediment dis-
charges are almost bisecting each other. Small values of sediment load discharge are
better calculated using the Karim-Kennedy’s (Eq. (33)) and Engelund-Hansen’s
(Eq. (32)) formulas, but at the same time, the points of observed and calculated
sediment discharge using the Engelund and Hansen’s formula (Eq. (32)) have a
greater scatter and a systematic bias toward underestimation of calculated sediment

Figure 3.
Observed Gobserv and calculated Gcalc total sediment discharge values using Shmakova’s formula (Eq. (17))—1,
Karim-Kennedy’s formula (Eq. (33))—2, Engelund-Hansen’s formula (Eq. (32))—3, and Bagnold’s formula—
(Eq. (34))—4.
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discharge for large values of sediment load. At the same time, Shmakova’s formula
(Eq. (17)) and Bagnold’s formula (Eq. (34)) showed the best result in the area of large
values and the worst in the area of small values.

Now consider the results of the validation of formula (Eq. (25)) and conduct a
comparative analysis of some formulas for the transport capacity of the flow [1]:

• Zamarin’s formula for hydraulic particle size 0.002 < ω < 0.008 m/s [6]:

Gmax ¼ Q0:022
v
ω

h i3
2 ffiffiffiffiffi

hI
p

; (35)

• Goncharov’s formula [5] for u*/ω < 2.5:

Gmax ¼ ρsQ
1þ ϕ

800
d
h
vcr
v

v3

v3cr
� 1

� �
v
vcr

� 1
� �

, (36)

ϕ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρs � ρw
0:9ρw

gd
ω2 ,

s
(37)

vcr ¼ 0:96
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gd0:4 dþ 0:0014ð Þ0:6

q
h
d

� �0:2

; (38)

• Bagnold’s formula [39]:

Gmax ¼ Q ρs
ρw

ρs � ρw

C f v2

gh
0:13
f � I

þ 0:01
ω=v � I

� �
, (39)

C f ¼ k
ln 12h=Δð Þ

� �2

, (40)

Δ ¼
3d90 for

ρw
ρs � ρw

u2∗
gd

< 1

3
ρw

ρs � ρw

u2∗
gd

d90 for
ρw

ρs � ρw

u2∗
gd

≥ 1

8>>><
>>>:

, (41)

where vcr—non-eroding velocity, m/s; Q—water discharge, m3/s; I—bottom slope,
dimensionless; v—average flow velocity, m/s; h—average flow depth, m; f—coeffi-
cient of internal friction, dimensionless; ω—hydraulic particle size, m/s; Сf—coeffi-
cient of friction; k—Carman constant, equal to 0.41; Δ—effective roughness height,
m; d, d90 и d95—particle diameter with probability 50, 90 и 95%, respectively, m;
ρs и ρw—densities of soil and water, respectively, kg/m3; g—acceleration of gravity,
m/s2; u*—dynamic velocity, m/s.

The main criterion for the quality of the calculations will be the condition that the
observed values of the total sediment discharge do not exceed the calculated values.
This somewhat tentative and rather qualitative assessment of the correctness of the
formulas can be explained by the fact that there is no information for the study rivers
on how much suspended load of the flow reaches its maximum possible values. Or, in
other words, it is not clear whether the measured sediment discharge Gobserv corre-
sponds to the flow transport capacity Gmax. A similar qualitative analysis is also
allowed, for example, in [6]. This qualitative assessment is supplemented by another
requirement—the calculated values must deviate reasonably from the measured
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values. That is, the calculated maximum sediment discharges Gmax calc in its value
should correspond to the hydraulic conditions of the flow. In general terms, the
conditions of conformity set out can be written as:

Gobserv ≤Gmax calc ≤ k � Gobserv

k∈ 1,
Gmax

Gobserv

� �
8<
: , (42)

where k—coefficient determining the degree to which the canal is filled with
moving sediment (based on observations), dimensionless.

For formula (Eq. (25)), the friction parameters were assumed to be equal to those
optimized for the high and medium water periods in the calculations using the ana-
lytical sediment flow formula (Eq. (17)).

Table 2 shows the relative number of cases of non-exceeding δ, % of the observed
values of sediment discharge by calculated ones, average relative deviations σtotal, %
(between the calculated values of the flow transport capacity and the observed total
sediment discharge) and σmin, % (only between the calculated values of the flow
transport capacity, not exceeding the observed values, and the observed total sedi-
ment discharge). The latter indicator illustrates the degree of deviation toward a
clearly erroneous calculation—as the calculation of Gmax assumes that condition
(Eq. (42)) is fulfilled.

Results of the calculations according to the four formulas are shown on the
Figure 4. Degree of qualitative correspondence between the calculated values of total
sediment discharge and the observed values is demonstrated by the excess of calcu-
lated points over the bisecting lines.

The results of the calculations above illustrate, in summary form, that in general
(55–76%) the calculated sediment discharges are higher than the observed values.
However, the values calculated using Shmakova’s formula (Eq. (25)) are the most
consistent with the order of magnitude of the observed sediment discharges, with a
deviation σtotal of about 87%. For the same formula, the most adequate values σmin

(66%) were also obtained.
The calculations were based on a quantitative assessment of the quality of the

calculation formulas by comparing the calculated values from the above formulas and
the observed values of the transport capacity of the flow. For the study watercourses
at the observed average flow depth, the silting velocities vmax were calculated using
formula (Eq. (23)). These velocities were compared with the observed velocities v, to
which the average depths correspond. If the velocities v and vmax are approximately
equal, it can be assumed that the measured sediment flow rate is the transport capac-
ity of the flow Gmax observ. The detected Gmax observ values were compared with the Gmax

values calculated from the flow capacity formulas above.

Formula δ, % σtotal, % σmin, %

Zamarin’s (Eq. (35)) 45 555 671

Goncharov’s (Eq. (36)) 38 819 882

Bagnold’s (Eq. (39)) 24 849 434

Shmakova’s (Eq. (25)) 33 87 66

Table 2.
Results of calculations using the flow capacity formulas.
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Table 3 shows the calculation data and the results of the calculations for the station
Fork Toutle River near Kid Valley. The v and vmax values for this station, the only one
among all the study stations, showed sufficient proximity. The discrepancy between
these values is between 1 and 15%. Gmax was calculated using three of the formulas
(except Goncharov’s formula (Eq. (36)) due to non-compliance with the conditions of
applicability of this formula for the study river).

As can be seen from Table 3, the Shmakova’s formula (Eq. (25)) shows the best
agreement between the observed and calculated values of the flow transport capacity.
The average relative deviation for this formula was 29%. For Zamarin’s (Eq. (35)) and
Bagnold’s (Eq. (39)) formulas, the calculated Gmax values were significantly lower
than the observed values.

Many of the formulas for flow transport capacity and minimum non-silting veloc-
ity have been derived experimentally for canals at maximum sediment load. In the
case of natural watercourses, however, selecting the formula for the transport capacity
and optimizing its parameters is extremely difficult due to the lack of reliable obser-
vational data on the maximum possible of sediment load in the flow. For this reason,

Q,
m3/s

vmax,
m/s

v,
m/s

В,
m

h,
m

Gmax observ,
kg/s

Gmax, kg/s

Zamarin’s
(Eq. (35))

Bagnold’s
(Eq. (39))

Shmakova’s
(Eq. (25))

185 2.9 2.8 56 1.1 5090 110 352 3367

110 2.6 2.4 56 0.9 1883 53 181 1953

123 2.6 2.6 56 0.85 2045 64 269 2417

147 2.6 2.4 59 0.85 1714 69 260 2607

153 2.8 2.4 59 0.98 1978 71 225 2348

Table 3.
Calculation data and calculation results for transport capacity, Fork Toutle River near Kid Valley.

Figure 4.
Observed Gmax observ and calculated Gmax calc flow transport capacity values using Zamarin’s formula (Eq. (35))
—1, Goncharov’s formula (Eq. (36))—2, Bagnold’s formula (Eq. (39))—3, and Shmakova’s formula
(Eq. (25))—4.
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the calculations in this chapter are somewhat tentative. However, the results obtained
demonstrate the incompleteness of theoretical research in the study of the transport
capacity of rivers. Concurrently, an important advantage of the formulas (Eqs. (17),
(25), (28), and (31)) is analytical conclusion from the equation of basic two-phase
mass carryover in river flow (Eq. (10)). In this equation, the forces are written not in
relation to the water flow, but in relation to a moving solid (the shearing projection of
the gravity of the water flow, the retaining projection of the gravity of moving
particles, the inertia forces of the water flow and moving particles, the force of the soil
resistance to shear). Also in equation (Eq. (10)), the interaction of the water flow, and
the bottom is represented by the resistance of the bottom sediment to the tangential
load from the flow side. Therefore, formulas (Eqs. (17), (25), (28), and (31)) are based
on interrelated calculation of water flow and solid matter and supported by qualita-
tive, but not quantitative characteristic of bottom sediment size. Friction parameters
are derived functionally from bottom sediment size categories, which are represented
by wide ranges of bottom sediment sizes.

6. Conclusions

Two-phase river flow represents a complicated system of liquid and solid phases
and underlying surface interaction. Its main particulars are as follows:

1.Sediment transport in the river flow is, from one hand, predefined by flow
hydrodynamics and, from the other hand, impacts to hydraulic variables of flow
state;

2.Bottom sediment size is highly variable along the channel and in water flow and
depends on water content phase;

3.Resistance on solid boundary of a flow in cross section is not constant within a
year;

4.Practice of calculating solid runoff shows insufficient study of the interaction of
river flow and river bed.

Existing methods of sediment transport calculations are not always universal and
do not fit for flows of any scale and different hydraulic conditions. In this case,
sediment transport process in any kind (suspended or bed load) and any degree of
flow saturation with solid phase (from clarified to transporting capacity) is the same
for all types of channels and for any water content periods. This process is based on
the power of the river flow, which determines the amount of solid matter transported.
Accordingly, assessment algorithms of any kind sediment discharge (suspended and
bed load) shall be the result of theoretic equations describing two-phase river flow
hydrodynamics. This means that these algorithms (formulas) shall be fully
interconnected each other and follow one from another. And the structure of sedi-
ment transport formula shall be fully coordinated with measuring base opportunities.
In particular, the average size of bottom sediment, highly variable in cross section, or
its quantile values with specified occurrence decrease calculation accuracy. In this
case, integral river bed characteristics, such as bottom sediment size categories, are
more convenient for operation. Algorithms, provided in this work, can avoid the
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above deficiencies in a whole and increase calculation accuracy of sediment discharge
for different types of rivers.
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Chapter 3

Assessment of Hydraulic
Conductivity of Porous Media
Using Empirical Relationships
Abhishish Chandel and Vijay Shankar

Abstract

Flow-through porous media is concerned with the term hydraulic conductivity
(K), which imparts a crucial role in the groundwater processes. The present work
examines the impact of key parameters i.e., grain size and porosity on the K of four
borehole soil samples (Gravelly, Coarse, Medium, and Fine sands) and evaluates the
applicability of seven empirical relationships for K estimation. Experimental investi-
gations postulate that an increase in the grain size and porosity value increases the K
value. Further, the K values computed using the Kozeny–Carman relationship proved
to be the best estimator for Coarse, medium, and fine sands followed by Beyer and
Hazen relationships. However, the Beyer relationship had a closer agreement with
experimentally obtained value for Gravelly sand. Alyamani and Sen relationship is
very sensitive toward the grain-size curve pattern, hence it should be used carefully.
Whereas other relationships considered in this study underestimated the K of all
samples.

Keywords: empirical relationship, grain size, hydraulic conductivity, porosity

1. Introduction

Water is a vital natural resource, imperative for the existence of all living
organisms. Various processes i.e., agricultural processes, groundwater management
practices, and environmental quality are influenced by water [1]. Apart from agricul-
ture, some other usages are municipal and industrial water supply, hydroelectric
power, forestry, and navigation [2]. Water is available in different forms i.e., surface
water, groundwater, ice caps, and glaciers, however, groundwater seems to be a more
consistent source of water [3]. Investigation on the computation of hydraulic
conductivity of borehole soil samples results in a potential alternative for groundwater
monitoring [4].

Initially, Darcy’s law defines the term K as the 1-D flow of water through the
saturated porous sediments [5]. K is the dominant hydraulic parameter of the porous
media used for predicting the movement of fluid through the connecting voids [6]. It
has a significant role, in estimating the quantity of seepage through earth dams and
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levees and conducting stability analysis of earth structures subjected to seepage forces
[7]. Saturated K of porous media is important for modeling the flow of water in the
saturated zone [8, 9]. In the previous studies, it was postulated that the K of granular
porous media is related to grain size characteristics i.e., d10, d20, d50, and d60 [10]. This
relationship is very convenient for hydraulic conductivity estimation in the initial
stages of aquifer investigation. The representative grain size of porous media from the
gradation analysis is helpful in the assessment of K values [11]. Various properties
influenced the K of porous sediments i.e., porosity, structure alignment as well as
different properties of fluid such as temperature and viscosity [12].

In groundwater investigations processes, there are many techniques namely labo-
ratory and field methods, and empirical equations are available to estimate the K of
porous sediments [13]. Precise knowledge of aquifer geometry and boundaries conse-
quences the limited use of field methods [14]. Also, the collection of undisturbed soil
samples is a challenging factor concerning the laboratory experimental techniques.
Therefore, the computation of K values using empirical relationships has been used as
a substitute to overcome the issues that occur due to the field and laboratory tech-
niques [15, 16]. Various investigators derive the empirical relationships to compute
the K value and should be used within particular domains of applicability [17]. The
computed K values based on different empirical relationships to the similar size of
porous sediments can result in different K values because the applicability and
domains are different for individual empirical relationships [18].

Kasenow [19] analyzed some important empirical relationships on the same porous
media and concluded that different K values may be obtained. Carrier [20] concluded
that the Kozeny–Carman equation is the best estimator of K as compared to other
empirical relationships. Odong [17] focused on the evaluation of K of porous media
using empirical relationships and concluded that precise estimation of K is based on
the Kozeny–Carman equation, however other relationships in the study overestimated
the K values. Rosas et al. [6] estimated and compared K with empirical relationships
for 400 samples of sediments with different grain size distributions. Cabalar &
Akbulut [21] determined the hydraulic conductivity of sand samples of different
shapes and grain sizes and evaluated them with empirical relationships. An M5 model
tree was developed to predict K based on gradation analysis by Naeej et al. [22]. Ríha
et al. [16] evaluated the applicability and reliability of glass beads of different diame-
ters and assessed the K of glass beads using empirical relationships. Hong et al. [23]
revised the Kozeny–Carman relationship based on effective void ratio and specific
surface area and then used it to predict the hydraulic conductivity of the soil.

The literature revealed that different investigators use the existing empirical rela-
tionships to estimate the hydraulic conductivity values and vaguely define their
applicability boundaries via normal description of materials used without suitable
assessment and grain size distribution analysis. The present study has been focused to
address this research gap. The main objectives of the study are:

1.To study the influence of key parameters namely grain size and porosity on the K
of the borehole samples.

2.To determine the flow regime by analyzing the variations between friction factor
and Reynolds number.

3.To evaluate the applicability of seven established empirical relationships for K
estimation.
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2. Materials and experimental procedure

In the present study, four representative soil samples were collected during bore-
hole drilling operation at the Una district of Himachal Pradesh in India. Samples (1, 2,
3, and 4) were collected at an interval of 3 m. The collected samples were tested for
gradation analysis as per standard procedure to determine different grain sizes i.e.,
d10, d20, d50, and d60 [24]. Samples 1, 2, 3, and 4 containing coarse porous media
particles, hence subjected to the dry sieve analysis. A pycnometer test has been
conducted on each collected soil sample to determine the specific gravity.

The K of soil samples was measured using a constant head permeameter having a
diameter of 153 mm and a test length of 46.5 cm as shown in Figure 1. Initially, the
samples were placed inside an oven at 105°C for about 24 hours for maturing and then
added to the permeameter in a completely dry state and were compacted in layers
with a rubber mallet. The upper part of the permeameter is connected to a water
supply tank, which is situated at a height of 2.5 m above the permeameter, and the
lower part is connected to an outlet pipe for discharge measurement. Before deter-
mining the K, the sample was saturated to maintain a steady flow condition. A
constant head was preserved in the manometer pipe, and then the discharge value was
measured for a fixed time interval. Five to six measurements were made at different

Figure 1.
Hydraulic conductivity measuring setup.
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constant heads. The average of the discharge values was taken to determine the K of
the sample [25]. The water temperature was measured at the start and the end of the
permeameter test. The value of K was calculated by multiplying the flow rate (cm3/s)
by the specimen thickness (cm) and then diving it by the permeameter area (cm2)
times the constant head (cm).

3. Established empirical relationships

From gradation analysis, effective grain diameter and particle uniformity are used
to estimate the K using empirical relationships which relate the K value with the size
property of porous media. Based on the previous investigations in the field of K
computation, Vukovic and Soro [18] formulated a generalized K equation as:

K ¼ g
ϑ
∗ α ∗ f xð Þ ∗ d2x (1)

where, g = gravitational constant, ϑ = Kinematic viscosity, α = sorting coefficient,
x = porosity and, dx = effective grain size. The values of α, f(x), and dx depend on
different procedures used for gradation analysis. Vukovic and Soro [18] postulated a
standard equation between uniformity coefficient (U) and porosity as:

x ¼ 0:255 1þ 0:83U
� �

(2)

U ¼ d60
d10

(3)

where, d60 and d10 are the grain diameter in (mm).
Several investigators developed different empirical relationships based on the

standard equation as mentioned in Eq. (1). Table 1 represents the seven empirical

Researcher Relationship α Use

Hazen [26] KHazen =
g
v :α: 1þ 10 x� 0:26ð Þ½ �:d210

6 � 10�4 0.1 mm < d10 < 3 mm
U < 5

Slichter [27] KSlichter¼ g
v :α:x

3:287d210 1 � 10�2 0.01 mm < d10 < 5 mm

Terzaghi [28] KTerzaghi =
g
v :α:

x�0:13ffiffiffiffiffiffi
1�x3p

� �2
d210

8.4 � 10�3 Large grain sand

Kozeny [29]-Carman
[30, 31]

KK-C = g
v :α:

x3

1�xð Þ2
h i

:d210
8.3 � 10�3 d10 < 3.0 mm suitable for gravel, sand,

and silty soil

Beyer [32] KBeyer =
g
v :α: log

500
U d210 6 � 10�4 0.06 mm < d10 < 0.6 mm

1 < U < 20

USBR [33] KUSBR = g
v :α:d

2:3
20

4.8 � 10�4 U < 5
Medium grained sand

Alyamani and Sen
[34]

KA/

S¼ α I þ 0:025 d50 � d10ð Þ½ �2
1300 Well distributed sample

U = uniformity coefficient, d10 and d50 = grain size (mm) and, I = line intercept in mm formed by d50 and d10 with the
grain size axis.

Table 1.
Empirical relationships for hydraulic conductivity estimation.
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relationships, which are used in the present work for the computation of K values of
porous sediments.

4. Results and discussion

Gradation analysis has been conducted on the collected soil samples to compute
the gradation characteristics namely grain size, uniformity coefficient, and porosity.
The influence of porosity and various grain sizes on the K of soil samples was investi-
gated. Further, the experimentally measured K values were compared with the values
determined via the empirical relationships.

5. Gradation analysis

Initially, the gradation analysis has been performed on the collected soil samples
using a mechanical sieve device. Figure 2 shows the gradation curve for different
borehole soil samples. The gradation curve analysis helps to categorize the soil samples
based on particle size as shown in Table 2 [35].

From the gradation curve, grain size at 10%, 20%, 50%, and 60% cumulative
weight was determined. The uniformity coefficient, intercept, and porosity values for
samples 1, 2, 3, and 4 are given in Table 3.

5.1 Variation of hydraulic conductivity with grain size and porosity

From the gradation analysis, the grain size i.e., d10, d20, d50, and d60 for all samples
were determined. A linear variation between hydraulic conductivity and effective
grain size (d10) was observed. From this, it is concluded that as the value of effective
grain size increases the hydraulic conductivity also increases. The variation falls on the

Figure 2.
Gradation curve of collected samples.
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same lines for other gain sizes i.e., (d20, d50, and d60) as shown in Figure 3. The
porosity (x) for all samples was determined and plotted against hydraulic conductiv-
ity as shown in Figure 4. A straight line obtained between these two parameters
indicates that K increases as the porosity value increases, which is in line with the
findings of Fallico [36].

Sample Composition Classification

1 6% medium gravel, 20% fine gravel, 35% coarse sand, 25% medium sand, and
14% fine sand

Gravelly sand

2 12% fine gravel, 40% coarse sand, 43% medium sand, and 5% fine sand Coarse sand

3 2% coarse sand, 84% medium sand, and 14% fine sand Medium sand

4 48% medium sand and 52% fine sand Fine sand

Table 2.
Soil samples classification based on gradation curve.

Sample – its
classification

d10
(mm)

d20
(mm)

d50
(mm)

d60
(mm)

I (intercept)
(mm)

(U) uniformity
coefficient

(x)
porosity

1 – Gravelly sand 0.330 0.465 1.160 1.750 0.255 5.30 0.425

2 – Coarse sand 0.316 0.404 0.950 1.380 0.249 4.36 0.412

3 – Medium sand 0.180 0.230 0.390 0.480 0.154 2.67 0.390

4 – Fine sand 0.165 0.190 0.260 0.386 0.135 2.34 0.382

Table 3.
Grain size and other important properties of samples.

Figure 3.
Variation of hydraulic conductivity with grain size.
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5.2 Flow regime analysis

To govern the flow regime the variation between dimensionless quantities i.e.,
friction factor (Fr) and Reynolds number (Re) were studied and plotted on a loga-
rithmic scale. The standard equation to compute the Fr and Re are given as:

Fr ¼ hi ∗ g ∗ d50 ∗ 2
U2 (4)

Re ¼ Ud50
φ

(5)

where, hi = hydraulic gradient, d50 = average size, g = gravitational constant,
U = flow velocity, and φ = fluid kinematic viscosity.

From Figure 5, a linear plot between Fr and Re was observed having the Reynolds
number value less than 1 [37], which validates the flow regime to be Darcy’s or linear
regime.

5.3 Computation of K using empirical relationships

Initially, the K of borehole samples was determined using a constant head
permeameter. For Gravelly, Coarse, Medium and Fine sands the obtained K value was
found to be 0.152, 0.128, 0.072, and 0.052 cm/s respectively. From gradation analysis
different parameters i.e., grain size, uniformity coefficient, intercept, and porosity
values were determined, which has been used to compute the K of all samples using
seven empirical relationships. The value of kinematic viscosity i.e., 0.885 mm2/s
derived at a temperature of 27°C was used in the estimation of K using empirical
relationships. The computed K value of all samples using empirical relationships is
given in Table 4.

Figure 4.
Variation of hydraulic conductivity with porosity (x).
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Hazen and USBR empirical relationships are irrelevant to estimate the K value of
gravelly sand because the value of uniformity coefficient is greater than 5. For
medium and fine sands, the Terzaghi relationship was not used because it is relevant
only for large grain sand [14]. Also, the USBR equation applies only to the sizes of
medium sand and is thus irrelevant for coarse sand.

Slichter, Terzaghi, and USBR relationships underestimate the K values, which is
consistent with the findings of Cheng and Chen [38]. Alyamani and Sen relationship
results in relatively good prediction for Gravelly and Coarse sands, but it underesti-
mates the K for medium and fine sands, because of their poor grading. The K values
computed using the Kozeny–Carman relationship for coarse, medium, and fine sands
have a closer agreement with the measured values followed by Beyer and Hazen
relationships as shown in Figure 6. The K-C relationship underestimated the K value
for Gravelly sand because the relationship is not suitable if the grain size distribution
has a flat, long tail of fine fraction [20]. Beyer relationship provides better K
prediction for gravely sand.

Sample – its
classification

Kexp

(cm/s)
KHazen

(cm/s)
KSlichter

(cm/s)
KTerzaghi

(cm/s)
KK-C

(cm/s)
KBeyer

(cm/s)
KUSBR

(cm/s)
KA/S

(cm/s)

1 – Gravelly sand 0.152 NA 0.072 0.093 0.233 0.147 NA 0.114

2 – Coarse sand 0.128 0.167 0.059 0.076 0.132 0.136 NA 0.105

3 – Medium sand 0.072 0.050 0.016 NA 0.064 0.049 0.018 0.038

4 – Fine sand 0.052 0.040 0.013 NA 0.046 0.041 0.012 0.028

NA = not applicable.

Table 4.
Estimation of hydraulic conductivity using empirical relationships.

Figure 5.
Plot between Fr and Re of collected soil samples.
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6. Conclusions

The present work is focused to evaluate seven established empirical relationships
for estimating the K of borehole soil samples. Hydraulic conductivity estimation using
gradation analysis can also lead to underestimation until the relevant empirical rela-
tionship is used. The study examines the impact of key parameters i.e., grain size and
porosity on the K value. From the experimental study, it has been observed that with
the increase in the grain size and porosity, the K of borehole soil samples increases.
The computed K values using the Kozeny–Carman relationship have a closer agree-
ment with the measured values for coarse, medium, and fine sands followed by Beyer
and Hazen relationships. Notably, the Beyer relationship provides a better K predic-
tion for Gravelly sand. Alyamani and Sen relationship depends on the grain size curve
pattern and should be used carefully. Other relationships i.e., Slichter, Terzaghi, and
USBR manifestly underestimate the K of borehole samples.

Figure 6.
Comparison of measured and empirically computed hydraulic conductivity.
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Chapter 4

Study of Polydisperse Particulate
Systems with a ‘Direct-Forcing/
Fictitious Domain’ Method
Romuald Verjus and Sylvain S. Guillou

Abstract

Natural sediments responsible for the morphodynamic of the estuaries and coast
are of different sizes and densities. Some are cohesive and some are non-cohesive. The
transport in suspension and their sedimentation of such a polydisperse suspension are
different than the ones for a monodisperse suspension. A fully resolved model based
on the Direct-Forcing/Fictitious Domain method (DF/FD) was developed and applied
to simulate settling of monodisperse particles in a water column. The behaviour of the
suspension corresponds qualitatively to experimental results and average settling
velocities follow a Richardson-Zaki type law. Then the model is applied to the sedi-
mentation of suspension composed of particles of three diameters. The segregation of
the bed is obtained naturally. The excess pore pressure is drawn and compared with
the theory.

Keywords: polydisperse particulate flows, sedimentation, direct numerical
simulation, modelling

1. Introduction

Estuaries are places where silting-up events usually occur. Different processes are
the root of particle sedimentation on the bed, which contributes to the filling process
of estuaries. Flocculation processes (aggregation and break up), erosion, deposition
and compaction are major phenomena that must be considered in order to predict the
long term behaviour of estuarine sedimentary dynamic. So, in sedimentary transport,
as well as other problems with particulate flows, the complex dynamics is not well
described [1].

Most of the study had been realised at macro-scales, due to the huge number of
particles that constitute these particulate systems, where the fluid and the particles
can be considered as a mixture. So it is of single-phase models at large scale without
[2] or with sedimentation consolidation model [3]. They can simulate the behaviour of
large-scale systems such as estuaries or ports. At smaller scale, Euler–Euler two-phase
flow models have been used with success [4–10]. The predictive ability and accuracy
of theses codes depend essentially on the quality of the closure equations that model
phenomena at smallest scales. Processes such as drag or lift forces acting on a
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suspension are not well established, and there is clearly a need to better understand
smallest-scale phenomena in order to better formulate these constitutive relations.

Direct numerical simulation models for particulate flows have received a great
attention for 20 years. In these methods, the fluid phase is governed by the Navier–
Stokes equations, and the rigid inclusions are governed by Newton’s laws. The flow
field around each particle is resolved, and hydrodynamic interactions are results of
simulations. Such a model was proposed by Glowinski et al. [11], Peskin [12], Yu and
Shao [13], Wachs [14].

Natural sediments responsible for the morphodynamic of the estuaries and coast
are of different sizes and densities. Some are cohesive and some are non-cohesive. The
transport in suspension and their sedimentation of such a polydisperse suspension are
different than the ones for a monodisperse suspension [15]. Thus, the complex
behaviour of such particulate systems is not well understood and not really explored
by numerical investigations.

We propose here to examine the sedimentation of a polydisperse suspension by the
use of a two-dimensional fully resolved model that we developed and validated with
monodisperse suspensions in water column. Section 2 briefly describes the mathe-
matical and numerical background of the model. Section 3 presents a validation of the
model. Simulation results on the sedimentation of monodisperse and polydisperse
particle systems are discussed in Section 4. Finally, Section 5 presents the conclusions
and perspectives of the work.

2. Mathematical and numerical background

In the direct numerical simulation models for particulate flows, the fluid phase is
governed by the Navier–Stokes equations, and the rigid inclusions are governed by
Newton’s laws. The flow field around each particle is resolved, and hydrodynamics
interactions are results of simulation. The model presented here is based on the
‘Direct-Forcing/Fictitious Domain’ method of Yu and Shao [13] and the Direct
Numerical code of Guillou and Makhloufi [16]. Herein we briefly recall the basic
equations with special closure laws. More details can be found in Verjus [17] and
Verjus et al. [18].

2.1 Fictitious domain formulation

Let consider a Newtonian fluid and one rigid cylindrical particle. Let P(t) represent
the domain of the Particule andΩ the whole domain including the fluid and the particle.
Suppose that the particle density, volume and moment of inertia, translational velocity
and angular velocity are ρs, Vs, Js, U and ω, respectively. The fluid density and viscosity
are ρf and μ. Let us introduce scale parameters: Lc for length, Uc for velocity, Lc/Uc for
time, ρfUc

2 for the pressure and ρfUc
2/Lc for the pseudo body force. Then, the dimen-

sionless fictitious domain equations can be written as Yu and Shao [13]:

∂u
∂t

þ u:∇u ¼ ∇2u
Re

� ∇pþ λ in Ω, (1)

u ¼ Uþ ω� r in P tð Þ, (2)

∇:u ¼ 0 in Ω, (3)
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ρr � 1ð ÞVd
dU
dt

� 1
Fr

g
g

� �
¼ �

ð

P

λdx, (4)

ρr � 1ð Þd Jd:ωð Þ
dt

¼ �
ð

P

r� λdx, (5)

where u represents the fluid velocity, p the fluid pressure, λ the pseudo body force,
U and ω are respectively the velocity and angular velocity of the particle, r is the
position vector with respect to the particle mass centre, Re is the Reynolds number
defined by ρfUcLc/μ, Fr is the Froude number defined by Uc

2/gLc, ρr is the particle-
fluid density ratio defined by ρs/ρf, Jd is the dimensionless moment of inertia defined
by Js/ρsLc

4 and Vd the dimensionless volume defined by Vs/Lc
2.

2.2 Numerical method

A fractional-step method is used in order to decouple the problem described by the
Eqs. (1)–(5). For a time instant, three major steps are written: one for the prediction of
the fluid velocity (and pressure) (Eqs. (6) and (7)); one for the calculation of the
particle’s motion and the interaction with the fluid (Eqs. (7)–(9)); and the last one to
correct the fluid’s velocity (Eq. (10)). The present model is an extension of the
SUDRES code [16] for the DNS of the fluid flow in two dimensions. A Finite Differ-
ence Method on a staggered grid and a projection technique are used to solve the fluid
problem. Finally, the time marching-algorithm used is as follows:

• Step 1: Calculation of the fluid velocity and pressure with a projection method

u ∗ � un

Δt
¼ �∇∗ p� 1

2
3 u:∇uð Þn � u:∇uð Þ n�1ð Þ
� �

þ 1
2

1
Re

∇2un þ 1
Re

∇2u ∗
� �

þ λn (6)

∇ � u ∗ ¼ 0 (7)

• Step 2: Calculation of the particle subproblem for Un + 1, ωn + 1, un + 1 and the
body force λn + 1, with:

◦ Step 2.1: Calculation of Un + 1, ωn + 1 depending on u* and λn

ρrVd
Unþ1

Δt
¼ ρr � 1ð ÞVd

Un

Δt
� 1
Fr

g
g

� �
þ
ð

P

u ∗

Δt
� λn

� �
dx (8)

ρr
Jd:ωnþ1

Δt
¼ ρr � 1ð Þ Jd:ω

n

Δt
þ
ð

P

r� u ∗

Δt
� λn

� �
dx (9)

◦ Step 2.2: Calculation of λn + 1 depending on Un + 1, ωn + 1, u* and λn

λnþ1 ¼ Unþ1 þ ωnþ1 � r� u ∗

Δt
þ λn (10)

• Step 3: Correction of the fluid velocity un + 1 regarding λn + 1 and λn
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unþ1 ¼ u ∗ þ Δt λnþ1 � λn
� �

(11)

The discretization of the particle (Lagrangian mesh associated to the particle) is
still an open question. In the Distributed Lagrangian Multiplier Method, different
techniques are used to discretize the particle [19], but the Collocation Element
Method is often used. In the present study, a structured meshing strategy is used to
discretize the particle (Figure 1). So for the solid problem, the particle is dicretized
with the Collocation Point Method. The arrangement of the Lagrangian points is
presented in Yu and Shao [13]. Special attention is dedicated to the space between
particle nodes: it is greater than the fluid nodes space as suggested by Glowinski et al.
[11]. Bilinear interpolations are used to interpolate quantities defined on the fluid’s
mesh (Eulerian) on the particle’s mesh (Lagrangian) and vice versa. A trapezoidal rule
is used to perform integrals. The collision strategy employed in this code is based on a
normal repulsive force acting when two particles are too close each other [11].

3. Validation

The numerical model is validated by three cases: the simulation of the flow around a
fixed particle, the sedimentation of one particle and the sedimentation of two particles.

3.1 Flow around a fixed particle

The first test case is the fixed cylinder (circular particle) in Poiseuille flow. A
cylinder is placed at the centre of a channel of width L = 4D, where D is the diameter

Figure 1.
Meshes of the fluid and solid domains.
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of the cylinder. The length of the channel is L = 25D. Several meshes were tested for
h = D/16, D/32, D/64. The time step varies from 0.0005 to 0.005 depending on the
Reynolds number and the CFL condition. The particular Reynolds number varies from
0.5 to 100. The stream lines and the vorticity contours for different Rep are presented
in Figure 2. For Rep = 0.5, the flow is symmetric. For higher Rep, the inertia becomes
important until the apparition of eddies, and at last the periodic detachment of it.
Table 1 presents the drag coefficients for different Rep and meshes. The values are
very close to the ones found by Yu and Shao [13]. The results are better for finer
meshes. So the flow dynamic around the cylinder and the interaction with the cylinder
are well reproduced.

Figure 2.
Flow past a circular cylinder (vorticity on the left and stream line on the right) in a channel (width/diameter = 4)
for Rep = (0.5, 20, 40, 100).

Rep 0.5 1 5 10 20 0 100

Present h = D/16 93.00 46.68 10.28 6.05 3.96 2.84 2.16

Present h = D/32 90.34 46.68 10.01 5.89 3.85 2.75 2.08

Present h = D/64 89.11 44.73 9.88 5.83 3.80 2.72 2.06

Yu and Shao [13] 87.95 44.16 9.95 5.75 3.76 2.68

Table 1.
Drag coefficients for several Reynolds numbers and for several mesh sizes (h = D/16, D/32, D/64).
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3.2 Sedimentation of one particle

The second test case concerns the sedimentation of circular particle in a fluid at
rest. The gravity is along the channel axis. The domain and numerical parameters are
identical to the ones used for the first case. The Froude and Reynolds numbers are
based on an estimation of the settling velocity Uc given by Happel and Brenner [20] at
very low Reynolds number (Eq. (12)). It depends on the cylinder diameter, the
viscosity, the gravity constant and the density of the fluid and particles and a constant
K given by (Eq. (13)) with L* = L/D. Simulations for Rep = 0.1, L* = 4 and ρp/ρf = 1.1
were performed and presented in Figure 3. The particle accelerates first and then
reaches a constant velocity very close to the theoretical value of Uc (Rep = 0.1) given
by Eq. (12).

UC ¼ D2

16Kμ
ρp � ρ f

� �
g (12)

K ¼ 1

ln L ∗ð Þ � 0:9157 þ 1:7244 L ∗ð Þ�2 � 1:7302 L ∗ð Þ�4 þ 2:4056 L ∗ð Þ�6 � 4:5913 L ∗ð Þ�8

(13)

3.3 Sedimentation of two particles

This test concerns the sedimentation of two particles in a close domain. The
simulations for Rep = 1, L = 8D, and ρp/ρf = 1.1 were performed and presented on
Figure 4. The cylinders are located at 2D from the axis and their centres are distant of
2D on the z-axis. The domain is of size 8D*160D covers with a uniform mesh of size
h = D/16.

This configuration corresponds to the experiment of Jayaweera and Mason [21].
As described by Feng et al. [22], the trailing cylinder accelerates in the wake of the
leading one and then turns around this one until the centre of the cylinders is hori-
zontally aligned. Afterwards, the two particles move apart on the horizontal direction.

Figure 3.
Sedimentation of a circular particle (Rep = 0.1): (a) Isocontour of vorticity at t = 0.25; (b) time development of
the settling velocity in a vertical channel.
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This phenomenon is found in the simulation. As Feng et al. [22] showed the trailing
particle oscillates around the channel axis, whereas the leading one oscillates with
smaller amplitude around an axis close to wall. Figure 4c shows that the rotation of
the particles is accounted for. The rotational velocity is quite small but not nil. More
details about the chaotic sedimentation of two particles at low Reynolds number were
presented in Verjus et al. [17].

4. Numerical study

4.1 Sedimentation of a mono-disperse suspension

In this section, the sedimentation of a great number of particles is considered. The
settling velocity depends on the number of particles. The more there are, smaller is the
velocity. In such a case, the terminal velocity formulation is close to the one proposed
by Richardson-Zaki [23]: Uc ¼ Uct 1� φð Þ5, where Uct is the terminal setting velocity
of one particle and is the solid volume fraction.

The problem concerns the sedimentation of Nt particles in a close domain. The
particles are the same as the previous test (ρp/ρf = 1.1, Rep = 0.1). The width is as
L = 22D, and the height on which is the initial homogeneous suspension is H0 = 88D
(for the first simulations, then it will be 176D). The mesh size is h = D/16. The time
evolution of suspension is presented in Figure 5. After some instants the initial
structure is destabilised, three domains are visible: the first one conserves the initial
concentration, the second one which is close to the bottom has a solid volume fraction

Figure 4.
Sedimentation of two particles: (a) trajectories of the particles; (b) equilibrium positions of the particles; (c) time
evolution of the dimensionless rotation velocity.
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close to the saturation one (about 0.7), and then in the third part intermediate solid
volume fraction is present (clearly visible here).

A comparison with macroscopic parameter such as the settling velocity of
Richardson-Zaki can be made. But a control surface (volume in 3D) on which mean-
ing operation will be made must be defined. So the width of this surface is the length L
(width of the domain) and the height is H. Each control volume contains N particles.
Spatial meaning and temporal operators can be defined as (T is the period on which
the control volume has a solid volume fraction close to the initial value):

~U tð Þ ¼ 1
N

XN
1

Ui tð Þ U tð Þ ¼ 1
T

ðT
0

~U tð Þdt (14)

In Figure 6 (left), the clear water interface is drawn for several solid volume
fractions. At the beginning of the motion, the interface settles with a constant velocity
and then reaches a regime for which the evolution slows down. This is hindered
settling regime. After a while, there is no motion. It corresponds to the gel point. The
hindering regime depends on the number of particles, so its time duration is longer for
the higher initial solid volume fraction. The right picture presents the evolution of the
dimensionless settling velocity versus the solid volume fraction (0.026, 0.058, 0.103,
0.136, 0.233 and 0.32 which correspond to 136, 306, 544, 850, 1204 and 1666 parti-
cles) for H0 = 176D. The control volume is placed at the centre of the channel.
Qualitatively, the settling velocities resulting from the simulations follow the curve
provided by the Richardson-Zaki formula with an exponent of 5. But the best fit of the

Figure 5.
Snapshot of the sedimentation of an initially homogeneous suspension of 785 particles (L = 22D, H0 = 88D, the
initial solid volume fraction is ϕ = 0.32).
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numerical results is obtained for an exponent of 7.2 � 0.6. That difference can be due
to the 2D-simulation, whereas the Richardson-Zaki formula is made for spherical
particles.

4.2 Sedimentation of a poly-disperse suspension

In this section, we consider the sedimentation of a poly-disperse suspension. The
simulations are two dimensional, and particles are represented by discs with three
different diameters: d1 = d50 2/3, d2 = d50 and d3 = d50 4/3. The mean diameter is noted
d50. All the particles have the same ratio of density ρp/ρf = 1.5. The computational
domain is closed and of sizes 28 d50 � 84d50 respectively in the horizontal and vertical
directions. Initially, the fluid and the particles are at rest with a homogeneous distri-
bution as in Figure 7. The particulate Reynolds number Rep = Ws.d50/ν is equal to 0.1.
Rep is based on the settling velocity obtained with the Richardson-Zaki [23] formula.
The initial solid volume fraction is 0.107 which corresponds to 300 particles. The time
step is fixed at 0.001, and the fluid mesh is 673 � 2017 nodes which corresponds to a
ratio of h = d50/16, where h is the fluid mesh size.

Figure 7 presents the motions of particles and the fluid flow for various instants.
At the beginning of simulation, the suspension is homogeneous in the domain. After
few seconds, most of smallest particles are expulsed upwards, whereas the two other
kinds of particles fall on the bottom. However, the biggest particles fall faster than
medium ones and then reach the bottom first. In the suspension, two different areas
appear: one which is essentially composed of smallest particles in the upper part and a
second one constituted with a non-homogeneous mixture of small and medium parti-
cles. The bed is constituted in majority of big particles. At the end of simulation,
particles are fully segregated, and the bed is composed of three layers filled mainly
with respectively one class of particle.

Figure 8 presents the vertical evolution of the net pressure at different instants.
This pressure corresponds to the total pressure less the hydrostatic pressure in that

Figure 6.
Left: Time evolution of the clear water-suspension interface (settling curve) for three initial solid volume fractions
0.32, 0.162, 0.058 (L = 22D). Right: evolution of the ratio of the calculated settling velocity (Ws) by the one of one
particle (Wt) versus the solid volume fraction. The dash line corresponds to the settling velocity calculated with the
Richardson-Zaki formula and an exponent of 5.
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case. At the beginning of the simulation, the pressure gradient is constant. Two areas
appear at instant t = 25.905 s. Surprisingly, these two areas seem to be linear, and we
note that the highest-pressure gradient is in the region near the lower wall. At the end
of the simulation, the pressure gradient is constant. In mixture theory (e.g. [24]), the
net pressure gradient is calculated with:

� dp
dz

≈ ρp � ρ f

� �
Φg (15)

Where Φ is the solid volume fraction. The pressure gradient obtained with the
code for the first time instant is �0.56 Pa/cm and that calculated with (Eq. (15)) is
�0.52 Pa/cm. At the end of simulation, when the particles are approximately fixed,
the pressure gradient tends to �3.21 Pa/cm. With Eq. (15) and the maximal volume

Figure 8.
Net pressure versus height at different instants. Right figure is the simulation with the parameters presented in the
article. Left figure, the simulation case differs by the number particles by species (114 particles of diameter d1, 112
particles of diameter d2 and 74 particles of diameter d3) which leads to d50 = 1.33.

Figure 7.
Snapshots of the sedimentation of tri-disperse particles in a closed box (grey particles for diameter d1, black ones for
diameter d2 and blue ones for diameter d3). In this simulation the parameters are: Rep = 0.1; width/d50 = 28 and
the initial volume fraction of 0.107. The contour presents the net pressure (unity: 10�2 Pa).
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fraction for discs (0.7), the pressure gradient is equal to �3.43 Pa/cm. Results of
simulations, with other initial volume fraction confirm this good agreement and seem
independent of the polydispersivity. The small difference between Eq. (15) and the
results obtained with the code is due to the fact that the volume fraction we calculated
depends on the total volume we choose to calculate it. For example, at the beginning
of the simulation, the volume fraction is calculated with the total volume of the
domain. If only the volume where the particles are located (which give Φ = 0.112) is
considered, the accordance with Eq. (15) is better (pressure gradient is equal to
�0.55 Pa/cm). Simulations with more particles would reduce the error we made on
the calculation of the volume fraction. Moreover, at the end of simulation we have
taken the maximal volume fraction. In our cases, the total blockage never appends.
Particles in close contact never touch, due to the collision strategy. The flow in the
pore remains possible (Cf. Figure 9).

5. Conclusions

A fully resolved model based on the Direct-Forcing/Fictitious Domain method
(DF/FD) was developed to study the sedimentation of particles. It was validated on
simple cases and applied to the sedimentation of mono-disperse particles. The macro-
scopic behaviour of the solution corresponds to experimental results and average
settling velocities follow a Richardson-Zaki type law. The application of the model to a
poly-disperse suspension leads to the apparition of a natural segregation of the

Figure 9.
Particles arrangement in the bed at the end of the simulation. Velocity vectors and contours are plotted
(unity: cm/s).

55

Study of Polydisperse Particulate Systems with a ‘Direct-Forcing/Fictitious Domain’ Method
DOI: http://dx.doi.org/10.5772/intechopen.104654



particles on the bed. As the pressure is computed by the model, the pressure between
the grains can be extract. So the excess pore pressure along the vertical is extract. It
appears that at the end of the simulation, but not of the rearrangement of the bed, the
pressure profile approaches the law proposed by Guazzelli and Morris [24].

The results presented here are limited to low Reynolds numbers, so we will explore
other range of Reynolds numbers. The simulation of sedimentation of particles with
complex shapes is possible, but a supplementary work is necessary concerning the
collision strategy.
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Chapter 5

Efficient Simulation Tools (EST)
for Sediment-Laden Shallow Flows
Sergio Martínez-Aranda and Pilar García-Navarro

Abstract

Rapid flows of water-sediment mixtures are probably the most challenging and
unknown geophysical gravity-driven processes. The fluidized material in motion
consists of a mixture of water and multiple solid phases with different specific
characteristics. Modeling sediment transport involves an increasing complexity
due to the variable bulk properties in the sediment-water mixture, the coupling
of physical processes, and the presence of multiple layer phenomena. Two-
dimensional shallow-type mathematical models are built in the context of free
surface flows and are applicable to most of these geophysical surface processes.
Their numerical solution in the finite volume framework is governed by the
dynamical properties of the equations, the coupling between flow variables and the
computational grid. The complexity of the numerical resolution of these highly
unsteady flows and the computational cost of simulation tools increase consider-
ably with the refinement of the non-structured spatial discretization, so that the
computational effort required is one of the biggest challenges for the application of
depth-averaged 2D models to large-scale long-term flows. Throughout this chap-
ter, the combination of 2D mathematical models, robust numerical methods, and
efficient computing kernels is addressed to develop Efficient Simulation Tools
(EST’s) for environmental surface processes involving sediment transport with
realistic temporal and spatial scales.

Keywords: sediment-laden flows, depth-averaged rheological models, bed-material
entrainment, shallow flow models, GPU high-performance-computing

1. Introduction

Sediment transport is ubiquitous in environmental water bodies such as rivers,
floods, coasts and estuaries, but also is the main process in natural ladslides, debris
flows, muddy slurries or mining tailings (Figure 1). These are considered highly solid-
laden fluids, where the density of the water-solid mixture can be more than twice or
three times the water density and the bulk solid phase represents about 40–80% of the
flow volume [1].

The presence of the solid phases, especially the fine material as silt or clay, affects
the rheological behavior of the mixture. The water-sediment mixture rheology begins
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to be affected by fine solid particle transported in the flow when the volumetric
concentration of fine sediment particles reaches about 4% by volume [2], creating a
slight shear strength within the fluid. For higher concentrations, the mixture shows a
marked non-Newtonian rheology. Mud and debris flows lie between hypercon-
centrated flows and wet avalanches [3]. High concentrations of solids generate a
critical yield stress which allows that gravel particles can be suspended indefinitely
into the fluidized material.

The mass exchange between mud/debris mixtures and erodible beds involves
complicated physical processes and the understanding of its theoretical basis remains
unclear. Experiments in large-scale channel [4, 5] and field observations in real debris
events [6, 7] indicate that the entrainment volume in steep beds can be in the same
order of magnitude as the initial volume mobilized. Debris and mud flows gain much
of their mass and momentum as they move over steep slopes as a consequence of the
material entrainment from the erodible bed, before deposition begins on flatter ter-
rain downstream.

The mathematical modeling of solid-liquid mixture flows and their numerical
resolution is still a challenging topic, especially when dealing with realistic appli-
cations. When liquid and solid phases are well-mixed, assuming that the solid
phase is distributed uniformly over the flow column allows the use of depth-
averaged models derived from the vertical integration of the Navier-Stokes equa-
tions [8]. Shallow-type mathematical models represent a simplified formulation,
derived from the general 3D Navier-Stokes equations, which is applicable to a large
number of these geophysical surface processes involving sediment transport. The
simplest models, used in river and coastal dynamics, assume small enough sedi-
ment concentrations throughout the flow to consider the bulk density constant and
uniform. Most of the numerical models reported for highly solid-laden flows also
use this one-single-phase approach, neglecting the bulk density in the shallow-flow
mass and momentum equations [9, 10]. Nevertheless, even small density gradients
influence importantly the mixing dynamics in flow confluences [11] and larger

Figure 1.
Geophysical surface flows involving sediment transport.
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gradients can also generate numerical oscillations and instabilities throughout
mixing interfaces.

Modeling sediment transport involves an increasing complexity with respect to
rigid-bed shallow water models [12] due to the presence of variable sediment-fluid
mixture properties, coupling of physical processes and multiple layers phenomena
[13]. One of the biggest challenges for the application of depth-averaged models to
realistic large-scale long-term flows is the computational effort required. New strate-
gies to reduce the computational effort have been developed in the last decade
through the use of parallelization techniques based on Multiprocessing (OpenMP) or
Message Passing Interface (MPI), which allow to run simulations on multi-CPU clus-
ters. Their main drawback is the associated hardware cost and energy requirements,
which are directly proportional to the number of CPU-cores available and limit their
efficiency. In the last years, the usage of Graphics Processing Units (GPU) hardware
accelerators for sequential computation has demonstrated to be an efficient and low
cost alternative to the traditional multi-CPU strategies [14]. GPU-accelerated algo-
rithms have been developed for real-time floods forecasting [15], real-scale bedload
erosive shallow-flows [16] or tsunami prediction [17]. GPU devices are oriented to
perform arithmetical operations on vector-based information. Unlike the conven-
tional shared-memory multi-CPU implementations, the GPU solution must be
designed taking into account the fact that the GPU is an independent device with its
own RAM memory. This means that the memory transfer between the conventional
RAM memory and the GPU device memory plays a key role in the performance of
GPU-accelerated software.

2. Depth-integrated equations for shallow flows

2.1 Mass and linear momentum conservation

The flow of a water-sediment mixture can be mathematically described assuming
the movement of the solid particles as a diffusion phenomenon into the liquid phase.
Then, the continuity and momentum conservation for the mixture, supplemented
with the transport equation for the solid phase, can be established for modeling these
two-phase flows. Although both solid and liquid phases are incompressible when
considered independently, the bulk behavior of the solid-liquid mixture is the same as
that of a compressible material depending on the local solid phase volumetric concen-
tration. It possible to define the bulk density ρ ¼ ρwnþ ρsϕ and linear momentum
ρu ¼ ρwnuw þ ρsϕus of the mixture, being ρw and ρs the density of the fluid and solid
phases, respectively, ϕ the volumetric solid-phase concentration and n ¼ 1� ϕ the
volumetric fluid-phase fraction or mixture porosity, uw the velocity of the pore-fluid
and us the advective sediment particle velocity.

The 3D time-averaged Navier-Stokes equations for mass and momentum
conservation of a two-phase mixture can be written in the Cartesian coordinate
system X ¼ x, y, zð Þ as

∂ρ

∂t
þ ∇ � ρuð Þ ¼ 0 (1)

∂ ρuð Þ
∂t

þ ∇ � ρu⊗uð Þ ¼ F� ∇pþ ∇ � τ (2)
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where u ¼ ux, uy, uz
� �

is the bulk velocity in any point of the fluidized material,
F ¼ Fx, Fy, Fz

� �
are the external forces, such as gravity and p denotes the pressure of

the mixture. The term τ ¼ τij i, j ¼ x, y, zð Þ is the deviatoric stress tensor. With low
solid-phase concentrations, the water-sediment mixture behaves as a Newtonian
fluid, with a constitutive relation given by the Navier-Poisson law [8]. Nevertheless,
for high sediment concentrations the mixture becomes a kind of non-Newtonian fluid
with a complex constitutive law, which depends on multiple factors, relating stresses
and deformation rates.

In order to develop a shallow-type depth-averaged mathematical model, the
Navier-Stokes system (1) and (2) is integrated between the free surface zs ¼ zs t, x, yð Þ
and the bottom surface of the flow column zb ¼ zb t, x, yð Þ, which is also considered a
movable interface. The kinematic conditions at these boundaries can be expressed as

∂zs
∂t

þ uxð Þs
∂zs
∂x

þ uy
� �

s

∂zs
∂y

¼ uzð Þs (3)

∂zb
∂t

þ uxð Þb
∂zb
∂x

þ uy
� �

b

∂zb
∂y

¼ uzð Þb þNb (4)

beingNb the net volumetric flux through the bed interface along the z�coordinate,
being positive for net entrainment conditions and negative for net deposition fluxes.
The subscripts �ð Þs and �ð Þb indicate the value of the corresponding variable at the flow
free surface and the bottom bed interface respectively.

The mass conservation Eq. (1) is integrated along the water column as

ðzs

zb

∂t ρð Þ dzþ
ðzs

zb

∂x uxρð Þ dzþ
ðzs

zb

∂y uyρ
� �

dzþ
ðzs

zb

∂z uzρð Þ dz ¼ 0 (5)

Applying Leibnitz’s rule to each term of (5) and using (3) and (4) leads to

∂ ρhð Þ
∂t

þ ∂

∂x
ρhuð Þ þ ∂

∂y
ρhvð Þ ¼ � ρð ÞbNb (6)

where the depth-averaged of the mixture bulk density ρ and velocities are
defined as

ρh ¼
ðzs

zb

ρdz u ¼ 1
ρh

ðzs

zb

uxρdz v ¼ 1
ρh

ðzs

zb

uyρdz (7)

being h ¼ zs � zb the flow depth and ρð Þb the mixture bulk density at the bed
interface zb.

Regarding the momentum depth integration, the volumetric force components in
(1) and (2) are considered for the sake of simplicity as Fx ¼ Fy ¼ 0 and Fz ¼ �ρg.
Moreover, the z-momentum equation in (2) can be simplified by assuming
shallow-flow scaling and neglecting temporal, convective and stress terms, leading to
a hydrostatic pressure distribution along the flow column.

The x-momentum in (2) is integrated throughout the flow depth in the
following way
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ðzs

zb

∂t ρuxð Þ dzþ
ðzs

zb

∂x uxρuxð Þ dzþ
ðzs

zb

∂y uyρux
� �

dzþ
ðzs

zb

∂z uzρuxð Þ dz

¼ �
ðzs

zb

∂x pð Þ dzþ
ðzs

zb

∂xτxx þ ∂yτxy þ ∂zτxz
� �

dz

(8)

Applying Leibnitz’s rule and considering the kinematic boundary conditions at
both the free surface (3) and the bed interface (4), the left hand side of (8) is
integrated as

∂ ρhuð Þ
∂t

þ ∂

∂x
ρhu2 � ρhDxx
� �þ ∂

∂y
ρhuv� ρhDxy
� �þ ρuxð ÞbNb (9)

with Dxx, Dxy
� �

accounting for the depth-averaged dispersion momentum trans-
port due to the non-uniformity of the vertical velocity profile, and defined as

Dxx ¼ � 1
ρh

ðzs

zb

ρ ux � uð Þ2 dz (10)

Dxy ¼ � 1
ρh

ðzs

zb

ρ ux � uð Þ uy � v
� �

dz (11)

On the right hand side of (8), using the hydrostatic pressure distribution and
assuming that the vertical density gradient is negligible compared with those along the
horizontal plane, as occurs in natural debris and mud slurry flows, the integral of the
pressure gradient along the x�coordinate can be expressed as

�
ðzs

zb

∂x pð Þdz ¼ �g
ðzs

zb

∂

∂x

ðzs

z

ρdz

0
@

1
Adz ¼ � ∂

∂x
1
2
gρh2

� �

|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
Conservative term

�gρh
∂zb
∂x|fflfflfflfflffl{zfflfflfflfflffl}

Bed�pressure term

(12)

separating the pressure gradient term into a conservative component plus a bed-
pressure component.

The stress terms on the right hand side of (8) are also integrated along the flow
column, leading to the final expresion for the depth-integrated momentum equation
along the x�coordinate

∂ ρhuð Þ
∂t

þ ∂

∂x
ρhu2 þ 1

2
gρh2

� �
þ ∂

∂y
ρhuvð Þ ¼ �gρh

∂zb
∂x

þ τsx � τbx

þ ∂

∂x
ρh Txx þDxxð Þð Þ þ ∂

∂y
ρh Txy þDxy
� �� �

� ρuxð ÞbNb

(13)

and, similarly, for the y�coordinate. The boundary stress terms in (13) at the free
surface zs and the bed interface zb are
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τsx ¼ τxzð Þs � τxxð Þs
∂zs
∂x

� τxy
� �

s

∂zs
∂y

(14)

�τbx ¼ � τxzð Þb þ τxxð Þb
∂zb
∂x

þ τxy
� �

b

∂zb
∂x

(15)

where τsx denotes the x�coordinate component of the wind action at the free
surface, whereas τbx represents the x�coordinate component of the boundary shear
stress at the bed interface, opposing to the flow movement. Furthermore, the depth-
integrated stress terms along the flow column Txx, Txy

� �
are defined as

Txx ¼ 1
ρh

ðzs

zb

τxxdz Txy ¼ 1
ρh

ðzs

zb

τxydz (16)

2.2 Depth-integrated solid transport equation

The solid-phase transport process is governed by

∂ ρsϕð Þ
∂t

þ ∇ � ρsϕusð Þ ¼ 0 (17)

where us ¼ usx, usy, usz
� �

is the local velocity of the solid particles. Because the
solid-phase velocity is not included in the dependent variables of the fluid dynamic
system, and assuming that the sediment particles are incompressible and non-porous,
(17) is rewritten as

∂ϕ

∂t
þ ∇ � ϕuð Þ ¼ ∇ � u� usð Þϕ½ � (18)

where the term on the right hand side accounts for the drag effects caused by the
liquid phase on the advective solid flux. Due to the definition of the bulk linear
momentum of the mixture, this term is usually neglected and the approximation u≈us
is actually assumed.

The transport equation (18) must also be integrated throughout the entire flow
column defining the total solid phase being transported in the flow column as

ϕh ¼
ðzs

zb

ϕ dz (19)

where ϕ is the dept-averaged volumetric solid concentration. Therefore, applying
the Leibnitz’s integration rule to (18) and considering the kinematic boundary condi-
tions at both the free surface (3) and the bed interface (4), the depth-integrated
equation for the solid phase in the flow column reduces to

∂ ϕh
� �
∂t

þ ∂

∂x
ϕhu
� �þ ∂

∂y
ϕhv
� � ¼ � ϕð ÞbNb þ ∂

∂x
ϕhDsx
� �þ ∂

∂y
ϕhDsy
� �

(20)

where ϕð Þb denotes the solid concentration in the bed layer surface zb and
Dsx, Dsy
� �

account for the depth-averaged dispersive flux due to the non-uniformity
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of both the velocity and solid concentration profiles throughout the flow column,
defined as

Dsx ¼ � 1
ϕh

ðzs

zb

ρ ux � uð Þ ϕ

ρ
� ϕ

ρ

� �
dz (21)

Dsy ¼ � 1
ϕh

ðzs

zb

ρ uy � v
� � ϕ

ρ
� ϕ

ρ

� �
dz (22)

Furthermore, assuming that the volumetric solid concentration in the bed layer is
1� ξ with ξ denoting the bulk porosity of the bed layer, the solid mass conservation in
the bed layer requires that

1� ξð Þ ∂zb
∂t

¼ ϕð ÞbNb (23)

2.3 Constitutive model for complex viscoplastic flows

So far, there is not a universal closure relation for representing the viscous terms in
complex non-Newtonian flows. Constitutive formulations used for environmental
sediment-water mixtures are mainly derived from 3D general rheological models
which, assuming isotropic material and isochoric flow, allow to express the deviatoric
component of the stress tensor σ in the material as

τ ¼ Φ1 I2Dð ÞD (24)

where D � Dij ¼ 1
2 ∂jui þ ∂iuj
� �

i, j ¼ x, y, zð Þ is the rate of deformation tensor and
Φ1 is a scalar function of the second invariant I2D ¼ 1

2 tr D2� �
of the rate of deformation

tensor D [18] and depends on multiple factor, such as cohesive stress, pore-fluid
pressure or flow initial regime. The generalized viscoplastic model, also called
Herschel-Bulkley model, assumes dependence of Φ1 on the three parameters: τ0 the
cohesive-frictional yield strength, K a consistency coefficient, and m a parameter
characterizing the rheological response of the mixture [13, 18], known as behavior
index. It is worth mentioning that the dimensions of consistency coefficient K
depends on the behavior index m. Therefore, the function Φ1 is expressed as

Φ1 I2Dð Þ ¼ τ0ffiffiffiffiffiffiffi
I2D

p þ 2K 4I2Dð Þm�1
2 (25)

Considering simple shear state along the flow direction, the velocity vector
throughout the flow column is expressed as u ¼ U zð Þnux, U zð Þnuy, 0

� �
, where U zð Þ

is the modulus of the bulk mixture velocity and nu ¼ nux, nuy
� �

is the velocity unit
vector. Therefore

D ¼

0 0
1
2
dU
dz

nux

0 0
1
2
dU
dz

nuy

1
2
dU
dz

nux
1
2
dU
dz

nuy 0

0
BBBBBB@

1
CCCCCCA

I2D ¼ 1
4

dU
dz

� �2

(26)
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Replacing (26) and (25) into (24) leads to

τ ¼
0 0 τ zð Þnux
0 0 τ zð Þnuy

τ zð Þnux τ zð Þnuy 0

0
B@

1
CA (27)

being τ zð Þ the shear stress along the flow direction, which depends on the fluid
rheology function (25). For the Newtonian constitutive model, the yield strength τ0 is
null, K Pa � s½ � is the dynamic viscosity of the fluid μ and m ¼ 1. The generalized
model reduces to τ zð Þ ¼ μ dU

dz for viscous Newtonian fluids. A widespread non-
Newtonian constitutive relation for geophysical surface flows in laminar regime is the
Bingham model, which considers a pure cohesive yield stress τ0 ¼ τy for the flow
initiation, K ¼ μB Pa � s½ � the Bingham plastic viscosity and m ¼ 1. In this case, the
generalized model reduces to τ zð Þ ¼ τy þ μB

dU
dz .

The frictional non-linear viscoplastic model considers a Coulomb-Terzaghi linear
relation between the effective normal stress σe zð Þ and the shear stress, hence

τ0 ¼ σe zð Þ tan δf ¼ ρg zs � zð Þ � P zð Þ½ � tan δf (28)

where P zð Þ denotes de pore-fluid pressure and δf accounts for the effective friction
angle bewteen solid particles [19]. Estimation of the pore pressure distribution P zð Þ is
a challenging task [1, 19, 20], although its effects on the reduction of the intergranular
shear stress seem to be demonstrated [5, 21, 22]. The simplest models divide the pore
pressure into a hydrostatic component plus a dynamic additive component
P zð Þ ¼ 1þ Eð Þρwg zs � zð Þ, being ρw the density of the pore-liquid and E a tunning
coefficient which usually takes values from about 0.4 to 0.8.

Using (28), and considering a plastic viscosity K ¼ μP Pa � sm½ �, the generalized
model reduces to

τ zð Þ ¼ σe zð Þ tan δf þ μP
dU
dz

� �m

(29)

Formulation of closure models for the bottom shear stress requires to integrate the
deviatoric stress tensor (24) throughout the flow column. This is not a trivial problem
since the structure of the flow along the vertical direction is lost and only the averaged
quantities are available. Assuming the deviatoric stress tensor (27), all the depth-
averaged stress terms Txx, Txy

� �
and Tyx, Tyy

� �
(16) are null, and

τbx ¼ τxzð Þb � τxxð Þb
∂zb
∂x

� τxy
� �

b

∂zb
∂y

¼ τb nux (30)

τby ¼ τyz
� �

b � τyx
� �

b

∂zb
∂x

� τyy
� �

b

∂zb
∂y

¼ τb nuy (31)

where τb ¼ τ zbð Þ is the shear stress at the basal interface along the flow direction.
In order to obtain a depth-averaged formulation for the basal shear stress τb, the
distributed shear stress function τ zð Þ must be integrated along the flow column. This
allows to obtain both the velocity distribution along the vertical direction and the
basal resistance τb expressed as a function of the depth-averaged flow variables. If the
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pore-pressure excess in (28) is considered linear, the the constitutive eq. (29) can be
rewritten as

τ zð Þ ¼ τf 1� z� zb
h

� �
þ μP

dU
dz

� �m

(32)

being τf ¼ ρgh� Pbð Þ tan δf the value of the frictional yield stress at the basal
surface and Pb is the pore-pressure at the bed surface (Figure 2).

Therefore, assuming the induced shear distribution along the flow column follows

τ zð Þ ¼ τb 1� z� zb
h

� �
(33)

the velocity derivative along the vertical direction can expressed as

dU
dz

¼ τb � τf
μP

1� z� zb
h

� �� �1=m
(34)

and integrating (34) leads to the velocity vertical distribution

U zð Þ ¼ m
mþ 1

τb � τf
μP

� �1=m

h 1� 1� z� zb
h

� �mþ1
m

� �
(35)

for the non-linear viscoplastic model. Note that the velocity at the free surface
U zsð Þ � Uh and the depth averaged velocity U can be expressed as

Uh ¼ m
mþ 1

τb � τf
μP

� �1=m

h U ¼ mþ 1
2mþ 1

Uh (36)

Integrating (35) throughout the flow column allows to obtain the basal shear stress

τb as a function of the flow depth h, the averaged flow velocity U ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2

p
and the

basal frictional yield strength τf using

τb ¼ τf þ 2mþ 1
m

� �m

μP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2

p

h

 !m

(37)

Figure 2.
Velocity and stress distribution for the generalized non-linear frictional model.
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It is worth mentioning that (37) represents a generalized depth-integrated formu-
lation for viscoplastic flows (Figure 3) which encompasses: pseudoplastic or shear-
thinning behavior for m< 1, reducing the apparent viscosity as the induced shear rate
increases; linear viscoplastic behavior for m ¼ 1, with a linear relation between shear
stress and shear rate; and dilatant or shear-thickening behavior for m> 1, increasing
the apparent viscosity as the induced shear rate grows.

2.4 Net mass exchange between bed and flow layers

The net volumetric exchange Nb between the underlying bed layer and the mix-
ture flow column at the bed surface zb t, x, yð Þ, appearing in (6), (20) and (23), is
usually modeled as the balance between the entrainment and the deposition vertical
solid fluxes, Eb and Db respectively, leading to

Nb ¼ 1
ϕð Þb

Db � Ebð Þ (38)

involving the bed surface solid concentration ϕð Þb ¼ 1� ξ.
The deposition rateDb is commonly related to the solid particles settling velocity in

the mixture ωsm and to the near-bed solid concentration in the flow ϕz!zb , which is
usually related to the depth-averaged solid concentration in the flow as ϕz!zb ¼ αϕ,
being α an adaptation or recovery coefficient, leading to Db ¼ αωsmϕ.

The settling velocity of the solid particles ωsm in highly concentrated
mixtures is influenced by the presence of other solid particles. Furthermore, in
dense-packed mixtures with moderate plastic fine fractions in the flow column
such as muddy slurries, the particle settling velocity can be strongly reduced by
the development of internal yield stresses in the pore-fluid. Richardson and
Zaki [23] proposed ωsm ¼ 1� ϕ

� �m
ωs, being ωs the settling velocity of the

sediment particles in clear water and m a hindering empirical exponent
depending on the Reynolds particle number ( Re p ¼ ωs ds=ν, with ν the clear
water kinematic viscosity) which usually takes values close to m ¼ 4. Therefore

Figure 3.
Basal resistance behavior for the generalized frictional non-linear viscoplastic model.
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Db ¼ αDωsϕ 1� ϕ
� �4

(39)

where αD is a dimensionless parameter which accounts for mulple factor and
requires calibration.

The erosion solid flux Eb is directly related to the turbulent fluctuation of the
volumetric solid concentration and flow velocity near the bed surface. We assume that
this near-bed erosion rate is at the capacity of the flow to entrain solid material from
the underlying bed layer, hence it is related to the settling velocity of the particles in
clear water ωs and the near equilibrium concentration ϕ ∗

z!zb . The near-bed equilibrium

concentration is related to the depth-averaged equilibrium concentration ϕ ∗ as
ϕ ∗
z!zb ¼ α ∗ϕ ∗ , being α ∗ an adaptation coefficient under equilibrium conditions.

When equilibrium solid transport states are reached, the adaptation coefficients α and
α ∗ coincide but in non-equilibrium states α ∗ 6¼ α generally. Therefore, for the sake of
simplicity, we assume that the vertical erosion rate Eb is expressed as

Eb ¼ αEωsϕ
∗ (40)

where αE is a dimensionless empirical parameter which requires calibration. The

capacity solid concentration is usually computed as ϕ ∗ ¼ q ∗
s = h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2

p� �
, where q ∗

s

accounts for the value of the solid transport throughout the flow column in capacity or
equilibrium condition, which can be estimated using the multiple empirical relation-
ships from the local hydrodynamic variables [8].

3. Efficient numerical tools for multi-grain mud/debris flows

Considering a multi-grain mixture flow, the resulting system is composed by 3þ
N þ 1 conservation equations accounting for the bulk mass (6) and momentum (13),
the transport of the N sediment classes (20) and the bed elevation evolution (23). The
dimensionless bulk density r can be expressed by defining a new variable ϕχ, referred
to as buoyant solid concentration

r ¼ ρ

ρw
¼ 1þ ϕχ with : ϕχ ¼

XN
p¼1

ρs,p � ρw
ρw

ϕp (41)

where ρs,p and ϕp are the density and depth-averaged volumetric concentration of
the pth solid phase respectively. Using (41), the equations forming the system can be
recast as five conservation laws and rewritten in vector form as

∂U
∂t

þ ∇ � E Uð Þ ¼ Sb Uð Þ þ Sτ Uð Þ þ Eb Uð Þ (42)

where U is the vector of conservative variables and E Uð Þ ¼ F Uð Þ, G Uð Þð Þ are the
convective fluxes along the X ¼ x, yð Þ horizontal coordinates, respectively,
expressed as
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U ¼

rh
rhu
rhv
hϕχ

zb

0
BBBBBB@

1
CCCCCCA

F Uð Þ ¼

rhu

rhu2 þ 1
2
grh2

rhuv
huϕχ

0

0
BBBBBBB@

1
CCCCCCCA

G Uð Þ ¼

rhv
rhuv

rhv2 þ 1
2
grh2

hvϕχ

0

0
BBBBBBB@

1
CCCCCCCA

(43)

The vector Sb Uð Þ accounts for the momentum source term associated to the vari-
ation of the pressure force on the bed interface, whereas Sτ Uð Þ is the momentum
dissipation due to the basal resistance. Finally, the source term Eb Uð Þ accounts for the
bulk mass exchange between the mixture flow and the bed layer.

Sb Uð Þ ¼

0

�grh
∂zb
∂x

�grh
∂zb
∂y

0

0

0
BBBBBBBBB@

1
CCCCCCCCCA

Sτ Uð Þ ¼

0

� τb
ρw

nux

� τb
ρw

nuy

0
0

0
BBBBBBBB@

1
CCCCCCCCA

Eb Uð Þ ¼

� ρb
ρw 1� ξð Þ

XN
p¼1

Db � Ebð Þp
0

0

�P
N

p¼1

ρs,p � ρw
ρw

Db � Ebð Þp

1
1� ξ

XN
p¼1

Db � Ebð Þp

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

(44)

3.1 Finite volume method in unstructured meshes

System (42) is time dependent, non linear and contains mass and momentum
source terms. Under the hypothesis of dominant advection it can be classified as
belonging to the family of hyperbolic systems. In order to obtain a numerical solution,
the spatial domain is divided in computational cells using a fixed-in-time mesh and
system (42) is integrated in each cell Ωi. Applying the Gauss theorem leads to

d
dt

ð

Ωi

UdΩþ
XNE

k¼1

E � nð Þk lk ¼
ð

Ωi

Sb Uð ÞdΩþ
ð

Ωi

Sτ Uð ÞdΩþ
ð

Ωi

Eb Uð ÞdΩ (45)

being NE the number of edges for the i cell, n ¼ nx, ny
� �

k the outward unit normal
vector, lk the length of the edge and hence E � nð Þk the value of the normal flux
through the kth edge (Figure 4).

The left hand side of (42), also called homogeneous part, satisfies the rotation
invariant property [24] and hence the conservative normal flux vector can be rewrit-
ten as

E � nð Þk ¼ F Uð Þnx þG Uð Þny
� �

k ¼ R�1
k F RkUð Þ (46)

being R a rotation matrix which projects the global orthogonal framework X ¼
x, yð Þ into the local framework X̂ ¼ x̂, ŷð Þ of the kth cell edge (Figure 4),
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corresponding to the normal and the tangential directions to the edge respectively.
The rotation matrix Rk and its inverse R�1

k are defined as

Rk ¼

1 0 0 0 0

0 nx ny 0 0

0 �ny nx 0 0

0 0 0 1 0

0 0 0 0 1

0
BBBBBB@

1
CCCCCCA

k

R�1
k ¼

1 0 0 0 0

0 nx �ny 0 0

0 ny nx 0 0

0 0 0 1 0

0 0 0 0 1

0
BBBBBB@

1
CCCCCCA

k

(47)

and the set of local conservative variables Û and fluxes F Û
� �

is defined as

Û � RkU ¼

rh
rhû
rh v̂
hϕχ

zb

0
BBBBBB@

1
CCCCCCA

F Û
� �

k � F RkUð Þ ¼

rhû

rhû2 þ 1
2
gnrh

2

rhûv̂
hûϕχ

0

0
BBBBBBB@

1
CCCCCCCA

(48)

where û ¼ unx þ vny and v̂ ¼ �uny þ vnx are the components of the flow velocity û
in the local framework.

The value of the fluxes through the kth cell edge can be augmented incorporating
the contribution of the momentum source terms Sb and Sτ into the homogeneous
normal fluxes F Û

� �
[25]. The momentum terms can be included within the local

framework x̂, ŷð Þ using the spatial discretization

ð

Ωi

Sb Uð ÞdΩ ¼
XNE

k¼1

R�1
k H Û

� �
k lk

ð

Ωi

Sτ Uð ÞdΩ ¼
XNE

k¼1

R�1
k T Û

� �
k lk (49)

where H Û
� �

k and T Û
� �

k are the integrated bed pressure [26] and basal resistance
[27] throughout the kth cell edge, expressed in the local framework, being

H Û
� �

k ¼ 0, �grh Δzb, 0, 0, 0ð ÞTk (50)

Figure 4.
Computational cells in triangular meshes and local coordinates at the kth cell edge.
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T Û
� �

k ¼ 0, � τb
ρw

nuxΔxþ nuyΔy
� �

, 0, 0, 0
� �T

k
(51)

Using (46) and (49), the augmented flux at the kth edge can be defined as

F Û
� �

k ¼ F Û
� ��H Û

� �� T Û
� �� �

k (52)

The net exchange flux term Eb Uð Þ is discretized in space as
ð

Ωi

Eb Uð ÞdΩ≈AiEb Uið Þ (53)

and, assuming a piecewise uniform representation of the variables at the i cell for the
time t ¼ tn and using explicit temporal integration for the mass and momentum source
terms, the updating formulation for the conservative variables U is expressed as

Unþ1
i ¼ Un

i �
Δt
Ai

XNE

k¼1

R�1
k F Û

n
i , Û

n
j

� �↓
k
lk þ ΔtEb Un

i

� �
(54)

being Δt ¼ tnþ1 � tn the time step, Ai the discrete cell area and F Û
n
i , Û

n
j

� �↓
k
the

numerical flux through the kth cell edge computed as a function of the local conser-
vative variables at the neighboring cells i and j. The numerical fluxes are here upwind
computed using a fully-coupled Roe-type Riemann solver (RS) adapted to compress-
ible two-phase shallow flows. Note that the flow density and depth remain coupled in
both the conservative variables and fluxes on the left hand side of the equations,
improving the robustness and accuracy of the solution when large density gradients
appear in the flow [28]. The RS formulation is based on the augmented Roe strategy
[25], ensuring the well-balance in steady states and the correct treatment of wet-dry
fronts without requiring additional time step restrictions. A detailled explanation of
this fully-coupled RS can be found in Aranda et al. [29].

3.2 High-performance-computing in GPU’s

Graphics Processing Units (GPU’s), were developed to control and manage the
graphic operations for video games but currently they have become a powerful tool for
solving engineering problems. The main advantage resides in the high number of com-
putation nodes available for workload distribution, leading to higher speed-ups without
an increment of investment in large facilities. The main drawback is that GPU-kernels
usually require an intensive programming effort compared with multi-CPU strategies,
such as OpenMP or other shared-memory strategies. There exist several platforms for
High-Performance-Computing (HPC). NVIDIA developed the CUDA (Compute Uni-
fied Device Architecture), a computing platform and programming environment which
incorporates directives for massive parallel operations. To ensure the applicability of the
model to realistic large-scale mud/debris flows, the updating eq. (54) is solved using a
GPU-based algorithm implemented in the NVIDIA CUDA/C++ framework.

The preprocess step and CPU-GPU memory transfer are implemented to run on
one CPU core, whereas the time loop computation is accelerated using GPU. How-
ever, some tasks inside the time loop are controlled yet by the CPU, such as the time
advance control, the boundary conditions application and the output data dump.
Therefore, it is necessary to transfer information from/to the GPU at each time-step.
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While the computational effort required for the time and boundaries transference is
considerably smaller than that of each kernel function, in order to dump the interme-
diate output information, all the variables in the domain must be transferred from
GPU device to CPU host.

The CUDA toolkit allows that all the processed elements can be distributed by
threads and blocks of threads. Each thread uses its own thread index to identify the
element to be processed, launching several execution threads at the same time (parallel
computation). As computing GPU devices are well designed to work efficiently with
ordered information, the variables needed for computation are stored in the GPU
memory as structures of arrays (SoA), improving the spatial locality for memory
accesses. Only the kernel functions, which require a higher computational effort, have
been implemented to run on the GPU device. Some tasks in the GPU kernel are opti-
mized using the CUBLAS library included in CUDA. The memory transfer between the
CPU host and the GPU device has been reduced as much as possible for each time step.

4. Application to the mine tailings dam failure in Brumadinho (Brasil)

In this section, the proposed methodology is applied to the catastrophic large-scale
mud flow occurred Brumadinho (Minas Gerais, Brazil, 2019). The sudden failure of a
mine containing dike resul in an extremely violent tailings flow which traveled
downstream more than 10 km and reached the Paraopeba River. This disaster caused
more than 260 deaths and important economic and environmental losses. The dam
contained almost 12 � 106m3 mining waste tailings with a height of 70� 80m and
covering an area of 4:13 � 105m2. Figure 5 shows an aerial image of the mine site after

Figure 5.
Aerial image of the area affected by the mud.
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the dam collapse. The thalweg elevation along the area covered by the mud varies
between 860m:o:s:l at the dam-toe and 720m:o:s:l at the Paraopeba River, with an
averaged longitudinal bed slope S0 ¼ 0:0165m=m. The area affected by the mud was
3:3 � 106m2.

The dike material and the tailings rapidly became a heavy liquid that flowed
downstream at a high speed. Tailings were composed by a mixture of water, sedi-
ments and heavy metals, mainly iron, aluminum, manganese and titanium [30]. The
size distribution consisted basically of a mineral sand fraction (38%) and a fines
fraction (62%), accounting for mineral silt-clay and metals particles. The water con-
tent before the failure was estimated around 50% by volume with a specific weight of
22� 26 kN=m3 (Table 1).

The spatial domain is discretized using a unstructured triangular mesh with 6 � 105

cells approximately and four control cross-sections are placed downstream of the dam
(Figure 5), corresponding to (CS-1) the mine stockpile area, (CS-2) the railway
bridge, (CS-3) the national road and (CS-4) the gauge station in the river. Further-
more, the base regime water depth and velocities in the Paraopeba River before to the
mud arrival is assessed by a previous simulation. The initial tailings depth at the dam
is estimated by comparing the terrain elevation before and after the dam failure using
1 � 1 m DTM’s. Six different solid phases are set for characterizing the fully saturated
tailings material, including mineral sand, mineral silt, iron (Fe), aluminum (Al),
manganese (Mn) and titanium (Ti), with initial bulk volumetric concentration ϕ0 ¼
0:5 and normalized density r≈2:25. The deposition porosity ξ for the bed layer is
estimated using the Wu relation [8] and the hiding-exposure effects on the critical
Shields stress for the incipient motion of each solid phase θc,p are estimated using the
Egiazaroff formula [31]. Also, the solid transport capacity of the flow q ∗

s is computed
using the Wu relation [8]. The simulated time was 3 h from the dam collapse.

The mining tailings in the dam showed a low plasticity and high values of pore-
fluid pressure [30] before the collapse. Assuming the turbulent behavior of the flow,
the behavior index is set m ¼ 2, setting a quadratic relation in (37) and allowing to
calculate the apparent consistency parameter μP as a function of the Manning’s
roughness coefficient of the terrain (nb ¼ 0:065 sm�1=3). The basal stability angle is
estimated in δf ¼ 5°. The basal pore pressure is estimated as Pb ¼ 1þ Ebð Þρwgh, being
Eb a basal pressure factor which tends to Eb ! ∞ for totally fluidized materials.
Therefore, the total frictional-turbulent basal shear stress is estimated as

Dam capacity 12 � 106 m3

Dam area 4:13 � 105 m2

Solid concent. ϕ0 50%

Specific weight 22� 26 kN=m3

Size distr. Sand Fines

Rel. content 38% 62%

Heavy metals Fe Al Mn Ti

Weight conc. 264.9 mg=g 10.8 mg=g 4.8 mg=g 0.5 mg=g

Table 1.
Brumadinho’s dam and tailings features.
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τb
ρw

¼ r� 1� Ebð Þghþ rg
n2b
h1=3

u2 þ v2
� �

(55)

where the first term on the right hand side accounts for the frictional yield stress
whereas the second term denotes the turbulent shear component.

In order to assess the influence of the basal pressure in the numerical results, the
entrainment term Eb Uð Þ in (42) is neglected and the value of Eb is varied from Eb !
∞ (pure Newtonian turbulent behavior) to Eb ¼ 0:9 (medium frictional yield
strength). Figure 6 shows the temporal evolution of the wave-front location and the
total flow rate at the control section CS-2. Note that, for each value of Eb, the wave
front loses velocity progressively as it moves downstream. As Eb decreases, the fric-
tional shear stress is enhanced and the mobility of the flow decreases considerably.
That it is clearly shown in the marked reduction of the flow rate at the control section
CS-2 as the pore pressure factor is increased. Setting Eb ¼ 1:05 allows to predict the
observed arrival time (32� 47 min ) of the tailings wave to the Paraopeba river at
8:5 km downstream the dam (gray rectangle in Figure 6).

Figure 7 shows the mud depth at t ¼ 0 min , t ¼ 5 min , t ¼ 15 min and t ¼
45 min after the dam collapse for Eb ¼ 1:05. The numerical results show that practi-
cally the whole initial tailing volume flows out of the dam in the first 5 min after the
dam collapse, as it was observed in the available videos. The mud wave moves down-
stream with a computed height larger than 20 m in some zones during the first
minutes. After this initial stage, the numerical results show that the dambreak wave is
still higher than 10 m when the wave-front reaches the railway bridge (CS-2). During
the real event, the mud wave impact caused the collapse of the railway bridge struc-
ture. At t ¼ 45 min , the mud wave-front has reached the Paraopeba River and the
flow is practically stopped.

Furthermore, in order to assess the influence of the solid material entrainment
from the erodible bed to the flow layer, the pore-pressure factor is set to Eb ¼ 1:05 but
the entrainment term Eb Uð Þ in (42) is now considered. The relation αE=αD, which
controls the balance between the erosion component Eb and the deposition compo-
nent Db of the vertical bed-flow exchange flux, is varied to αE=αD ¼ 1%, αE=αD ¼ 5%,
αE=αD ¼ 10% and αE=αD ¼ 50%. Figure 8 depicts the predicted temporal evolution of
both the mud wave-front location and the total volume of the fluidized material in the
domain as the entrainment parameter is varied. The higher the relation αE=αD, the
larger the fluidized mass involved in the flow as the dambreak wave progresses.
Hence, the entrainment of bed material leads to a greater flow mobility, causing the
wave-front to reach the Paraopeba River faster as the entrainment parameter αE=αD

Figure 6.
Temporal evolution of (left) the wave-front location and (right) the total flow rate at the control section CS-2.
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increases. Even, for αE=αD ¼ 50%, the mobilized mass becomes more than 150% of
the initial mass and the wave-front reaches the river faster than the fixed-bed pure-
turbulent case (dashed gray line).

Furthermore, the entrainment of bed materials also leads to the segregation of the
solid phases along the flow. As αE=αD is increased, horizontal gradients in the concen-
tration of the different solid classes composing the mixture tend to appear (Figure 9).
These gradients depends on the temporal evolution of the class-specific erosion and
deposition vertical fluxes, Ep and Dp respectively, along the tailings flow.

The increment of the flow mobility caused by the bed material entrainment is
clearly shown in the temporal evolution of the flow rate at the control sections CS-2
and CS-3 (Figure 10). At CS-2 the increment of the entrainment relation αE=αD is
mainly appreciated in the increment of the flow rate peak from 7500 m3=s for the

Figure 7.
Mud depth at t ¼ 0 min , t ¼ 5 min , t ¼ 15 min and t ¼ 45 min after the dam collapse.

Figure 8.
Temporal evolution of (left) the wave-front location and (right) the total fluidized volume as the relation αE=αD is
increased.
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fixed-bed simulation to almost 15,000m3=s for the movable bed case with
αE=αD ¼ 50%. Furthermore, at CS-3, the entrainment of bed material does not only
increase the flow rate peak respect to the fixed-bed assumption, but also leads to a
noticeable decrease in the arrival time of the mud wave from 40 min to 25 min
approximately.

Finally, the computational efficiency of the GPU-accelerated kernel is shown in
Table 2 for different GPU devices. The performance obtained with the GPU-based
code is compared with the single-core CPU simulation time. Note that the speed-up
obtained respect to the single-core performance has increased progressively as the
devices have been developed in the last 5 years. Currently, the speed-up obtained with

Figure 9.
Bulk solid concentration in the flow at t ¼ 25 min after the dam collapse for (a) αE=αD ¼ 1%, (b) αE=αD ¼ 5%,
(c) αE=αD ¼ 10% and (d) αE=αD ¼ 50%.

Figure 10.
Temporal evolution of the flow rate at (left) the control sections CS-2 and (right) the control section CS-3 as
αE=αD is increased.
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the GPU accelerated kernel is about 280 (Nvidia A100), more than 8 times the Nvidia
Tesla K40c performance. That means that for achieving the GPU-parallelized code
performance with a CPU-based algorithm, a cluster with at least 280 CPU cores is
required (see speed-up in Table 2).

5. Conclusions

The numerical modeling of geophysical surface flows involving sediment
transport must be addressed using a comprehensive strategy: beginning with the
derivation of proper shallow-type mathematical models, following by the develop-
ment of robust and accurate numerical schemes within the Finite Volume (FV)
framework and ending with the implementation of efficient HPC algorithms. This
integrated approach is required to release Efficient Simulation Tools (EST) for
environmental processes involving sediment transport with realistic temporal and
spatial scales.

The derivation of the generalized 2D system of depth-averaged conservation laws
for environmental surface flows of water-sediment mixtures over movable bed con-
ditions is a fundamental step to understand the physical consequences of the mathe-
matical shallow-type simplification. From the mathematical modeling approach, the
fluidized material in motion is contained in a flow layer consisting of a mixture of
water and multiple solid phases. This flow layer usually moves rapidly downstream
steep channels and involves complex topography. The liquid-solid material can be
exchanged throughout the bottom interface with the underlying static bed layer,
hence involving also a transient bottom boundary for the flow layer. These features
lead to an increasing complexity for the mathematical simplification of sediment
transport surface flows.

The 2D shallow-type system of equations for variable-density multi-grain water-
sediment flows can be solved using a Finite Volume (FV) methods, supplemented
preferable with upwind augmented Riemann solvers which provide a robust and
accurate computation of the intercell fluxes even involving highly transient density
interfaces and ensure the well-balanced character of the solution in quiescent and
steady states. The usage of GPU-accelerated kernels for sequential computation of the
FV solution is an efficient and low cost alternative to the traditional multi-CPU
strategies. The GPU solution must be designed taking into account the fact that the
GPU is an independent device with its own RAM memory. This means that the
memory transfer between the conventional RAM memory and the GPU device
memory plays a key role in the performance of GPU-accelerated software.

Computational time Speed-up

CPU Intel i7-10700F 59.43 h —

Nvidia Tesla K40c 1.79 h � 33

Nvidia GTX 1080 Ti 58.2 min � 61

Nvidia Tesla V100 26.5 min � 135

Nvidia A100 40GB 12.8 min � 279

Table 2.
Computational times with GPU-based and CPU-based algorithms.
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GPU-accelerated codes are mandatory for large-scale sediment-laden flow models
since they allows the calibration of the multiple processes involved in the movement
of the fluidized water-sediment material without spending weeks or even months
waiting results. Probably, the most challenging and unknown process involved in
sediment-laden surface flows is the development of pore-fluid pressure, hence its
estimation requires careful calibration procedure. This pore pressure affects the fric-
tional shear stress between solid particles, reducing the basal resistance and affecting
the flow mobility. Furthermore, special attention has to be paid to the calibration of
the entrainment/deposition parameters. The entrainment of material from the under-
lying movable bed to the mixture layer increases the mass and momentum of the
fluidized material in movement, enlarging the mobility of the flow and reducing the
arrival time of the mud waves.
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